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Classical probability

The classical model of probability described by the triple {(2, &, P); R; P(+|)}

The conditional probability is defined by means of the Bayes formula

P(AN B)

P(AIB) = —F

Two features indicate “classicality” of probabilities:

1) P(ANB) = P(BM A) memeeoeeep | '

2) Bayes theorem (law of
total probability)
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Quantum probability
The quantum model of probability is described by {B(H);Tr(p - )}

Random variables are described with operators A € B(H).

Probabilities are obtained via expectation of projectors P(A = «) = Tr(p|a){«a])
Conditional probabilities are given by P(B;|c;) = Tr(Ja;){a;|8;)(5;]) = [{B;]ai)|?
It is a different model of probability: take A = 22: ;i) |, B = 22: Bil Bi) {(Bil |
and p = |¢)(¥|. Suppose i=1 i=1

V) = ci|ar) + cafaz)

then, the law of total probabillity is
2

P(B = p1) = |(B1|0)|* = ZP(ﬁl\%)K@dWP +
1=1 x

The presence of interference indicates that Bayes theorem do not hold.
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An interesting example

Consider a dice.
1) It can be described in the classical model of probability by

Q={1,---,6} E="P() P|D =i] =
D(w) =w

i) It can be described in the guantum model of probability using
6 6 1

B(H) = Mat(C,6) D = ili\ (i -

; ) (i ; .

Note that only operators diagonal in {|7) } make sense for the description of
a dice. Clearly this prevent to have interference.

This example shows that we can use quantum model to describe classical
random phenomena.
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There is a way to “violate the Bayes theorem in
classical probability”?

Yes. Take 3 random variables A, B, C € 'R on a classical probability space
which are dependent. Hence

P(A=a,B=p,0=7v)# P(A=a)P(B=5)P(C =)

The Bayes theorem holds
= > P(Bla)P(A = a)

But...what happens after that we condition on {C' = ~}?
Using P4 =) P(A=a,C=9)and P(B = p) :ZP(B:&CZW) in the Bayes
theorem, we get " g

= 2 PP @)+ 5(514, ) PX(2) = P(X = 2]C = )
B14.7) = 5o S | Y P(Bla)P[A = a,C =] — P[B = §,C =7/
C= 2 |45
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Consider the law of total probability obtained before

PP(B) = P(Bla)P;(a) + (5|A, )

Since it is similar to the law obtained in the quantum model of probability, can
we describe A and B with two non-commuting operators on a suitable
Hilbert space?

Two methods to answer to this question:
1) Using Quantum-Like Representation Algorithm (QLRA);
2) Using Entropic uncertainty relations (EUR);

QLRA has big advantages but also practical limitations. EUR are more useful
in the model we are going to present.
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Entropic uncertainty relations and non-commutativity

Given a discrete random variable X with probability distribution {px (x)} the
Shannon entropy is defined as

It works also for an operator X using px (z) = {z|¥)]? where |z) is an
eigenvector of X.

* Theorem Let X and Y be two operators on a Hilbert space. Then
[X Y] # 0if and only if

Hy(X)+ Hy(Y)>D >0

for all . o |

Inequalities like this are called EUR



. where

¢ =max |€a; | b)|. (5)

More recently, Kraus® has conjectured that this relation
may be improved to

H(p)+H(g)= —2Inc (6)

The advantage of these relations over (2) is that they
have a right-hand side which is independent of the state
y. Thus, they yield nontrivial information on the proba-

iy : - B ~ ~ A PR < 3

. Generalized entropic uncertainty relations - H. Maassen and J. B. |

)

M. Uffink - Phys. Rev. Lett. 60, 1103 — Published 21 March 1988 |
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Model A
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What we want to obtain with the Model A?

We want construct a toy-model for a point-like particle whose random

variables, describing the position and the velocity, do not commute when
described as operators.

Description of the Model A

Model A is constructed using 3 random processes: the space,
the position of the particle, and the velocity of the particle.

