
JCAP 1706 (2017) no.06, 032 & 1708.07153 
w/Bhaskar Dutta, Esteban Jimenez

Post-Inflationary String Cosmology 
September 2017, University of Bologna

D-brane Scalar-Tensor 
Theories and the Thermal 

Dark Matter Scenario

Ivonne Zavala



String Cosmology

String Inflation 

Post-String Inflation 

Pre- and Re-heating after inflation 

Dark String Cosmology: DM/DR/DE 

Late Universe Acceleration: Λ, DE…

Moduli Stabilisation in string inflation 

Generic predictions in string inflation 

Global embedding of inflation models 

Beyond string inflation…

Dp

p−3 p−3

Dp

 ϕr

ϕi

3CY

F

4d

SM

ab



String Cosmology

Post-String Inflation 

Pre- and Re-heating after inflation 

Dark String Cosmology: DM/DR/DE 

Late Universe Acceleration: Λ, DE…

Dp

p−3 p−3

Dp

 ϕr

ϕi

3CY

F

4d

SM

ab

String Inflation 

Moduli Stabilisation in string inflation 

Generic predictions in string inflation 

Global embedding of inflation models 

Beyond string inflation…



modified gravity, ... Dark  
Energy

Dark  
Matter

Matter
SM

68.3%

26.8%

4.9% Q
u
a
r
k
s

Higgs
boson

H

d

c

s

t

b

up 

down

charm

strange

top

bottom

u

e µ τ

νe ννµ τ

electron muon tau

neutrinos

γ

Z

W

foton

boson Z

boson W

gluon

g

M
e
d
i
a
t
o
r
s

graviton

g
µν

Fermions

L
e
p
t
o
n
s

Bosons

Q
u
a
r
k
s

Higgs
boson

H

d

c

s

t

b

up 

down

charm

strange

top

bottom

u

e µ τ

νe ννµ τ

electron muon tau

neutrinos

γ

Z

W

foton

boson Z

boson W

gluon

g

M
e
d
i
a
t
o
r
s

graviton

g
µν

Fermions

L
e
p
t
o
n
s

Bosons

The Standard Model

LSP, WIMPS, 𝝂R, Axions, ...

𝚲, Quintessence,

The Cosmic Pie

Dark Matter: non-luminous, weakly interacting particles    
          (axions, wimps, simps neutrinos, LSP, etc). 

Dark Energy: permeates the universe uniformly causing the 
accelerated expansion of the universe (Λ, modified gravity, 

quintessence). 

Ordinary Matter: ~5% of density content! 

The ΛCDM model, supplemented with inflation is in very good 
agreement with current observations  
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The Standard Model

LSP, WIMPS, 𝝂R, Axions, ...

𝚲, Quintessence,

The Cosmic Pie

Dark Matter: non-luminous, weakly interacting particles    
          (axions, wimps, simps neutrinos, LSP, etc). 

Dark Energy: permeates the universe uniformly causing the 
accelerated expansion of the universe (Λ, modified gravity, 

quintessence). 

Ordinary Matter: ~5% of density content! 

The ΛCDM model, supplemented with inflation is in very good 
agreement with current observations  



๏ String theory models of particle physics 
(D-branes, heterotic, M-theory) offers a 
plethora of potential DM candidates 
(SUSY partners, axions, hidden sector 
mater, etc)

Dark Matter in String Theory 

๏ Can we distinguish between stringy and 
field theory LSP, e.g.?

๏ Can we find alternative ways, even if 
indirect, to test string theory predictions 
for dark matter?



๏While 𝛬CDM strongly supported by current data, physics 
from reheating till just before BBN                 , remains 
relatively unconstrained. 

Pre-BBN Cosmological Evolution

(T ⇠ MeV )

๏During this period, universe may have gone through a 
non-standard period of expansion, a matter dominated 
era, etc, compatible with BBN

Planck Inflation BBN CMB

1015GeV TeV GeV MeV eV

๏ If such modification happens during DM decoupling, DM 
freeze-out may be modif ied with measurable 
consequences for the thermal relic scenario 

[Kamionkowski, Turner, ’90; Salati, ’03; Rosati, 
’03; Profumo, Ullio, ’03; Catena et al. ’04…]

[see Allahverdi’s talk]



The standard thermal relic scenario 

Modified thermal relic scenario:  
D-brane disformal scalar-tensor theories   

Effects on relic abundance and cross section  

Plan



‣ As universe cools and expands, interactions 
become less frequent and decay rate drops  

Thermal Relic Scenario 

The favourite framework for origin of dark matter is the 
thermal relic scenario: 

‣ During thermal equilibrium 

neq
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 !��̄ ff̄

(�� > H)

‣ At this point number density freezes-out, and 
we are left with with a relic of DM particles 

‣ The longer the DM particles remain in equilibrium, the lower 
their density will be at freeze-out and vice-versa 

Thermal Evolution of Abundance
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In this scenario, a DM candidate with a weak scale 
interaction cross-section and                      mass, freezes-out 
with an abundance that matches the presently observed 
value for the DM density

The Wimp Miracle

⌦DM = 0.1188± 0.0010h�2 (h = 0.6774± 0.0046)
(H = 100h km/s/Mpc)

However observations indicate that annihilation cross-sections 
smaller/larger than the thermal average can still be allowed 
for value for lower/larger dark matter masses
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Figure 9. Upper limits (95% confidence level) on the DM annihilation cross section derived from a combined analysis of the nominal
target sample for the bb̄ (left) and ⌧+⌧� (right) channels. Bands for the expected sensitivity are calculated by repeating the same analysis
on 300 randomly selected sets of high-Galactic-latitude blank fields in the LAT data. The dashed line shows the median expected sensitivity
while the bands represent the 68% and 95% quantiles. Spectroscopically measured J-factors are used when available; otherwise, J-factors
are predicted photometrically with an uncertainty of 0.6 dex (solid red line). The solid black line shows the observed limit from the
combined analysis of 15 dSphs from Ackermann et al. (2015b). The closed contours and marker show the best-fit regions (at 2� confidence)
in cross-section and mass from several DM interpretations of the GCE: green contour (Gordon & Macias 2013), red contour (Daylan et al.
2016), orange data point (Abazajian et al. 2014), purple contour (Calore et al. 2015). The dashed gray curve corresponds to the thermal
relic cross section from Steigman et al. (2012).

sensitivity is a factor of ⇠ 1.5 for hard annihilation spec-
tra (e.g., the ⌧+⌧� channel) compared to the median
expected limits in Ackermann et al. (2015b). More pre-
cisely determined J-factors are expected to improve the
sensitivity by up to a factor of 2, motivating deeper spec-
troscopic observations both with current facilities and fu-
ture thirty-meter class telescopes (Bernstein et al. 2014;
Skidmore et al. 2015).

The limits derived from LAT data coincident with con-
firmed and candidate dSphs do not yet conclusively con-
firm or refute a DM interpretation of the GCE (Gor-
don & Macias 2013; Daylan et al. 2016; Abazajian et al.
2014; Calore et al. 2015). Relative to the combined anal-
ysis of Ackermann et al. (2015b), the limits derived here
are up to a factor of 2 more constraining at large DM
masses (mDM,bb̄ & 1 TeV and mDM,⌧+⌧� & 70 GeV)
and a factor of ⇠ 1.5 less constraining for lower DM
masses. The weaker limits obtained at low DM mass
can be attributed to low-significance excesses coincident
with some of the nearby and recently discovered stellar
systems, i.e., Reticulum II and Tucana III. While the
excesses associated with these targets are broadly con-
sistent with the DM spectrum and cross section fit to
the GCE, we refrain from a more extensive DM interpre-
tation due to the low significance of these excesses, the
uncertainties in the J-factors of these targets, and the
lack of any significant signal in the combined analysis.

Ongoing Fermi -LAT observations, more precise
J-factor determinations with deeper spectroscopy, and
searches for new dSphs in large optical surveys will each
contribute to the future sensitivity of DM searches using
Milky Way satellites (Charles et al. 2016). In particular,
the Large Synoptic Survey Telescope (Ivezic et al. 2008)
is expected to find hundreds of new Milky Way satellite
galaxies (Tollerud et al. 2008; Hargis et al. 2014). Due to
the di�culty in acquiring spectroscopic observations and
the relative accessibility of �-ray observations, it seems
likely that �-ray analysis will precede J-factor determi-
nations in many cases. To facilitate updates to the DM

search as spectroscopic J-factors become available, the
likelihood profiles for each energy bin used to derive our
�-ray flux upper limits will be made publicly available.
We plan to augment this resource as more new systems
are discovered.

After the completion of this analysis, we became aware
of an independent study of LAT Pass 8 data coincident
with DES Y2 dSph candidates (Li et al. 2016). The �-ray
results associated with individual targets are consistent
between the two works; however, the samples selected for
combined analysis are di↵erent.
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National de Physique Nucléaire et de Physique des Par-
ticules in France, the Agenzia Spaziale Italiana and the
Istituto Nazionale di Fisica Nucleare in Italy, the Min-
istry of Education, Culture, Sports, Science and Technol-
ogy (MEXT), High Energy Accelerator Research Organi-
zation (KEK) and Japan Aerospace Exploration Agency
(JAXA) in Japan, and the K. A. Wallenberg Founda-
tion, the Swedish Research Council and the Swedish Na-
tional Space Board in Sweden. Additional support for
science analysis during the operations phase is gratefully
acknowledged from the Istituto Nazionale di Astrofisica
in Italy and the Centre National d’Études Spatiales in
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Fig. 41. Constraints on the self-annihilation cross-section at re-
combination, h�3iz⇤ , times the e�ciency parameter, fe↵ (Eq. 81).
The blue area shows the parameter space excluded by the Planck
TT,TE,EE+lowP data at 95 % CL. The yellow line indicates the
constraint using WMAP9 data. The dashed green line delineates
the region ultimately accessible to a cosmic-variance-limited ex-
periment with angular resolution comparable to that of Planck.
The horizontal red band includes the values of the thermal-
relic cross-section multiplied by the appropriate fe↵ for di↵er-
ent DM annihilation channels. The dark grey circles show the
best-fit DM models for the PAMELA/AMS-02/Fermi cosmic-
ray excesses, as calculated in Cholis & Hooper (2013) (caption
of their figure 6). The light grey stars show the best-fit DM mod-
els for the Fermi Galactic centre �-ray excess, as calculated by
Calore et al. (2015) (their tables I, II, and III), with the light
grey area indicating the astrophysical uncertainties on the best-
fit cross-sections.

by the increased ionization fraction in the freeze-out tail follow-
ing recombination. As a result, large-angle polarization infor-
mation is crucial for breaking the degeneracies between param-
eters, as illustrated in Fig. 40. The strongest constraints on pann
therefore come from the full Planck temperature and polariza-
tion likelihood and there is little improvement if other astrophys-
ical data, or Planck lensing, are added.35

We verified the robustness of the Planck TT,TE,EE+lowP
constraint by also allowing other parameter extensions of base
⇤CDM (Ne↵ , dns/d ln k, or YP) to vary together with pann.
We found that the constraint is weakened by up to 20 %.
Furthermore, we have verified that we obtain consistent results
when relaxing the priors on the amplitudes of the Galactic dust
templates or if we use the CamSpec likelihood instead of the
baseline Plik likelihood.

Figure 41 shows the constraints from WMAP9, Planck
TT,TE,EE+lowP, and a forecast for a cosmic-variance-limited
experiment with similar angular resolution to Planck.36 The hor-
izontal red band includes the values of the thermal-relic cross-
section multiplied by the appropriate fe↵ for di↵erent DM anni-
hilation channels. For example, the upper red line corresponds to

35It is interesting to note that the constraint derived from Planck
TT,TE,EE+lowP is consistent with the forecast given in Galli et al.
(2009), pann < 3 ⇥ 10�28 cm3 s�1 GeV�1.

