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Motivations

New space-like proposal for HLO

e At present, the leading hadronic contribution a,H© is computed
via the time-like formula:
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which involves Acad(t), the hadronic contribution to the running of
« in the space-like region. It can be extracted from scattering data!
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What we know :: Anatomy of NLO

& Born matrix-element

dor,o

& Real Radiation
tree-level matrix elements ——

R
do NLO

& 1-loop matrix elements

v
doNTLo Known since long

vanNieuwenhuizen

- double checked
Fael Passera

R v
ONLO ™~ / donro + / donLo
o AP,

& Subtractions and MC-integration



What we need :: Anatomy of

& Double-real Radiation
tree-level matrix elements

~RR
dUNNLO

& Single-real Radiation

1-loop matrix elements

~RV
dUNNLO

& Virtual 2-loop matrix element

~VV
dUNNLO

LO

GOSAM

Recent improvements
for QED/EW corrections
Chiesa Greiner Tramontano

this talk!



What we need :: Anatomy of NNLO

& Double-real Radiation
tree-level matrix elements

dUNNLO

& Single-real Radiation
1-loop matrix elements ——————

dUNNLO

& Virtual 2-loop matrix element

dUNNLO

ONNLO ~ / dUNNLo ‘l‘/ dUNNLo +/ dUNNLo
Sl I d® 41 doe

& Subtractions and MC-integration?



Amplitudes Decomposition:
the algebraic way

a=axl + ayj + azk

&Basis: {i j k3

&Scalar product/Projection:
to extract the components



Projections :: On-Shell Cut-Conditions
ey

vanishing denominators

1

> 0(p® —m?)

p? — m?2 — 0




Completeness Relations: cutting “1”

® the richness of factorization

1 (-1) = 1

D ) (] =1 I

(p* =m?) = (p—m)(p +m)

etV — ghte” '



Completeness Relations: cutting “1”

® the richness of factorization —> ideas for workshop organisation

Parco dei Colli Euganei



Amplitudes Decomposition:
the algebraic way

Master functions

*:quﬁ

coefficients



Amplitudes Decomposition:
the algebraic way

Master functions

it .y
* 7 ' ’ fcu‘rs
Cuts 2

i
coefficients
product of simpler amplitudes



Multi-loop Integrand Decomposition |
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Multi-loop Integrand Decomposition

Ossola & P.M. (2011);
Zhang (2012); Badger Frellesvig Zhang (2012)

ﬁ [ ) [} [ ] [ )
v Polynomlal Division Mirabella, Ossola, Peraro, & P.M. (2012)
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Multi-loop Integrand Decomposition

Ossola & P.M. (2011);
Zhang (2012); Badger Frellesvig Zhang (2012)
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Multi-Loop Integrand Recurrence

Ossola & P.M. (2011);
Zhang (2012); Badger Frellesvig Zhang (2012)
Mirabella, Ossola, Peraro, & P.M. (2012)

®/-Loop Recurrence Relation

~ e’
L Pinches L |
coefficient Master functions
nline (n-1)-line product of simpler amplitudes
graph graph

[ all orders (any number of loops and legs)
4 any topology (planar and non-planar)
f?_[ all kinematics (massless and massive)

[ high-power of denominators



Unique Methodology: Multiple-cuts as Projectors

@ Tree-level Britto Cachazo Feng Witten '04

Bern Dixon Kosower 1997 Britto Cachazo Feng '04 Britto Feng PM '06-08

® One-Loo ol , :
(Revolution Ossola Papadopoulos Pittau ‘06~ Ossola Papadopoulos Pittau PM "08 ...and many more...




Unique Methodology: Multiple-cuts as Projectors

What about higher orders ?

® Two-Loop
Evolution g 0
...In progress...
X
+ X

+ ... ... all other cuts



Longitudinal and Transverse Space

Peraro Primo & PM. (2016)

® Dimensional Regularization

d— 4 — e

® if n-legs < 5

d e d// —|— dJ_ Collins; Kreimer

Transverse Space

Longitudinal space
spanned by the
(independent) legs

M Denominators do not depend on “the angular variables” of the Transverse Space

M Numerators depend on “all” loop variables



¢* = gy + A%, @y = D55, q* = gy + N

k-dimensional the space spanned by the external momenta

4 4
A= Z aye? + u®, A= Z x? S5 ,u2, (d — k)-dimensional orthogonal subspace.
j=k+1 j=k+1

L 2
7=0



Adaptive Unitarity @ 2-loop

® Novel Integrand red’n

(a) If2345678910 11 (b) I¥2§i5678910 11 (C) I%\I213j5678910 11

M Arbitrary (external and internal) kinematics!



