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The Road Map to precision calculations

e
To compute an amplitude, we start from (a lot of) Feynman
diagrams

mu

mu
We reduce Feynman diagrams to a sum of scalar integrals

/H dsz (q; - pr)Pr -+ (qx - ps)Pm
D ... Do

We use identities between integrals (IBPs) to reduce them to a minimal basis of
independent functions, the Master Integrals

/H d? g; W (85 )" (g ps)™ ] o = g
27Td8/<:“ D¢t ... Dpm A

We compute the Master Integrals



The Road Map to precision calculations

e
To compute an amplitude, we start from (a lot of) Feynman
diagrams

mu

mu
| We reduce Feynman diagrams to a sum of scalar integrals (this talk)

/H dsz (q; - pr)Pr -+ (qx - ps)Pm
DSt D

We use identities between integrals (IBPs) to reduce them to a minimal basis of
independent functions, the Master Integrals

/H d? g; W (85 )" (g ps)™ ] o = g
27rda/<:“ D¢t ... Dpm A

We compute the Master Integrals (Ulrich’s talk)



Muon-electron scattering via
Adaptive Integrand Decomposition



The Integrand Decomposition method

& " i i e i - i Ossola, Papadopoulos, Pittau(07)
Before integration, the amplitude is just a rational function Bl Gicle Kunoot. Melnikey (08)

Mastrolia,Ossola,

Papadopoulos,Pittau (08)

N Mastrolia, Ossola (11)
B i1 i (03) Zhang (12)

Badger, Frellesvig, Zhang (12)
Dy (q’t) - Dy, (q.j) - Dy, (Qz) Mastrolia, Mirabella,
Ossola, Peraro (12)

+ Use Multivariate Polynomial Division to write

Mlzklm (qz) = ZNl”"ik—l’ikJrl""im (qz)Dk(qz) -+ Ail"'im (qz)
k=1



The Integrand Decomposition method

+ Before integration, the amplitude is just a rational function 2702 TaPEaopouios, miauitl)
Mas’,crolia,(’)ssola, ’
Papadopoulos,Pittau (08)
Mastrolia, Ossola (11)

B Mlzkzm (C]z) Zhang (12)

— Badger, Frellesvig, Zhang (12)

D1 (q’t) - Dy, (q.j) - Dy, (Qz) Mastrolia, Mirabella,

Ossola, Peraro (12)

M"'ik—lik+1'”in(Qi)D qi) n Ail...in(qi)
— D1(q:) - DpktGi) - - - Dn(qi)  Di(qi) - Dr(qi) - - - Dn(q:)




The Integrand Decomposition method

& " i i e i - i Ossola, Papadopoulos, Pittau(07)
Before integration, the amplitude is just a rational function Bl Gicle Kunoot. Melnikey (08)
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+ Use Multivariate Polynomial Division to write

Niovigim (@) ZNl in—vingr i (40) Dr(qs) + By i, (45)

+ Repeat recursively
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Feynman Integrands

+ How many variables do integrands in d depend on?

+ |If external particles are in 4-dim, use

« Each ¢g; [4] has four components
« There are /({+ 1)/2 scalar products [i;;

+ The total number of variables is /(¢ + 9)/2

N(qi,pj)

D1(qi, pj) - - - Din (43, pj)

(87 (87 (8% (8% (87
qi [4] S :U]_Z'el +:C2i62 —|—ﬂj3i€3 +:C4’i64

7 — {$1¢,£E2i,333z',934q;,uij}




One-loop Integrand decomposition

/ N ; (Z) 7z — {$1,3§'2,ZC3,£€4,M2}

P1 — dZ 1 tn

. ' / D:(z) - - Dy (2) Nin(z)= Y azz{'zp°25 228
D2 JEJS(n)

+ Universal residues for renormalizable theories Ossola, Papadopoulos, Pittau (07)
Ellis, Giele, Kunszt, Melnikov (08)