36We assumed here that the cosmic-variance-limited experiment
would measure the angular power spectra up to a maximum multipole
of `max = 2500, observing a sky fraction fsky = 0.65.

fe↵ = 0.67, which is appropriate for a DM particle of mass m� =
10 GeV annihilating into e+e�, while the lower red line corre-
sponds to fe↵ = 0.13, for a DM particle annihilating into 2⇡+⇡�
through an intermediate mediator (see, e.g., Arkani-Hamed et al.
2009). The Planck data exclude at 95 % confidence level a ther-
mal relic cross-section for DM particles of mass m� <⇠ 44 Gev
annihilating into e+e� ( fe↵ ⇡ 0.6), m� <⇠ 16 GeV annihilating
into µ+µ� or bb̄ ( fe↵ ⇡ 0.2), and m� <⇠ 11 GeV annihilating into
⌧+⌧� ( fe↵ ⇡ 0.15).

The dark grey shaded area in Fig. 41 shows the approx-
imate allowed region of parameter space, as calculated by
Cholis & Hooper (2013) on the assumption that the PAMELA,
AMS, and Fermi cosmic-ray excesses are caused by DM annihi-
lation; the dark grey dots indicate the best-fit dark matter models
described in that paper (for a recent discussion on best-fitting
models, see also Boudaud et al. 2015). The favoured value of
the cross-section is about two orders of magnitude higher than
the thermal relic cross-section (⇡ 3⇥10�26 cm3 s�1). Attempts to
reconcile such a high cross-section with the relic abundance of
DM include a Sommerfeld enhanced cross-section (that may sat-
urate at h�3i ⇡ 10�24 cm3 s�1) or non-thermal production of DM
(see, e.g., the discussion by Madhavacheril et al. 2014). Both of
these possibilities are strongly disfavoured by the Planck data.
We cannot, however, exclude more exotic possibilities, such as
DM annihilation through a p-wave channel with a cross-section
that scales as 32 (Diamanti et al. 2014). Since the relative veloc-
ity of DM particles at recombination is many orders of magni-
tude smaller than in the Galactic halo, such a model cannot be
constrained using CMB data.

Observations from the Fermi Large Area Telescope
of extended �-ray emission towards the centre of the
Milky Way, peaking at energies of around 1–3 GeV, have
been interpreted as evidence for annihilating DM (e.g.,
Goodenough & Hooper 2009; Gordon & Macı́as 2013;
Daylan et al. 2016; Abazajian et al. 2014; Lacroix et al. 2014).
The light grey stars in Fig. 41 show specific models of DM
annihilation designed to fit the Fermi �-ray excess (Calore et al.
2015), while the light grey box shows the uncertainties of
the best-fit cross-sections due to imprecise knowledge of the
Galactic DM halo profile. Although the interpretation of the
Fermi excess remains controversial (because of uncertainties
in the astrophysical backgrounds), DM annihilation remains a
possible explanation. The best-fit models of Calore et al. (2015)
are consistent with the Planck constraints on DM annihilation.

6.7. Testing recombination physics with Planck

The cosmological recombination process determines how CMB
photons decoupled from baryons around redshift z ⇡ 103,
when the Universe was about 400 000 years old. The impor-
tance of this transition on the CMB anisotropies has long been
recognized (Sunyaev & Zeldovich 1970; Peebles & Yu 1970).
The most advanced computations of the ionization history
(e.g., Ali-Haı̈moud & Hirata 2010; Chluba & Thomas 2011;
Ali-Haimoud & Hirata 2011; Chluba et al. 2012) account for
many subtle atomic physics and radiative transfer e↵ects that
were not included in the earliest calculations (Zeldovich et al.
1968; Peebles 1968).

With precision data from Planck, we are sensitive to sub-
percent variations of the free electron fraction around last-
scattering (e.g., Hu et al. 1995; Seager et al. 2000; Seljak et al.
2003). Quantifying the impact of uncertainties in the ionization
history around the maximum of the Thomson visibility function

52

[Planck, ‘15] 
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The Boltzmann Equation

‣ The abundance of the present CDM can be computed 
using the Boltzmann equation  

[Kamionkowski, Turner, ’90; Salati, ’03; Rosati, 
’03; Profumo, Ullio, ’03; Catena et al. ’04, 
Lahanas et al. ’06; …Meehan, Whittingham ’15; 
D’Eramo, Fernandez, Profumo, ’17, …]

Modifications to the standard picture can arise from 
modifications from either the LHS or RHS

dn�

dt
+ 3Hn� = �h�vi

⇣
n2
� � neq2

�

⌘ �

�

SM

SM

In this talk, I consider modifications to LHS of Boltzmann 
equation due to modification of expansion rate in 
phenomenological and D-brane scalar-tensor theories 
and its implications

{{
LHS RHS



• Bekenstein deduced the most general relation 
compatible with general covariance to be of the 
form:

• In scalar tensor theories, besides a conformal relation 
between two metrics:  

Conformal and Disformal couplings 

[Bekenstein, ’92]

g̃µ⌫ = C(�)gµ⌫

+D(�)@µ�@⌫�g̃µ⌫ = C(�)gµ⌫

conformal transformation (preserves angles)

disformal transformation (distorts angles)D(�)

C(�)
The first term in (1.1) is the conformal transformation which characterises the Brans-Dicke

class of scalar-tensor theories widely explored in the literature [8–13]. The second term

is the so called disformal coupling, which is generic in extensions of general relativity. In

particular, it arises naturally in D-brane models, as discussed in [6] in a natural model of

coupled dark matter and dark energy. In [7], we studied briefly the e↵ect of turning on the

disformal term besides the conformal one studied in [8] in a phenomenological set-up. In

such case, the functions C and D are in principle independent functions, so long as they

satisfy the causality constraint: C(�) > 0 and C(�) + 2D(�)X > 0, (X = 1
2(@�)

2) [21].

We found however that in order to have a real positive modified expansion rate, H̃, the

conformal and disformal factors need to satisfy a non-trivial relation [7]. Moreover, turning

on a small disformal deformation to the conformal case, the profile of the modified expansion

rate has a similar shape with a comparable enhancement with respect to the standard

expansion rate and a possible re-annihilation phase. The net e↵ect is the possibility to

have larger and smaller annihilation rates for a large range of masses of the DM candidate

for the observed DM content.

In the present work, we study in detail the e↵ects on the expansion rate and the DM

relic abundances of the disformal coupling in (1.1), which arises in the case of matter

localised on D-branes. In this case, the conformal and disformal terms are closely related

and dictated by the underlying theory, for example type IIB flux compactifications in

string theory. The picture we have in mind is the following. After string theory inflation,

reheating takes place giving rise to a thermal universe. At this stage standard model

particles and dark matter should be produced. The SM would arise from stacks of D-

branes at singularities or intersecting at suitable angles [5], while DM particles could arise

from the same or a di↵erent stack of D-branes, which may be moving towards their final

stable positions in the internal six dimensional space before the onset of BBN. From the

end of inflation to BBN, a non-standard cosmological evolution can take place without

spoiling the predictions of BBN. In particular, a change in the expansion rate felt by the

matter particles due to the D-brane conformal and disformal couplings between the scalar

field(s) associated the transverse brane fluctuations and matter fields, associated to the

longitudinal brane fluctuations. As we will see, due to the coupling the expansion rate

will generically be enhanced, allowing for DM annihilation rates larger than the standard

prediction.

In this paper we show for the first time that this enhancement happens due to a purely

disformal contribution or a combination of conformal and disformal terms. The former

case, a disformal enhancement, is particularly interesting as it can be interpreted in terms

of an “unwarped” compactification, which is typical of a large volume compactification of

string theory, needed for perturbative control. When we identify the scale arising from

the disformal coupling with the tension of a moving D3-brane, where matter is localised,

this scale is determined by the string scale and the string coupling. Interestingly, the

modification of the expansion rate can take place at di↵erent temperature scales, depending

on the value of the string scale. When we turn on the conformal coupling, whose geometrical

interpretation is a non-trivial warping, the profile of the modified expansion rate resembles

the disformal example studied in [7], allowing for a re-anihilation phase for some DMmasses

– 3 –

where          satisfy the causality constraintC,D



D-branes and the Disformal Dark Sector
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Stringy Scalar-Tensor Theories

• Conformal & Disformal couplings are ubiquitous in 
scalar-tensor theories arising from string theory ➭ 
couplings are determined by the theory 

• Particularly interesting are scalar-tensor theories arising 
in D-brane models of cosmology and particle physics:  

Induced metric on the brane takes the form

g̃µ⌫ = C(�)gµ⌫ +D(�)@µ�@⌫�

Longitudinal (matter) and transverse (scalar) 
fluctuations are disformally coupled. [Dimopoulos, Wills, IZ, ‘11] 

[Koivisto, Wills, IZ ’13] 



Scalar-tensor from D-branes

warped geometry
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• After string inflation & reheating, radiation domination 
follows. 

• Matter lives on a (stack of) D-brane(s): 
coupled to brane scalar field conformal 
and disformally via induced metric on 
brane.

• Coupling described by DBI+CS action

• In what follows I describe a toy picture of modification 
of expansion rate and thus thermal relic picture due to 
D-brane scalar-tensor theory.

[Dutta, Jimenez, IZ, ’16-17]



,          dictated by the theory

Scalar-tensor from D-branes

• Consider the following action:

where matter is coupled to      via 

C(�) D(�)

g̃µ⌫ = C(�)gµ⌫ +D(�)@µ�@⌫�

and suitable initial conditions. Compared to the pure conformal case [8], (conformal and)

disformally coupled scalar-tensor theories o↵er a richer phenomenology.

The rest of the paper is organised as follows. In the next section we first introduce

briefly the general D-brane-like set up following the conventions and notation of [7] (see

also [6]). We then go directly to the cosmological equations and discuss how the expansion

rate is modified in general. In section 3 we move on to the D-brane-like case, where the

conformal and disformal functions are related. We start discussing the equations in the

Jordan frame as well as the initial conditions and constrains that we use to solve numerically

the full equations. We then discuss in detail the solutions for the unwarped case, that is,

a purely disformal e↵ect (or C =const.). We compute numerically the modified expansion

rate, the enhancement factor and the e↵ects on the relic abundance and DM annihilation

rate. Next we discuss the warped case, using for concreteness the same conformal function

used in [7, 8]. We also comment on the result of using other functions. Finally in 3.5

we discuss the e↵ect on the DM relic abundances and annihilation rates. We conclude in

Section 4 with a discussion and summary of our results.

2 D-brane Disformal Coupling

We start this section by outlining our set-up, which as described in the introduction, can

arise from a post-string inflationary scenario. At this stage, the universe is already four

dimensional and moduli associated to the compactification have been properly stabilised4.

However, the relevant parameters in the model will depend on the string theory quantities

such as the string scale, string coupling and compactification volume as we will argue.

The starting action we consider is given by

S = SEH + Sbrane , (2.1)

where:

SEH =
1

22

Z
d4x

p
�g R, (2.2)

Sbrane = �
Z
d4x

p
�g

"
M4C2(�)

s

1 +
D(�)

C(�)
(@�)2 + V (�)

#
�
Z
d4x

p
�g̃LM (g̃µ⌫) , (2.3)

where in a string set-up, 2 = M�2
P = 8⇡G = is related to the string coupling, scale and

compactification overall volume as M2
P = 2V6

2⇡g2s↵
0 , with M�2

s = `2s = ↵0(2⇡)2 is the string

scale, V6 is the dimensionless 6D volume in string units and gs is the string coupling.

Note also that G is not in general equal to Newton’s constant as measured by e.g. local

experiments.

In (2.3) we describe the brane dynamics (of transverse and longitudinal fluctuations
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Here the disformally coupled metric is given by
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and the inverse by:

g̃µ⌫ =
1

C


gµ⌫ � D @µ�@⌫�

C +D(@�)2

�
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Moreover, 2 = M�2
P = 8⇡G, but keep in mind that G is not in general equal to

Newton’s constant as measured by e.g. local experiments. Further, C(�), D(�) are functions

of �, which can be identified as a conformal and disformal couplings of the scalar to

the metric, respectively (note that the conformal coupling is dimensionless, whereas the

disformal one has units of mass�4).