® 8 and 7 legs

A Liy iy, Bir-in
Ziy iy, A ~ 6
P 1 P %:
. > T1945678910 11 {Lza}
112345678910 1 {1} 10
m ! 1943672010 11 J\K} {1,242}
19315678910 1 {1} 6
e
L I31568910 11 ) i - {1,240}
I%535678910 11 {1} 10
&i;( 6 1543672010 11 é {1,240}
p
15345678910 11 {1,741} 15
S
J\:&/} 10 T3 45678010 11 TQ {1, 231,241}
I%15678910 11 {1,242} 33
j{;{ 0 T3 si3s7010 11 &i {1,241, x40}
Tiostsso1011 {1, z42} 39
@ 10 1124568910 11 Jj;} {1, x41, 42}
11234678910 11 {1,240} 15
5 ) v
. )K;[ L T1ys156810 11 @ {1, w32, 24}
Zo3a67891011 {1,231, 241} 45
{:ﬁ} 33 \ Ti)16rs01011 jﬁ {1,241, 242}
4578910 11 1,241, 249
T3 {1,241 P 20
39 I%\gégm 11 {1751321,1831,3341}
1234578910 11 {1,241, 242} 76
NP1 15 Tosats91011 jji {1,231, 041, 242}
1153456910 11 {1, x32, 51342} 116
jﬁ:{ » I ists010 11 W {1, 241, 32, 242}
7NP2
Lo34678910 11 {1,241, 242} 80
3781011 % {1,231, Ta1, Ta2}




® 6 and 5 legs

Illln Air"in Z; ceip Ail-"in
s 15 e 20
IP [ IP <
135678910 11 15678910 11
{1,231, 241} {1, 21,231,241}
P 62 P 76
T 194567910 11 Z13567910 11
{1, 241,242} {1,231, %41, T42}
INPl 39 INPl 80
23568910 11 15678910 11
{1, 241,42} {1,231, 241, T42}
e P 15 b / 15
123456910 11 1678910 11
{1,232, x40} {1,211, %21, %31, T41}
|
INP2 45 INPl 116
135678910 11 13568910 11
{1, 241,42} {1,231, 232, Ta2}
p 20 b 94
Z55678910 11 T 467910 11
{1733217373173741} {17$217$317x417$42}
p 76 P 66
T93568910 11 Ti678911
{1,231, 241, T42} {1,211, %21, %31, Ta1, Ta2}
. 80 . 160
Zo5678910 11 Z1956910 11
{1733317374173742} {1a$317$417y327$42}
INPI — 116 INPl 185
24568910 11 - 1357910 11
{1,241, 232, v42} {1, 231,241,232, T42}
. 15 . 180
Z3678910 11 Ti956911
{1@11,3321,3331,5041} {1,5131173331,3?41,9[332,%42}
p 94 . p 246
2578910 11 246910 11
{1,221, %31, Ta1, T2} {1, 231,241, T22, T32, Ta2 }
. 160
Z5357910 11
{1,231, %41, T32, T42}
e 185
2457910 11

{1,231, %41, T32, Ta2}




® 4 legs: divide-integra-divide

{1, 211,31, %41, To2, T32, T42}

{1,211, 31, T22, T32, A11, A22, A12}

)\z’j
reducible
L., AVIR Aflltzn A
94 53 10
Tis67910 11
{1,291, 231,41, Ta2} {1, 21,231, A11, A22, A2} {1,201, 231}
160 93 22
Ti9956910 11
{1,231, 41, 32, T2} {1, 231,32, A11, A22, A12} {1, 231,232}
I%Eégw . E 184 105 25
{1,231, T42, T32, T42} {1, 31,232, A11, A2z, A2} {1,231, 232}
7P 180 101 39
1356811
{1, 31, %41, T22, T32, T2} {1,231, 22, 32, A11, A2z, A12} {1, 231,222, y32}
66 35 10
Tl6891011
{1,211, %21, %31, Ta1, Taz } {1,211, 221,31, A11, A22, A12} {1, 211,221,231}
N
Do 245 137 55
{1,231, %41, 21, T32, T42} {1,231, 22, 32, A11, A22, A12} {1, 31,22, Y32}
o \z[ 115 66 35
36810 11
’ {1,231, 41, %12, 22, T32, Ta2} | {1, %31, %12, T22, 32, A11, A22, A12} | {1,231, 212, T2, T32}
N1 180 103 60
IP
136811 I

