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I) “Resonances Via Padé” (RVP) Method
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RVP Method - Definition

Given a finite set of N = M + 1 real data points (7;, F;), the aim is to find a function
F(n) which represents the correct analytic continuation,

where P(n) and Q(n) are polynomials. We construct an approximation to F'(n) by
using the Schlessinger point method

F

z1(n—=m1)
1+ 1+ z22(n—n2)

Cum(n) =

)

Lz (n—map)

where the z; are real coefficients chosen such that
Cu(mp)=F;, i=1,2,...,N.

An analytic continuation into the complex plane is performed by choosing 7 to be

complex, i.e. n = ce®.
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RVP Method - Radius of Convergence

» The radius of convergence of
Cw(n) is given by the location of
the nearest branch point in the
complex plane BP

» the input points have to be
chosen suitably, i.e. from the
same analytic regime

» due to numerical uncertainties
and the finite number of input
points, Ca(n) can also give
meaningful results beyond the
BPs
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I1) Applications
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Simple Examples: f(z) =1/(z + 100)

0.2 . 1
* 100 —
® Input
== Pade
0.1
» Only 2 input points are
needed to reconstruct
- _ 1 Z 00 e
flz) = 4100 =
» it is the “first guess” of the o1
method
-0.2
-300 —-200 -100 0 100 200 300
X
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Simple Examples: f(z) ==z

» 3 input points are needed to
reconstruct f(z) =z

» one obtains for example

22 +1.8-10'%2
CM(w) = ~

181005 —z = °

f(x)

10

—  f(0=x

Input
Pade

-10

-10

10
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Simple Examples: f(z) =¢”

20000

f(x)=exp(x)
Input

15000} L=== Pade

» N = 10 input points are

needed to obtain a & 10000
reasonable reconstruction of
f(z) = exp(z) 5000

-10
» for N = 11 one obtains for example

Cu(z) =

263504 + 170536 « + 46451 2* + 10389 2 + 756 2* + 148 2°

265568 — 98809 = + 15473 x2 — 1274 23 + 5524 — x®

10
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Simple Examples: f(z) =¢”

1x10°
f00=exp(x)
e Input
500000] |= = Pade
] . .
» N 2 10 input points are VA
needed to obtain a 2 0 e
.
reasonable reconstruction of :,‘
f(z) = exp(z) .
~500000 I
A
%
'
%
6 LY
~1x10, -5 0 5 10 15 20

» for N = 11 one obtains for example

Car() = 263504 + 170536 = + 46451 2° + 10389 2° + 756 z* + 148 2°
M T 265568 — 98809 7 + 1547322 — 127423 + 5524 — a5
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Simple Examples: f(z) =¢”

Re Ch(z):

Re f(x)
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Analytic example for a spectral function (1)

with the self energy

I(w?) = S1 log(T7 —w?)+82 log(Ts —w?) ¢

and the parameters

M =50 MeV,
S1 = 2000 MeV,
T1 =0 MeV,

S2 = 3000 MeV,
T> = 300 MeV,

w— w+ie withe —0

5x107°

1x1077
0

plw)

100

200

w[MeV]

300

400

500
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Analytic example for a spectral function (1)

The decay thresholds at

5x107 —
=== |nput Padel
T1 =0 MeV and = |nput Pade2
T5 = 300 MeV represent === Input Pade3
branch points on the real axis 1x10° © - Padel
p . o 6 == Pade2
L, 5x10 Pade3
2
Padel and Pade2 can be used B
to study the regime 1x10° 3
T <w< Ty, 5x1077 :‘.
Pade3 for w > Tb. i
[
'
. . 1x107 100 200 300 400 500
N = 50 input points were used (Mev]
w
for each regime.

[R.-A. T., I. Haritan, J. Wambach and N. Moiseyev, arXiv:1610.03252]
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Analytic example for a spectral function (I11)

0 s Imw [MeV]

The complex conjugate poles
can be located by using Padel -50

or Pade2: 0-0002
wp & (236.43 £ 112.64) MeV

0.0001

. Ip(@)] [MeV2]
The intrinsic error of the RVP

method is usually negligible
and here smaller than
0.01 MeV.

500
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Model for overlapping resonances (1)

We use the Kiihn-Santamaria (KS)
parametrization for the form factor

3 2
F(S) _ Z Mz - 5 3.0
o1 M2 — s — 40,2k ( k(s) )
i 'Vs \ k(M2)
2.5

with

1—4m2/s gzo
and the parameters 15
M; = 0.5 GeV,
Fl =0.2 GeV,
My = 0.7 GeV, 10 02 0.4 06 0.8 1.0
I'2 = 0.1 GeV, s [GeV?]
M3z = 0.9 GeV,
I's =0.15 GeV,
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Model for overlapping resonances (Il)

N =19 input points were used.

All resonance poles can be
reconstructed at the same time
since they are in the same analytic
regime.