The action in (2.1) is written in the Einstein frame2, which is identified in the literature

of scalar-tensor theories (including conformal and disformal couplings) with the frame

respect to which the scalar field, gravity is coupled. We follow this use and refer to “Jordan”
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and we model the energy-momentum tensor for matter and both dark components as

perfect fluids, that is:

T i
µ⌫ = Pigµ⌫ + (⇢i + Pi)uµu⌫ , (2.6)

where ⇢i, Pi are the energy density and pressure for each fluid i with equation of state

Pi/⇢i = !i. For the scalar field, the energy-momentum tensor takes the form:
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µ⌫ = �gµ⌫
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+ @µ�@⌫� , (2.7)

2In string theory, the Einstein frame refers to the frame in which the dilaton and graviton degrees of

freedom are decoupled, while the string (or Jordan) frame is that in which they are not. Further, the dilaton

field as well as all other moduli (scalar) fields not relevant for the cosmological discussion are stabilised,

massive, and are therefore decoupled from the low energy e↵ective theory. In the literature of scalar-tensor

theories however, the Einstein and Jordan frames are identified with respect to the (usually single) scalar

field to which gravity is coupled, but such scalar has no particular physical nor geometrical interpretation.
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disformal frame, the 
energy-momentum tensor is 
conserved,

Cosmological Equations

In FRW background, evolution equations in Einstein frame (with 
respect to       ) become

where 

2.1 Cosmological equations

Consider an homogeneous and isotropic FRW metric gµ⌫ ,

ds2 = �dt2 + a(t)2dxidx
i , (2.20)

where a(t) is the scale factor. In this background, the Einstein and Klein-Gordon equations

become, respectively

H2 =
2

3
[⇢� + ⇢] , (2.21)

Ḣ +H2 = �2

6
[⇢� + 3P� + ⇢+ 3P ] , (2.22)

�̈+ 3H�̇+ V,� +Q0 = 0 . (2.23)

where, H = ȧ
a , dots are derivatives with respect to t and we have denoted V,� ⌘ dV

d� . Also

the Lorentz factor becomes

� = (1�D �̇2/C)�1/2.

The continuity equations for the scalar field and matter are given by

⇢̇� + 3H(⇢� + P�) = �Q0�̇ , (2.24)

⇢̇+ 3H(⇢+ P ) = Q0 �̇ . (2.25)

where Q0 is given by

Q0 = ⇢


D

C
�̈+

D

C
�̇

✓
3H +

⇢̇

⇢

◆
+

✓
D,�

2C
� D

C

C,�

C

◆
�̇2 +

C,�

2C
(1� 3!)

�
.

(2.26)

Using (2.25) we can rewrite this in a more compact and useful form as

Q0 = ⇢

✓
�̇

�̇ �
+

C,�

2C
(1� 3! �2)� 3H!

(�2 � 1)

�̇

◆
. (2.27)

Plugging this into the (non-)conservation equation for dark matter (2.25), gives:

⇢̇+ 3H(⇢+ P �2) = ⇢


�̇

�
+

C,�

2C
�̇ (1� 3!�2)

�
. (2.28)

Using the relations for the physical proper time and the scale factors in the two frames,

given by

ã = C1/2a , d⌧̃ = C1/2��1d⌧ , (2.29)

we can define the disformal-frame Hubble parameter H̃ ⌘ d ln ã
d⌧̃ , as

H̃ =
�

C1/2


H +

C,�

2C
�̇

�
, (2.30)

so that (2.13) takes the standard form in terms of H̃:

d⇢̃

d⌧̃
+ 3H̃(⇢̃+ P̃ ) = 0 . (2.31)

Equations (2.30) and (2.31) give the background evolution equations for the modified ex-

pansion rate and matter’s density evolution.
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Total energy is conserved                           but individual 
conservation equations are modified:

and one can define the energy density and pressure of the scalar field as:

⇢� = �1

2
(@�)2 + V , P� = �1

2
(@�)2 � V . (2.8)

Finally the equation of motion for the scalar field dark energy becomes:

�rµrµ�+ V 0 � Tµ⌫

2


C 0

C
gµ⌫ +

D0

C
@µ�@⌫�

�
+rµ


D

C
Tµ⌫@⌫�

�
= 0 . (2.9)

Due to the nontrivial coupling, the individual conservation equations for the two fluids

are modified. However, the conservation equation for the full system is preserved, and

given in the usual way by

rµ

⇣
Tµ⌫
� + Tµ⌫

⌘
= 0 . (2.10)

Thus using (2.7) and the equation of motion for the scalar field we can write

rµT
µ⌫
� = Q @⌫� = �rµT

µ⌫ , (2.11)

where

Q ⌘ rµ


D

C
Tµ� @��

�
� Tµ⌫

2


C 0

C
gµ⌫ +

D0

C
@µ�@⌫�

�
. (2.12)

In the Jordan, or disformal frame, as defined above, matter is conserved,

r̃µT̃
µ⌫ = 0 , (2.13)

where r̃µ is the covariant derivative computed with respect to the disformal metric (2.2)

with the Christo↵el symbols given by

�̃µ
↵� = �µ

↵� +
C 0

C
�µ(↵@�)�� �2

C 0

2C
@µ� g↵� +

D

C
�22 @

µ�


r↵r��+

✓
D0

2D
�C 0

C

◆
@↵�@��

�
,

(2.14)

and we have introduced the “Lorentz factor” � defined as

� =
1q

1 + D
C (@�)2

. (2.15)

In this frame, the energy-momentum tensor is defined as

T̃µ⌫ =
2p�g̃

�SM

�g̃µ⌫
(2.16)

and the disformal energy-momentum tensor can be written as:

T̃µ⌫ = (⇢̃+ P̃ )ũµũµ + P̃ g̃µ⌫ , (2.17)

where ũµ = C�1/2� uµ. Using (2.16), we obtain a relation between the energy momentum

tensor in both frames as:

T̃µ⌫ = C�3� Tµ⌫ . (2.18)

Further using (2.17) we arrive at a relation among the energy densities and pressures in

both frames, given by

⇢̃ = C�2��1⇢ , P̃ = C�2� P, (2.19)

and therefore the equations of state in both frames are related by !̃ = ! �2. Note that in

the pure conformal case, D = 0, � = 1 and therefore !̃ = !.
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gµ⌫

rµT̃
µ⌫ = 0

⇢̃+ 3H̃(⇢̃+ P̃ ) = 0)

The equation of motion for the scalar field is:

�rµ

⇥
M4DC� @µ�

⇤
+
��1M4C2

2


D,�

D
+ 3

C,�

C

�
+
�M4C2

2


C,�

C
�

D,�

D

�
+V�

�Tµ⌫

2


C,�

C
gµ⌫ +

D,�

C
@µ�@⌫�

�
+rµ


D

C
Tµ⌫@⌫�

�
= 0 , (2.11)

where C,� denotes derivative of C w.r.t. � and similarly for D,V . Finally, the energy-

momentum conservation equation, rµT
µ⌫
tot = rµ

⇣
Tµ⌫
� + Tµ⌫

⌘
= 0, combined with the

equation of motion for the scalar field, allows us to define Q as:

Q ⌘ rµ


D

C
Tµ� @��

�
� Tµ⌫

2


C,�

C
gµ⌫ +

D,�

C
@µ�@⌫�

�
, (2.12)

so that, rµT
µ⌫
� = �rµT

µ⌫ = Q@⌫� [7].

2.2 Cosmological equations

Let us now look at the cosmological evolution. We start with an FRW background metric:

ds2 = �dt2 + a2(t)dxidx
i , (2.13)

with a(t) the scale factor in the Einstein frame. With this metric, the equations of motion

become:

H2 =
2

3
[⇢� + ⇢] , (2.14)

Ḣ +H2 = �2

6
[⇢� + 3P� + ⇢+ 3P ] , (2.15)

�̈+ 3H�̇ ��2 +
C

2D

✓
D,�

D
�

C,�

C
+ ��2


5C,�

C
�

D,�

D

�
� 4��3C,�

C

◆
+

1

M4CD�3
(V,� +Q0) = 0 ,

(2.16)

where, H = ȧ
a , dots are derivatives with respect to t,

� = (1�D �̇2/C)�1/2,

and

Q0 = ⇢


D

C
�̈+

D

C
�̇

✓
3H +

⇢̇

⇢

◆
+

✓
D,�

2C
� D

C

C,�

C

◆
�̇2 +

C,�

2C
(1� 3!)

�
,

(2.17)

here we have used the equation of state for matter P = !⇢. The continuity equations for

the scalar field and matter are given by

⇢̇� + 3H(⇢� + P�) = �Q0�̇ , (2.18)

⇢̇+ 3H(⇢+ P ) = Q0 �̇ . (2.19)
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here we have used the equation of state for matter P = !⇢. The continuity equations for

the scalar field and matter are given by

⇢̇� + 3H(⇢� + P�) = �Q0�̇ , (2.18)

⇢̇+ 3H(⇢+ P ) = Q0 �̇ . (2.19)
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We are looking for the modified expansion rate in the disformal 
or Jordan frame, felt by matter       ,g̃µ⌫

where            ,

2.2 Master equations

In order to solve the cosmological equations, it is convenient to replace time derivatives

with derivatives with respect to the number of e-folds N , defined as N = ln a/a0 and define

� = V
⇢ (=

Ṽ
⇢̃ ). With these definitions, we can rewrite the Friedmann equation (2.21) and

Q0 as:

H2 =
2⇢

3

(1 + �)⇣
1� 2�02

6

⌘ , (2.32)

Q0

⇢
=

�2H2

2

"
2D

C
�00 � 2D

C
�0
✓
3! +

2�02

2
+

3(1 + !)B

2(1 + �)

◆
+

✓
D

C

◆

,�

�02 +
C,�

H2C
(��2 � 3!)

#
,

(2.33)

where here we denote 0 = d/dN . Note also that (2.32) implies that �0  ±p
6.

Using these equations and further defining a dimensionless scalar field ' = �, we can

rewrite (2.22) and (2.23) as:

H 0 = �H


3B

2(1 + �)
(1 + !) +

'02

2

�
, (2.34)

'00

1+

3H2�2B

2(1 + �)

D

C

�
+ 3'0


1� !

3H2�2B

2(1 + �)

D

C

�
+

H 0

H
'0

1 +

3H2�2B

2(1 + �)

D

C

�

+
3B

1 + �
↵(')(1� 3!�2) +

3B�

(1 + �)

V,'

V
+

3H2�2B

2(1 + �)

D

C

⇥
(�(')� ↵('))'02⇤ = 0 ,

(2.35)

where we defined:

B ⌘ 1� '02

6
, (2.36)

��2 = 1� H2

2
D

C
'02 , (2.37)

↵(') =
d lnC1/2

d'
, (2.38)

�(') =
d lnD1/2

d'
. (2.39)

One can solve the system of coupled equations above for H and ' as functions of

N . However, in some cases it is simpler to use (2.34) into (2.35) and solve the following

disformal master equation:

2(1 + �)

3B
'00 + (2�+ 1� !)'0 + 2�

d lnV

d'
+ 2(1� 3! �2)↵(')

+
2�2(1 + �)

3B

D⇢

C

 
'00 � 3'0


! +

'02

6
+

(1 + !)B

2(1 + �)

�
+

C

2D

✓
D

C

◆

,'

'02

!
= 0 ,

(2.40)
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with � given by:

��2 = 1� (1 + �)

3B

D⇢

C
'02 . (2.41)

From (2.40) we see that the conformal case is recovered for D = 0, when the second

line vanishes. Moreover, the disformal piece appears always together with derivatives of

the scalar field, as expected and also nontrivially coupled to the energy density. This

complicates considerably the analysis of the disformal case, as we will see below.