{1,211, 31, T22, T32}




®3, 2, 1 legs: divide-integra-divide

reducible
L., AV lilllF..ik i
. 180 22 4
T1356011
{1,231, 41, 22, T32, T42 } {1,222, A\11, A2z, A12} {1,222}
Z%%élo 11 \/> 240 3 6
{1,231, 241, 22, T32, T42} {1,222, M1, A2z, A\12} {1, 92}
P 180 33 13
Tisr011
{1,221, 231, T41, 12, T32, T42 } {1, 21, 12, A11, A2z, A2} {1, 91,212}
Ifﬁ91011 > Ho 20 0
{1,231, 41, T12, T22, T32, Ta2 } {1, 11, w2211, Aa2, A2} {1, 12,222}
2561011 X 100 26 16
{1,211, 21, T31, Ta1, T2, 32, Ta2} | {1, T11, %21, T22, A11, A2z, M2} | {x11, @21, 222}
Liy i, Aiy i, AR Al
180 8 1
IFSGlOllﬂ}
{1,x91, 31, %41, T22, T32, T42 } {1, A11, Aoz, A2} {1}
11%1011 7@ o ; ’
{1,211, 21, 31, T4, T22, Y3, Ta2 } {1,211, A11, A2z, A2} {1,211}
. 100 26 16
{1,211, %21, %31, T41, T12, T32, Ta2 } {1,211, 21, T12, A11, A2z, A2} {1,211, 221,12}
151011 % 45 ’ °
{1,211, @21, %31, 41, T12, T22, 32, Ta2 } {1,211, 12, M1, A22, A12} {1,211, 212}
45 18 15
L3011 W@W
{1,211, %21, 31, Ta1, T12, T22, T32, Ta2} | {1,211, %21, T12, T22, A11, A2z, A2} | {1, 11, 22, 21, T22}

Ii1-~'in Aiy“in A;I;tln A;1Zn
45 4 1

P
Ti1011 @

{1, 211, o1, 31, T41, T12, T22, T32, T42 }

{17A117)\227)\12} {1}




Adaptive Integrand Decomposition

Peraro Primo & PM. (2016)

& Integrand reduction beyond multivariate polynomial division

d:d//+dJ_

idea n.1 Integrating over Transverse Space

idea n.2 Cutting in the Longitudinal Space

1&2-'00p AUtOmation :: AIDA Peraro Primo TorresBobadilla & PM. (w.i.p.)

& MATHEMATICA implementation of AID reduction
& Analytic 1- and 2-loop decomposition

& Application to Mu-e scattering
Ossola Peraro Primo TorresBobadilla Schubert & PM. (w.i.p.)



Dimensionally Regulated Integrals I



Graph Topology & Integrals

e e:#legs::p@', (221776)7
— (=#loops: q (i=1,...,0);
15 n = # denominators :: D; '
N = # scalar products (of types ¢; - p; and ¢; - ¢; ) N, 5(5; -

n = # reducible scalar products (expressed in terms of denominators);

m = # irreducible scalar products =N —n = S; (i=1,...,m)



Graph Topology & Integrals

o e:#legs::p@', (221,76),
= 72— #tloops g (0 — I ER
15 n = # denominators :: D; (1 =1,...,n);
N = # scalar products (of types ¢; - p; and ¢; - ¢; ) N ={le—1)+ Y

n = # reducible scalar products (expressed in terms of denominators);

m = # irreducible scalar products =N —n 2 S; (1=1,...,m)




Graph Topology & Integrals

e—itlleps -, iz — 1 gu el

i loops g (0 — i =l

A

Associated Integrals ::

d d
Fndm Xay E/ fnmxay Y / E/dm“.d%
7 ( ) q1-..-qe ’ ( ) q1-..qu (2m)4 (2m)4

S%ls%m P

fn,m (X, Y) —




Integration-by-parts Identities (IBPs)