Additional poles can appear in the
reconstruction, but they can be
easily identified as being unphysical
by varying the number of input
points or the input region.

3.0

— IFes)

. Input
2.5f |== Pade

IF(s)I

1.0

0.2 0.4 0.6 0.8 1.0
s [GeV?]
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Model for overlapping resonances (l11)

exact result, F'(s):

[E@)l

0
~ 2:
Im's [GeV?] 0.5 Res[GeV?]

-0.25

-0.5

reconstruction, Ci(s):

[Es)l

L0
Im s [GeV?]

-0.5
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Model for strongly overlapping resonances (1)

We use the KS parametrization for
the form factor

M

Fis)=)_ : 3

1 M2 — s — i, Mi ( k(s) ) 3.0

= /s \k(M2)
with 25

1—4m2/s S
2.0

and the parameters
M1 =0.5 GeV,
'y =0.2 GeV, 15
Mz = 0.6 GeV, 0.1 0.2 0.3 0.4 0.5 0.6
T'2 =0.1 GeV, s [GeV?]
M3 =0.7 GeV,
I's =0.15 GeV,
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Model for strongly overlapping resonances (Il)

N = 17 input points were used.

All resonance poles can be
reconstructed at the same time
since they are in the same analytic
regime.

Additional poles can appear in the
reconstruction, but they can be
easily identified as being unphysical
by varying the number of input
points or the input region.

IF(s)I

3.0 — [Fel
. Input
- Pade

25

2.0

15

0.1 0.2 0.3 0.4 0.5 0.
s [GeV?]

6
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Model for strongly overlapping resonances (11)

exact result, F'(s):

[E@s)l
0.2

N\ l 0

AN
27 0
Im's [GeV?] 03 Re s [GeV?]

reconstruction, C(s):

[Fs)l
0.2

27 0
Im's [GeV?] 03 Re's [GeV?]
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Complex pole of the charged p(770) meson

We use the RVP method to
analyze the ALEPH data on 10 ¢
the squared modulus of the

7~ 7° vector form factor
| P (s)]%.

These data were obtained
from T-lepton decays and 107
represent the cleanest  Gounaris-Sakurai Fit
determination of the

p(770)-meson mass and width. L ‘
0 1 2 3
Mass? (GeV/c?)?

ALEPH 91-95

T — 71'_71'01/-,—

[ALEPH collaboration, Phys. Rept. 421, 191-284, 2005,

arXiv:hep-ex/0506072]
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Complex pole of the charged p(770) meson

We use the RVP method to 10 « Experiment
analyze the ALEPH data on ==Input

the squared modulus of the ---Pade
7w vector form factor
|Fr(s)]2.

2
™
(=]

We find the complex pole of .
the charged p(770) meson to x,xs
be at /5, = M, —il',/2 with tIr‘ 1:!'!51
II ¥3
M, = 761.8 £ 1.9MeV, il

I, = 139.8 & 3.6 MeV. 0204 06 08 i 12
Vs [GeV]

[R.-A. T., I. Haritan, J. Wambach and N. Moiseyev, arXiv:1610.03252]
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Complex pole of the charged p(770) meson

We use the RVP method to
analyze the ALEPH data on
the squared modulus of the
7~ 7% vector form factor
|Fx(s) ]

We find the complex pole of

the charged p(770) meson to

be at /5, = M, — iI',/2 with
M, = 761.8 = 1.9 MeV,
I, = 139.8 4+ 3.6 MeV.

M, (MeV) I, (MeV) source
762.5 £2 142+7 [12]
7583 +54 145.1 £ 6.3 [13]
764.1 £2.7739 1482 £ 1.9°17 [14]
754+ 18 148 20 [15]
763.0 £0.2 139.0 £ 0.5 [16]
760 = 2 147+6 [17]
761 £ 1 139 +£2 [18]
763.7 1.2 144 £3 [19]
761.8 1.9 139.8 £3.6 this work

Table 1: Collection of pole parameter predictions for the p(770) meson.

[R.-A. T., I. Haritan, J. Wambach and N. Moiseyev, arXiv:1610.03252]
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Complex pole of the f,(500) or o meson

300 .
Locating the resonance pole is
particularly difficult for the fo(500)

. 5@ (degrees) A
or o meson due to its large decay + i

width and the strong overlap with 150 / 1
. + DMK decay data
the background and higher 0 ,«'f{ D kern ey | ]
, 7 Kaminsi cial
resonances. N Gray al. Sol.B
et o \erenl Sol.C| ]
s0F LA Ty + Grayer etal. Sol. D
= Hyams etal. 73
Plot: SO wave phase shift for ) 300 500 00 1000 1300 Ta00
. . " ey
m-scattering experimental data
together Wlth the UFD and CFD [R. Garcia-Martin, R. Kaminski, J. Pelaez, J. Ruiz de Elvira, and F.
parameterizations. Yndurain, Phys.Rev. D83, 074004 (2011), arXiv:1102.2183 [hep-ph]]
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Complex pole of the f,(500) or o meson