2
Ai;jk‘l'm, —Co
Aigy — 2 2 4
ijkl =Co + C1Z4 + Copt™ + C3T4 0™ + C4 b
A, — 2 3 2 3 2 2 2
ijk —=Co T C1T4 + C2Ty + C3Ty + C4T3 + C5T3 + CeT3 + C7u” + C8T4U™ + CQT3 [
2 2 3 2
Ajj =co + 171 + cox] + 3% + caTy + 523 + a3 4+ CrT1T4 + C8T1X3 + Co

A1 =co + c121 + coxo + 313 + CaT4

dz Aspurlous

‘In

5 . . . . . o spurious =0
« 4-dimensional contributions are spurious Ai,..;, = Ay, i, + A Di(z) - -- Dn(2)

2 2 4 :
{n”} {1, 7, 1"} {1, 1%} {1, 1%, u*, (q - €2), (¢ - €2)?}

= 3" cym TS ] |+ e Y e -O_ D Q
<<Km 4 1<k <Lk

+ Use integral level relation to reduce to rank 0 Bern, Morgan (95)
Tarasov (96), Lee (10)




Longitudinal and Transverse space

+ What is the best choice of variables Z ? Collins(84)

van Neerven and
Vermaseren (84)
Kreimer (92)

+ The n external particles span a longitudinal space with ‘dll =n—1<4

+ Choose a basis with the maximum number of transverse vectors

& =218+ To.eS + x2S + xa:eF . e; - pj =0, Z'>d||
Tl TRt TRty TRt T R with €i-ej =05, 1,]>d|
» gé‘H” 0 AY =z, 6% 4 - 4 xg68 + po
d — 5%
0 g, —
Qi Q5 =q|i 9|5 T Aij

C]?ZQWHF)\? i *Pj = d||i Py

+ Choose Z = {T 14, Tn—1i,Tniy--->LTdi,Nij}

> Numerators can stilldependon 71 :e.g. \;-&(p;) < (2,,... ,24) # 0

- Denominators don’t depend on 7 |

+ The integrand are rational in the longitudinal vars but they are polynomial in the
transverse vars

+ We always know how to integrate polynomials!



Transverse space integrals

Use longitudinal/transverse vars to parametrize Feynman integrals

1<i<j</ qll,iv)‘ij)"'Dm(qll,iv)‘iﬂ
Mastrolia, Peraro, A.P. (16)

The integrand is a polynomial insin(6 ;)and cos(6 ;)

The integration domains are ¢ hyperspheres with dimensions ranging from (d;, — 1)
to (dJ_ — f)

1 44 ¢
/d@J_ :/ H HdCOS9i+j_1j(Sin6i+j—1j)dJ-_i_j_1
—1

i=1 j=1
Expand in Gegenbauer polynomials ¢ and use

1 1—2a
_ B 2 m'(n + 2a)
20—1 « Q L
/_1dcos 6(sin ) C'Y (cos 0)CLY (cos 0) = Spmn 2l(n + )2 (a)

Spurious terms are killed, non spurious reduced to \i; (~ PaVe in vacuum)



Example 1 P a om P

+ Decompose ¢; in long/transv components:

‘d||:3%64°pi:0‘

o Q Q Q
qi || - .fljilel + ZC@Q@Q —+ xigeg

o 8 o0 b2 ps
)\’L — x4264 —I_ ILL’I, e e € e e
e
Di=1f; + Y agjau Xji +m; L M mu ” mu
75l [ mu md mum
+ Parametrise the integral as
2d—6 d—6
;PN = — / d>qy | / d®qy | / dA11dogdA12[G(Ni;)] T
mI'(d — 5) ) N
X d(XXSHlld(XXSQQQ(SﬂlHll)d_6(8ﬂ1911)d_7
i Di--- D~

with

= VA 0
G()\ij) A — )\%2 {a:41 11 cos 011

T4o = v/ Aaa(cos 011 cos O12 + sin 15 cos Oo3)
* Integrate away transverse directions

d (2 3
I4 ( )[ZCiﬁlﬂjgg ] =0 Q4 + 54 =2n +1 ]Z (2>[$§12x§11] = (d — 3)(d — 1)(d n 1)11 (2) [)\12(2)\%2 -+ 3)\11)\22)]

d (2 3 d (2
I4( )[IKQHIZQ] :(d—g)(d— 1)14( )[2)‘%2 +)\11)\22]



