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OUTLINE

•The QHE and edge states 
•Fractional charges 
•Overview on noise and FCS
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MAIN CONCEPTS IN THIS TALK

Charge Fractionalization Equilibration Dynamics

Quantum Quenches and integrability

Non-equilibrium Bosonization

Full Counting statistics



THE QUANTUM HALL EFFECT IN A (TINY) NUTSHELL

The quantum Hall state is an incompressible state characterised by 
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Von Klitzing (1980). Tsui,Stormer and Gossard (1982)
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⌫    is a topological invariant related to the fist Chern character.  
Niu, Thouless & Wu : Phys. Rev. B 31,3372

Transitions between different fillings do not break ANY symmetry: Topological 
phase transition. 



CHARGE FRACTIONALIZATION

As a result of strong interactions + topology, quasiparticle excitations 
carry a fraction of the electron charge

de-Picciotto et al., Nature 389 (1997) 
Kane & Fisher, PRL 72 (1994) 

Fractional charges cannot be directly measured. Fractionalization 
signatures appear in the Shot Noise. 
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Conservation of the edge current in 1d implies 
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1d wave propagating along the edge

This is known as a chiral Luttinger Liquid

Halperin, PRB 25.4 (1982) 
Wen, Int.J. Mod. Phys. B 6, 1711(1992) GAPLESS EDGE STATES

It is a strongly correlated state of matter, not belonging to the Fermi 
liquid universality class. It is robust against impurity scattering.
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CURRENT AND NOISE (CLASSICAL)
I(t)

t

amplitude of deviations

hIi average current

Average number of transmitted particles and variance : 

hNi = t/� hN2i � hNi2 = hNi

hIi = ehNi/t

S = 2e2(hN2i � hNi2)/t = 2ehIi

Schottky, W. (1918). Annalen der Physik 57: 541–567
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MESOSCOPIC COUNTING STATISTICS 
How many electrons arrive at contact 3 ?

hmi = Na

Measured average number of electrons 

1

# of electrons

0



FULL COUNTING STATISTICS (QUANTUM)

 Current Characteristic function 
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Final state of the electron |�(t = ⌧)i = U(⌧, 0)|�(t = 0)i
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This can be manipulated into



FULL COUNTING STATISTICS II

Zero temperature characteristic function: �(�) = (1� a+ a eı�)N N =
q�V �

h
,

Quantum of 
conductance

hIi = qhmi/� = a
e2

h
�VTunnelling current:

Define the Fano Factor as: F ⌘ S(� ! 0)

2ehIi Reference Noise

S(� ! 0) = 2e2h(m� hmi)2i = 2ehIi(1� a)Quantum Shot Noise:

Quantum 
statistics

If the scattering time is small compared to the entire evolution, we can 
introduce scattering states. For n=2 channels 
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BOSONIZATION OUT OF 
EQUILIBRIUM



In 1D it is impossible to disentangle the statistical properties from the 
interacting ones. Distinction between Fermions and Bosons is not well 
defined

BOSONIZATION IN A NUTSHELL

Statistics transmutation is at the very heart of the Bosonization procedure 

image from Tsvelik : Quantum Field 
theory in Condensed matter physics.



I. TOMONAGA-LUTTINGER MODEL
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No mention about statistical properties holds out of equilibrium.
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II. FERMIONIC EXPECTATION VALUES

h⇥†
�(x, t)⇥�(0, t)ith = Tr(�̂F ⇥†

�(x, t)⇥�(0, t)) �F = Z�1
F e��HF

Consider for example the equal time correlation function 

  Fix          , and consider the T=0 � = R lim
T�0
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In equilibrium, only the gaussian term is finite, higher order cumulants are identically 
zero! Dzyaloshinskii-Larkin  Sov.Phys.JETP 38,202, (1973) 
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… GENERALLY NOT!
I. P. Levkivskyi, E. V. Sukhorukov, Phys. Rev. Lett. 103, 036801 (2009) 

⇧⌘

n=2

Wee need to look again at the cumulant expansion

+

n=3

p, p,

+ ω1 + ω2p+ q1 p+ q2

p+ q1 + q2 p+ q1 + q2

+ ω1 + ω2 + ω1 + ω2

ω3 , q3 ω3 , q3

ω1 , q1 ω1 , q1 ω2 , q2ω2 , q2

+

In equilibrium, the two (n=3) diagrams cancel each other. This is not so 
for an initial out of equilibrium distribution!

However, re-summing higher order cumulants is equivalent to the 
problem of full counting statistics!

