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New physics and where to find it…
Imagine to have new physics at a scale Λ
•if Λ small → should see it directly, bump hunting
•if Λ large, typical modification to observable w.r.t. standard 

model prediction: δO ~ Q2/Λ2 
•standard observables at the EW scale: to be sensitive to ~ TeV 

new physics, we need to control δO to few percent
•high scale processes (large pT, large invariant masses…): 

sensitive to ~TeV if we control δO to 10-20%

THESE KINDS OF ACCURACIES ARE WITHIN REACH OF LHC 
EXPERIMENT CAPABILITIES

TO FULLY EXPLORE THE LHC POTENTIAL FOR NP, WE MUST 
CONTROL THEORY PREDICTIONS AT THIS LEVEL 



QCD at a few percent-level: 
Higgs plus jet at NNLO  

in gluon fusion



Why Higgs plus Jet in gluon fusion

18

• Reduction of the uncertainty consistent with the shift in the central value 
going from NNLO to N3LO 

!
• Resummation effects moderate above 20 GeV (estimating potential size of yet 

h.o. corrections)

N3LO+NNLL JVE

 [TeV]s
7 8 9 10 11 12 13 14

 H
+X

) [
pb

]
→

(p
p 

σ

-110

1

10

210

LH
C

 H
IG

G
S 

XS
 W

G
 2

01
4

 H (NNLO+NNLL QCD + NLO EW)
→pp 

 qqH (NNLO QCD + NLO EW)
→pp 

 WH (NNLO QCD + NLO EW)
→pp 

 ZH (NNLO QCD + NLO EW)
→pp 

 ttH (NLO QCD)
→pp 

 bbH (NNLO and NLO QCD)
→pp 

 = 125 GeVHM
MSTW2008

•Gluon fusion: bulk of the 
cross-section → precision

•Gluon have large color 
charges → easy to radiate 
extra jet. H+J: ~ 35% of σH

•Can give important 
information about Higgs 
properties (proxy for pt,H, 
probe of the ggH coupling)

•In important channels 
(H→WW,H→ττ) jet veto to 
suppress background



The path towards precision
d� =

Z
dx1dx2f(x1)f(x2)d�part(x1, x2)FJ(1 +O(⇤QCD/Q))

Input parameters: ~few percent.
In principle improvable

NP effects: ~ few percent
No good control/understanding 
of them at this level

HARD SCATTERING MATRIX ELEMENT

•αs ~ 0.1 → percent-level accuracy requires second order 
(NNLO) computations

•For Higgs production: large gluon charges, CA αs ~ 0.3 → 
third order (N3LO) is desirable



Higgs: status of theoretical predictions
Higgs production in gluon fusion is a loop induced process → 
computing corrections involve complicated multi-loop amplitudes

HIGGS INCLUSIVE H+J / HIGGS PT

O(↵2
s)

O(↵3
s)

NLO: ~100% corrections, clearly unsatisfactory result



Integrating out the top
As long as the typical scale of the process is Q ⪷ mt: short distance (i.e. 
top mass) physics is not resolved → effective point-like interaction

•This observation significantly simplifies computations (no internal structure). 
All advanced computations so far make use of this simplification

•In most cases, the typical scale of Higgs physics is Q~mH  < mt, so this 
effective approximation is justified

• Nevertheless, mass effects at the percent-level to be expected → have to consider them. 
t/b mass effects recently computed [Lindert, Melnikov, Tancredi, Wever (2016)]



Integrating out the top: results
O(↵2

s) O(↵3
s) O(↵4

s) O(↵5
s)

K~2, ~100% 
uncertainty

K~1.2, ~10% 
uncertainty

K~1.02, ~percent -
level uncertainty

[Anastasiou et al., PRL (2015)]fully inclu
sive-on

ly

K~1.5, ~50% 
uncertainty

NNLO, fully 
exclusive



Anatomy of a NNLO computation

RR

RV

VV
TWO-LOOP AMPLITUDES FOR H+J
Computed in 2011 [Gehrmann et al.]

All required amplitudes known since long time

ONE-LOOP AMPLITUDES FOR H+JJ
Compact analytical expressions 
known and implemented in MC 
programs [MCFM]

TREE-LEVEL AMPLITUDES FOR H+JJJ

What prevented from doing the computation for so long?



Anatomy of a NNLO computation
The actual bottleneck for the computation was not the availability of 
two-loop amplitudes but how to consistently handle IR singularities

COMPLICATED IR STRUCTURE HIDDEN IN THE PHASE SPACE INTEGRATION
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Anatomy of a NNLO computation
The actual bottleneck for the computation was not the availability of 
two-loop amplitudes but how to consistently handle IR singularities

RRRVVV

•IR singularities (long-distance physics) hidden in PS integration
•After integration, all singularities are manifest and cancel (KLN)
•We are interested in FULLY DIFFERENTIAL results (arbitrary cuts, 

arbitrary observables) → we are not allowed to integrate over the PS
•The challenge: extract PS-integration singularities without actually 

performing any integration. Highly non trivial



The problem with fully exclusive NNLO

•Especially for processes with non trivial color flow, these 
computations pose significant conceptual challenges 
(consistent treatment of IR singularities)

•Thanks to a big effort in the community, we now see first 
glimpses towards solutions: antenna, sector 
decomposition+FKS/STRIPPER, colorful NNLO, N-jettines/qT 
slicing…

•NNLO predictions for colorful 2→2 processes are a now 
possible, with large computing power (typical result: ~ 
100.000 CPU hours)

The GOAL: we are looking for precise predictions → 
as close as possible to experimental reality 

(fully differential, fiducial region)



Higgs plus Jet@NNLO: results
[Boughezal, FC, Melnikov, Petriello, Schulze, PRL (2015)] 

THE SETUP: LHC8, anti-kt R=0.5, pt,jet > 30 GeV, μ=mH. 

Only approximation: EFT (mt →∞) 2
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Figure 1: Cancellation of 1/✏ poles in the qg channel. Note
that individual contributions have been rescaled by a factor
of 0.1, while the sum of them is not rescaled.

detail in our previous work on Higgs plus jet production
in pure gluodynamics [9], we only sketch here the salient
features of the calculation. We then present the numer-
ical results of the computation including NNLO results
for cross sections of Higgs plus jet production at various
collider energies and for various values of the transverse
momentum cut on the jet. We also discuss the NNLO
QCD corrections to the transverse momentum distribu-
tion of the Higgs boson. Finally, we present our conclu-
sions.

We begin by reviewing the details of the computation.
Our calculation is based on the e↵ective theory obtained
by integrating out the top quark. For values of the Higgs
p
?

below 150 GeV, this approximation is known to work
to 3% or better at NLO [13, 14]. Since the Higgs boson re-
ceives its transverse momentum by recoiling against jets,
we expect that a similar accuracy of the large-mt ap-
proximation can be expected for observables where jet
transverse momenta do not exceed O(150) GeV as well.

The e↵ective Lagrangian is given by

L = �1

4
G(a)

µ⌫ G
(a),µ⌫ +

X

i

q̄ii/Dqi�C1
H

v
G(a)

µ⌫ G
(a),µ⌫ , (1)

where G
(a)
µ⌫ is the gluon field-strength tensor, H is the

Higgs boson field and qi denotes the light quark field
of flavor i. The flavor index runs over the values i =
u, d, s, c, b, which are all taken to be massless. The co-
variant derivative /D contains the quark-gluon coupling.
The Higgs vacuum expectation value is denoted by v,
and C1 is the Wilson coe�cient obtained by integrating
out the top quark. The calculation presented here re-
quires C1 through O(↵3

s), which can be obtained from
Ref. [15]. Both the Wilson coe�cient and the strong
coupling constant require ultraviolet renormalization; the
corresponding renormalization constants can be found
e.g. in Ref. [16].