Example 2

+ Decompose ¢; in long/transv components:

‘d” :2%6374']91,2 :O‘

(87 - (87 (87
ql || — 561161 _|_ 371262

(@7 @7 (@7 (87
Al = Zi3€3 + T1a€y + g

‘du =1—e234"(p3+ps) :0‘

o ~X
42| = L21€

o ~AQX e’ ~Y (@7
)\2 = X22€9 T T23€3 + T24€,4 T+ Us

+ Parametrise the integral as

P1
d1

P2

q2

P3

e

mu

e e °©
e e | | |
mu mu mL
mu mu

N(q1,q2) = (p12)* N1 [4]aN11)N(Q2 [4],,u22)

d—4
IZ(Z)[N] :Qd/dQCh ”/dAllP\ll]T/d6911d6912(8911)d_5(5912)d_6

M

D1Ds D3

d—3
X/dQQ |/d)\22[)\22]2/d6921d6922d0923(8921)d_4(8922)d_5(8923)d_ D4D5

with

|

L13 =

L14 =

v>\110911
V )‘1189110912

\

4
X292

23

L L24 =

vV >\220921
vV A2250,, Coys
Vv )‘225921 5022 CO23




Adaptive Integrand Decomposition

Mastrolia, Peraro, A.P. (16)

+ Adapt integrand decomposition to longitudinal/transverse
space of each integrand

« At every step of the algorithm D1(qy 6, Aig) -+ - Dn(q) i, Ai)
- Denominators depend on a minimal set of vars ‘

- Cut-conditions are always linearised
- Polynomial division reduced to an algebraic substitution rule

- extra-dim vars are always reducible 1)
Aq)40O1)

+ Recipe in 3 steps Dilayisdig) -+ Dy s Xig)
1) Divide and get A(g;,© . ) ’

2) Integrate away transverse vars
3) Divide again and get rid of A, 2)

* Final decomposition in terms of Irreducible Scalar D1(q)is Nij) -+ Dnl(q)i5 Aij)

Products q; - p;
- IBPs-friendly output
- no need for tensor decomposition
- works for helicity amplitudes 3) ,
- at 1 loop no need for any integral identity A (q)4)




AID for muon-electron scattering

+ In the massless electron limit, 4-point process depending on 3 scales

e

2 ~
m, ~ 0

s = (p1 -|-p2)2

u =

t = (pg + p3)°

— 5 —t -+ 2m?

mu
e(p1) + p(ps) — e(=p2) + p(—ps)

* NNLO virtual contribution with adaptive integrand decomposition

I k 221

+ Residue coefficients are rational functions in 4 variables
Azlzk (qz) = Cjy..-iy, (S, t, m2, d) H(QZ . pj)az'j

i,
» The calculation requires the automation of the algorithm




AIDA: a Mathematica implementation

Mastrolia, Peraro, A.P., Torres Bobadilla

AMPLITUDE GENERATOR
» In[1]:= ./\/‘qz-jD ), Da(qi), - Dy (g
(FeynArts+FeynCalc, QGRAF...) (4:) ,{D1(i), D2(a:) (4:)}

- Identify parent topology Initialization

- Analyze kinematics of all cuts
- Define and store adaptive parametrisation

Job organisation

* Organize all cuts in JOB | |

> 0 — >

- Read numerators of JOB [ 1 ]
(for JOB[1], the numeratoris N (g;)) 1st Division
* Apply substitution rules + '°‘3'ZS‘S’G"
+ Identify and store A™ (g ;, Aij) Integration
+ Define numerators of JOB[1 + 1]
* Run the division again L loop over
(for JOB [ 1], the numerator is A™ (g ;, \i;)) 2nd Division > Jobs
IBPs REDUCTION CODE , , ,
S « Out[1]= {Alos.n(gyi)s -5 AL _1(g4), Anlqy)}
(Reduze, FIRE.Kira...)

+ The code is designhed for general one- and two-loop numerical and analytical
calculations



Initialization

* |dentify parent topologies from Feynman graphs

eg.1Loop . .