D. B. Gutman, Yuval Gefen and A.D. Mirlin, Phys. Rev. B 81 085436 (2010)



NON-EQUILIBRIUM DRIVEN 
CHARGE FRACTIONALIZATION 

M. Milletari , B . Rosenow, PRL 111, 136807 (2013)  

A. Schneider, M. Milletari , B . Rosenow, arXiv:1610.02036 (2016) 
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SETUP 

The two modes are in equilibrium

The two modes are not in equilibrium: Interactions

p

a

QPC1: Mode 2 completely reflected, Mode 1 partially transmitted 
with probability a

QPC2: Mode 1 completely transmitted, Mode 2 partially 
reflected with probability p

see also Neder, PRL 108, 186404 (2012), Bocquillon et al, Nat. Comm. 4 1839 (2013)
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Interaction Region, x0



YES, SUCH A DEVICE EXISTS !
H. Inoue, A, Grivnin, N. Ofek, I. Neder, M. Heiblum, V. Umansky and D. Mahalu  PRL 112, 166801 (2014)

þ (−) stands for “fast” (“slow”). Noting that for Δv ¼ 0,
α ¼ β ¼ 1=2 and the slow mode is neutral. Moreover,
4v1v2 > u2 must be satisfied for the stability (v− > 0).
Evidently, the cold channel always carries zero net current
with a fluctuating neutral excitation, þβe and −βe.
Partitioning the cold channel stochastically (with QPC2) is
expected to generate white shot noise, which can be
measured through its zero-frequency spectral density Si.
Our device was fabricated in a GaAs=AlGaAs hetero-

structure embedding 2DEG, 130 nm below the surface,
whose density is 8.2 × 1010 cm−2 and dark mobility 4.2 ×
106 cm2=Vs at 4.2 K [Fig. 1(b)]. The light blue region is a
mesa; the light gray curves are metallic gates (5nmTi=
15nmAu) forming the QPCs (600 nm opening) and a side
gate (SG, placed off the mesa and kept at VSG ¼ −500 mV);
the yellow pads are alloyed AuGeNi Ohmic contacts. Source
contacts are S1 and S2 (driving current 2I; I per channel), G
grounds, and A1, A2 amplifier contacts (each loaded with a
resonant circuit, f0 ∼ 790 kHz, followed by a homemade
cryogenic preamplifier). Measurements were performed at a
magnetic field B ¼ 1.7 T, around the center of the v ¼ 2
plateau. Having a relatively low magnetic field, we assured
the absence of edge reconstructions, which modify the
electron density profile perpendicular to the edge, possibly
adding extra edge channels, and the presence of only two

electron channels at the edge [35]. The expected shot noise
due to stochastic partitioning (transmission probability T) is
Si ¼ 2eITð1 − TÞðcoth x − x−1Þ, with x ¼ eI=2kBΘG0,
with kBΘ the thermal energy (Θ ∼ 20 mK in our system)
and G0 ¼ e2=h [36]. The interaction region, defined by the
two QPCs, is l ¼ 8 μm, being nearly the distance needed for
energy equilibration [24]. We have also tested a device with
l ¼ 40 μm, which included an added gate that allowed us to
control the spatial separation between the two channels [37].
While a few theories had considered our experimental

scheme [31–33], Ref. [33] computed the fractionalization
noise as a function of T1 and up to the linear order in
R2 ¼ 1 − T2, and thus provided (i) a relation between the
mixing angle θ and a Fano factor [see Fig. 2(a)] and (ii) an
expression for the dependence of the shot noise on T1,
namely ½T1ð1 − T1Þ&γ1. The Fano factor FðθÞ ¼ Si=Sref,
where Sref ¼ 4eIT1ð1 − T1ÞR2 with R2 << 1, reflects the
fractional charge in the cold channel, e' ¼ Fe, only for
T1 ≅ 0.5. Here, Sref is the expected excess noise due to
stochastic weak backscattering of a random train of
electrons and holes. In general, FðθÞ ∝ ½T1ð1 − T1Þ&γ1−1
is T1 dependent; however, as shown in Fig. 2(a), FðθÞ for
T1 ≅ 0.5 (solid curve) indeed resembles the charge β ¼
ðsin θÞ=2 (dotted curve); hence, F ∼ β. Assuming a steady
state without dissipation to external environment, the

