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Open quantum systems

® |nteraction between the system and the environment

p(0) = ps(0) ® pB(0) H=Hg+ Hgp + H;
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Markovian vs non-Markovian

® Approximation: the bath timescale is much faster than the system

® Markovian dynamics: the evolution has no memory terms
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solid state (PBG materials)

/

® Non-Markovian dynamics >

\

ultrafast chemical
reactions (OLEDs, FMO)

quantum optics
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Model for non-Markovian dynamics

Factorized initial state:  p(0) = ps(0) ® pp(0)

Bath of free bosons:  Hp = Zwkf);;l;k
k

Gaussian bath initial state: Trs [@(T)&z{(s)%} = Dj(7, 5)
Bilinear interaction:  H;(¢) = flj(t)cﬁj(t)

Hermitian system operators b;(t) = / sk (w)be~“tdw + h.c.



Model for non-Markovian dynamics

® Factorized initial state:  p(0) = ps(0) ® pp(0)

® Bath of free bosons:  Hp = Zwkf);;l;k

® Gaussian bath initial state: Trs {ng(T)ggk(S)ﬁB} = Djx(r, )

A

® Bilinear interaction:  H;(t) = flj(t)(ﬁj(t

. .

Hermitian system operators b (t) = / L(w)b,e~“tdw + h.c.
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® | inear Heisenberg equations of motion for A7 (t)
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Gaussian non-Markovian map

ps(t) = Mips(0)

= Thig {T exp {—i —/oth (A‘iLqBjL(T) o AiRéjR(T)) } ps(0) ® ﬁB(O)]

Ak AT 5 = AR p AT



Gaussian non-Markovian map

ps(t) = Mips(0)

= Thig {T exp {—i —/oth (A‘iLqBjL(T) o AiRéjR(T)) } ps(0) ® ﬁB(O)]

Ak AT 5 = AR p AT

The general Gaussian non-Markovian map reads
t t . b L) N S P

il — Tikras { / dr / dsD (7, 5) (A’Z(S)Ag(f) — 8., A% (1) A% (s) — QSTA‘;{(S)A;Q(T))}
0 0

L. Dios|, L. Feriald), PREVES, 2005CE RIS



Gaussian non-Markovian map
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Formal expression - derive master equation
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Derivation of the master equation
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Derivation of the master equation
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2. Expand M; in Dyson series
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Derivation of the master equation

3. Explorit Wick's theorem
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Derivation of the master equation

3. Explorit Wick's theorem

_ , . A
T (/ dSlek(t, 31)142(51) = D;k(t, Sl)A‘}%(Sl)) H e
i 0 w="

(/Ot ds1Dj(t, s1) A% (s1) — DI (2, 51)21’;2(31)> T H » ._

1+ all contractions...

Linear Heisenberg equations are fundamental to have Wick's
contractions that are c-functions



Linear Heisenberg equations

Bosonic system > Quadratic Hamiltonian

A ~ A

AJ(s) = Cl(s — t) AR (t)+Cl (s — t) AR ()

TS

Wick’s contraction: Ak (s) AT (1) = [Aj (1), A’“(s)] a(t — s)
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Derivation of the master equation

3. Explorit Wick's theorem
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Derivation of the master equation

3. Explorit Wick's theorem
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Non-Markovian master equation

po == (A30)— A50) | [ dsmis 0, 5)46) — 1,5 4506)|

Bath correlation function

]Dij (ta 3) = Z(_l)n_lDij(n) (t7 3)

=t

e
0

Wick's contractions

'
Recursive definition



Master equation for bosonic systems

VWe exploit the solution of Heisenberg equations:

°
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Al(s) = Cl(s — t) AR (t)+Cl (s — t) A*(¢)



Master equation for bosonic systems

VWe exploit the solution of Heisenberg equations:

[ ]
VaN . o~ 9 PaN

Al(s) = Cl(s — t) AR (t)+Cl (s — t) A*(¢)

jo=— (A0~ A3(0) [ [ st 9)4L) — By 1) Ats)
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Master equation for bosonic systems

VWe exploit the solution of Heisenberg equations:

[
A\ . ~7 ° A

Al(s) = Cl(s — t) AR (t)+Cl (s — t) A*(¢)

% = —§ {Fl,ﬁ} + L'k () [Ajv [Ak’ﬁﬂ + Ok (t) [Aj’ [Ak’pﬂ

HiE 5 (t) [Aj7 {Ak,ﬁ}} 4= G0 a0 [Aj’ {Akyﬁ}}

15
Dju(t) == | ds Dt s)Ch(t =9

L. Ferialdi, PRL | [ 6, 1 204028@ CHEE,



Hu-Paz-/hang Master tquation

Interaction Hamiltonian:  Hj(t) = A%(t)¢;(t) > G(1)o(t)




Hu-Paz-/hang Master tquation

Interaction Hamiltonian:  Hj(t) = A%(t)¢;(t) > G(1)o(t)

dp _

o [ﬁ,ﬁ} + L' (2) [Ajv [Akvﬁﬂ + O (t) [Aj’ [Ak’pﬂ

HiE 5 (t) [Aj’ {Ak“@H == () {flj, {A’ﬂﬁ}}



Hu-Paz-/hang Master tquation

Interaction Hamiltonian:  Hj(t) = A%(t)¢;(t) > G(1)o(t)