2.3 Modified expansion rate

The e↵ect of the expansion rate during the early time evolution due to the presence of a

scalar field can be extracted from the Hubble parameter evolution in the disformal frame

defined as:

H̃ = d(log ã)/d⌧̃ ,

which can be written using (2.29) as:

H̃ =
H�

C1/2

�
1 + ↵(')'0� , (2.42)

where remember that � depends onH (or ⇢) as seen from (2.37), while in the pure conformal

case D = 0 and � = 1. Note that in principle, the factor (1 + ↵(')'0) can be positive or

negative, indicating an expansion or contraction modified rate. We stick to positive definite

values for this factor and therefore only modified expansion rates, though in principle, one

could have a brief contraction period during the early universe evolution, before the onset of

BBN3. Moreover, notice that while H̃ can grow during the cosmological evolution, the null

energy condition (NEC) is not violated. This is because the Einstein frame expansion rate

H is dictated by the energy density ⇢ and pressure p, which obey the NEC and therefore

Ḣ < 0 during the whole evolution, as it should (see for example [19]).

We further want to relate the modified expansion rate to the expected expansion rate

in general relativity (GR), that is:

H2
GR =

2GR

3
⇢̃ . (2.43)

We can do this be using the Friedmann equation (2.32) and the relation between the energy

densities (2.19) to write

��1H2 =
2

2GR

C2 (1 + �)

B
H2

GR . (2.44)

Using the definition of � (see (2.37)) into this equation, one finds a cubic equation for

H2 in terms of all the other parameters. The real positive solution to that equation can

then be replaced into (2.42) to find the modified expansion rate H̃, which will thus be a

complicated function of HGR as we now see. The cubic equation for H takes the form:

d1H
6 �H4 + d22 = 0 , (2.45)

3See [18] for a review on scenarios with a possible contraction phase in the early universe.
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We want to compare this modified rate with the standard GR:

2.1 Cosmological equations

Consider an homogeneous and isotropic FRW metric gµ⌫ ,

ds2 = �dt2 + a(t)2dxidx
i , (2.20)

where a(t) is the scale factor. In this background, the Einstein and Klein-Gordon equations

become, respectively

H2 =
2

3
[⇢� + ⇢] , (2.21)

Ḣ +H2 = �2

6
[⇢� + 3P� + ⇢+ 3P ] , (2.22)

�̈+ 3H�̇+ V,� +Q0 = 0 . (2.23)

where, H = ȧ
a , dots are derivatives with respect to t and we have denoted V,� ⌘ dV

d� . Also

the Lorentz factor becomes

� = (1�D �̇2/C)�1/2.

The continuity equations for the scalar field and matter are given by

⇢̇� + 3H(⇢� + P�) = �Q0�̇ , (2.24)

⇢̇+ 3H(⇢+ P ) = Q0 �̇ . (2.25)

where Q0 is given by

Q0 = ⇢


D

C
�̈+

D

C
�̇

✓
3H +

⇢̇

⇢

◆
+

✓
D,�

2C
� D

C

C,�

C

◆
�̇2 +

C,�

2C
(1� 3!)

�
.

(2.26)

Using (2.25) we can rewrite this in a more compact and useful form as

Q0 = ⇢

✓
�̇

�̇ �
+

C,�

2C
(1� 3! �2)� 3H!

(�2 � 1)

�̇

◆
. (2.27)

Plugging this into the (non-)conservation equation for dark matter (2.25), gives:

⇢̇+ 3H(⇢+ P �2) = ⇢


�̇

�
+

C,�

2C
�̇ (1� 3!�2)

�
. (2.28)

Using the relations for the physical proper time and the scale factors in the two frames,

given by

ã = C1/2a , d⌧̃ = C1/2��1d⌧ , (2.29)

we can define the disformal-frame Hubble parameter H̃ ⌘ d ln ã
d⌧̃ , as

H̃ =
�

C1/2


H +

C,�

2C
�̇

�
, (2.30)

so that (2.13) takes the standard form in terms of H̃:

d⇢̃

d⌧̃
+ 3H̃(⇢̃+ P̃ ) = 0 . (2.31)

Equations (2.30) and (2.31) give the background evolution equations for the modified ex-

pansion rate and matter’s density evolution.
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and one can define the energy density and pressure of the scalar field as:

⇢� = �1

2
(@�)2 + V , P� = �1

2
(@�)2 � V . (2.8)

Finally the equation of motion for the scalar field dark energy becomes:

�rµrµ�+ V 0 � Tµ⌫

2


C 0

C
gµ⌫ +

D0

C
@µ�@⌫�

�
+rµ


D

C
Tµ⌫@⌫�

�
= 0 . (2.9)

Due to the nontrivial coupling, the individual conservation equations for the two fluids

are modified. However, the conservation equation for the full system is preserved, and

given in the usual way by

rµ

⇣
Tµ⌫
� + Tµ⌫

⌘
= 0 . (2.10)

Thus using (2.7) and the equation of motion for the scalar field we can write

rµT
µ⌫
� = Q @⌫� = �rµT

µ⌫ , (2.11)

where

Q ⌘ rµ


D

C
Tµ� @��

�
� Tµ⌫

2


C 0

C
gµ⌫ +

D0

C
@µ�@⌫�

�
. (2.12)

In the Jordan, or disformal frame, as defined above, matter is conserved,

r̃µT̃
µ⌫ = 0 , (2.13)

where r̃µ is the covariant derivative computed with respect to the disformal metric (2.2)

with the Christo↵el symbols given by

�̃µ
↵� = �µ

↵� +
C 0

C
�µ(↵@�)�� �2

C 0

2C
@µ� g↵� +

D

C
�22 @

µ�


r↵r��+

✓
D0

2D
�C 0

C

◆
@↵�@��

�
,

(2.14)

and we have introduced the “Lorentz factor” � defined as

� =
1q

1 + D
C (@�)2

. (2.15)

In this frame, the energy-momentum tensor is defined as

T̃µ⌫ =
2p�g̃

�SM

�g̃µ⌫
(2.16)

and the disformal energy-momentum tensor can be written as:

T̃µ⌫ = (⇢̃+ P̃ )ũµũµ + P̃ g̃µ⌫ , (2.17)

where ũµ = C�1/2� uµ. Using (2.16), we obtain a relation between the energy momentum

tensor in both frames as:

T̃µ⌫ = C�3� Tµ⌫ . (2.18)

Further using (2.17) we arrive at a relation among the energy densities and pressures in

both frames, given by

⇢̃ = C�2��1⇢ , P̃ = C�2� P, (2.19)

and therefore the equations of state in both frames are related by !̃ = ! �2. Note that in

the pure conformal case, D = 0, � = 1 and therefore !̃ = !.
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where   

Modified Expansion rate

(' = �)

with � given by:

��2 = 1� (1 + �)

3B

D⇢

C
'02 . (2.41)

From (2.40) we see that the conformal case is recovered for D = 0, when the second

line vanishes. Moreover, the disformal piece appears always together with derivatives of

the scalar field, as expected and also nontrivially coupled to the energy density. This

complicates considerably the analysis of the disformal case, as we will see below.

2.3 Modified expansion rate

The e↵ect of the expansion rate during the early time evolution due to the presence of a

scalar field can be extracted from the Hubble parameter evolution in the disformal frame

defined as:

H̃ = d(log ã)/d⌧̃ ,

which can be written using (2.29) as:

H̃ =
H�

C1/2

�
1 + ↵(')'0� , (2.42)

where remember that � depends onH (or ⇢) as seen from (2.37), while in the pure conformal

case D = 0 and � = 1. Note that in principle, the factor (1 + ↵(')'0) can be positive or

negative, indicating an expansion or contraction modified rate. We stick to positive definite

values for this factor and therefore only modified expansion rates, though in principle, one

could have a brief contraction period during the early universe evolution, before the onset of

BBN3. Moreover, notice that while H̃ can grow during the cosmological evolution, the null

energy condition (NEC) is not violated. This is because the Einstein frame expansion rate

H is dictated by the energy density ⇢ and pressure p, which obey the NEC and therefore

Ḣ < 0 during the whole evolution, as it should (see for example [19]).

We further want to relate the modified expansion rate to the expected expansion rate

in general relativity (GR), that is:

H2
GR =

2GR

3
⇢̃ . (2.43)

We can do this be using the Friedmann equation (2.32) and the relation between the energy

densities (2.19) to write

��1H2 =
2

2GR

C2 (1 + �)

B
H2

GR . (2.44)

Using the definition of � (see (2.37)) into this equation, one finds a cubic equation for

H2 in terms of all the other parameters. The real positive solution to that equation can

then be replaced into (2.42) to find the modified expansion rate H̃, which will thus be a

complicated function of HGR as we now see. The cubic equation for H takes the form:

d1H
6 �H4 + d22 = 0 , (2.45)

3See [18] for a review on scenarios with a possible contraction phase in the early universe.
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Ḣ < 0 during the whole evolution, as it should (see for example [19]).

We further want to relate the modified expansion rate to the expected expansion rate

in general relativity (GR), that is:

H2
GR =

2GR

3
⇢̃ . (2.43)

We can do this be using the Friedmann equation (2.32) and the relation between the energy

densities (2.19) to write

��1H2 =
2

2GR

C2 (1 + �)

B
H2

GR . (2.44)

Using the definition of � (see (2.37)) into this equation, one finds a cubic equation for

H2 in terms of all the other parameters. The real positive solution to that equation can

then be replaced into (2.42) to find the modified expansion rate H̃, which will thus be a

complicated function of HGR as we now see. The cubic equation for H takes the form:

d1H
6 �H4 + d22 = 0 , (2.45)

3See [18] for a review on scenarios with a possible contraction phase in the early universe.

– 8 –

2.1 Cosmological equations

Consider an homogeneous and isotropic FRW metric gµ⌫ ,

ds2 = �dt2 + a(t)2dxidx
i , (2.20)

where a(t) is the scale factor. In this background, the Einstein and Klein-Gordon equations

become, respectively

H2 =
2

3
[⇢� + ⇢] , (2.21)

Ḣ +H2 = �2

6
[⇢� + 3P� + ⇢+ 3P ] , (2.22)

�̈+ 3H�̇+ V,� +Q0 = 0 . (2.23)

where, H = ȧ
a , dots are derivatives with respect to t and we have denoted V,� ⌘ dV

d� . Also

the Lorentz factor becomes

� = (1�D �̇2/C)�1/2.

The continuity equations for the scalar field and matter are given by

⇢̇� + 3H(⇢� + P�) = �Q0�̇ , (2.24)

⇢̇+ 3H(⇢+ P ) = Q0 �̇ . (2.25)

where Q0 is given by

Q0 = ⇢


D

C
�̈+

D

C
�̇

✓
3H +

⇢̇

⇢

◆
+

✓
D,�

2C
� D

C

C,�

C

◆
�̇2 +

C,�

2C
(1� 3!)

�
.

(2.26)

Using (2.25) we can rewrite this in a more compact and useful form as

Q0 = ⇢

✓
�̇

�̇ �
+

C,�

2C
(1� 3! �2)� 3H!

(�2 � 1)

�̇

◆
. (2.27)

Plugging this into the (non-)conservation equation for dark matter (2.25), gives:

⇢̇+ 3H(⇢+ P �2) = ⇢


�̇

�
+

C,�

2C
�̇ (1� 3!�2)

�
. (2.28)

Using the relations for the physical proper time and the scale factors in the two frames,

given by

ã = C1/2a , d⌧̃ = C1/2��1d⌧ , (2.29)

we can define the disformal-frame Hubble parameter H̃ ⌘ d ln ã
d⌧̃ , as

H̃ =
�

C1/2


H +

C,�

2C
�̇

�
, (2.30)

so that (2.13) takes the standard form in terms of H̃:

d⇢̃

d⌧̃
+ 3H̃(⇢̃+ P̃ ) = 0 . (2.31)

Equations (2.30) and (2.31) give the background evolution equations for the modified ex-

pansion rate and matter’s density evolution.
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Modified Expansion rate

(' = �)

Deviation from GR can be readily computed from the ratio 

which needs to go to 1 towards the onset of BBN,

⇠ =
H̃

HGR
=

�3/2C1/2(1 + ↵'0)

B1/2

��1H2 =
2

2
GR

C2

B
H2

GR

⇠ ! 1

(☞ cubic eq for H(𝛒,𝜑,𝜑’))~

In terms of      and    , it can be written asH '

✓
B = 1� M4CD�2

3(� + 1)
'02

◆



To find the modified expansion rate, we solve numerically the 
coupled equations for       and      (             ):M4CD = 1

H 0 = �H


3B

2
(1 + !̃��2) +

'02

2
�

�
, (3.1)

'00

1+

3H2��1B

M4C22

�
+ 3'0��2


1� 3H2��1B

M4C22
!̃

�
+

H 0

H
'0

1 +

3H2��1B

M4C22

�

�6H2��1B

M4C22
↵(')'02 + 3B��3↵(')(1� 3 !̃)� 2M4C22

H2

⇥
2��3 � 3��2 + 1

⇤
↵(') = 0 .