Tkachov; Chetyrkin Tkachov; Laporta;

0
/ —,Lb(v'u fn,m(X,Y)) :Ov UV=4dq1,---,49, P1,---yPe—-1-
q1---qe )

V(n,m), Nipp = # of IBP relations = /({ +e — 1)

Relations between integrals associated to the same topology (or subtopologies)

Xi =4 @of e NS

Vil = {at et R A

public codes :: AIR; Reduze2; FIRE; LiteRed;
private codes :: ... many authors ... Laporta, Sturm ...



Master Integrals (Mls)

Independent set of integrals M,L-[d], d] /
q

They form a basis for the integrals of the corresponding topology.

Two special cases

Two types of integrals generated from the master integrands

e Polynomial insertion: / P(qi-pj,qi - qj) mi(X,¥) = Z Qi m F#%(X, y) 1Br Z c; Mi[d]
q1...q9e n,m )

e [xternal-leg derivatives: pHiM[d] = / 119#i mi(X,y) = Zﬁnm F (%,y) = Z C; M
7 ap,u k ) apét ) n,m )




JZ Basis :: Master Functions

i j
ay
x/{ ~ ~ |

ay

® Tree level >/< §\< Knownl

b, - % Known!

® Higher Loops ﬂ ﬂ Vé
ﬁ L ?Unknown?

® One Loop



Differential Equations for Master Integrals

&Ejﬂ;ﬁ% — A(d, ) jﬂé

kinematic variable space-time
(s,t,u, masses) dimensions




Differential Equations for Master Integrals

Kotikov; Remiddi;

Gehrmann Remiddi

Argeri Bonciani Ferroglia Remiddi P.M.

Henn; Henn Smirnov

Lee; Papadopoulos;

Argeri diVita Mirabella Schlenk Schubert Tancredi P.M.
diVita Schubert Yundin P.M.

0 1 0 e L :
2 — _ Remiddi Tancredi; Primo Tancredi
£ Op {p ‘ p} D Opp {p tp}

Papadopoulos Frellesvig

Zheng
N p1
0 0 0 . Y
P2 { p3} — ( ) B ( )] { P }
aP2 pz/t [ plﬂalu+p2uap2”u = pl,ua2“‘|‘p2,ualu p2/t3
P =pimis
b1 b3 b1 p3
0 Y - 0 0 0 0 0 0 S
B el ) om s s ma (2 o
O P? pz/‘\m P1i,u Op1., P3.u Ops. DP2,u Opa., (P1,u + P3,u) Ops.  Opr. | Opan p2/‘\p4

In general, n MIs obey a(system of 1st ODE)

.M = A(d, z) M9




Two-Loop Integrals for Mu-E Scattering I



Feynman diagrams @ 2-loop

BZ(%/\Z(

€ e € e € e € e
)ﬁ( )ﬁ )ﬁ M
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Feynman diagrams @ 2-loop

321%/&(
%ﬂﬁi
>3<>:<>i>«(

& Planar Integrals :: Family-1



Feynman diagrams @ 2-loop

(6 e e e e e\

Ty Ty T3 )
( (& e e e N e e
\ T, T y T,

(. . . YA . . e )
I e || el inr
[ p 7 pu 7 M [ 7
\_ 17 Ty 7 \U Ty Tho "/

& Planar Integrals :: Family-1

& Planar Integrals :: Family-2



Feynman diagrams @ 2-loop

reééée >E< k(
[z z p p p 7

\

Ty Ty T3
(. . . e ) . e )
\ T, s J 7, y
4 . . . . N/ . . . . N
I e || el inr
v p p It j It p p
\_ T7 Ty VAN Ty T )

& Planar Integrals :: Family-1

& massless electron

& Planar Integrals :: Family-2

& massive muon
& Non-Planar Integrals



M I S for Fam i IY'1 Passera Primo Schubert & P.M. (coming soon)