XKEEII

mu MU mu mu MU mu



Initialization

* |dentify parent topologies from Feynman graphs

egl1Lloop . . =« , | &

y
mu mu e e 14 14
14
mu Y mu mu mu
1 2

mu MU mu mu MU mu
3

+ Generate all cuts and analyze their kinematics

P2
P 2 py Pz P4 Pz P23} Py Py Py,

Nl e \/ T e

1 c 1
/ —
P4y
Py Py Al pm =

P2) P34 P{1,4) 1
4

P4 P23}, Pasie ( >—P(2,3.1.4)' ( >—p{1'4'2'3)r ( >—p(1,2,3,4)}
2 (>—4 ' 3 2 1

{

PR3}, P14 3 Pay, P} P34y P{1,2} P34},

—4 3—.




Initialization

* |dentify parent topologies from Feynman graphs

eg.1Loop . -

e y e e e e e e e
% 14 4
mu mu e e % Y v v e e mu mu
|4 |4 Y
mu Y mu mu mu mu MU muy mu MU mu mu mu mu mu
1 2 3 4 5 6

+ Generate all cuts and analyse their kinematics

Py P& py Pz Pe4) Pa P Pyl Py Pud

Nt ST T v e
RS SR R G G

P2} P14 P4
! 4—.

Pi1,23}, O—P(z,sn,q' O—P(z,3,1,4)' O—P{Lm,s)' Q—pu,z,a,-z)}
2 4 3 2 1

* Define adaptive variables and prepare substitution rules for all cuts

{

P23}, P14 3 Pay, P} P34y P{1,2} P34},

4 3—.

Pray

-s+d[1]-2d[2]+d[3]

—4m2+s
2 2 2
X2,(1,2,3} = 2m* s+2m d[1]l—sdz[1]\+sd[2]—2m d(3]
|4m©-s| s
G m? s2-2m? sd[1]+m® d[1]%+s2 d[2]-sd[1] d[2]+sd[2]%-2m? sd[3]-2m? d[1] d[3]+sd[1] d[3]-5d[2] d[3]+m? d[3]?
{1,2,3} S (_4m2+s)



JOB structure

+ Group diagrams belonging to the same parent topology

e.g. 1 Loop

XKEEII

mu MU mu mu MU mu
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+ Group diagrams belonging to the same parent topology
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JOB structure

+ Group diagrams belonging to the same parent topology

eg.1loop =« | ¢ , o

Y
mu mu e\/e

mu 14 mu mu mu
1

mu

e © e

mu mu
3

e

o b

mu MU mu

4

e e
4
e mu
4
mu mu
6

* Organize all cuts of the parent topology in Jobs

e e e { /pm
4 Y —_—
mu ";U mu o \
it
¢ v T S P P =
A X7 X7 7/ X7
4
mu mu T T T T
2
G il IVl RV VR I
Y .ML _</ P14y Py V P23y P14y _<.>__P{3>
ey e —_—>| Lo Pesa Pu2 _— Peay Pz _— P34
™o ™ /i\/l\/*\/*\/¢\

(O—

Py2,3,1,4 O

Pi2,3,1,4
3

2

P2,3,1,4) O

1

JOB[1]

JOB[2]

JOB[3]

JOB[4]



Divide-Integra-Divide

* For every Job, build the numerators of the corresponding cuts

P{1,2) P{3.4)
® L ]

M
Num[{{1, 3}}, {1, 0, 1, 0}],(1,2,3,4}},(1,1,1,1)
Num[{{1, 3}}, {1, 90, 1, 0}],1,3,41},(1,0,1,1)

N m 1,3 ’ 1' 0! 1’0
um{{1, 3}}, { N2 Numpeq1, 313, 11, 0, 1, 0}1(11,2,3)1,(1,1,1,0)
[ ]

Num {{11 3}}: {11 0 1 0} {{1,3}},{1,0,1,0}

/ / 3\\,%

“ Apply substitution rules to the numerator -
e e
X1’{1’3} R S+d[12]—d[3] |4
S mu mu

~s2:2sd[1]-d[1]%+2sd[3]+2d[1] d[3]-d[3]2
4s

2
Al,3)

7/
L <4

By collecting powers of denominators read off residue and numerators of
lower cuts

K/
L X4

Integrate(=substitute) transverse vars appearing the the residues

X/
0’0

Run the division through all Jobs again, using as input numerators the
residues!