(3.2)

Furthermore, we also convert derivatives with respect to N to derivatives with respect

to Ñ , the number of e-folds in the Jordan frame [7]. Using (2.23), we see that

N ⌘ ln

✓
a

a0

◆
= Ñ + ln


C0

C

�1/2
. (3.3)

where Ñ ⌘ ln (ã/ã0) and the subscript “0” means that the quantity is evaluated at the

present time. Since we are interested in expressing quantities as functions of temperature,

we then use entropy conservation in the Jordan frame. Recalling that the entropy is given

by S̃ = ã s̃, where s̃ = 2⇡
45 gs(T̃ )T̃

3, Ñ can be expressed as

Ñ = ln

2

4 T̃0

T̃

 
gs(T̃0)

gs(T̃ )

!1/3
3

5 . (3.4)

Therefore, derivatives w.r.t. N transform to derivatives w.r.t. Ñ (assuming well behaved

functions) as:

'0 =
1⇣

1� ↵(') d'

dÑ

⌘ d'

dÑ
, '00 =

1
⇣
1� ↵(') d'

dÑ

⌘3

 
d2'

dÑ2
+

d↵

d'

✓
d'

dÑ

◆3
!

. (3.5)

To avoid clutter we write down expressions with derivatives w.r.t N , but it should be

understood that all our numerical calculations are made using derivatives w.r.t Ñ .

Let us start by discussing equation (3.2) to understand the behaviour of the solutions.

Similarly to the conformal case [7, 8], the derivative of C(') acts as an e↵ective potential,

given by9

Veff ⇠ 3(1� 3 !̃) lnC . (3.6)

Deep in the radiation dominated era, the equation of state is given by !̃ = 1/3 and the

e↵ective potential vanishes. As the temperature of the universe decreases, particle species

in the cosmic soup become non-relativistic. When the temperature of the universe drops

below the rest mass of each of the particle types, non-zero contributions to 1 � 3!̃ arise,

9
Notice that the last term in (3.2) proportional to ↵ is not part of an e↵ective potential, as it vanishes

when taking the velocity terms, '0
to zero (so B = 1 and � = 1).
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= Ñ + ln


C0

C

�1/2
. (3.3)

where Ñ ⌘ ln (ã/ã0) and the subscript “0” means that the quantity is evaluated at the

present time. Since we are interested in expressing quantities as functions of temperature,

we then use entropy conservation in the Jordan frame. Recalling that the entropy is given
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Ñ = ln

2

4 T̃0

T̃

 
gs(T̃0)

gs(T̃ )

!1/3
3

5 . (3.4)

Therefore, derivatives w.r.t. N transform to derivatives w.r.t. Ñ (assuming well behaved
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by S̃ = ã s̃, where s̃ = 2⇡
45 gs(T̃ )T̃
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where Ñ ⌘ ln (ã/ã0) and the subscript “0” means that the quantity is evaluated at the

present time. Since we are interested in expressing quantities as functions of temperature,

we then use entropy conservation in the Jordan frame. Recalling that the entropy is given

by S̃ = ã s̃, where s̃ = 2⇡
45 gs(T̃ )T̃
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dÑ
, '00 =

1
⇣
1� ↵(') d'

dÑ
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dÑ2
+

d↵

d'

✓
d'

dÑ
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1 and 2. In our numerical exploration, we choose initial conditions for which the notch

in the expansion rate (see Fig. 3) occurs closer to the BBN time6. This has interesting

consequences for the dark matter annihilation, as we discuss below.

Figure 3: Comparing the Hubble expansion rate H̃ in the Jordan Frame with the standard

Hubble expansion rate HGR. The presence of the scalar field enhances and decreases

the expansion rate during the radiation dominated era. This plot corresponds to initial

conditions given by ('0,'
0
0) = (0.2,�0.994).

When solving the master equation (3.5), we have taken into account an important

e↵ect that occurs during the radiation dominated era. Deep in this epoch, the equation

of state is given by !̃ = 1/3. When a particle species in the cosmic soup becomes non-

relativistic, !̃ di↵ers slightly from 1/3. When the temperature of the universe drops below

the rest mass of each of the particle types, there are non-zero contributions to 1�3!̃. This

activates the e↵ective potential, which can be seen in the last term of (3.5), and displaces,

or “kicks“ the field along Veff .

To examine this e↵ect in more detail, we start by writing 1 � 3 !̃ during the early

stages of the universe as in [3] and [15]

1� 3 !̃ =
⇢̃� 3 p̃

⇢̃
=

X

A

⇢̃A � 3p̃A
⇢̃

+
⇢̃m
⇢̃

, (3.9)

where the sum runs over all particles in thermal equilibrium during the radiation dominated

era and ⇢̃m is the contribution from the non-relativistic decoupled and pressureless matter.

The summation over all the particle is responsible for the kicking e↵ect discussed above.

Then, a kick function is defined as

⌃(T̃ ) ⌘
X

A

⇢̃A � 3p̃A
⇢̃

, (3.10)

6In appendix A we show more examples of modified expansion rate using di↵erent initial conditions.
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Figure 4: Evolution of !̃ in (3.9) as function of temperature during the radiation domi-

nated era.

[24–26] indicate that ↵0 should be very small, with values ↵2
0 . 10�5, while binary pulsar

observations impose that ↵0
0 & �4.5. The last constraint applies to the the speed-up

factor ⇠, which has to be of order 1 before the onset of BBN. In our examples we have

↵2
0 ' 2⇥ 10�5, ↵0

0 > 0 and ⇠ ⇡ 1.05.

3.1.3 Impact on relic abundances

We are now ready to discuss the impact of the modified expansion rates on the relic abun-

dance of dark matter species. For a dark matter species � with mass m� and annihilation

cross-section h�vi, where v is the relative velocity, the dark matter number density n�

evolves according to the Boltzmann equation

dn�

dt
= �3H̃n� � h�vi �n2

� � (neq
� )2

�
, (3.15)

where, as we have discussed above, the relevant expansion rate is the Jordan frame one,

which can give interesting e↵ects due to the presence of the scalar field. Further neq
� is the

equilibrium number density. We can rewrite this equation in terms of x = m�/T̃

dY

dx
= � s̃h�vi

xH̃

�
Y 2 � Y 2

eq

�
. (3.16)

where Y = n
�

s̃ , s̃ = 2⇡
45 gs(T̃ )T̃

3. Numerical solutions to the Boltzmann equation (3.16) with

the modified expansion rate H̃ were found for dark matter particles with masses ranging

from 5 GeV to 1000 GeV. For instance, we show solutions in figures 5 and 6 for two di↵erent

masses. As we can see from (3.16), the annihilation cross-section influences the evolution

of the abundance Y . The current value of Y determines the present dark matter content of

the universe. This can be seen clearly by recalling the current value of the energy density

parameter ⌦0 = ⇢0
⇢
c,0

= mY0 s0
⇢
c,0

, where ⇢c,0 and s0 are the well-known current values of the

critical energy density and the entropy density of the universe, respectively. So, for each
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⇤
↵(') = 0 .
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Furthermore, we also convert derivatives with respect to N to derivatives with respect

to Ñ , the number of e-folds in the Jordan frame [7]. Using (2.23), we see that

N ⌘ ln

✓
a

a0

◆
= Ñ + ln


C0

C

�1/2
. (3.3)

where Ñ ⌘ ln (ã/ã0) and the subscript “0” means that the quantity is evaluated at the

present time. Since we are interested in expressing quantities as functions of temperature,

we then use entropy conservation in the Jordan frame. Recalling that the entropy is given

by S̃ = ã s̃, where s̃ = 2⇡
45 gs(T̃ )T̃

3, Ñ can be expressed as

Ñ = ln

2

4 T̃0

T̃

 
gs(T̃0)

gs(T̃ )

!1/3
3

5 . (3.4)

Therefore, derivatives w.r.t. N transform to derivatives w.r.t. Ñ (assuming well behaved

functions) as:

'0 =
1⇣

1� ↵(') d'

dÑ

⌘ d'

dÑ
, '00 =

1
⇣
1� ↵(') d'

dÑ

⌘3

 
d2'

dÑ2
+

d↵

d'

✓
d'

dÑ

◆3
!

. (3.5)

To avoid clutter we write down expressions with derivatives w.r.t N , but it should be

understood that all our numerical calculations are made using derivatives w.r.t Ñ .

Let us start by discussing equation (3.2) to understand the behaviour of the solutions.

Similarly to the conformal case [7, 8], the derivative of C(') acts as an e↵ective potential,

given by9

Veff ⇠ 3(1� 3 !̃) lnC . (3.6)

Deep in the radiation dominated era, the equation of state is given by !̃ = 1/3 and the

e↵ective potential vanishes. As the temperature of the universe decreases, particle species

in the cosmic soup become non-relativistic. When the temperature of the universe drops

below the rest mass of each of the particle types, non-zero contributions to 1 � 3!̃ arise,

9
Notice that the last term in (3.2) proportional to ↵ is not part of an e↵ective potential, as it vanishes

when taking the velocity terms, '0
to zero (so B = 1 and � = 1).
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N and Ñ are the same. As can be seen from (3.15) and Fig. 2, for a given initial condition

Ti, the closer '0
i goes to

p
6, the largest the values of M , and vice versa. Also, the larger

the value of Ti, the larger also the lower bound of M . In terms of the D-brane like scenario

as we described in section 2, the scale M is related to the string coupling and scale (or the

six dimensional volume) as M = Ms(2⇡g�1
s )1/4. Therefore, we see that the scale decreases

for small string scales (large compactification volumes) and small string couplings, which

are needed for the string perturbative description to be valid. We will come back to this

point below.

Figure 2: Lower bound for M (3.15) as function of ('0
i)
2 for C = 1.

3.3 Pure disformal case, C = const.

We are now ready to discuss in detail the numerical solutions for H, ' and use them to

compute the modified expansion rate. We start with the case C(') = const. which can

be understood as a pure disformal case, which is presented here for the first time. Indeed,

notice that in this case � 6= 1, which precisely carries the disformal (or derivative) e↵ect,

while ↵ = 0 (which carries the conformal e↵ect)

Without loss of generality we can take C(') = 1 and therefore D(') = 1
M4 . Comparing

with the phenomenological case studied in [7], one could think that an arbitrary choice of

function D there (with C = 1) would give di↵erent results. However, we expect that the

e↵ects of an arbitrary function in that case can be encoded in the choice of the scale M

here, and therefore will give similar results to those presented here.

For C = 1, the system of coupled equations reduces to the following form,

H 0 = �H


3

2
(1 + !̃��2)B +

'02

2
�

�
, (3.16)

'00

1+

3H2��1B

M42

�
+ 3'0��2


1� 3H2��1B

M42
!̃

�
+

H 0

H
'0


1 +

3H2��1B

M42

�
= 0 .(3.17)

As expected, the e↵ective potential is flat, since ↵ = 0 (see discussion above). We solve

these equations numerically to find the dimensionless scalar field ' and the Hubble pa-
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dÑ

⌘3

 
d2'

dÑ2
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Let us start by discussing equation (3.2) to understand the behaviour of the solutions.