Partonic cross sections computed according to the
above prescription are still not finite physical quantities.
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Figure 2: Dependence of the total LO, LO and NNLO cross-
sections on the unphysical scale µ. See text for details.

Two remaining issues must be addressed. First, contribu-
tions of final states with di↵erent number of partons must
be combined in an appropriate way to produce infrared-
safe observables. This requires a definition of final states
with jets. We use the anti-kT jet algorithm [17] to com-
bine partons into jets. Second, initial-state collinear sin-
gularities must be absorbed into the parton distribution
functions (PDFs) by means of standard MS PDF renor-
malization. A detailed discussion of this procedure can
be found in Ref. [18].
The finite cross sections for each of the partonic chan-

nels ij obtained in this way have an expansion in the MS
strong coupling constant ↵s ⌘ ↵s(µ), defined in a theory
with five active flavors,

�ij = �
(0)
ij +

↵s

2⇡
�
(1)
ij +

⇣↵s

2⇡

⌘2

�
(2)
ij +O(↵6

s). (2)

Here, the omitted terms indicated by O(↵6
s) include the

↵3
s factor that is contained in the leading order cross sec-

tion �
(0)
ij . Our computation will include the gg and qg

partonic cross sections at NNLO, �(2)
gg and �

(2)
qg , where q

denotes any light quark or anti-quark. At NLO, it can be
checked using MCFM [19] that these channels contribute
over 99% of the cross section for typical jet transverse
momentum cuts, p

?

⇠ 30 GeV. We therefore include the
partonic channels with two quarks or anti-quarks in the
initial state only through NLO.
In addition to the ultraviolet and collinear renormal-

izations described above, we need the following ingre-

dients to determine �
(2)
gg and �

(2)
qg : the two-loop vir-

tual corrections to the partonic channels gg ! Hg and
qg ! Hq; the one-loop virtual corrections to gg ! Hgg,
gg ! Hqq̄ and qg ! Hqg; the double real emission
processes gg ! Hggg, gg ! Hgqq̄, qg ! Hqgg and
qg ! HqQQ̄, where the QQ̄ pair in the last process can
be of any flavor. The helicity amplitudes for all of these
processes are available in the literature. The two-loop
amplitudes were computed in Ref. [20]. The one-loop cor-
rections to the four-parton processes are known [21] and

�LO = 3.9+1.7
�1.1 pb

�NLO = 5.6+1.3
�1.1 pb

�NNLO = 6.7+0.5
�0.6 pb

KNNLO ⇠ 20%

�PDF ⇠ 5%

•Significantly improved scale uncertainty (makes discussion of 
dynamical scale largely irrelevant)

•Still sizable correction for μ=mH, smaller for μ=mH/2 [KNNLO=4%]. 
First sign of perturbative convergence



Differential distributions
[Boughezal, FC, Melnikov, Petriello, Schulze, PRL (2015)] 

Higgs pT, LHC8

Leading jet pT, LHC8
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Figure 3: Higgs plus jet production cross-sections in depen-
dence of the cut on the jet transverse momentum. The mini-
mal cut we consider is p

?

> 30 GeV. See text for details.

and NNLO as a function of the unphysical scale µ over
the range µ 2 [p

?,cut : 2mH ]. We estimate the residual
uncertainty due to PDF to be at the O(5%) level. The
situation is similar for the 13 TeV LHC. More precisely,
we find �pp!H+j = 10.2+4.0

�2.6 pb, 14.7
+3.0
�2.5 pb, 17.5

+1.1
�1.4 pb

at leading, next-to-leading and next-to-next-to-leading
order, corresponding to a NLO (NNLO) increase with re-
spect to LO of 44% (72%) for µ = mH and of 25% (31%)
for µ = mH/2.

It is interesting to understand to what extent pertur-
bative QCD corrections depend on the kinematics of the
process and/or on the details of the jet algorithm. One
way to study this is to explore how the NNLO QCD cor-
rections change as the lower cut on the jet transverse mo-
mentum is varied. We show corresponding results for the
8 TeV LHC in Fig. 3 where the cumulative distribution
for �(H+j, p

?,j � p
?,cut) is displayed. The inset in Fig. 3

shows ratios of NNLO(NLO) to NLO(LO) H + j cross-
sections, respectively, computed for µF = µR = mH as
a function of the jet p

?

-cut. It follows from Fig. 3 that
QCD radiative corrections depend on the kinematics. In-
deed, the NNLO to NLO cross-sections ratio changes
from 1.25 at p

?

= 30 GeV to ⇠ 1 at p
?

⇠ 150 GeV.
In Fig. 4 we show the Higgs boson transverse momen-

tum distribution in the reaction pp ! H + j, for three
consecutive orders of perturbation theory. We require
that there is a jet in the final state with a transverse mo-
mentum higher than p

?,j > 30 GeV. Note that the two
bins closest to the boundary p

?,H = 30 GeV have been
combined to avoid the well-known Sudakov-shoulder ef-
fect [43]. Away from that region, the NNLO QCD radia-
tive corrections increase the NLO cross-section by about
20%, slowly decreasing as p

?,H increases.
In conclusion, we have presented a calculation of the

NNLO QCD corrections to the production of the Higgs
boson in association with a jet at the LHC. This is the
first complete computation of NNLO QCD corrections to
a Higgs production process with a jet in the final state. It
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Figure 4: Higgs boson transverse momentum distribution in
pp ! H+j at 8 TeV LHC. The jet is defined with the anti-k

?

algorithm with �R = 0.5 and the cut on the jet transverse
momentum of 30 GeV. Further details are explained in the
text.

shows that techniques for performing NNLO QCD com-
putations, that were in the development phase for several
years, can indeed be used to provide precise predictions
for complex process at hadron colliders. The total cross
section for H+jet production receives moderate NNLO
QCD corrections. For jets defined with the anti-k

?

algo-
rithm with p

?,j > 30 GeV, we find NNLO QCD correc-
tions of the order of 20% for µ = mH . These moderate
corrections are the result of the smaller corrections for
the qg channel w.r.t the gg one, and a suppression of the
gg channel due to qq̄ final states not considered in previ-
ous analyses [9, 10]. Beyond the total cross section, our
computation will have important implications for many
processes that are used to study properties of the Higgs
boson, including W+W� and �� final states, primarily
through improved modelling of the Higgs transverse mo-
mentum and rapidity distributions. In particular, since
the complete N3LO computation of the Higgs boson pro-
duction cross section is available, a consistent computa-
tion of the H +0 jets, H +1 jet, H +2 jet and H +3 jet
exclusive processes becomes possible for the first time.
Furthermore, since the Higgs boson is a spin-zero parti-
cle, our computation can be easily extended to include
Higgs boson decays, to enable theoretical predictions for
fiducial cross sections and kinematic distributions for the
particles that are observed in detectors. Once this is
done, our calculation will provide a powerful tool that
will help to understand detailed properties of the Higgs
boson at the LHC.

We thank T. Becher, J. Campbell, T. Gehrmann and
M. Jaquier for helpful communications. We are grate-
ful to S. Badger for making his results for tree-level
amplitudes available to us. F. C. would like to thank
the Institute for Theoretical Particle Physics of KIT and
the Physics and Astronomy Department of Northwestern
University for hospitality at various stages of this project.