2 (mz-t} (16 m%.(-8-3d) s2-32m? t-8s t-16 tz)

Input numerators !> 9 L ; Divide

e e e
14 Y
mu MU my
3
e vV e
e e

Y
mu mu
2

2 (m?-t) ds-81)
({{2, 3, 4}},{0,1,1,1})] » ———

S

[{{1, 3, 4}}, {1, 0,1, 1}] > 1_3
S

2(s? (32m* + (-16+7d) s -64m’ t+24st+32t%) +16 (-2+d) (m* -t)? (m* (1+8s) +m® (55 -2t-16st) +t (s+t+8st))?
X3 11,3,4)) +64 (-2+d) (M -t)% (m* (1-8s) +t (s+t-8st)+m* (-55°-2t+165t))2%} .1 34))

2 (mz-t] (d s+8 t)
[({{1, 2, 4}}, {1, 1,0, 1}] > S—
2 (8m* ((-2+d) s-8t)+8m? ((-3+d) s?-(-8+d) s t-8t2)-s ((-8:3d) s2+85 116 t2))
[({{1, 2, 3}}, {1, 1, 1, 0}] >

4m275;l s
8 (4 md.(-2-d) s2-8m? t:4s t-4 tz}

2

[{{3, 4}}, {0,0, 1, 1}] >

S

4 (2 (-2+d) m%.m2 ((-8:3d) s-4 (-2+d) t)+t ((-8+3d) s+2 (-2+d) t))
[{{21 4}}r {0, 1; 0: 1}] —

s [mz—t}

4 m? [4 (-2+d) m4~(8—3 d) s2.2 (-2+d) s t+4 (-2+d) t2.2 m2 ((-14+5d) s-4 (-2+d) t)}

[{{2, 3}}, {0, 1, 1, 0}] > - 73 7
[4m -s) s (m*-t]
8 (4 md . (-2+d) s2-8m? t-4 s t-4 tz}

2

({{1, 4}}, {1, 0,0, 1}] >

S
[({{1, 3}}, {1, 0,1, 0}] -

4 (16 (-8+d) mP-4 (-8-d) m? (s-81t)-s ((28-14 d-dz} s2.2 (~14+d) s t+4 (-8-d) tz}'Z m? ((54-27 d-2 dz} s2.12 (-8+d) s t+8 (-8-d) tz}} 128 52
- E X5 g
2 .\ .2 2,{{1,3}}
4me-s!s
!

(12 +\2 (4 vam2 (5294 o e a2 s 2 12 (8 [ 1.8 c)amd 7 gy T I PR 1O
512 (m®-t) (m (1+85)+m” (55°-2t-16s5t|+t (s+t+851) % X3 /1 3}, +8192[m T [m* (-1+85)+m® (55%+2t-165t)+t (-t+s (-1:81)) X3, 01,31}

s4 s4

an? (4 (-2:d) m*+ (8-3d) 5242 (-2+d) 5 t+4 (-2+d) t2:2n? ((-14:5d) 5-4 (-2+d) 1))
[{{11 2}}r {lr 1,0, 0}] - -

4m2-s} s m2-t}
8 (-2+d)
[{{4}}, {0, 0, 0, 1}] » - =T
4 (s m4.(-8-3d) s2-16m? t-8s t-8 tz}
3

[{{3}}, {0,0,1, 0}] > -

S
[{{2}}, {0, 1,0,0}] >0
4 (s m4.(-8:3d) s2-16m? t-8s t-8 tz]
3

[{{1}}, {1, 0, 0, @}] > -

S




|ﬂpUt numerators [{{1, 2, 3, 4}}, {1, 1, 1, 1}] »