Similarly to the conformal case [7, 8], the derivative of C(') acts as an e↵ective potential,

given by9

Veff ⇠ 3(1� 3 !̃) lnC . (3.6)

Deep in the radiation dominated era, the equation of state is given by !̃ = 1/3 and the

e↵ective potential vanishes. As the temperature of the universe decreases, particle species

in the cosmic soup become non-relativistic. When the temperature of the universe drops

below the rest mass of each of the particle types, non-zero contributions to 1 � 3!̃ arise,
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Notice that the last term in (3.2) proportional to ↵ is not part of an e↵ective potential, as it vanishes

when taking the velocity terms, '0
to zero (so B = 1 and � = 1).
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C = const.

In this case 

rameter H, as a functions of Ñ . We have explored a wide range of initial conditions for

' and '0 and values of the scale M . To find the initial condition for H (Hi), we use the

appropriate real positive solution of (2.38). We found that at most two of the solutions

(2.38) for Hi, are real and positive. For these two Hi’s, the corresponding initial value

of � (�i) is obtained using (2.29) (setting M4CD = 1). We find that one of these �i’s is

usually of order one while the other is one or two orders of magnitude larger (sometimes

even larger). We find that the solutions to (3.16) and (3.17), which obey the necessary

constraints are those with �i ⇠ 1. Once we have found the solutions for ' and H, we go

back to (2.27) to obtain the expansion rate in the Jordan frame.

Before looking into the full numerical solutions, let us give a closer look at ratio between

the modified expansion rate and the standard rate, (2.34). For C = const. this becomes:

⇠ =
�3/2

B1/2
. (3.18)

Since �, B � 1, it is clear that ⇠ � 1, that is, H̃ � HGR. In other words, in this case, the

expansion rate is always enhanced with respect to the standard evolution. Moreover, this

enhancement is driven by � and B. As soon as � > 1, there will be a non-trivial disformal

enhancement.

In Figure 3 we show the resulting modified expansion rate for di↵erent values of '0 and

the mass scale M . In these plots we use 'i = 0.2, but any value in the interval (0, 1) and

appropriate choices of '0
i and the mass scale M , will give similar results. As we can see in

Figure 3, H̃ (color lines) is always enhanced with respect to the standard expansion rate

(black line), HGR, as discussed above. From (3.18) and Figure 4, it is clear that the ratio

⇠ is always bigger or equal to 1. Moreover as the temperature decreases, the ratio ⇠ grows

from a value close to 1 (recall that �i ⇠ 1), reaching a maximum where � is maximal and

eventually decreases towards one before BBN. The maximum value of the ratio increases

and moves to lower temperatures as the mass scale M becomes smaller.

We can understand this behavior by looking at the evolution of the factor f = 3H2��1B
M42 ,

inside the square brackets of (3.17). We have seen numerically that this factor evolves as

f(T̃ ) w 3geff (T̃ )
10

⇣
T̃
M

⌘4
as temperature decreases (see Figure 7). For the scale M and

temperatures plotted in Figure 3, f(T̃ ) starts much bigger than one (up to f(T̃i) w 109)

and decreases as temperature lowers. The bigger the scale M , the earlier f(T̃ ) becomes

of order 1. While f(T̃ ) is bigger than 1, ⇠ increases, the velocity of the scalar field '0

increases slowly, and thus the scalar field increases very slowly too (see Figure 4 and 5). As

f(T̃ ) comes close to 1, ⇠ reaches a maximum and the scalar field starts increasing faster.

Then, as the temperature decreases further, f(T̃ ) becomes smaller than 1. Meanwhile, H̃

starts converging towards HGR (that is, ⇠ starts decreasing) while the scalar field keeps

increasing. Finally, when H̃ becomes of order HGR, f(T̃ ) is much smaller than 1 and the

scalar field starts moving towards a final constant value.

We see the behaviour described above in Figures 4 and 5. For instance, for the plot

corresponding to M = 106GeV, f(T̃ ) is approximately
3geff (T̃ )

10

⇣
T̃

106GeV

⌘4
, which becomes

1 at around T̃ = 50GeV. Between 1000 GeV and 50 GeV, H̃ di↵ers from HGR and
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We are now ready to discuss in detail the numerical solutions for H, ' and use them to

compute the modified expansion rate. We start with the case C(') = const. which can

be understood as a pure disformal case, which is presented here for the first time. Indeed,

notice that in this case � 6= 1, which precisely carries the disformal (or derivative) e↵ect,

while ↵ = 0 (which carries the conformal e↵ect)

Without loss of generality we can take C(') = 1 and therefore D(') = 1
M4 . Comparing

with the phenomenological case studied in [7], one could think that an arbitrary choice of

function D there (with C = 1) would give di↵erent results. However, we expect that the

e↵ects of an arbitrary function in that case can be encoded in the choice of the scale M

here, and therefore will give similar results to those presented here.

For C = 1, the system of coupled equations reduces to the following form,
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As expected, the e↵ective potential is flat, since ↵ = 0 (see discussion above). We solve

these equations numerically to find the dimensionless scalar field ' and the Hubble pa-
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Figure 4: Speed-up factor, ⇠ = H̃/HGR, as function of temperature for the expansion

rates shown in the bottom left plot in Figure 3. The initial conditions chosen are 'i = 0.2

and '0
i = 0.002.

Figure 5: Scalar field as a function of temperature. The initial conditions chosen are

'i = 0.2 and '0
i = 0.002. These solutions of (3.16) and (3.17) correspond to the expansion

rates shown in the bottom left plot in Figure 3.

For instance, for all the green lines T̃i/M=58.8.

3.4 Conformal and disformal case C 6= const.

We now move to the case where the conformal coupling is not constant, so both conformal

and discormal e↵ects are turned on. For concreteness we consider the same conformal

coupling as that studied in [7] and [8], which is given by

C(') = (1 + b e�� ')2 , (3.19)
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Full numerical solutions: 

Figure 3: Modified expansion rate for the pure disformal case, C = 1. We show di↵erent

boundary conditions and values of the scale parameter. The initial value of the scalar field

for all the curves is 'i = 0.2. The black line in all plots represent the standard expansion

rate HGR.

in this range the scalar field increases very slowly, looking almost constant. For lower

temperatures, between 50 GeV and 1 GeV, H̃ converges towards HGR and the scalar field

increases faster. While for temperatures smaller than 1 GeV, H̃ ⇠ HGR and the scalar

field reaches its final value.

All the cases shown in Figure 3 satisfy the constraints discussed in Section 3.2. In

particular, '0
BBN = 0 (so ⌥ = 0) and the speed-up factor, ⇠, is equal to 1 prior to BBN as

shown in Figure 4. For scales M smaller than 10 GeV the last condition is not satisfied,

that is ⇠ > 1 by the onset of BBN. Therefore, scales M smaller than 10 GeV are discarded.

As we have mentioned, if we consider larger values of M than the ones presented in

Figure 3, the enhancement of the expansion rate will occur earlier at higher temperatures,

such that f(T̃ ) is much bigger than 1 at around the initial value of the temperature, T̃i.

To achieve this, one has to consider M smaller than T̃i, which happens when the initial

value of '0 is much smaller than 1. We illustrate this in Figure 6 were we show a series

of plots were the mass scale takes values up to order EeV. This figure also shows that the

speed-up factor (2.34), has the same behavior as long as the ratio T̃i/M doesn’t change.
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H

H̃colour

Figure 6: Modified expansion rate for the pure disformal case, C = 1, for larger values of

M as compared to Fig. 3. For these plots, ' = 0.2 and '0 = 2⇥ 10�5.

Figure 7: Evolution of the factor f as a function of temperature for C = const. case (left)

and C 6= const. (fC , right). The initial conditions chosen in the left plot are shown in

Figure 3, while in the right plot 'i = 0.2 and '0
i = �0.004.

with the values b = 0.1, � = 8. We have also analysed other functions such as C = (b'2+c)2

with b = 4, 8, 15, c = 1. However it is harder to find numerical solutions for this and other

functions, which satisfy the phenomenological constraints. In the cases we analysed, the

e↵ect on the expansion rate H̃ was smaller with respect to the case in (3.19).
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Furthermore, we also convert derivatives with respect to N to derivatives with respect

to Ñ , the number of e-folds in the Jordan frame [7]. Using (2.23), we see that
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
C0

C

�1/2
. (3.3)

where Ñ ⌘ ln (ã/ã0) and the subscript “0” means that the quantity is evaluated at the

present time. Since we are interested in expressing quantities as functions of temperature,

we then use entropy conservation in the Jordan frame. Recalling that the entropy is given

by S̃ = ã s̃, where s̃ = 2⇡
45 gs(T̃ )T̃

3, Ñ can be expressed as

Ñ = ln

2

4 T̃0

T̃

 
gs(T̃0)

gs(T̃ )

!1/3
3

5 . (3.4)

Therefore, derivatives w.r.t. N transform to derivatives w.r.t. Ñ (assuming well behaved

functions) as:

'0 =
1⇣

1� ↵(') d'

dÑ

⌘ d'

dÑ
, '00 =

1
⇣
1� ↵(') d'

dÑ

⌘3

 
d2'

dÑ2
+

d↵

d'

✓
d'

dÑ

◆3
!

. (3.5)

To avoid clutter we write down expressions with derivatives w.r.t N , but it should be

understood that all our numerical calculations are made using derivatives w.r.t Ñ .

Let us start by discussing equation (3.2) to understand the behaviour of the solutions.

Similarly to the conformal case [7, 8], the derivative of C(') acts as an e↵ective potential,

given by9

Veff ⇠ 3(1� 3 !̃) lnC . (3.6)

Deep in the radiation dominated era, the equation of state is given by !̃ = 1/3 and the

e↵ective potential vanishes. As the temperature of the universe decreases, particle species

in the cosmic soup become non-relativistic. When the temperature of the universe drops

below the rest mass of each of the particle types, non-zero contributions to 1 � 3!̃ arise,

9
Notice that the last term in (3.2) proportional to ↵ is not part of an e↵ective potential, as it vanishes

when taking the velocity terms, '0
to zero (so B = 1 and � = 1).
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Figure 8: Scalar field as a function of temperature for di↵erent values ofM . The conformal

coupling is (1 + 0.1 e�8')2 and the initial conditions chosen are 'i = 0.2 and '0
i = �0.004.

These solutions of (3.1) and (3.2) correspond to the expansion rates shown in the right

plot of Figure 9.

As mentioned in Section 2.4, the conformal term acts as an e↵ective potential, or

force, in equation (3.2), given by (3.6). This e↵ective force can be neglected when the

factor fC = 3H2��1B
M4C22 is much larger than 1, as can be seen from (3.2). In this regime,

the evolution of the scalar field is given by a flat e↵ective potential, and the scalar field

stays approximately constant. When fC is becomes of order 1 or smaller and !̃ 6= 1/3,

the evolution of the scalar field is driven by the e↵ective potential (3.6) and by the Hubble

friction term.

For the conformal coupling considered (3.19), the e↵ective potential allows for an

interesting behaviour, according to the choice of initial conditions [7]. That is, for negative

initial velocities, '0
i < 0, the scalar field will start rolling-up the e↵ective potential towards

smaller values. After reaching a maximum point, it will turn back down the e↵ective

potential, eventually reaching its final value. This behaviour in the scalar field sources a

non-trivial behaviour in C and importantly, its derivative, ↵ and therefore in the modified

expansion rate H̃. Indeed, when C 6= const. we have

⇠ =


GR

C1/2�3/2

B1/2

⇥
1 + ↵(')'0⇤ . (3.20)

It is not hard to see that for the initial conditions above, due to the factor inside the

parenthesis, ⇠ can become less than one during the evolution. Recalling that ⇠ = H̃/HGR,

⇠ < 1 implies that H̃ < HGR. as shown in the explicit solutions below. This e↵ect gives

rise to the possibility of a re-annihilation period, as was discussed in [7] and first pointed

out in [8].