FIG. 1 (color online). (a) An ordered train of electrons driven from the source (S) transmit theQPC1with a probabilityT1 and decompose
into fast and slow modes. The fast mode consists of fractional chargesαeðβeÞ on channel 1 (2) and the slow mode consists of fractional
charges ð1 − αÞe, (−βe) on channel 1 (2). The pairs of(βe are partitioned at QPC2 with a transmission probability T2, generating a low-
frequency shot noise to be detected at the amplifier (A). (b) A SEM image of the employed device. Below, amagnified view of the core part.
The regionbetween theQPCs is the interaction region (l ¼ 8 μm). (c)Configuration 1 (C1). S1 andA1were employed.The red and the blue
arrows are the hot and cold channels. The biased outer channel is the channel 1 (hot channel) here. QPC1 fully reflects the inner channel
while partitions the outer channel (dotted heavy red line). Two cold edge channels, emanating from the G contacts, also impinge at QPC1
(thin blue lines), where the outer is fully transmitted and the inner fully reflected. The reflected cold channel (thick blue line) flows in close
proximity to the partitioned outer channel, with both reaching QPC2. There, the outer channel is fully transmitted and inner one is being
partitioned by half (dotted thick blue line), with its excess current noise (spectral density, Si) monitored at A1. (d) Configuration 2 (C2). S2
and A2 were employed. The biased inner channel is the hot channel here. T1 was set to half-transmitting for the inner channel and the
reflected part was directed to QPC2 with various T2 to partition the fluctuating cold outer channel.

PRL 112, 166801 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending

25 APRIL 2014

166801-2

l = 8µm

T= 4.2 K µ = 4.2 106 cm2/V s B = 1.7T



Inject a charge “e” on edge mode 1...
...due to interactions it fractionalizes as:

CHARGE FRACTIONALIZATION Berg et al. PRL 102, 236402 (2009)  
Horsdal et al. PRB 84, 115313 (2011)
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t
S

-e*
1

2

Quasiparticle CreationInjection

t
V

e± = e/2±
p

e2/4� (e⇤)2

e⇤ = e sin 2✓/2

tan 2✓ =
v12

(v1 � v2)

Fractional charges (equilibrium):

However, this is not what we measure!



QUANTUM QUENCHES
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Interactions are switched on via a Quantum Quench 
Cazalilla, PRL 97,156403 (2006) & Kovrizhin, Chalker PRB 84, 085105 (2012)
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QUANTUM QUENCH

M =

✓
cos ✓ sin ✓
� sin ✓ cos ✓

◆
ṽ1(2) = v1(2) cos

2 ✓ + v2(1) sin
2 ✓ ± 1
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t > 0
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Diagonalize

�i,q =
X

j

Mijbj,q

Time evolution in 
the diagonal basis

�iq(t) = e�ıqṽit�iq(t = 0) b1q(t) = uq(t)b1q + sq(t)b2q

b2q(t) = sq(t)b1q + vq(t)b2q

Undo the transformation: 
connection between t=0 
and t>0

Q



EFFECT ON THE GREEN’S FUNCTIONS 
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 ̃2(x, t0) ̃2(0, t0)) / e

�Tr(⇢̂B(�̃2(x,t0)��̃(0,t0)
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.

In equilibrium, interactions between co-propagating states do not change 
the free nature of the system!

|sq(t0)|2 + |vq(t0)|2 = 1

Consider the Gaussian case first
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One obtains the non-interacting result, i.e. no fractionalization
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FOR OUR SETUP
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Noise at QPC2



STEADY STATE DENSITY MATRIX
After QPC1, free electrons have a double step distribution 

CONNECT INCOMING AND OUTGOING STATES
We can now compute the non-Eq. bosonic distribution in RPA

!B⌘(!) = (a2 + (1� a)2)!nB(!) + a(1� a)[(! +�µ)nB(! +�µ) + (! ��µ)nB(! ��µ)]

In agreement with the Keldysh approach
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µ̃1 = (1� a)�µ µ̃2 = �a�µ
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EFFECTIVE TEMPERATURE

EB =

Z 1

0

d!q

~v1
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2~v1
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Using the non-equilibrium Bosonic distribution 

We define an effective temperature by considering the energy of a 
1d equilibrium system  
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�⌧ = 2⇡
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!⌧ (t, x0)scattering phase window function

SUMMING OVER ALL CUMULANTS
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interactions e⇤ = e/2 sin(2✓)

M. M. , B . Rosenow, PRL 111, 136807 (2013) 
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FUNCTIONAL DETERMINANTS AND REGIMES

ts =
v12 tQ

v2 sin 2✓

tv = ~/(eV )