NNPDF2.3, 8 TeV

d
�
/d

p ?
,J

1
[f
b
/5

G
eV

]

LO
NLO

NNLO

1

5

25

125

p?,J1 [GeV]

NLO/LO
NNLO/NLO

1

1.5

50 75 100 125 150 175

•NNLO greatly stabilizes results

•Non-trivial K-factor shape

•Reasonable convergence

•No sign of perturbation theory 
breakdown for pt,j ≳ 30 GeV



A step closer to reality: fiducial analysis
•If very high precision is sought, it becomes important to 

reduce to a minimum unnecessary extrapolations from 
uncontrolled sources (e.g. PS acceptance corrections)

•Fully exclusive computations are able to deal with 
arbitrary cuts on final state partons

•For Higgs plus jet: can exactly reproduce experimental 
analysis in terms of cuts on photons (H→γγ)/leptons 
(H→WW/ZZ) and jets

•Allow for an unbiased data/theory comparison

•`Nice’ experimental cuts: no need for extrapolations after 
this → insensitive to soft physics (interesting topic for 
precision frontier, e.g. symmetric cuts…)



Fiducial analysis: H→γγ

SETUP: ATLAS 8 TEV ANALYSIS
Anti-kt with R=0.4, pt,j > 30 GeV, |yj|<4.4, pt,γ > max (25 GeV,0.35/0.25 mγγ), 
|yγ|<2.37, no photons with 1.37<|yγ|<1.56, ∆Rγj > 0.4

[FC, Melnikov, Schulze (2015), Chen, Martinez, Gehrmann, Glover, Jaquier (2016)]
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Figure 5: Rapidity and transverse momentum distributions of the harder and softer photons in

pp ! H + j at the 8 TeV LHC. The insets show ratios of di↵erential cross sections at di↵erent

orders in perturbation theory for the factorization and the renormalization scales set to the mass

of the Higgs boson.

leading order perturbative QCD computations, with both NLO and NNLO QCD corrections

providing a uniform enhancement. This observation should enable the reduction of the

uncertainty associated with the modelling of this observable and, perhaps, lead to improved

limits on exotic features of the observed Higgs resonance.

Finally, in Fig. 7 we compare the ATLAS measurements with our computations of the

fiducial volume signal in pp ! H + j ! �� + j. The inclusive one-jet cross section was

already discussed at the beginning of this Section; we remind the reader that the result of

the ATLAS measurement is significantly higher than the NNLO QCD prediction for the

inclusive one-jet cross section. In the left pane of Fig. 7 we present a similar comparison for

the exclusive jet cross sections. We see that the situation is similar for all jet multiplicities

and that the discrepancy increases for higher-multiplicity bins. In the right pane of Fig. 7,

theoretical and experimental results for the transverse momentum distribution of the hardest

jet are compared. For this observable, the ATLAS results are higher than the theoretical
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Figure 6: Distribution of the photon decay angle in the Collins-Soper frame at the 8 TeV LHC.

The inset shows ratios of di↵erential cross sections at di↵erent orders in perturbation theory for

the factorization and the renormalization scales set to the mass of the Higgs boson.

Figure 7: Left pane: comparison of exclusive jet cross sections in pp ! H + j ! ��+ j computed

in this paper and measured by the ATLAS collaboration. Right pane: comparison of the leading

jet transverse momentum distribution. The selection criteria are described in the text.

predictions in all p?-bins except one where the experimental error is the largest. It is also

clear that the shapes of theoretical and experimental distributions are di↵erent. It follows

from the plots in Fig. 7 that, currently, the ATLAS data is not precise enough to allow for a

meaningful comparison with available theoretical predictions. This will undoubtedly change

once enough luminosity at the 13 TeV LHC is collected.

B. H ! W+W� ! e+µ�⌫⌫̄

In this subsection, we present the results for the process pp ! H+j ! W+W�+j at the

13 TeV LHC. The selection criteria are described in Section II. In principle, many kinematic

12

•Reduced uncertainties

•Stable shapes

•Virtually no shape correction for cos(θ*) → Higgs characterization



Fiducial analysis: H→γγ

Figure 6: Distribution of the photon decay angle in the Collins-Soper frame at the 8 TeV LHC.

The inset shows ratios of di↵erential cross sections at di↵erent orders in perturbation theory for

the factorization and the renormalization scales set to the mass of the Higgs boson.
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from the plots in Fig. 7 that, currently, the ATLAS data is not precise enough to allow for a

meaningful comparison with available theoretical predictions. This will undoubtedly change

once enough luminosity at the 13 TeV LHC is collected.
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In this subsection, we present the results for the process pp ! H+j ! W+W�+j at the

13 TeV LHC. The selection criteria are described in Section II. In principle, many kinematic
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Exclusive Jet bins, ATLAS8

Leading jet pT, ATLAS8

Still very large statistical 
fluctuations for these 
analysis to mean much, 
but NNLO theory error ~ 
systematic error 

[FC, Melnikov, Schulze (2015), Chen, Martinez, Gehrmann, Glover, Jaquier (2016)]



Fiducial analysis: H→2l2ν
[FC, Melnikov, Schulze (2015)] 

NNLO able to cope with 
complicated final states 
(up to 7 particles)

SETUP: CMS-LIKE ANALYSIS, 13 TEV
Anti-kt with R=0.4, pt,j > 30 GeV, |yj|<4.7, pt,l > 20/10 GeV, Et,miss > 20 GeV, 
mll > 12 GeV, pt,ll > 30 GeV, mt,WW > 30 GeV
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Figure 9: Left pane: the transverse momentum distribution of a positively charged lepton in

pp ! H(e+µ�⌫⌫̄) + j at the 13 TeV LHC. Right pane: the distribution of the azimuthal opening

angle of the two leptons in pp ! H(e+µ�⌫⌫̄) + j at the 13 TeV LHC. The selection criteria are

described in the text. The insets show ratios of di↵erential cross sections at di↵erent orders in

perturbation theory for the factorization and the renormalization scales set to the mass of the

Higgs boson.

13 TeV LHC and the azimuthal opening angle distribution of the two leptons. In both cases,

QCD radiative corrections do not change the shapes of the distributions significantly. The

distribution of the invariant masses of the two leptons ml+l� and the transverse mass m?

are displayed in Fig. 10; the NNLO QCD corrections to those distributions are remarkably

uniform.

IV. CONCLUSIONS

We extended the recent NNLO QCD computation of the H + j production in proton

collisions by including decays of the Higgs bosons to electroweak gauge bosons H ! ��,

H ! W+W� and H ! ZZ. Leptonic decays of Z’s and W ’s, with all spin correlations,

are fully accounted for. This allows us to calculate fiducial volume cross sections and vari-

ous kinematic distributions through NNLO in perturbative QCD in a manner that is fully

consistent with selection criteria applied in experiments. In particular, it becomes possible

– for the first time – to confront fiducial volume studies of the pp ! H+ j ! ��+ j process

performed by the ATLAS collaboration at the 8 TeV LHC [5] with NNLO QCD predictions.

We presented a number of results for fiducial volume cross sections, acceptances and vari-

ous kinematic distributions for both inclusive and exclusive H(��)+ j production processes.
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Figure 9: Left pane: the transverse momentum distribution of a positively charged lepton in

pp ! H(e+µ�⌫⌫̄) + j at the 13 TeV LHC. Right pane: the distribution of the azimuthal opening

angle of the two leptons in pp ! H(e+µ�⌫⌫̄) + j at the 13 TeV LHC. The selection criteria are

described in the text. The insets show ratios of di↵erential cross sections at di↵erent orders in

perturbation theory for the factorization and the renormalization scales set to the mass of the

Higgs boson.

13 TeV LHC and the azimuthal opening angle distribution of the two leptons. In both cases,

QCD radiative corrections do not change the shapes of the distributions significantly. The

distribution of the invariant masses of the two leptons ml+l� and the transverse mass m?

are displayed in Fig. 10; the NNLO QCD corrections to those distributions are remarkably

uniform.

IV. CONCLUSIONS

We extended the recent NNLO QCD computation of the H + j production in proton

collisions by including decays of the Higgs bosons to electroweak gauge bosons H ! ��,

H ! W+W� and H ! ZZ. Leptonic decays of Z’s and W ’s, with all spin correlations,

are fully accounted for. This allows us to calculate fiducial volume cross sections and vari-

ous kinematic distributions through NNLO in perturbative QCD in a manner that is fully

consistent with selection criteria applied in experiments. In particular, it becomes possible

– for the first time – to confront fiducial volume studies of the pp ! H+ j ! ��+ j process

performed by the ATLAS collaboration at the 8 TeV LHC [5] with NNLO QCD predictions.

