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• Interaction between the system and the environment

Open quantum systems
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Ĥ, ⇢̂(t)

i
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• Markovian dynamics: the evolution has no memory terms

• Approximation: the bath timescale is much faster than the system

Markovian vs non-Markovian

• Non-Markovian dynamics ultrafast chemical 
reactions (OLEDs, FMO)

quantum optics

solid state (PBG materials)
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Model for non-Markovian dynamics

• Factorized initial state: ⇢̂(0) = ⇢̂S(0)⌦ ⇢̂B(0)
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• Gaussian bath initial state:
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Model for non-Markovian dynamics

• Factorized initial state: ⇢̂(0) = ⇢̂S(0)⌦ ⇢̂B(0)
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Model for non-Markovian dynamics

• Factorized initial state:

• Linear Heisenberg equations of motion for 

⇢̂(0) = ⇢̂S(0)⌦ ⇢̂B(0)

• Gaussian bath initial state:
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The general Gaussian non-Markovian map reads

L. Diosi, L. Ferialdi, PRL 113, 200403 (2014).
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Gaussian non-Markovian map

Formal expression derive master equation
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Markov limit: Djk(⌧, s) = Djk(⌧)�(⌧ � s)
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Markov limit:
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Derivation of the master equation
˙̂⇢t = Lt⇢̂t Ṁt⇢̂0 = Lt �Mt⇢̂0
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3. Exploit Wick’s theorem
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Linear Heisenberg equations

Bosonic system Quadratic Hamiltonian
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Âj(t), Âk(s)
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j
L(s1)�D⇤

jk(t, s1)Â
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3. Exploit Wick’s theorem

4. Iterate Wick’s theorem
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j
R(s)

�
⇢̂t

Wick’s contractions

Bath correlation function

Non-Markovian master equation

Recursive definition
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Âi

L(t)� Âi
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Master equation for bosonic systems

We exploit the solution of Heisenberg equations:

Âj(s) = Cj
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L. Ferialdi, PRL 116, 120402 (2016).
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Hu-Paz-Zhang Master Equation

Interaction Hamiltonian: q̂(t)�̂(t)ĤI(t) = Âj(t)�̂j(t)
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Âj ,

h
Âk, ⇢̂

ii
+⇥jk(t)

h
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Ĥ, ⇢̂

i
+ �jk(t)

h
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Stochastic unraveling
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Stochastic unraveling
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Most general Gaussian, non-Markovian stochastic unraveling

Stochastic unraveling

d| ti
dt

= �iÂj(t)
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Most general Gaussian, non-Markovian stochastic unraveling

L. Diosi, L.F., PRL 113, 200403 (2014).
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Âk, ⇢̂
oi

+⌥jk(t)
h
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Conclusions

• We have derived the moste general Gaussian, completely 
positive, trace preserving, non-Markovian master equation.

• Stochastic unraveling allows to investigate the non-Markovian 
QMUPL model
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= �i[Ĥ(t)� ~⌅µ(t)q̂

2 � ~⌥µ(t){q̂, p̂}, ⇢̂]

+
X

i,j

aij(t)

✓

F̂i⇢̂F̂j �
1

2

n

F̂jF̂i, ⇢̂
o

◆

F̂1 = q̂ F̂2 = p̂

a(t) =

✓
�2�µ(t) �⇥µ(t) + i⌥µ(t)

�⇥µ(t)� i⌥µ(t) �2�µ(t)

◆

Momentum coupling



Non-Markovianity

det[a(t)] > 0

det[a(t)] < 0 Non-Markovian dynamics

Markovian dynamics



Non-Markovianity

det[a(t)] = 4�µ(t)�µ(t)�
�
⇥µ(t)

2 +⌥µ(t)
2
�

det[a(t)] > 0

det[a(t)] < 0 Non-Markovian dynamics

Markovian dynamics



Non-Markovianity

det[a(t)] = 4�µ(t)�µ(t)�
�
⇥µ(t)

2 +⌥µ(t)
2
�

= �
h
(⇥µ(t) + µ�µ(t))

2 +⌥µ(t)
2
i
< 0

Non-Markovian for any (non-singular) bath correlation function

det[a(t)] > 0

det[a(t)] < 0 Non-Markovian dynamics

Markovian dynamics



Caldeira-Leggett master equation
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Ĥ, ⇢̂

i
+ �T [q̂, [q̂, ⇢̂]] + ⌅ [q̂, {q̂, ⇢̂}] +⌥ [q̂, {p̂, ⇢̂}]

divergent

D[⇢̂] = Djk(t)

✓
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