2 [m2 -t} (ds-81)

e e e
Y 14
mu MU my
3
e v e
e e

14
mu mu
2

({{2, 3, 4}}, {0,

[{{1, 3, 4}}, {1, 0,1, 1}] > 1_3

1,1, 1}] >

S

2 [mz-t} (16 m%.(-8-3d) s2-32m? t-8s t-16 tz}

S

2(s? (32m* + (-16+7d) s -64m’ t+24st+32t%) +16 (-2+d) (m* -t)? (m* (1+8s) +m? |
X3, 1,3,4)) +64 (-2+d) (m* -t)% (m* (1-8s) +t (s+t-8st)+m (-55°-2t+16st))f X5 .1 34),)

({{1, 2, 4}}, {1,

({{1, 2, 3}}, {1,

[{{3, 4}}, {9, O,

({{2, 4}}, {0, 1,

({{2, 3}}, {0, 1,

({{1, 4}}, {1, O,

({{1, 3}}, {1, O,

1,0, 1}] »

1,1, 0}] »

2 {m2 —t} (d s+8 t)

S

Divide

2 _16 )+

2 (s m% ((-2-d) s-8t)-8m? [(-3-d) s?-(-8-d) s t+8 tz)-s (-8-3d) s2+8s t+16 tz])

4m275'l‘ s

8 (4 m4.(-2:d) s2-8m? t:4s t-4 tz}

1, 1}] >

0, 1}] >

52

4 (2 (-2+d) m4.m2 ((-8:3d) s-4 (-2+d) t)+t ((-8:3d) 5+2 (-2+d) t))

s [mz —t}

4m? (4 (-2+d) m4-(8—3 d) s2.2 (-2+d) s t+4 (-2+d) t2.2 m2 ((-14+5d) s-4 (-2+d) t)}

1, 0}] - -

(4 m? -s'}' s (m? -t'}'

8 (4 m4.(-2-d) s2-8m? t:4s t-4 tz}

0, 1}] > -

1, 0}] »

52

4 (16 (-8+d) mb-4 (-8-d) m* (s-81t)-s ((28-14 d‘dz} s2.2 (-14+d) s t+4 (-8-d) tz}'Z m? ((54-27 d-2 dz} s2.12 (-8+d) s t+8 (-8-d) tz)

t (S+'t+85t))2

\

2 “2 ( 4 \ 2 ( 2_ = \- +0L+ \"2 2
512 [m —tl [m (1+8 s)+m lSs 2t 165tl t(stsst,/ X3, 11,3}

4 m? fs} s2

2 .\2 (.4 o R D gy N N 1) )
+8192[m -t) [m (-1:85)+m* (55%:2t-16 5 t)+t (-t+s (-1:81)) ) X3 [ 1,3y

/ 2
+128%5 (11,33) 1

({{1, 2}}, {1, 1,

[{{4}}, {0, @, O,

[{{3}}, {0, 0, 1,
({{2}}, {0, 1, O,

({{1}}, {1, @, o,

4

0, 0}] > -

54

am? (4 (-2+d) m*-(8-3d) s2:2 (-2+d) s t+4 (-2-d) t2:2m? ((-14:5d) s-4 (-2-d) b))

8 (-2+d)
-
s

1}]

4m? -s} s (m? -t}

4 (s m4.(-8-3d) s2-16m? t-8s t-8 tz}

2}] -
211 -0

§3

4 (s m4.(-8-3d) s2-16m? t-8s t-8 tz}

2}1] -

§3




(m?-t) (16 m%-(-8-3d) s2-32m? t-8s t-16 t%)

Input numerators pi @ annm- ; Divide

2 (m-t) (ds-81)

({{2, 3, 4}}, {0, 1,1, 1}] -

e e € [{{1, 3, 4}}, {1, 0,1, 1}] > &
S
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Two loop features

+ During initialisation factorized cuts are detected and treated accordingly
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2 loop preliminary results
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2 loop preliminary results
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* Input : rank 4 numerator with 108 monomials in the loop variables
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2 loop preliminary results
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+ Output : 9 double-box integrals + 62 subtopology contributions
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Conclusions

+ Integrand decomposition is an effective tool for computation beyond NLO

* Adaptive parametrization of Feynman integrands streamlines the algorithm

* The first working code for integrand decomposition at 2 loops is available
(still some work to do!)

+ Muon-electron scattering at NNLO is at hand, more processes to come
in the future