1) The space: It is described by a collection of M € N
Independent random walks. At time NV it can be

thought as an M -vector
Sy = (S](\}), 7SJ(VM)) /\/\/

t=0

The transition probabilities of the random walks

t=1

are fixed t=2
PISY. =z +1|SY =] =p, pi,€ (0,1)

t=4

PISY =2 -1V =2l =1-p, Vie{l, -, M}
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2) The position of the particle: the position random variable select a point of
the space and takes its value.

/ ~Selection random variable, Iy € {1,--- , M}
XN e W(IN)(SN)

\/Projector on the Ix-th component of the vector Sy

This random variable is described by the probabilities { P[ Xy = al}

3) The velocity of the particle: the velocity random variable is defined as
VN = Xny1 — XN

Introducing the transition probabilities a(b,a) := P|Xn4+1 = b| XN = a] and
observing that P|Vy = ¢| Xy = a] = a(a + ¢,a), we can conclude that

PlVN =c| = Za(a +c,a)P| XN = al

Thus given {P| X~ = a]} and the transition probabilities, we can describe the
velocity random variable.
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The entropic uncertainty relation of the Model A

The basic assumption of the model is

Assumption: the physical space coincides with the space of the Model A. f,

Conseqguences:

1) the only probabilities that make sense are the one conditioned to a given
configuration of the space Sy, i.e.

{Psy[Xn = al} Py VN = d]}

2) Bayes theorem do not hold,
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Since space is random, we can always write the following

P Xy =a| = — Y YW N, o [S(J(Z)) a)

. occ Py 1=1 \P
Xy = SCD|5EO _ g

Acting on the particle only, we can change only v(IV,o(7), a), while the
probability of the space are fixed. This decomposition hols also for a(b,a).

The probabilities of the model are Ps,, [ Xy = al], Ps, [Vy = ¢/and a(a + ¢, a).

Prop. Hs, (Vi) > Z Ps, | XN = a ( — Z ala + ¢, a)logala + c, a))

This proposition is a property of the probability distributions related by the
modified law of total probability seen betore.
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Th. In the Model A
HSN(XN) -+ HSN(VN) > D >0

where D do not depend on {FPsy X~ = al} and {Psy |V = ¢}

Sketch of the proof

The proof is essentially based on the Jensen inequality for concave functions, i.e. E[p(X)] < o(E[X]),
where ¥ is a concave function. Since

Hs,(Vn) > ZPSN[XN = a] ( — Za(a+c, a)log a(a + c, a))

and that

ala+c,a) = 'ZZ’yN—I—la a—l—c\XN:a)P[Sf\,(i)l—a—l— c|
" oeP i=1
Using the Jensen inequality one can write

— Za(a + ¢, a)loga(a+ ¢, a)

S S ¢ L iy~ IS, s PSEY, o
| ceP 1 T T

> —Zm;nP SN(frl =a+ ¢ 1OgP[SX/@1 =a+ |
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Removing the dependence on a taking the minimum with respect to it we get
HSN(XN> + HSN(VN) >D >0

where .
D = mm [ meP SJ<V$1)) = a + c|log P[S](\?J(:l)) = a + ¢

Starting from X we get the same bound since the transition probabilities are symmetric under the
exchange of their arguments. =

Can we write the bound in a better way? Yes, if we assume that all the
probabilities of the random walks of the space are equal. In this case

D = H(5n+1)

and in addition, since conditioning reduces the entropy (i.e. H(X) > H(X|Y))
we can improve the bound. Indeed

H(Sn+1) > H(Sn11|Sn) PISY =z +190 = 2] = p,
—ZPSN—S SN_H’SN—S)

= —plogp — (1 —p)log(l — pf

Thus Hsy (Xn) + Hsy (Viv) 2 —plogp — (1 —p)log(1 — p)
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Conclusion

Summarising, we proved the in the Model A

Hs, (Xn) + Hs, (Vn) > —plogp — (1 — p) log(1 — p)

Thus when we represent Xy and Vi with operators over the same Hilbert
space, they do not commute:

(Xn, V] #0

This is a consequence of the random nature of space in the model.

It Is interesting to observe that in the Model A, everything is random anad
‘quantumness” emerges when we consider part of it (e.g. the particle).
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Thank you
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