Let us now give a closer look at the evolution of fC with temperature. Numerically,

we found that when fC & 1 it behaves as fC(T̃ ) w 3geff (T̃ )
10

⇣
T̃
M

⌘4
. But when fC < 1

then it evolves as fC(T̃ ) w h(T̃ )
3geff (T̃ )

10

⇣
T̃
M

⌘4
where h(T̃ ) is function that measures the
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The term in parenthesis can become less than one ➠ ⇠ < 1

➠ H̃ < HGR ➠ re-annihilation effect [Catena et al. ’04]
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where Ñ ⌘ ln (ã/ã0) and the subscript “0” means that the quantity is evaluated at the

present time. Since we are interested in expressing quantities as functions of temperature,

we then use entropy conservation in the Jordan frame. Recalling that the entropy is given
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To avoid clutter we write down expressions with derivatives w.r.t N , but it should be

understood that all our numerical calculations are made using derivatives w.r.t Ñ .

Let us start by discussing equation (3.2) to understand the behaviour of the solutions.

Similarly to the conformal case [7, 8], the derivative of C(') acts as an e↵ective potential,

given by9

Veff ⇠ 3(1� 3 !̃) lnC . (3.6)

Deep in the radiation dominated era, the equation of state is given by !̃ = 1/3 and the

e↵ective potential vanishes. As the temperature of the universe decreases, particle species

in the cosmic soup become non-relativistic. When the temperature of the universe drops

below the rest mass of each of the particle types, non-zero contributions to 1 � 3!̃ arise,

9
Notice that the last term in (3.2) proportional to ↵ is not part of an e↵ective potential, as it vanishes

when taking the velocity terms, '0
to zero (so B = 1 and � = 1).
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For concreteness we consider
[Catena et al. ’04]

(b = 0.1, � = 8)

Conformal & Disformal Effects

Figure 4: Speed-up factor, ⇠ = H̃/HGR, as function of temperature for the expansion

rates shown in the bottom left plot in Figure 3. The initial conditions chosen are 'i = 0.2

and '0
i = 0.002.

Figure 5: Scalar field as a function of temperature. The initial conditions chosen are

'i = 0.2 and '0
i = 0.002. These solutions of (3.16) and (3.17) correspond to the expansion

rates shown in the bottom left plot in Figure 3.

For instance, for all the green lines T̃i/M=58.8.

3.4 Conformal and disformal case C 6= const.

We now move to the case where the conformal coupling is not constant, so both conformal

and discormal e↵ects are turned on. For concreteness we consider the same conformal

coupling as that studied in [7] and [8], which is given by

C(') = (1 + b e�� ')2 , (3.19)
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Figure 8: Scalar field as a function of temperature for di↵erent values ofM . The conformal

coupling is (1 + 0.1 e�8')2 and the initial conditions chosen are 'i = 0.2 and '0
i = �0.004.

These solutions of (3.1) and (3.2) correspond to the expansion rates shown in the right

plot of Figure 9.

As mentioned in Section 2.4, the conformal term acts as an e↵ective potential, or

force, in equation (3.2), given by (3.6). This e↵ective force can be neglected when the

factor fC = 3H2��1B
M4C22 is much larger than 1, as can be seen from (3.2). In this regime,

the evolution of the scalar field is given by a flat e↵ective potential, and the scalar field

stays approximately constant. When fC is becomes of order 1 or smaller and !̃ 6= 1/3,

the evolution of the scalar field is driven by the e↵ective potential (3.6) and by the Hubble

friction term.

For the conformal coupling considered (3.19), the e↵ective potential allows for an

interesting behaviour, according to the choice of initial conditions [7]. That is, for negative

initial velocities, '0
i < 0, the scalar field will start rolling-up the e↵ective potential towards

smaller values. After reaching a maximum point, it will turn back down the e↵ective

potential, eventually reaching its final value. This behaviour in the scalar field sources a

non-trivial behaviour in C and importantly, its derivative, ↵ and therefore in the modified

expansion rate H̃. Indeed, when C 6= const. we have

⇠ =


GR

C1/2�3/2

B1/2

⇥
1 + ↵(')'0⇤ . (3.20)

It is not hard to see that for the initial conditions above, due to the factor inside the

parenthesis, ⇠ can become less than one during the evolution. Recalling that ⇠ = H̃/HGR,

⇠ < 1 implies that H̃ < HGR, as shown in the explicit solutions below. This e↵ect gives

rise to the possibility of a re-annihilation period, as was discussed in [7] and first pointed

out in [8].

Let us now give a closer look at the evolution of fC with temperature. Numerically,

we found that when fC & 1 it behaves as fC(T̃ ) w 3geff (T̃ )
10

⇣
T̃
M

⌘4
. But when fC < 1

then it evolves as fC(T̃ ) w h(T̃ )
3geff (T̃ )
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where h(T̃ ) is function that measures the
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Conformal & Disformal Effects

Full numerical solutions: 

Figure 9: Modified expansion rate for the case C = 1 + 0.1e�8'. The initial value of the

scalar field for all the curves is 'i = 0.2. Also, '0
i = �0.004 for the plot on the left and

'0
i = �0.4 for the plot on the right.

enhancement of H̃, which is larger than 1 and depends on the scale M (see right plot in

Figure 7). When fC � 1, the e↵ective force is negligible and the scalar field stays roughly

constant. As fC decreases and becomes close to and/or smaller than 1, the e↵ective force

takes over the evolution of the scalar field. The velocity of the scalar field starts decreasing

(we use small negative velocities), and for suitable values, the scalar field goes up the

e↵ective potential and comes back down again as described above.

In Figure 8 we plot the full numerical solution for the scalar field for 'i = 0.2 and an

initial velocity '0 = �0.004. The red, green and blue curves (scale masses smaller than

T̃i = 1000 GeV) show the scalar field going up the e↵ective potential toward smaller values

of the field, and then rolling down its terminal value. While for the brown curve (M =1000

GeV), the scalar field stays almost constant because for this value of M its initial velocity

is not negative enough to move the field up the e↵ective potential.

The e↵ect of the scalar field on the modified expansion rate is shown in Figure 9 (the

black straight line isHGR). The left plot shows H̃ corresponding to the scalar field solutions

in Figure 8. For these solutions, the factor fC is initially much bigger than 1 and as the

temperature decreases passes one (around 200 GeV) and keeps decreasing to very small

values. For some values of M , the scalar field goes up and down the e↵ective potential,

producing the enhancement and the little notch in H̃ (blue), where ⇠ < 1 as explained

above. On the other hand, in the right plots, fC is initially of order 1 and then decreases

to negligible values. The initial velocity used ('0 = �0.4) is su�ciently negative producing

the enhancement and notch in H̃ for some of the M values (green and blue).

Let us mention another point about the right plot in Figure 9. For the brown curve

corresponding to M = 5000GeV, the enhancement is very small, and since the factor fC
decreases as the mass scale M increases, choosing larger values of M would give a similar

result, for the same choice of initial conditions. Indeed, as M ! 1, fC = 3H2��1B
M4C22 ! 0

and we recover the pure conformal case in (3.2). Notice that the last term in this equation

vanishes when M increases, since � ! 1 as M increases. So, by dropping all terms

proportional to fC and the last term in (3.2) ones recovers the conformal case equations
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('0,'
0
0) = (0.2,�0.99) and then use (3.2) to express '(Ñ) as function of T̃ 5. As we can

see, the conformal factor starts growing towards a maximum value as ' moves to negative

values, to rapidly drop down towards its GR value at C ! 1 as ' moves down the e↵ective

potential towards positive values. This non-trivial e↵ect will give rise to the possibility of

re-annihilation, as we discuss below.

Figure 1: Typical evolution of the scalar field as temperature decreases. The initial values

are (', d'/d Ñ) = (0.2,�0.994).
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Figure 2: Behaviour of the conformal factor, C(') as a function of the temperature for

the same initial values as in Fig. 1.

Based on the discussion above, we have solved the master equation (3.5), to find the the

scalar field as a function of Ñ for various initial conditions, where we see the interesting

behaviour explained above. The resulting modified expansion rate and its comparison

with the standard case is shown in Figure 3 for the same initial conditions as in Figures

5In appendix A we show further examples of the thermal evolution of the scalar field.

– 13 –
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Disformal Effect on DM Relic Abundance

Relic abundance evolution is 
computed from Boltzmann equation 

Figure 4: Evolution of !̃ in (3.9) as function of temperature during the radiation domi-

nated era.

[24–26] indicate that ↵0 should be very small, with values ↵2
0 . 10�5, while binary pulsar

observations impose that ↵0
0 & �4.5. The last constraint applies to the the speed-up

factor ⇠, which has to be of order 1 before the onset of BBN. In our examples we have

↵2
0 ' 2⇥ 10�5, ↵0

0 > 0 and ⇠ ⇡ 1.05.

3.1.3 Impact on relic abundances

We are now ready to discuss the impact of the modified expansion rates on the relic abun-

dance of dark matter species. For a dark matter species � with mass m� and annihilation

cross-section h�vi, where v is the relative velocity, the dark matter number density n�

evolves according to the Boltzmann equation

dn�

dt
= �3H̃n� � h�vi �n2

� � (neq
� )2

�
, (3.15)

where, as we have discussed above, the relevant expansion rate is the Jordan frame one,

which can give interesting e↵ects due to the presence of the scalar field. Further neq
� is the

equilibrium number density. We can rewrite this equation in terms of x = m�/T̃

dY

dx
= � s̃h�vi

xH̃

�
Y 2 � Y 2

eq

�
. (3.16)

where Y = n
�

s̃ , s̃ = 2⇡
45 gs(T̃ )T̃

3. Numerical solutions to the Boltzmann equation (3.16) with

the modified expansion rate H̃ were found for dark matter particles with masses ranging

from 5 GeV to 1000 GeV. For instance, we show solutions in figures 5 and 6 for two di↵erent

masses. As we can see from (3.16), the annihilation cross-section influences the evolution

of the abundance Y . The current value of Y determines the present dark matter content of

the universe. This can be seen clearly by recalling the current value of the energy density

parameter ⌦0 = ⇢0
⇢
c,0

= mY0 s0
⇢
c,0

, where ⇢c,0 and s0 are the well-known current values of the

critical energy density and the entropy density of the universe, respectively. So, for each
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Here relic for a DM particle with mass 
Figure 10: Abundance Ỹ for a dark matter particle with mass of 100 GeV.

to the interaction rate11 �̃ and for a small period, between x = 20 and x = 1000, the

abundance decreases slowly until becomes constant. The comparison between H̃ (brown)

and �̃ (purple) can be seen in Figure 11. Between around 5 GeV (x = 20) and 0.1 GeV

(x = 1000), H̃ and �̃ are close to each other as temperature decreases.

In the plot of Fig. 11, we also show the interaction rate for two other DM particle

masses, 600 GeV (green) and 2500 GeV (red). Notice that for the three masses shown,

once the interaction rate becomes smaller than the expansion rate H̃ (brown), it always

stays smaller than it. Therefore, there is no re-annihilation e↵ect, as we anticipated in

section 3.3. However re-annihilation can occur for the C 6= const. case, where after the

first freeze-out �̃ can overcome H̃ due to ⇠ < 1, and later become smaller again.

Let us now turn to the dark matter cross-sections we have used when solving the

Boltzmann equation (3.22). For this we used the observed dark matter density ⌦0 = 0.27

to determine the thermally-averaged annihilation cross section, h�vi required to match the

current 27% DM content. The present dark matter content of the universe is determined by

the current value of the relic abundance. This can be obtained from the current value of the

energy density parameter ⌦0 =
⇢0
⇢c,0

= mY0 s0
⇢c,0

. Here ⇢c,0 and s0 are the well-known current

values of the critical energy density and the entropy density of the universe, respectively.

The resulting annihilation cross-sections we determine in this way are shown in Figure

12 for dark matter masses between 10 GeV and 5000 GeV, for di↵erent values of M and

corresponding expansion rates H̃ shown in Figure 3. We compare this to the annihilation

cross sections h�viGR predicted by the standard cosmology model (black line), which is

around 2.1⇥ 10�26cm3/s.

The behaviour of the cross-section h�vi in Fig. 12, shows an enhancement with respect

11
The interaction rate is defined as

˜

� ⌘ h�vi s̃ ˜Y .
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m� = 100GeV

Figure 11: Expansion rate corresponding to M = 12 GeV shown in the top left plot of

Figure 3, and interaction rates of 100 GeV (purple), 600 GeV (green) and 2500 GeV (red)

GeV DM particle masses as function of temperature. The interaction rate, �̃, is given by

h�vis̃Ỹ .