P3 P2 P3 Pz% ; ;Ps Pz; ;Ps Pz% % P3 P2 P3
P4 P1 Pa P1E P4
T2a

Ps P1 Pa p1 P4 P1 P4 P4 P4 P4 P4 P1 P4 P1

Ti T2

:MWTYN% jﬁﬂ%Wﬁ

Pa P1 Pa p1 P4 P1 Pa P4 P4 p1 P4 P P4 P P4 P P4 P

25 30

: :Ps Pz: :Pa Pz: :Ps Pzz {m P2 P3 p2 pj ep)®  P3 szm sz"‘ P _P3 sz(k P _P3

Pa P1 P4 P4 P4 P1 Pa P4 P4 P P p4 P P4 P P4 P1 g

Tt

@ A different set of Mls already known Bonciani Ferroglia Gehrmann vonManteuffel

& We recomputed them with an alternative/simpler way

&31 Mls
&alphabet: 8 rational letters

&solution: GPL’s

& numerical checks using GiNac vs SecDec



M I S f()r Fam i IY'Z Passera Primo Schubert & P.M. (coming soon)

P3 P2 P3 P2 P3 P2 P3 Pz P3
EZ EZ ps P :
P4 P1 P4 P1 P4 P1 P4 P1
Pa P4 Pa

Pz P3 P> p3 pz>< P3 szpa pz% T30

P3 P2 P3
P1 P4 P1 P4 P4 P4 P1 Pa p1 'Pa P1
Tz
P3 P2 P3 P2 P3 P2 P3 P2 P3 P2
P4 P1 Pa
Tss U
2

P4 P1

Ti T2

P3 Pa-_ki+pe 3 Pa-(ki-pi)’-m’_ps3
P3 P2 P3 P2 P3 P2 P3 P2 P3 P2 H
> i > Z D: < D: < K K P4 P4

P4 P1 P4 P1 P4 P1 Pa P1 P4

&42 Mls
@alphabet: 9 rational letters

& solution: GPLs

& numerical checks using GiNac vs SecDec



30 Mils for non-planar diagrams

Primo Schubert & P.M. (w.i.p.)

> 2

(k> +p1+pa)

(k2 +p1+p2)




Quantum Mechanics

&Schroedinger Eq’n (eps-linear Hamiltonian)
th 0/ U (1)) = H(e, t)| V(1)) , H(e,t) = Ho(t) + eHy(2)
& Interaction Picture

H; ;(t) = B'(t) Hi(t) B(t)

& Matrix Transform
! i —ift drHo(T)
ih 0;B(t) = Hy(t)B(t) B(t) — = g

;@Schroedinger Eq’n (canonical form)

ih 0| W (1)) = e Hy 1(t)| V(1))



Y . e ;
Argeri, Di Vita, Mirabella,
Magnus Expansion Schlenk, Schubert, Tancedi, PM. (2014

& System of 1st ODE
UM — ()Y (z), Y(zg)=Y. A(x) non-commutative

& Magnus’ series :: Matrix Exponential

Y (z) = ®20) Y (zg) = @ ¥y,

Q(x) £ i Qn(x) ) QQ(QZ) = %/a: d7-1 /x:l d7'2 [A(Tl),A(7'2)]
e Oua) = 5 [ dn [ dn [ dr (A, A, A + [AG), A, A
Bl i Tterated Integrals
it o (generalized polylogs)
Chen
Y(x) =Yy + Bl Goncharov
( ) . nz::l n( ) Remiddi Vermaseren

Gehrmann Remiddi
Bonciani Remiddi P.M.

Vo) / e / A Vollingallvelnll
z Lo Duhr Gangl Rhodes



Argeri, Di Vita, Mirabella,
Schlenk, Schubert, Tancredi, PM. (2014)

® Quantum Mechanics ® Feynman Integrals
& Time-evolution in Perturbation Theory & Kinematic-evolution in Dimensional Regularization
@perturbation parameter: € @space—time dimensional parameter: € = (4-d)/2
& Linear Hamiltonian in € & Linear system in €
& Unitary transform & non-Unitary Magnus transform
@Schroedinger Equation @System of Differential Equations
in the interaction picture (e-factorization) in canonical form (g-factorization) pHenn (2013)
@solution: Dyson series @solution: Dyson/Magnus series

EL - @

& Feynman integrals can be determined from differential equations that looks like
gauge transformations

boundary term
(simpler integral)



Argeri, Di Vita, Mirabella,
Schlenk, Schubert, Tancredi, PM. (2014)