A _

i [ﬁ,ﬁ} + L () [Aj» [Akvﬁﬂ + 0, () [Aj’ [Ak’pﬂ

HiE 5 (t) [Aj7 {Ak“@H == () {flj, {A’ﬂﬁ}}

+iZ(t)[G7, p] + 1Y (t)[4, {p, p}]



Stochastic unraveling

A stochastic Schroedinger equation with solution |¢¢) Is the
“stochastic unraveling” of M, If
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Stochastic unraveling

A stochastic Schroedinger equation with solution |¢¢) Is the
“stochastic unraveling” of M, If

pr = Mypo = E[|1s) (4]

Interaction with a complex stochastic processes: H;(t) = A7(t)¢;(t)

Gausslan processes: Dji(r,s) = E [qﬁ;(T)gbk(s)} Sik(7,8) =E[p;(7)dr(s)]



Stochastic unraveling

Most general Gaussian, non-Markovian stochastic unraveling

d|;it> - —iAj (t) <¢] (t)—l—/o dS[Djk(@S)—%k(ﬁs)] 5¢]f(8)> |¢t>




Stochastic unraveling

Most general Gaussian, non-Markovian stochastic unraveling

Bk — i) (63(00+ | dslDutes) -t 5o ) 1)

M; =T exp { /Ot dr /O iy D(r, s) (A,@(S)AQ(T) — 0,5 A% (1) AL (s) — emﬁg(s)ﬁgm)}

L. Diosi, LF, PRL |13,200403 (2014).



Non-Markovian dissipative QMUPL

5
0 (s)

d|t))
dt

] [4t)

t
0

= (=i (Ho+ 0.5} ) + VA + i) 9(0) 2V [ dsDlt,5



Non-Markovian dissipative QOMUPL

5
0¢(s)

d|t)e)
dt

] [4t)

t
0

= (=i (o + %400} ) + VA +ind) 9(0) 2V [ dsDlt,5

d\;ﬁtﬁ = —i A’ (t) (¢j(t)+ /O ds[Djlt,s) — Sjult,)] 5@(5 (s)>|¢t>




Non-Markovian dissipative QOMUPL

d‘;ﬁ” = [—i <Ho + A—;{é,ﬁ}) + V(G +ipp) d(t) — 2V G /O t dsD(t, s) : qbis)] 1))
t
M) — i 6) (05 0)+ | o Dtes) St ) )
\/
9 i) 0[] o 0 ]



Non-Markovian dissipative QOMUPL

W0 s (st 24 57) + VR G+ ) )~ 2% [ dsDt,) 5]
d 7 ; :
‘;ﬁ” = —i49(t) (qu (t)+ /O ds[Djults) —Sjult s)] 5¢k(5)> ¥1)

E _ _%[ﬁ(t), Al + 2. ()42, p) + ()[4, {B, A}

+I,.(0)[4, (g, pl]+©, ()[4, D, pl] +7u () [D: [P: A



Conclusions

® \We have derived the moste general Gaussian, completely
posItive, trace preserving, non-Markovian master equation.

® Stochastic unraveling allows to investigate the non-Markovian
OMUPL model
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Momentum coupling

Hi(t) = A7 ()¢ (t) > [q(t) + up(t)] (1)

o =i [7a] e [0, [ 5] + ot [ 47, [44.7]

HE 5 (t) [Aj, {Ak,[;}} 4= 10 () [Aj, {AkaﬁH




dp

dt

Momentum coupling

= —i[H(t) — hZ,(t)d* — hY . (t){4, P}, p]

o e
—I—Zaij(t) (FiPFj o {FjFivp}>
i,

F1 — ] FZ e
2 o —0,(t) + i1, ()
a(t) = ( =85) = B0 () —27,(1)



Non-Markovianity
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Non-Markovianity

det|a(t)] > 0 >  Markovian dynamics

det|a(t)] <O > Non-Markovian dynamics

detla(t)] = 4, (t) v, (t) — (@u(t)z N Tu(t)Q)

= — [(©u(®) + ulu(®))” + Tu()?] <0

Non-Markovian for any (non-singular) bath correlation function



Caldeira-Leggett master equation

Interaction Hamiltonian: H;(t) = A%(t)¢;(t) > G(1)o(t)

D[p] = D;x(t) (Ajﬁfl’“ = % {flkflj , ﬁ}) > 4, 4, A]



Caldeira-Leggett master equation

Interaction Hamiltonian: H;(t) = A%(t)¢;(t) > ()0 (t)
D3] = D;x(?) (AjAAk_l{AkAj }) D(t) . .
j ot Sl P > ———14,(¢, 7]
4 _

~i | B, p| + 4T (4,16, 7)) + 2[4, {¢, Y] + T (4, {5, )]

divergent

dt



Caldeira-Leggett master equation

Interaction Hamiltonian: H;(t) = A%(t)¢;(t) > G(1)o(t)
. e N IBIgAR .
D[p] Ta Djk(t) (Aijk e 5 {AkAJHO}> > 2( ) [Q7 [Q7 IOH
d—i = —i [H,p} + T[4, g, o]l + E 4,14, p}] + T[4, {D, }]
divergent
/0 dwJ(w) co h(QkBT>Cosw(t—s) > divergent
e | dwJ(w)sinw(t —
S /O W S w S