Figure 12: h�vi as function of dark matter particle mass. h�viGR predicted by the

standard cosmology model correspond to the black line, while the color lines correspond

to the h�vi predicted by using the expansion rates, shown in Figure 3, representing mass

scales of M = 12 GeV (brown), 34 GeV (red), 106 GeV (green) and 333 GeV (blue).

to the standard case, with a maximum that moves towards larger dark matter masses as

the scale M increases. Therefore, the smaller the scale M the larger the annihilation cross

section h�vi. We can correlate this behaviour with that of ⇠ in Fig. 4, which shows the

enhancement of the expansion rate. For example, for a mass scale of 34 GeV (red) the
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Expansion rate corresponding to 
M = 12 GeV as function of 
temperature.
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Ỹ

!2
1

A

⇣
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Figure 8: Expansion rate (as in figure 3) and interaction rate as function of temperature.

The interaction rate, �̃, is given by h�viConformal s̃ Ỹ . We use Ỹ from figures 5 and 6 and

the values of h�viConformal presented previously for 130 GeV and 1000 GeV masses.

analysis shows that, as found in [3], re-annihilation occurs for this particular choice of

conformal factor. However, we found that when fully integrating the master equation, the

re-annihilation occurs only for very large masses of the dark matter particles (in [3] it was

found for m = 50GeV). On the other hand, in [15], no re-annihilation was found9, which

was probably due to the initial conditions used and the values of the DM masses explored.

3.2 Disformal case

We now discuss briefly the e↵ect of the disformal factor in the metric (2.2) to the expansion

rate of the universe, H̃, and compare it to the conformal modification to H̃10. Hence, we

exploreD(�) 6= 0 for the same conformal factor studied before, that is, C(') = (1+b e�� ')2

for b = 0.1, � = 8. To investigate these modifications, we first need to look at the the

scalar field evolution with temperature.

In the pure conformal case studied above, we found the thermal evolution of the

scalar field by solving the master equation (3.5) numerically, which is (2.40) for D(�) = 0.

However, to study the e↵ects of the disformal factor on the scalar field, it is more convenient

to solve the system of two coupled equations (2.34) and (2.35). Using these equations we

find solutions for the dimensionless scalar field ', and for the expansion rate in the Einstein

frame H.

Notice that solving the system of coupled equations or solving the master equation to

find the thermal evolution of the scalar field are equivalent methods (as we have explicitly

checked), because (2.40) it is nothing but a combination (2.34) and (2.35). However, while

9Although [15] used a di↵erent conformal factor to [3], we expect the re-annihilation e↵ect to be present

also in that case.
10We leave a detailed exploration for a future publication.
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Figure 8: Expansion rate (as in figure 3) and interaction rate as function of temperature.

The interaction rate, �̃, is given by h�viConformal s̃ Ỹ . We use Ỹ from figures 5 and 6 and

the values of h�viConformal presented previously for 130 GeV and 1000 GeV masses.

analysis shows that, as found in [3], re-annihilation occurs for this particular choice of

conformal factor. However, we found that when fully integrating the master equation, the

re-annihilation occurs only for very large masses of the dark matter particles (in [3] it was

found for m = 50GeV). On the other hand, in [15], no re-annihilation was found9, which

was probably due to the initial conditions used and the values of the DM masses explored.

3.2 Disformal case

We now discuss briefly the e↵ect of the disformal factor in the metric (2.2) to the expansion

rate of the universe, H̃, and compare it to the conformal modification to H̃10. Hence, we

exploreD(�) 6= 0 for the same conformal factor studied before, that is, C(') = (1+b e�� ')2

for b = 0.1, � = 8. To investigate these modifications, we first need to look at the the

scalar field evolution with temperature.

In the pure conformal case studied above, we found the thermal evolution of the

scalar field by solving the master equation (3.5) numerically, which is (2.40) for D(�) = 0.

However, to study the e↵ects of the disformal factor on the scalar field, it is more convenient

to solve the system of two coupled equations (2.34) and (2.35). Using these equations we

find solutions for the dimensionless scalar field ', and for the expansion rate in the Einstein

frame H.

Notice that solving the system of coupled equations or solving the master equation to

find the thermal evolution of the scalar field are equivalent methods (as we have explicitly

checked), because (2.40) it is nothing but a combination (2.34) and (2.35). However, while

9Although [15] used a di↵erent conformal factor to [3], we expect the re-annihilation e↵ect to be present

also in that case.
10We leave a detailed exploration for a future publication.
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Conformal Re-annihilation Effect

Relic abundance evolution is 
computed from Boltzmann equation 

Expansion and interaction rates’ 
evolution
A re-annihilation phase occurs for 
suitable initial conditions

Figure 4: Evolution of !̃ in (3.9) as function of temperature during the radiation domi-

nated era.

[24–26] indicate that ↵0 should be very small, with values ↵2
0 . 10�5, while binary pulsar

observations impose that ↵0
0 & �4.5. The last constraint applies to the the speed-up

factor ⇠, which has to be of order 1 before the onset of BBN. In our examples we have

↵2
0 ' 2⇥ 10�5, ↵0

0 > 0 and ⇠ ⇡ 1.05.

3.1.3 Impact on relic abundances

We are now ready to discuss the impact of the modified expansion rates on the relic abun-

dance of dark matter species. For a dark matter species � with mass m� and annihilation

cross-section h�vi, where v is the relative velocity, the dark matter number density n�

evolves according to the Boltzmann equation

dn�

dt
= �3H̃n� � h�vi �n2

� � (neq
� )2

�
, (3.15)

where, as we have discussed above, the relevant expansion rate is the Jordan frame one,

which can give interesting e↵ects due to the presence of the scalar field. Further neq
� is the

equilibrium number density. We can rewrite this equation in terms of x = m�/T̃

dY

dx
= � s̃h�vi

xH̃

�
Y 2 � Y 2

eq

�
. (3.16)

where Y = n
�

s̃ , s̃ = 2⇡
45 gs(T̃ )T̃

3. Numerical solutions to the Boltzmann equation (3.16) with

the modified expansion rate H̃ were found for dark matter particles with masses ranging

from 5 GeV to 1000 GeV. For instance, we show solutions in figures 5 and 6 for two di↵erent

masses. As we can see from (3.16), the annihilation cross-section influences the evolution

of the abundance Y . The current value of Y determines the present dark matter content of

the universe. This can be seen clearly by recalling the current value of the energy density

parameter ⌦0 = ⇢0
⇢
c,0

= mY0 s0
⇢
c,0

, where ⇢c,0 and s0 are the well-known current values of the

critical energy density and the entropy density of the universe, respectively. So, for each

– 16 –

Here relic for a DM particle with mass 
m� = 1000GeV

e↵ect on the temperature evolution of the abundance for a 1000 GeV DM particle. First

of all, the freeze-out happens earlier than expected due to the enhancement of the expan-

sion rate, H̃. Then, an unusual e↵ect appears. As the temperature decreases, H̃ becomes

smaller than the interaction rate8 �̃ and a short period of annihilation starts again called

“re-annihilation”. The re-annihilation process reduces the abundance of dark matter until

a second and final freeze-out happens. After this final freeze-out the abundance remains

constant.
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Figure 6: Abundance for a mass of 1000 GeV.

Figure 7: Annihilation cross section as function of mass. The presence of the scalar field

enhances the h�vi for large masses, and diminishes h�vi for masses around 130 GeV, while

small mass the e↵ect is almost negligible.

The re-annihilation phase can be described better by discussing the relation between

the expansion rate H̃ and the interaction rate �̃. The first freeze-out happens when �̃

becomes smaller than H̃ which can be seen in figure 8 to happen around a temperature

8The interaction rate is defined as �̃ ⌘ h�vi
Conformal

s̃ Ỹ .
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for conformal case

Thermal Evolution of Abundance
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Effect on DM Cross-Section

The present dark matter content of 
the universe is determined by 
current value of the relic 
abundance

x̃

Ỹ

dỸ

dx̃
= � �̃

H̃

0

@1�
 
Ỹeq

Ỹ

!2
1

A
⇣
�̃ ⌘ Ỹ s̃h�vi

⌘⌦DM =
m�Y0s0
⇢cr,0

We used this to determine the 
thermally-averaged annihilation 
cross section      required to match 
it, and use it to solve the Boltzmann 
equation

(= 0.27)

h�vi

The resulting annihilation cross sections are 

e↵ect on the temperature evolution of the abundance for a 1000 GeV DM particle. First

of all, the freeze-out happens earlier than expected due to the enhancement of the expan-

sion rate, H̃. Then, an unusual e↵ect appears. As the temperature decreases, H̃ becomes

smaller than the interaction rate8 �̃ and a short period of annihilation starts again called

“re-annihilation”. The re-annihilation process reduces the abundance of dark matter until

a second and final freeze-out happens. After this final freeze-out the abundance remains

constant.

Figure 6: Abundance for a mass of 1000 GeV.
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Figure 7: Annihilation cross section as function of mass. The presence of the scalar field

enhances the h�vi for large masses, and diminishes h�vi for masses around 130 GeV, while

small mass the e↵ect is almost negligible.

The re-annihilation phase can be described better by discussing the relation between

the expansion rate H̃ and the interaction rate �̃. The first freeze-out happens when �̃

becomes smaller than H̃ which can be seen in figure 8 to happen around a temperature

8The interaction rate is defined as �̃ ⌘ h�vi
Conformal

s̃ Ỹ .
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�
h�viGR ⇠ 2.1⇥ 10�26cm3/s

�

Figure 11: Expansion rate corresponding to M = 12 GeV shown in the top left plot of

Figure 3, and interaction rates of 100 GeV (purple), 600 GeV (green) and 2500 GeV (red)

GeV DM particle masses as function of temperature. The interaction rate, �̃, is given by

h�vis̃Ỹ .

Figure 12: h�vi as function of dark matter particle mass. h�viGR predicted by the

standard cosmology model correspond to the black line, while the color lines correspond

to the h�vi predicted by using the expansion rates, shown in Figure 3, representing mass

scales of M = 12 GeV (brown), 34 GeV (red), 106 GeV (green) and 333 GeV (blue).

to the standard case, with a maximum that moves towards larger dark matter masses as

the scale M increases. Therefore, the smaller the scale M the larger the annihilation cross

section h�vi. We can correlate this behaviour with that of ⇠ in Fig. 4, which shows the

enhancement of the expansion rate. For example, for a mass scale of 34 GeV (red) the
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• We studied for the first time modifications to standard 
thermal relic picture due to non-standard early cosmology 
evolution in scalar-tensor theories with (D-brane) 
conformal and disformal couplings to matter

Summary

• Dark matter freeze-out occurs at higher temperatures 
compared to the standard case ➠ reproducing the 
observed abundance requires significantly larger 
annihilation rates

• The effect of the coupling is to enhance or decrease the 
expansion rate, with respect to the standard case, thus 
modifying the standard thermal picture  

⇠ =
H̃

HGR

!

⇠ 1<
>

g̃µ⌫ = C(�)gµ⌫ +D(�)@µ�@⌫�



• In the purely disformal case (C=const.), enhancement 
occurs at different scales, depending on parameter M, 
affecting different pre-BBN physics 

Summary

• When conformal term is turned-on, a re-annihilation effect 
occurs and slightly smaller annihilation rate is needed.

• In a D-brane like set up, the scale M is identified with the 
string parameters: 

M4 = M4
s (2⇡)g

�1
s

thus string scale dictates disformal enhancement scale.
For DM production M is very low, implying a very WEAKLY 
couples, LARGE volume compactification  



• We considered the simplest case for matter coupling. In 
a more realistic set-up, we expect a non-universal 
coupling of matter to the scalar 

Outlook

[Meehan, Whittingham '15]

• Non-standard expansion rate may be relevant for other 
physical phenomena during the early universe evolution

[Dutta et al. in progress]

• Analysis of different conformal&disformal functions 

• Beyond a toy model for a post-string inflationary picture