We presented a number of results for fiducial volume cross sections, acceptances and vari-

ous kinematic distributions for both inclusive and exclusive H(��)+ j production processes.
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Figure 8: Left pane: the production cross section for pp ! H + j ! W+W� + j ! e+µ�⌫⌫̄ + j

at the 13 TeV LHC is shown as a function of the jet transverse momentum cut. The inset shows

ratios of di↵erential cross sections at di↵erent orders in perturbation theory for the factorization

and the renormalization scales set to the mass of the Higgs boson. Right pane: exclusive jet cross

sections for pp ! H(e+µ�⌫⌫̄) + j at the 13 TeV LHC. The selection criteria are described in the

text.

distributions that can be studied in the H + j production process are independent of the

decay mode of the Higgs boson. To avoid overlap with the previous subsection, we present

here only those distributions that are particular to the W+W� final state.

We begin, however, with the discussion of the fiducial cross sections. We find

�fid
LO = 13.0+5.1

�3.4 fb, �fid
NLO = 18.6+3.7

�3.1 fb, �fid
NNLO = 21.9+0.9

�1.7 fb. (5)

In general, the perturbative expansion of the 13 TeV cross sections is similar to what was

observed at 8 TeV. At µ = mH , the NLO cross section is larger than the LO cross section by

43% and the NNLO cross section exceeds the NLO cross section by 18%. In Fig. 8 we display

results for cross sections as a function of the jet transverse momentum cut and exclusive

jet cross sections at di↵erent orders in perturbation theory. The behavior of the exclusive

one-jet cross section at 13 TeV is slightly worse than at 8 TeV. We attribute this to a too

small scale variation at NLO, which leads to the NNLO result for the one-jet cross section

being outside of the NLO scale variation band.

Selection criteria for the Higgs signal inH ! W+W� as well as analysis of anomalous cou-

plings in this process rely on kinematic distributions of charged leptons. A good understand-

ing of these distributions is therefore important. In Fig. 9 we show the transverse momentum

distribution of a positively charged lepton in pp ! H+j ! W+W�+j ! e+µ�⌫⌫̄+j at the
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Higgs pt spectrum at NNLO (for real)+NNLL
[Monni, Re, Torrielli (2016). In `usual’ name coding: N3LO+NNLL]
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FIG. 1. Comparison of the Higgs pH

t
NNLL+NLO prediction as

obtained in this letter (red) to HqT (green). For reference, the pre-
dictions obtained with MiNLO at NLO (orange), and FxFx (blue)
are shown. Lower panel: ratio of the various distributions, nor-
malised to their respective central-scale inclusive cross sections, to
the central NNLL+NLO prediction. Uncertainty bands are shown
only for the resummed results.
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FIG. 2. Higgs pH

t
at NNLL+NNLO (red), NNLL+NLO (green),

and NNLO (blue). Lower panel: ratio of the three predictions to
the NNLL+NNLO one.

µR = µF = mH, and Q = mH/2. The perturbative un-
certainty for all predictions is estimated by varying both
µR and µF by a factor of two in either direction while
keeping 1/2 ≤ µR/µF ≤ 2. Moreover, for central µR and
µF scales we vary the resummation scale Q by a factor of
two in either direction.
To validate our result, in the main panel of figure 1 we
show the comparison of our prediction for the Higgs-
transverse-momentum spectrum at NNLL+NLO to that
obtained with HqT [4, 35]. As expected, we observe a very
good agreement over the entire pH

t range between these

two results, which have the same perturbative accuracy.
Our NNLL+NLO prediction is moderately higher in the
peak of the distribution, and lower at intermediate pH

t
values, although this pattern may slightly change with
different central-scale choices. These small differences
have to do with the different treatment of subleading ef-
fects in the two resummation methods. The agreement
of the two results, both for the central scale and for the
uncertainty band, is even more evident in the lower inset
of figure 1, which displays the ratio of the various dis-
tributions, each normalised to its central-scale inclusive
rate, to our normalised central NNLL+NLO curve.
For comparison, figure 1 also reports the pH

t distribu-
tion obtained with the NLO version of POWHEG+MiNLO
[36–38], and with the MadGraph5 aMC@NLO+FxFx [39–41]
event generators, using default renormalisation and fac-
torisation scales for the two methods (in FxFx a merging
scale µQ = mH/2 has been employed). Both genera-
tors are interfaced to Pythia8.2 [42], without includ-
ing hadronisation, underlying event, and primordial k⊥
(whose impact has been checked to be fully negligible
for this observable), and use PDF4LHC15 parton densi-
ties at NLO. By inspecting the normalised ratios shown
in the lower panel, one observes that the shape of the
Monte-Carlo predictions deviates significantly from the
NNLL+NLO results at pH

t ! 60GeV.
Figure 2 shows the comparison of the matched

NNLL+NNLO result to the NNLL+NLO and the fixed-
order NNLO predictions. The inclusion of the NNLO
corrections leads to a 10− 15% increase in the matched
spectrum for pH

t > 15GeV, and to a consistent reduction
in the perturbative uncertainty, to the ±10%-level in
the considered pH

t range. The impact of resummation
on the fixed order becomes increasingly important for
pH

t ! 40GeV, reaching about 25% at pH

t = 15GeV. For
pH

t " 40GeV, the matched prediction reduces to the
NNLO one.

In this letter we have presented a new method, entirely
formulated in momentum space, for the resummation
of the transverse momentum of a colour-singlet final
state in hadronic collisions. We have used it to obtain
the first NNLL+NNLO prediction for the Higgs-boson
transverse-momentum spectrum at the LHC. Higher-
order logarithmic corrections beyond NNLL can be
systematically included within this framework. Our
approach does not rely on any specific factorisation
theorem, and therefore it can be generalised to treat
any observable featuring kinematic cancellations in the
infrared region – like for instance φ∗ in Drell-Yan pair
production [43] or the oblateness in electron-positron
annihilation – as well as to compute any other observable
which can be treated with the methods of refs. [25, 26].
Notably, this paves the way for formulating a simulta-
neous resummation for the Higgs and the leading-jet
transverse momenta at NNLL.

We are very grateful to F. Caola for providing us with
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µR = µF = mH, and Q = mH/2. The perturbative un-
certainty for all predictions is estimated by varying both
µR and µF by a factor of two in either direction while
keeping 1/2 ≤ µR/µF ≤ 2. Moreover, for central µR and
µF scales we vary the resummation scale Q by a factor of
two in either direction.
To validate our result, in the main panel of figure 1 we
show the comparison of our prediction for the Higgs-
transverse-momentum spectrum at NNLL+NLO to that
obtained with HqT [4, 35]. As expected, we observe a very
good agreement over the entire pH

t range between these

two results, which have the same perturbative accuracy.
Our NNLL+NLO prediction is moderately higher in the
peak of the distribution, and lower at intermediate pH

t
values, although this pattern may slightly change with
different central-scale choices. These small differences
have to do with the different treatment of subleading ef-
fects in the two resummation methods. The agreement
of the two results, both for the central scale and for the
uncertainty band, is even more evident in the lower inset
of figure 1, which displays the ratio of the various dis-
tributions, each normalised to its central-scale inclusive
rate, to our normalised central NNLL+NLO curve.
For comparison, figure 1 also reports the pH

t distribu-
tion obtained with the NLO version of POWHEG+MiNLO
[36–38], and with the MadGraph5 aMC@NLO+FxFx [39–41]
event generators, using default renormalisation and fac-
torisation scales for the two methods (in FxFx a merging
scale µQ = mH/2 has been employed). Both genera-
tors are interfaced to Pythia8.2 [42], without includ-
ing hadronisation, underlying event, and primordial k⊥
(whose impact has been checked to be fully negligible
for this observable), and use PDF4LHC15 parton densi-
ties at NLO. By inspecting the normalised ratios shown
in the lower panel, one observes that the shape of the
Monte-Carlo predictions deviates significantly from the
NNLL+NLO results at pH

t ! 60GeV.
Figure 2 shows the comparison of the matched

NNLL+NNLO result to the NNLL+NLO and the fixed-
order NNLO predictions. The inclusion of the NNLO
corrections leads to a 10− 15% increase in the matched
spectrum for pH

t > 15GeV, and to a consistent reduction
in the perturbative uncertainty, to the ±10%-level in
the considered pH

t range. The impact of resummation
on the fixed order becomes increasingly important for
pH

t ! 40GeV, reaching about 25% at pH

t = 15GeV. For
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t " 40GeV, the matched prediction reduces to the
NNLO one.