® pre-Canonical form
Linear-eps Matrix

O:fle,x) = A(e,x) f(e,x) A(e,x) = Ao(z) + €Aq(x)

® change of basis :: Magnus #1
f(e,z) = Bo(x) gle,x) ,  Bo(a) = olwm0) Oy Bo(x) = Ao(z)Bo(z)

® Canonical form Henn 2013)

Opg(e, ) = €Ay (x)g(e, ) Ai(z) = By (z)A1(2)Bo(x)

® Solution :: Magnus #2 (or Dyson)

g(e,x) = Bi(e,x)go(e) Bi(e,z) = oSUeAn] (z.20)

@Feynman integrals can be determined from differential equations that looks like
gauge transformations



® Kinematic variables e

® eps-linear basis 0, f(z,3,0) = (Awolz,y) +eAn(@,v)) (1.9

® Total Differential dg(z,y,¢) = € dA(z,y) g(z,y,€) dA = Aydx + Aydy
dLog-form

dA = Z M; dlog n;
i=1

Alphabet

Constant
matrices



Canonical systems and Iterated Integrals ..o

® Canonical system of DE dl = e dA T dA = Z M; dlog n; T = (T, Tohie iy
i=1

® Solution as path-ordered exponential

[(e, @) = Pexp {e/dA}I(e,.fo), Pexp{e/dA} = 11+e/dA+e2/dAdA+e3/dAdAdA...,
Y v v v v

® Path invariance v:[0,1] 3t — v(t) = (11(t), ¥2(t), ..., ¥n(t)), Y(0) = % ama(H8E==

® Taylor expansion and Dyson/Magnus series

I(e, ©) = 19(2) + IV (@) + 21?(B) + . ..

® Chen’s Iterated integral
d
/gA...d4,<—> Cz-m,,z- — /dlogmk...dlogmlE/ g ol (ARG R g, (t) = = logn;(7(¢)) .
JiTTng A y 0<t1 <...<tp<1 dt
1mes

® a special case :: Goncharov’s polylogs

x
1
G(ﬁn,x) = G(wl,zﬁn_l;aj) = / dt G(?ﬁn_l;t), G(On;x) = —'logn(gj)7 G = C () — G(Wp—1;).



dlog(1 — )

)

P3
P4
+ M3 dlog(1 — x)

l+xy

(

)

p
P
1+y)+ Mg

(

) + Mg dlog

sparse Constant
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P4

P2
P1

000O0OO0O0OO0OOOOGOO

0

M dlog(x) + My dlog(1 + x
+ My dlog(y) + M5 dlog

+ My dlog(x + y
+ My dlog (1 —y(1 —z —y))
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® Total Differential
dLog-form

Ex




Ex :: Boundary conditions

P2 Ps
F<S> = >< — F &regular @ s = 0
P P4

&trivial conditions !
of f-shell leg

el F(O)ZPZP

massless leg



Ex :: Boundary conditions

P2 P3

k(s) =

@regular@s=0

P Pa &trivial conditions !

1
*0

— }(0) =

® Auxiliary system of differential equation for:

dA = My dlogx +M_; dlog(x + 1)
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Ex :: Boundary conditions

P2 P3
F<S> - >< — F &regular @ s =0
P Pa &trivial conditions !

® Auxiliary system of differential equation for:

< lar @ p2 =0
7 ol E i E @regula il
I<p1) I<O> & non-trivial b.c. conditions !
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Summary ...

™ Feasibility of Two-Loop QED Corrections analytically

& Master Integrals via Differential Equations + Magnus Series

& Amplitude decomposition via Adaptive Integrand Decomposition (AID)

Mu-e scattering :: a first example of 2-loop automation for massive amplitudes

...Outlook

&Building the 2-loop amplitude (Form Factors and AID)

& Analytic continuation and Numerical Evaluation of 2-loop Mls

& The 1-Loop amplitude and 2-loop renorm. counterterms (GoSam, AID)
& Implementing a Subtraction Scheme for NNLO (hinc sunt leones)

& MonteCarlo Integration

™ Progress in Mu-e Scattering @ 2-loop QED
==> benefit for e+ e- —> Mu+ Mu- @ 2-loop QED
==> benefit forpp —>tT @ 2-loop QCD
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