In general, we need to treat time and energy as operators [t̂, ✏̂] = i~

B¹¹(t,t’)
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The determinant has a block Toeplitz form
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ei✏(t�t0)

2⇡

�
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�

A. Schneider, M. M. , B . Rosenow, arXiv:1610.02036 (2016) 
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REGIMES II A. Schneider, M. M. , B . Rosenow, arXiv:1610.02036 (2016) 

1

2

Injection Current, I Local Equilibration

t
Ste

a

te = tv/a

ts  tvRegime A:            (overlapping)
The two modes are nearly free 

Regime B: ts � tv

separated quasiparticles

Regime C: ts � te

quasiparticles mixing, prethermalization



LONG TIME LIMIT (REGIME C)
The determinant factorises as a product of single pulse determinants

G<
2u(⌧) = G<

0 (⌧) |�̄⌧ |2

Only Gaussian contribution.
Non-equilibrium bosonization.

Effective equilibrium at
T ⇤ =

eV

⇡

p
(3/2)a(1� a)

M. M , B . Rosenow, PRL 111, 136807   



RESULTS: SHOT-NOISE AT QPC2

✓ = 0.47

Sref(! ! 0) = 4 e p a(1� a)
e2

h
V

non-interacting electrons 
along a single edge.

Reference Noise ✓ = 0.47Fano = 0.45 at a = 1/2

Form factor [a(1� a)]�1

�1 = 1 Non interacting
�1 = 0.5 Thermal
�1 = 0.71 prethermalized



INTERACTIONS AND FORM FACTOR (            )a = 1/2

H. Inoue et al. PRL 112, 166801 (2014)

� 1

Experiment

�1 = 0.71± 0.01

coefficient γ1 was calculated to span 0.68 ≤ γ1ðθÞ ≤ 1 with
0 < θ < π=2 [33]. Measuring γ1ðθÞ ¼ 0.68 leads to
θ ¼ π=2 and consequently to Δv ¼ 0 and β ¼ α ¼ 0.5.
Approaching the noninteracting case, θ → 0, the noise in
the cold channel diminishes, F → 0 and γ1 → 1. Therefore,
there are two ways to extract the fractional charge: (i)
evaluating the Fano factor of the observed noise at T1 ≅ 0.5
and R2 ≪ 1 and (ii) finding γ1 from the noise at various
T1, yielding θ, and thus FðθÞ accordingly. If the results of
the two methods coincide, our estimate of the fractional
charge is likely to be reliable.
Two kinds of configurations were employed: C1 for

T1 dependence [Fig. 1(c)], and C2 for T2 dependence
[Fig. 1(d)], so that the two configurations were designated
so that the variable transmission QPC was always in the
outer channel, since it has a weaker energy dependence
[namely, hot (cold) channel in C1 (C2)]. Note that tests
were also performed when the roles of the channels were
not reversed, leading to qualitatively similar results.
We start with testing the dependence of the excess noise

Si in A1 on T1 in the configuration C1, keeping T2 ¼ 0.5
[Fig. 3(a)]. As the injected current jIj in the hot channel
increased, the excess noise in the cold channel also increased
(resembling the ubiquitous ”V” shape), but without the net
current reaching A1. The normalized excess noise (with

respect to that at T1 ≅ 0.5) is shown in Fig. 3(b), obeying
dependence ½T1ð1 − T1Þ%γ1 with γ1 ¼ 0.71& 0.08. The
error bars are 2σ, with σ the best-fit error, being limited
by the∼1 h integration time. Being a Gaussian noise, errors
can be easily reduced by longer integration times (as was
proven in numerous occasions). With errors of 1.2σ, we
find γ1 ¼ 0.71& 0.01.
Similar measurements were repeated with configuration

C2. The dependence of Si in A2 on I and T2 of the cold
channel (T1 ¼ 0.5) is plotted in Fig. 4(a). In the same
manner, a dependence ½T2ð1 − T2Þ%γ2 of Si was found
[Fig. 4(b)] with γ2 ¼ 0.97& 0.02 with an error of 1.2σ.
Here, partitioning T2 appears to be nearly binomial.
First, the nearly binomial dependence of the excess

noise in T2, Si ∝ R2ð1 − R2Þ for T1 ¼ 0.5, is reduced to
Si ∝ R2 in the limit of R2 → 0, coinciding with the
perturbative treatment in R2 [33]. The merely independent
(binomial) scattering events due to T2 validate the extrac-
tion of γ1 at T2 ¼ 0.5 (rather than R2 ≪ 1). Hence, we