In this letter we have presented a new method, entirely
formulated in momentum space, for the resummation
of the transverse momentum of a colour-singlet final
state in hadronic collisions. We have used it to obtain
the first NNLL+NNLO prediction for the Higgs-boson
transverse-momentum spectrum at the LHC. Higher-
order logarithmic corrections beyond NNLL can be
systematically included within this framework. Our
approach does not rely on any specific factorisation
theorem, and therefore it can be generalised to treat
any observable featuring kinematic cancellations in the
infrared region – like for instance φ∗ in Drell-Yan pair
production [43] or the oblateness in electron-positron
annihilation – as well as to compute any other observable
which can be treated with the methods of refs. [25, 26].
Notably, this paves the way for formulating a simulta-
neous resummation for the Higgs and the leading-jet
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•Significant reduction of uncertainties
•No clear breakdown of p.t. to very low pt

•EFFECT OF NNLL AT PT = 15 GEV: 25%. NO EFFECTS FOR PT > 40 GEV



Moving towards the tail: top mass effects
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2l2ν ~ 300 GeV ~ 1 TeV
γγ ~ 200 GeV ~ 750 GeV
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•Rates are low

•It would be very interesting 
to investigate sub-structure 
potential for bb

•Not unreasonable sensitivity 
expectation at high pt ~ 10%

•DOES NOT REQUIRE PERFECT 
THEORETICAL CONTROL

•UNFORTUNATELY, WE ONLY 
KNOW IT AT LO
(Although significant 
progress towards NLO 
[Bonciani et al (2016)])



Mass effects from BFKL physics
[FC, Forte, Marzani, Muselli, Vita (2016)]

•HEFT has wrong asymptotic behavior at large pt: 1/pt2  vs 1/pt4

•Full SM contribution can be computed e.g. in the high energy limit. 
Factorization 

Figure 7. The NLO K-factor Eq. (4.2) computed using the full result in the pointlike
limit (red, dashed), and the high-energy approximation, either with full mass dependence
(blue, solid) or in the pointlike limit (green, dotdashed). In each case, the LO cross-section
is computed using the same approximation as the NLO term.

by comparable amounts.
This plot suggests two main conclusions. First, in the only case in which we

can compare the high-energy approximation to the full result, namely the pointlike
limit, we see that the high-energy approximation is quite good (red vs. green curve
in Fig. 7), with an accuracy of about 20% or better for all pT & 200 GeV, which does
not deteriorate as pT increases. Second, even though (recall Sect. 3) the shape of
the distribution at high pT differs between the pointlike and massive case (a different
power of pT) the K factors are similar and approximately pT independent, at least
in the only case in which we can compare the pointlike and massive results, namely
the high-energy limit (green and blue curve).

These two observations, taken together, suggest that the best approximation to
the full NLO result can be obtained by combining the full LO result with a K-factor
computed in the high-energy approximation, namely, by multiplying the LO cross-
section by the K factor (blue curve) of Fig. 7, corresponding to the high-energy fully
massive result. This is our preferred approximation, and it is shown in Fig. 8, where
it is also compared to the LO exact result and to the NLO pointlike approximation;
all results are also shown as ratios to the LO. It is clear that the pointlike result has
the wrong power behaviour at large pT and thus fails for pT & 200 GeV.

The comparison of K-factors of Fig. 7 suggests that if one wishes to use the NLO
pointlike result, rather than the high-energy approximation, a better approximation

23

•Within ~20-30% accuracy: massive/
massless K-factor the same

•Same conclusion from other 
approaches (jet merging, approx. 
NLO) [Frederix et al, Greiner et al, 
Neunmann and Williams (2016)]

•Waiting for the full NLO…



Tails of distributions: 
Higgs in the off-shell  
region and gg→VV



The off-shell Higgs
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Figure 15. MZZ distributions for gg → H → ZZ → ℓℓ̄νℓν̄ℓ for MH = 125GeV. Applied cuts:
pT ℓ > 20GeV, |ηℓ| < 2.5, 76GeV < Mℓℓ < 106GeV, p/T > 10GeV. Other details as in Fig. 4.

gg (→ H) → ZZ → ℓℓ̄νℓν̄ℓ

σ [fb], pp,
√
s = 8TeV, MH = 125GeV ZWA interference

MT cut HZWA Hoffshell cont |Hofs+cont|2 R0 R1 R2

none 0.1593(2) 0.2571(2) 1.5631(7) 1.6376(9) 0.6196(7) 0.8997(6) 0.290(5)

MT1 < MH 0.1593(2) 0.1625(2) 0.4197(5) 0.5663(6) 0.980(2) 0.973(2) 0.902(5)

Table 6. Cross sections for gg (→ H) → ZZ → ℓℓ̄νℓν̄ℓ for MH = 125GeV without and with
transverse mass cut. Applied cuts: pT ℓ > 20GeV, |ηℓ| < 2.5, 76GeV < Mℓℓ < 106GeV, p/T >
10GeV. Other details as in Table 3.

4 Conclusions

In the Higgs search at the LHC, a light Higgs boson is not excluded by experimental data.

In the mass range 115GeV ! MH ! 130GeV, one has ΓH/MH < 10−4 for the SM Higgs

boson. We have shown for inclusive cross sections and cross sections with experimental

selection cuts that the ZWA is in general not adequate and the error estimate O(ΓH/MH)

is not reliable for a light Higgs boson. The inclusion of off-shell contributions is essential

to obtain an accurate Higgs signal normalisation at the 1% precision level. We have traced

this back to the dependence of the decay (and to a lesser degree production) matrix element

on the Higgs virtuality q2. For the H → WW,ZZ decay modes we find that above the

weak-boson pair production threshold the (q2)2 dependence of the decay matrix element

compensates the q2-dependence of the Higgs propagator, which results in a significantly

enhanced off-shell cross section in comparison to the ZWA cross section, when this phase

– 18 –

Despite being a narrow resonance, in the H→VV channels the 
SM Higgs develops a sizable high-invariant mass tail (enhanced 
decay to real longitudinal W/Z) [Kauer, Passarino (2012)]

⇠ M3
V V

WL, ZL

WL, ZL

Can provide useful extra 
information w.r.t. on-shell cross 
section. E.g.: constraints on ΓH 
[FC, Melnikov (2013)]



4l production at the LHC
To fully profit from off-shell measurements: GOOD CONTROL ON PP→4L

FIG. 4: Overall picture at 8 TeV, (colour online). In this and the following figure the CMS cuts described
in the text have been imposed, but the constraint m4ℓ > 100 GeV has been removed to extend the range of
the plot.

m4ℓ < 130 GeV m4ℓ > 130 GeV m4ℓ > 300 GeV
Energy σH

peak σH
off σI

off σqg,int
off σH

off σI
off σqg,int

off

7 TeV 0.203 0.044 -0.086 0.0091 0.034 -0.050 0.0023
8 TeV 0.255 0.061 -0.118 0.011 0.049 -0.071 0.0029

TABLE III: Fiducial cross sections for pp → H → ZZ → e−e+µ−µ+ in fb. All cross-sections are computed
with leading order MSTW 2008 parton distribution functions [38] and renormalization and factorization
scales set equal to mH/2.

of the gg interference contribution, despite using what we believe to be identical input parameters.
The results of ref. [8] were obtained using the code gg2VV [9].

