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Signatures of shape phase transitions in odd-mass nuclei

 … influence of the unpaired fermion on  
the location and nature of the phase transition.

… empirical signatures of QPTs in odd-A nuclei.

 … definition and computation of order parameters.
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degrees of freedom of the quasiparticle are described within the
same CDFT [41]. The inclusion of both neighboring even-even
core nuclei in the CQC Hamiltonian enables the model to take
into account shape polarization effects; that is, differences
in shapes and related observables between two cores, which
are critical for transitional nuclei. The CQC Hamiltonian
predicts excitation energies, kinematic and dynamic moments
of inertia, and transition rates that are in very good agreement
with experiments for deformed odd-mass nuclei [41].

The present analysis starts with the calculation of total-
energy surfaces as functions of quadrupole-deformation co-
ordinates for the even-even Sm and Gd isotopes, using the
constrained RHB model based on the PC-PK1 density func-
tional [42] in the particle-hole channel, and a finite-range
separable pairing force [43] in the particle-particle channel.
The deformation-energy surfaces are displayed in Fig. 1
and exhibit a distinct evolution of prolate deformation with
increasing neutron number, from the nearly spherical 148Sm
and 150Gd, to the well-deformed prolate 154Sm and 156Gd, as
well as the reduction of the γ dependence of the potentials.
The energy surfaces of 152Sm and 154Gd indicate that these are
transitional nuclei, characterized by a softer potential around
the equilibrium minimum in the β direction. Therefore, with
increasing N the shape evolution in Sm and Gd isotopes
undergoes a QPT between the vibrational and rotational limits
of the Casten symmetry triangle [4], with 152Sm and 154Gd
being located closest to the critical point.

Even though shape coexistence and transitions in nuclei
have been extensively explored by considering potential-
energy surfaces, a quantitative study of QPT must go beyond
the simple Landau approach and include direct computation
of observables related to order parameters. In the following
we consider spectroscopic properties of odd-mass Eu isotopes
that can be associated with order parameters of a shape-phase
transition.

Using Sm and Gd as the collective core nuclei, one can
construct a microscopic core-quasiparticle coupling Hamilto-
nian for odd-mass Eu isotopes. The dynamics of the CQC
Hamiltonian is determined by the energies, quadrupole ma-
trix elements, and average pairing gaps corresponding to
the spherical single-particle states of the unpaired nucleon,
and collective excitation states of the two cores, which are
calculated by using the triaxial RHB method combined with the
5DCH. The Fermi level λ and coupling strength χ of the core-
quasiparticle quadrupole interaction are phenomenological
parameters adjusted to reproduce the ground-state spin and/or
the excitation energies of few lowest levels, separately for
positive- and negative-parity states [41].

Figure 2 displays the low-energy positive- and negative-
parity bands of 149,151,153,155Eu isotopes as functions of angular
momentum, in comparison with available data [44]. The
ground-state bands of the adjacent even-even Sm isotopes
are also included. The calculated energy levels are grouped
into bands according to the dominant E2 decay pattern. One
notices that the theoretical results are in good agreement with
experiment, not only for all the ground-state bands and lowest-
lying negative-parity bands, but also for the one-quasiparticle
excited bands. Only the positive-parity bands 2 and 3 in 149Eu,
and the negative-parity band 2 in 151Eu are too high compared

FIG. 1. Self-consistent RHB triaxial quadrupole energy surfaces
in the β-γ plane (0◦ ! γ ! 60◦) for Sm and Gd isotopes. All energies
are normalized with respect to the binding energy of the corresponding
ground state. The contours join points on the surface with the same
energy, and the separation between neighboring contours is 0.5 MeV.

with the data, possibly because the model space does not
include higher-order quasiparticle excitations. The calculated
negative-parity band 2 of 153,155Eu exhibits a staggering due
to Coriolis coupling that is too strong, but this can be resolved
by adding a magnetic-dipole particle-core interaction term to
the model Hamiltonian [45]. One also notices that the behavior
of the excitation energies versus angular momentum for odd-
mass Eu isotopes is consistent with that in the adjacent even-
even Sm isotopes; namely, from a nearly linear dependence
characteristic for a spherical vibrator to a parabolic dependence
of an axial rotor as neutron number increases. We note that the
Sm isotopes, and 152Sm in particular, were the first reported
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Self-consistent RHB triaxial quadrupole  
energy surfaces. PC-PK1 energy density  
functional and finite-range separable  
pairing interaction. 



The core-quasiparticle coupling model

… ansatz for the wave function:

…particle coupled to the (A-1) core and  
hole coupled to the (A+1) core. 

The Hamiltonian of CQC model:



The core-quasiparticle quadrupole interaction:

The pairing field:

average pairing gaps

⇒ the eigenvalue equation:

5D quadrupole collective Hamiltonian:





… observables that can be related to 
order parameters as functions of the 
control parameter - neutron number. 

… discontinuities at N=90 for the odd-mass Eu isotopes 
are steeper than those in the even-even Sm nuclei. 

The quadrupole interaction between the core and the 
unpaired fermion reinforces the QPT in odd-mass nuclei 
compared with the adjacent even-even isotopes. 



Probabilities of the dominant configurations in the ground states of the Eu isotopes. 

⇒ rapid transition from states in which, because of shape fluctuations, the unpaired proton 
is almost equally coupled to both the Sm and Gd core yrast states, to ground states in the 
N =90 and N =92 Eu nuclei in which the proton is predominantly coupled to the Gd core. 



The quasiparticle energy of the ground state corresponds to the lowest eigenvalue of 
the CQC Hamiltonian ⇒ difference between the total energy of the odd-mass nucleus 
and the average value of the energies of the two even-even cores. 

Empirical proton pairing gaps calculated 
by using the five-point formula. 



… low-energy spectra and observables related to order parameters for a first-order nuclear QPT 
between spherical and axially deformed shapes in odd-mass Eu isotopes. 

Two-neutron separation energies, isotope shifts, spectroscopic quadrupole moments, and E2 
reduced transition matrix elements reproduce available data and exhibit sharper discontinuities 
at neutron number N = 90 compared with those in adjacent even-even Sm and Gd isotopes. 

The amplification of the QPT in the odd-mass system ⇒ shape polarization effect of the 
unpaired proton. 