(a)

(b)

FIG. 2 (color online). (a) Reproduced figure of Ref. [33]. The
Fano factor F ¼ Si=Sref (Sref ¼ 4eIT1R1R2 with R2 → 0) rep-
resenting the fractional charge in the cold channel (e' ¼ Fe),
plotted as function of the mixing angle. The black dots are values
evaluated by the theory (T1 ¼ 0.5, R2 ≪ 1) and the solid curve
depicts β ¼ ðsin θÞ=2 based on the simple model in the present
paper. (b) The exponent γ1 plotted as function of the mixing angle
θ based on the numerical computation. The experimentally
obtained γ1 ¼ 0.71& 0.01 yields θ ¼ π=3.2–π=3.7, the ratio
u=Δv ¼ 1.1–1.5, and a Fano factor F ¼ 0.41–0.46. Applying
it to the simple model, are β ¼ 0.38–0.41 and α ¼ 0.78–0.83. The
blue blurred lines represents the best fit with the error of 1.2σ
based on obtained exponent γ1.

FIG. 3 (color online). (a) The excess noise traces (in C1) as a
function of I for various T1 with fixed T2 ¼ 0.5 and selected
traces are shown. (b) Relative magnitude of the excess noise as a
function of T1, normalized to the one at T1 ¼ 0.5. The excess
noise is proportional to ½T1ð1 − T1Þ%γ1 , where γ1 ¼ 0.71& 0.08
with the error of 2σ, which reduces to γ1 ¼ 0.71& 0.01 for 1.2σ.
Curves with γ1 ¼ 0.5 and 1.0 are also plotted.
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BREAK-DOWN OF PERTURBATION THEORY
Would perturbation theory for a<<1 and p<<1 have been a valid alternative?

Consider the                  regime, then we can approximate the determinant as :eV ⌧ � 1

�̄⌧ (�) ' e�|⌧ |/(2⌧�)

⌧�1
� = �eV/(2⇡) log(1� 4a(1� a) sin2(�/2))

where only leading terms have been kept. The noise is then given by :

S(! ! 0) ' 8peV (e2/h) sin2(�/2)/⇡2 a log(1/a)

Shot Noise depends in a singular way on “a”!

Neder, PRL 108, 186404 (2012) 
finds a diverging noise as a 
function of time



MEASURING EQUILIBRATION FROM NOISE
Equilibration of edge mode 2u is characterised by transitions between 
different power laws of shot-noise signatures 

S(! ! 0) / a sin(2✓)2 t2s(eV )3Regime A: 

S(! ! 0) / a eV log(ts eV )Regime B: 

S(! ! 0) / a eV log(1/a)Regime C: 
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Non-equilibrium driven charge fractionalization

Relation between fractionalization and equilibration regimes

Non-equilibrium bosonization is needed to access the steady state 

Equilibration can be probed via shot noise measurements



SHOT NOISE FROM A SIMPLE POISSONIAN MODEL
1

32

QPC1 QPC2

Noise

G G

1

1

2

2

2

1

1

2

V
u

d

1.  Assumption: fractional charges are well separated 

Iimp = e⇤
hN2u,e⇤i

�t
Impinging current:

Measured current: I3 = e
hN2d,ei
�t

} hN2d,ei =
✓
p
e⇤

e

◆
hN2u,e⇤i

I3 = p Iimp

p

2.  Assumption:      added on           on 8 e 91u e⇤ 2u

I1u = e
hN1u,ei
�t

= a
e2

h
V ) hN1u,ei = a

eV

h
�t.

Sfrac = 2e2
hN2

2d,ei � hN2d,ei2

�t
= 2e2

hN2d,ei
�t

3.  Assumption: Poissonian distribution

p ! p
e⇤

e

hN1u,ei = hN2u,e⇤i

= 2e⇤a p I

a



Gaussian approximation (RPA) 

Q∆ ũt = 0

k

k

k

Q∆ ũt = 5k
Q∆ ũt = 10k

k

k Q∆ ũt = 30

k

he
P

q �?
1u(q,t,⌧)b

†
1u,qe�

P
q �1u(q,t,⌧)b1u,q i = e�

P
q �?

1u,q�1u,qhb†1u,qb1u,qi

Taking the convolution in energy space with G<
0 (⌧)

Q = eV/u1(eV > 0) �ũ = ũ1 � ũ2

we obtain the time evolution of the momentum distribution function