We believe that the cause of the discrepancy is a cut of pZT > 7 GeV imposed in the double
precision version of gg2VV for the continuum process, but not on the Higgs signal process. The
interference contribution is obtained by forming the combination (c.f. Eq. (38)),

σI = |MH +MC |2 − |MC |2 − |MH |2 . (39)

The pT cut is performed on the first two terms on the right hand side of Eq. (39) but not on the
third. The cut on the amplitudes that involve the continuum background in the gg2VV code is
presumably performed for reasons of numerical stability.

We shall now discuss the treatment of the region of low pT of the Z-boson in our code, and
illustrate the importance of low pT . In Fig. 7 we first demonstrate the impact of the spurious 1/pT
singularities that appear in the amplitudes. The figures show the calculation of the gg → ZZ cross
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[MCFM]

Large qq background
•recently computed at 

NNLO

Tricky gg background
•non trivial signal/ 

background 
interference patterns

•gluon-induced → large 
corrections

•only known at LO 
until recently

To have good control on 
width/coupling constraints:
qq within 10%, gg within 50%



gg→4l background and interference at NLO

NLO

•Loop induced → NLO involves complicated two-loop 
amplitudes

•Light quark contribution → cannot integrate them out

•At high invariant mass → top effects non negligible

•In general, expect significant top effects for the interference 
also at small invariant mass (Higgs select transverse 
polarizations which strongly couple to the top)



The problem of (two) loop amplitudes

•As a rule of thumb, complexity of multi-loop amplitudes 
grows very rapidly

•as we move away from the massless limit

•as we increase the number of scales of the process

•Here: 4 scales (s,t,mee,mμμ) → several orders of magnitude 
more complicated than di-jet, H+j,…

•With internal top masses: prohibitively complicated



Loop amplitudes: general remarks
Computation of loop-amplitudes in two steps
1. reduce all the integrals of your amplitudes to a minimal set of 

independent `master’ integrals
2. compute the independent integrals

At one-loop:
• independent integrals are always the same (box, tri., bub., tadpoles)
• only (1) is an issue. Very well-understood (tensor reduction, unitarity…)

Beyond one-loop: reduction not well understood, MI many and 
process-dependent (and difficult to compute…)



Reduction to ``Master Integrals’’

•``Brute force approach’’. Very solid, generates very large intermediate 
expressions

•For the case at hand, this was not a bottleneck. 75 Master Integrals

•This case: based on traditional IBP-LI RELATIONS [Tkachov; Chetyrkin and 

Tkachov (1981); Gehrmann and Remiddi (2000)] / LAPORTA ALGORITHM [Laporta (2000)]
Z

ddkF (k; {pj}) =
Z

dd(k + ↵q)F (k + ↵q; {pj})

•Non-trivial relations between integrals with different numerator/
propagator structures. Can be systematically solved

↵

Z
ddk

@

@k
·
⇥
qF (k, {pj})

⇤
= 0



Computing MI: differential equations
[Kotikov (1991), Remiddi (1997)]

•Loop integrals in generic kinematics: very hard
•In general however, they simplify for specific kinematics configurations 

(threshold, high-energy…)
•If derivatives of MI are known, one can use the to transport simple 

kinematics to generic kinematics
•Taking derivatives of MI: ~ IBP procedure → DERIVATIVES OF MI ARE 

LINEAR COMBINATIONS OF MI

@

x

~

f(x) = A(✏, x) · ~f(x)

•Naively: system of 75 coupled differential equations… impossible to 
solve. In reality
•A is a sparse matrix (only small subsets really coupled)
• f are Feynman Integrals, not generic functions. Expect simplifications in A



Differential equations made simple
[Henn (2013)]

@

x

~

f(x) = A(✏, x) · ~f(x)
•We are dealing with a physical problem → constraints from singularity 

structure of Feynman integrals
•Near singular points (thresholds,…): 
•System can be put in a Fuchsian form (i.e. singularity structure can be 

made manifest)

@

x

~g(x) =
X

i

A

i

(✏)

(x� x

i

)
~g(x)

f(x) ⇠ (x� x0)
a✏

g(x) = T (x, ✏)f(x)

@

x

~

h(x) = ✏

X

i

A

i

(x� x

i

)
~

h(x)
d

~

h(x) = ✏

X

i

Aid ln(x� xi)~h(x)

•Simplest possible case

or

•While the last step is not obvious, in many cases — including ours — it 
actually happens (beware, not always the case…)



Integrating the differential equations

@

x

~

f(x) = A(✏, x) · ~f(x) @

x

~

h(x) = ✏

X

i

A

i

(x� x

i

)
~

h(x)

•While integrating the full system can still be hard, it is simple to obtain 
an expansion around ε = 0 in terms of well known iterated integrals

•All system can be integrated at once (modulo boundary conditions…) 
and expressed in terms of Goncharov PolyLogs

G(an, an�1, ..., a1, t) =

Z t

0

dt

tn � an
G(an�1, ..., a1, tn) G(a1; z) =

Z z

0

dt

t� a1

•Extremely well known functions, with a lot of structure to efficiently 
deal with them (shuffle, symbol, coproduct…)

•Can be efficiently numerically evaluated
•h: pure function of uniform weight



Finding the canonical basis
•The problem: finding the right basis h
•Algorithms for finding it exist, e.g. [Lee (2014), Meyer (2016)]

•Basis is not unique. ``Nice’’ choice can simplify problem a lot (e.g. boundaries)
•In fact, can be found quite easily by bootstrapping the singularity structure of 

the integrals. Canonical basis: pure functions of uniform weight

x4 (s,t,M32,M42)
ONE LOOP

B ⇠ (p2)�✏

✏(1� 2✏)
=

1

✏

⇥
1 + ✏(� ln p2+2) + ...

⇤
�! B ! (1� 2✏)B

•Fix the simple integrals by hand



Finding the canonical basis
•Singularity structure must reflect ``pure and uniform’’ properties → CUT

The canonical form for gg->VV: 1-loop

P12 family at 1-loop: 6 independent master integrals

x4 (s,t,M32,M42)

As it is, not in a canonical form. To get there: solution in the 
canonical form must be pure function of uniform weight

B ⇠ (p2)�✏

✏(1� 2✏)
=

1

✏

⇥
1 + ✏(� ln p2+2) + ...

⇤
�! B ! (1� 2✏)B

Simple integrals: fix by hand

J =
1

stThe canonical form for gg->VV: 1-loop

P12 family at 1-loop: 6 independent master integrals

x4 (s,t,M32,M42)

As it is, not in a canonical form. To get there: solution in the 
canonical form must be pure function of uniform weight

B ⇠ (p2)�✏

✏(1� 2✏)
=

1

✏

⇥
1 + ✏(� ln p2+2) + ...

⇤
�! B ! (1� 2✏)B

Simple integrals: fix by hand

Z
dt

t

1p
�

� = s2 +m4
3 +m4

4 � 2(sm2
3 + sm2

4 +m2
3m

2
4)

GOOD CANDIDATE

GOOD CANDIDATE

D ! stD

C !
p
�C

•These simple considerations are enough to find a canonical basis at one 
loop.



Finding the canonical basis: bootstrap

p1

p2
p4

p3
gP12
26 = ϵ3R12sG1,1,1,2,1,0,0,0,0 , (7.28)

fP12
26 ∼ 0,

p1

p2 p4

p3
gP12
27 = −ϵ4s(p22 − t)G0,1,1,1,1,1,1,0,0 , (7.29)

fP12
27 ∼

e2iπϵx−4ϵ

4
+

3x−2ϵ

4
− x−3ϵN1,

p1

p2 p4

p3
gP12
28 = −ϵ4s(p21 − t)G1,0,1,1,1,1,1,0,0 , (7.30)

fP12
28 ∼ −

e2iπϵ

4

(

1 + ϵ2π2 + 30ζ3ϵ
3 +

7ϵ4π4

10

)

+
x−2ϵ

4

(

1 +
π2ϵ2

3
+ 14ζ3ϵ

3 +
2π4ϵ4

3

)

,

p1

p2 p4

p3
gP12
29 = ϵ4 s2 t G1,1,1,1,1,1,1,0,0 , , (7.31)

fP12
29 ∼ −

e2iπϵx−4ϵ

4
+ x−3ϵN1 −

x−2ϵ

2

(

2 +
π2ϵ2

6
+ 7ζ3ϵ

3 +
π4ϵ4

3

)

,

p1

p2 p4

p3 gP12
30 = ϵ2

[

−
1

2
ϵ p21sG0,1,1,0,1,2,1,0,0 −

1

2
ϵ p22sG1,0,0,1,1,2,1,0,0 , (7.32)

+ϵ(p21 + p22)sG1,1,0,0,1,1,2,0,0 + ϵ2s2G1,1,1,1,1,1,1,−1,0

]

,

fP12
30 ∼

3

4
x−2ϵ −

x−3ϵ

2
N1,

p1

p2 p4

p3

gP12
31 = ϵ4R12sG1,1,1,1,1,1,1,0,−1 , (7.33)

fP12
31 = 0.

The master integrals for the family P13 and their limits in the kinematic point x →
0, y → 1, z → 1 read

p1

p2 p4

p3

gP13
1 = ϵ2tG0,0,0,0,1,2,2,0,0 , (7.34)

fP13
1 ∼ −e2iπϵ,

p1

p2 p4

p3
gP13
2 = ϵ2p21G0,0,1,0,2,2,0,0,0 , (7.35)

fP13
2 ∼ −e2iπϵ,
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I =

Z
ddkddl

N(k)

k2(k + p1)2(k + p12)2l2(l + p1)2(l � p3)2(k � l)2

k l Z
ddk


1

s(k � p3)2

�
N(k)

k2(k + p1)2(k + p12)2

N(k) = s2t, N(k) = s(k � p3)
2
p
�

The canonical form for gg->VV: 1-loop

P12 family at 1-loop: 6 independent master integrals

x4 (s,t,M32,M42)

As it is, not in a canonical form. To get there: solution in the 
canonical form must be pure function of uniform weight

B ⇠ (p2)�✏

✏(1� 2✏)
=

1

✏

⇥
1 + ✏(� ln p2+2) + ...

⇤
�! B ! (1� 2✏)B

Simple integrals: fix by hand

The canonical form for gg->VV: 1-loop

P12 family at 1-loop: 6 independent master integrals

x4 (s,t,M32,M42)

As it is, not in a canonical form. To get there: solution in the 
canonical form must be pure function of uniform weight

B ⇠ (p2)�✏

✏(1� 2✏)
=

1

✏

⇥
1 + ✏(� ln p2+2) + ...

⇤
�! B ! (1� 2✏)B

Simple integrals: fix by hand

Example: COMPLICATED DOUBLE BOX INTEGRAL

GOOD CANDIDATES

Using these ideas, FULL CANONICAL BASIS AT 
TWO LOOPS CAN BE EASILY FOUND



gg→VV 2-loop amplitudes: recap
•Thanks to new insight into the singularity structure of Feynman Integrals, very 

complicated 2-loop amplitudes could be computed for massless quarks 
circulating into the loops [FC, Henn, Melnikov, Smirnov, Smirnov (2014-15); Gehrmann, 
Manteuffel, Tancredi (2014-15)]

•Many subtle points not described here (linearization of the alphabet, boundary 
conditions, analytic continuations…)

•Massive loops: still too complicated. If m4l < 2 mt: Expand (~Higgs case)

Rencontres de Moriond
La Thuile, Italy, 30/03/2017

Raoul Röntsch (KIT)
NLO Corrections to VV production through gluon fusion

12

● Massless gg → VV amplitudes 
as before

● Higgs amplitudes well-known

● Need massive two-loop gg → VV 
      expand in  

● Keep terms to 
● Expect to be valid for partonic 

energies 
● Checked at LO: good 

approximation for 

Top Mass Expansion

[Dowling, Melnikov ‘15]

Large window                                           where Higgs is off-shell 
and we can study interference effects at NLO

•Expand in s/mt2

•Amplitude known up to (s/mt)4 
[Dowling, Melnikov (2015)]

•Beyond threshold: Padé 
approximations [Kirschner et al 
(2016)]

•Full result could be obtained 
numerically? (see HH 
[Borowka et al (2016)])



Two-loop virtual corrections

For the case of double vector boson production,  
we can identify  six different two-loop topologies;
the differential equations can be ``rationalized’’ 
with the following (typical) change of variables

s

m

2
3

= (1 + x)(1 + xy),

t

m

2
3

= �xz,

m

2
4

m

2
3

= x

2
y

q
(s�m

2
3 �m

2
4)

2 � 4m2
3m

2
4 = m

2
3x(1� y)

d~f = ✏(dA)⇥ f, A =

X
Ai log↵i

↵ = {x, y, z, 1 + x, 1� y, 1 + xy, z � y, 1 + y(1 + x)� z,

xy + z, 1 + x(1 + y � z), 1 + xz,

1 + y � z, z + x(z � y) + xyz, z � y + yz + xyz}

G(an, an�1, . . . , a1, t) =

tZ

0

dtn
tn � an

G(an�1, . . . a1, tn)

Important issues: finding a suitable basis;  
choice of ``rational variables’’; boundary 
conditions for solutions of differential 
equations, analytic continuation.
Numerical evaluation of Goncharov’s 
polylogarithms and their mapping on 
conventional polylogarithms.

Monday, November 3, 14
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a) b)

Figure 1: Representative Feynman diagrams for the 0 ! gggZ(! e�e+)Z(! µ�µ+) amplitude.

Double resonant diagrams (a) are relevant for both the on-shell and the off-shell production. Single

resonant diagrams (b) are only relevant for the off-shell production and are not included in our

computation. See text for details.

We write the interaction vertex of the Z-boson and a fermion pair as

Z ¯f�µf 2 gL,f
�µ(1 + �5)

2

+ gR,f
�µ(1� �5)

2

, f 2 (l, q). (4)

The left and right couplings for leptons and quarks are given by an identical formula

gL(R),f =

Vf ± Af

cos ✓W
, (5)

where we use i) Vl = �1/2 + 2 sin

2 ✓W , Al = �1/2 for charged leptons; ii) Vu = 1/2 �
4/3 sin2 ✓W , Au = 1/2 for up-type quarks; and iii) Vd = �1/2 + 2/3 sin2 ✓W , Ad = 1/2 for

down-type quarks.

The 0 ! gggZZ scattering amplitude can be written as a sum of two terms

AZZ
= g3sg

4
W

�
Tr [ta1ta2ta3 ]AZZ

123 + Tr [ta1ta3ta2 ]AZZ
132

�
, (6)

with Tr(ta tb) = �ab/2. The two color-ordered amplitudes, stripped of their couplings to

leptons and quarks, are defined as

AZZ
ijk = C�e,eC�µ,µ

�
gZZ
LLALL

ijk(�i,�j,�k;�e,�µ) + gZZ
RRARR

ijk (�i,�j,�k;�e,�µ)
�
. (7)

In Eq.(7) we introduced

C�,l = DZ(m
2
ll) (gL,l��,� + gR,l��,+) , (8)

where DZ(s) is the function related to the Breit-Wigner propagator DZ(s) = s/(s�M2
Z +

iMZ�Z). The couplings gZZ
LL and gZZ

RR are expressed through Z-boson couplings to quarks
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gg→VV @ NLO: massless quarks
2-LOOP AMPLITUDES REAL EMISSION

Mixed analytical + 
numerical unitarity

[FC, Melnikov, Röntsch, Tancredi (2015)]
•Large corrections (as 

expected). Outside 
uncertainty estimate of 
NNLO qqb → ZZ

•behavior very similar to 
gg → H signal (expected)

•Confirms previous 
estimates based on soft-
gluon resummation

+



gg→4l: NLO results
[FC, Dowling, Melnikov, Röntsch, Tancredi (2016)]
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Figure 6: Four-lepton invariant mass distributions in gg ! ZZ processes at the 13 TeV LHC.

The full result is shown as well as contributions of signal, background and interference separately.

LO results are shown in yellow, NLO results are shown in blue, and scale variation is shown for

m4`/4 < µ < m4` with a central scale µ = m4`/2. The lower pane shows the K-factors.

the background distributions are relatively flat, with a slight increase with m4`. The situation

with the interference is different. In this case, the K-factor around the 2mZ threshold is

large, Kintf ⇡ 2.5 for m4`
<⇠ 2mZ . As the invariant mass increases, the interference K-factor

decreases rapidly and flattens out, reaching the value Kintf ⇡ 1.5 at m4` = 2mt. Hence, at

around m4` ⇠ 2mt, values of the interference, signal and background K-factors become very

similar and, practically, independent of the value of the invariant mass m4`. Thus, we find

that the impact of NLO QCD corrections on the interference K-factor can be approximated

by the geometric mean of the signal and the background K-factors when the interference is

integrated over the full kinematic range of four-lepton masses, as well as at higher values of

the invariant masses where Ksignal ⇡ Kbkgd ⇡ Kintf . However, this is not the case close to

2mZ threshold, where the behavior of the interference K-factor is different from either the

signal or background K-factors.
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m4`/4 < µ < m4` with a central scale µ = m4`/2. The lower pane shows the K-factors.

the background distributions are relatively flat, with a slight increase with m4`. The situation

with the interference is different. In this case, the K-factor around the 2mZ threshold is

large, Kintf ⇡ 2.5 for m4`
<⇠ 2mZ . As the invariant mass increases, the interference K-factor

decreases rapidly and flattens out, reaching the value Kintf ⇡ 1.5 at m4` = 2mt. Hence, at

around m4` ⇠ 2mt, values of the interference, signal and background K-factors become very

similar and, practically, independent of the value of the invariant mass m4`. Thus, we find

that the impact of NLO QCD corrections on the interference K-factor can be approximated
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integrated over the full kinematic range of four-lepton masses, as well as at higher values of

the invariant masses where Ksignal ⇡ Kbkgd ⇡ Kintf . However, this is not the case close to

2mZ threshold, where the behavior of the interference K-factor is different from either the

signal or background K-factors.
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the background distributions are relatively flat, with a slight increase with m4`. The situation

with the interference is different. In this case, the K-factor around the 2mZ threshold is

large, Kintf ⇡ 2.5 for m4`
<⇠ 2mZ . As the invariant mass increases, the interference K-factor

decreases rapidly and flattens out, reaching the value Kintf ⇡ 1.5 at m4` = 2mt. Hence, at

around m4` ⇠ 2mt, values of the interference, signal and background K-factors become very

similar and, practically, independent of the value of the invariant mass m4`. Thus, we find

that the impact of NLO QCD corrections on the interference K-factor can be approximated

by the geometric mean of the signal and the background K-factors when the interference is

integrated over the full kinematic range of four-lepton masses, as well as at higher values of

the invariant masses where Ksignal ⇡ Kbkgd ⇡ Kintf . However, this is not the case close to

2mZ threshold, where the behavior of the interference K-factor is different from either the

signal or background K-factors.
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gg→H→4l

gg→ 4l

int

•RESULT VALIDATES Ksig ~ Kbck ~ Kint  

[Bonvini, FC, Forte, Melnikov, Ridolfi (2013)]

•Kint ~ Ksig seem to persist also at high 
m4l ([Campbell et al] approximation) 

•Interestingly, non trivial Kint below the 
Z threshold. Negligible overall effect



gg→ZZ: beyond threshold?
case the K-factor decreases slowly from around 2.2 at small invariant masses to around 1.8 in the far
tail. We note that the K-factor for the Higgs amplitudes alone, and the one for the interference with
the top quark loops, is almost identical. In the high-energy limit this is guaranteed to be the case,
due to the cancellation between these two processes. This behaviour is shown explicitly in Fig. 16.

Figure 15: Left panel: Interference of the Higgs amplitude and quark loops at LO and NLO, with

the scale uncertainty indicated by the dashed histograms. The ratio of the NLO and LO results is

shown in the lower panel. Right panel: The equivalent results for the Higgs amplitude squared.

Figure 16: The ratio of the K-factors for the square of the Higgs diagrams alone (Khiggs) and the one

for the interference (Kinter). The lines are fits to the individual histogram bins that are good to the

level of a few percent and are shown for the central scale (blue) as well as the scale variations (red,

green).

The integrated cross-sections for the interference contributions and the Higgs amplitude squared
are shown in Table 2. Note that, in this table, the total interference differs from the sum of the massive
and massless loops by a small amount that is due to the anomalous contribution. At this level the
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gg→4l
S/B interference
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LO results are shown in yellow, NLO results are shown in blue, and scale variation is shown for

m4`/4 < µ < m4` with a central scale µ = m4`/2. The lower pane shows the K-factors.

the background distributions are relatively flat, with a slight increase with m4`. The situation

with the interference is different. In this case, the K-factor around the 2mZ threshold is

large, Kintf ⇡ 2.5 for m4`
<⇠ 2mZ . As the invariant mass increases, the interference K-factor

decreases rapidly and flattens out, reaching the value Kintf ⇡ 1.5 at m4` = 2mt. Hence, at

around m4` ⇠ 2mt, values of the interference, signal and background K-factors become very

similar and, practically, independent of the value of the invariant mass m4`. Thus, we find

that the impact of NLO QCD corrections on the interference K-factor can be approximated

by the geometric mean of the signal and the background K-factors when the interference is

integrated over the full kinematic range of four-lepton masses, as well as at higher values of

the invariant masses where Ksignal ⇡ Kbkgd ⇡ Kintf . However, this is not the case close to

2mZ threshold, where the behavior of the interference K-factor is different from either the

signal or background K-factors.
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•[Campbell et al (2016)]: use a trick to make the 1/mt2 expansion 
working beyond threshold. Conformal mapping + Padé 

w(z) =
1�

p
1� s/(4m2

t )

1 +
p

1� s/(4m2
t )

•Works very well for gg → H (although much simpler threshold structure)
•Give the expected qualitative behavior
•Would be interesting to check against (unknown) exact computation. 

Fully numerical approach?



One step closer to reality: PS matching
[Alioli, FC, Luisoni, Röntsch (2016)]

Powheg + Pythia8, background only,  massless

Z off-shelness and Zγ* 

interference fully taken 
into account

Work in progress:
•Signal + bckd + interference, massive
•More exclusive quantities. Tricky part: qg 

initiated channels, not fully under control



Conclusions
•No obvious new physics at the LHC and SM-like EWSB sector 

calls for new scrutiny of SM predictions, hoping to spot 
deviations pointing to new physics 
•Bulk of distributions: new level of accuracy is needed. 

Sophisticated predictions, which required very interesting 
conceptual advancement in QCD (IR structures and exclusive 
NNLO, new ideas for multi-loop amplitudes)

•Tails of distributions are interesting, but very hard to properly 
model (virtual massive quark effects, EW corrections…)

•Despite lot of progress, still a lot is missing
•The remarkable success of the experimental program at the 

LHC keeps providing exciting motivation to pursue these 
investigations

WE LOOK FORWARD FOR THE FUTURE…



Thank you for  
your attention!