0.7
—— Data
0.6 mm— |NpUt
== Pade
We apply the RVP method to the 05
real part of the SO partial wave
amplitude §(s) as obtained from Zos
the Constrained Fit to Data (CFD) 2 0s
parametrization of the 5(()0)(5)
phase shift, 02
sy  BEEEO 1
0 Qipfr (3) 300 400 500 600 700 800

Vs [Mev]

[R.-A. T., I. Haritan, J. Wambach and N. Moiseyev, arXiv:1610.03252]

We find the complex pole at /s, = 450.1 + 11.2 — 4(299.2 £ 12.2) MeV
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Complex pole of the f,(500) or o meson

0 T T T T
-200 — .
VS (MeV) source L _
470 + 30 — (295 + 20) [24]
470 + 50 — (285 £ 25) [16] 400 — —
441710 - (2729, ) [25]
457714 — 279+l [26] r A 1
44243 — i(274%%) 127]
453 +15-i(297 = 15) 28] -600 = - 7]
449182 - i(275 + 12) [20] PR I I I
450.1£112-i(299.2+12.2) this work 300 400 500 600 700

Table 3: Collection of pole parameter predictions for the fy(500) or o~ meson.
Figure 1: Location of the fo(500) (or o) poles
[R-A. T., I. Haritan, J. Wambach and N. Moiseyev, in the complex energy plane. Circles denote the
recent analyses based on Roy(-like) dispersion
relations [8-11], while all other analyses are
denoted by triangles. The corresponding refer-
ences are given in the listing.

[K.A. Olive et al. (Particle Data Group), Chin. Phys. C38,
090001 (2014) (URL: http://pdg.lbl.gov)]

arXiv:1610.03252]
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Analytic Continuation - Free Particle

We study the spectral function
of a free particle:

p(w) = sgn(w)3(w? — m?)

The free propagator is given by

1
DP(po) =
(pO) p(Q) +m2
m(B—T) mT
DE(T) _ € +e

2m(emP — 1)

with po = 2n7T,
m = 200 MeV, and
T =1/8=10 MeV.

D (po) [GeV 2]

1

&
b

V

DE(r) [Ge

25

n
o

[N
3]

=
o

0
-1500 -1000 -500 0 500 1000 1500
Po [MeV]

2500

2000

1500

=
Q
=]
=]

500

0
0.00 0.02 0.04 0.06 0.08 0.10
7 [MeV]
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Analytic Continuation - Free Particle

We choose 51 input points
from D (po) and apply the
RVP method to obtain D?(w)
and the spectral function,

p() =~ ImD" (w)

20.0

-
o
o

N o
o =}

DF(po) [GeV 2]

[ g
o

o
o

—2000 -

1010

10°

107°

plw) MeV2]

1010

10715

-20
10 0

1000 0
Po [MeV]

1000

2000

>

—

200 400 600

w [MeV]

800

1000
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Analytic Continuation - Breit-Wigner example

We now study the following
Breit-Wigner-type spectral function,

1 2we

T (w2 — €2 — M?)2 4 4w?e?

plw) =
We choose M = 50 MeV, € = 10 MeV

and T =1/8 =10 MeV. The
propagator is obtained by

sinh(Bw/2)

E - p(w)
D" (po) —/_Oo dwm

DE(T) _ Aw dwp(w) COSh(w(T — /8/2))

0.001

1074

._.
9
b

1076

plw) [MeV?]

o

100 200 300
w [MeV]

0.008

<7 0.006

MeV

0.004

D5(r)

0.002

0.000

0.00 0.02 0.04 0.06 0.08
7 [MeV
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Analytic Continuation - Breit-Wigner example

1074
210*5
8
o
We choose 51 input points 2 10
from D (po) and apply the
RVP method to obtain D®(w) -
and the spectral function, ~3000 —2000 ~1000 O 1000 2000 3000
1 Po [MeV]
R 0.001
plw) = ——ImD™(w)
m 107
~ 10
3
S 10
3
5% 1077
1078
107°
0 200 400 600 800 1000
w [MeV]
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Analytic Continuation - More complicated example

10°°
We now study the following spectral £ 10
function, 2
3107
(@) =11 ' )
PeI="% (w+i€)2 — M? — II(w) 109
ith 0
W 10 200 400 600 800 1000
M(w) =S1(In(TF — (w+1ie)%) e
+ S2(In(T5 — (w +i€)*)) 00020
We choose M = 50 MeV, € = 0.1 MeV, ¢ 00015
T =1/8 =10 MeV, S; = 2000, =
S> =300, Tt = 0 and T3 = 3000. .
0.0005
0.0000

0.00 0.02 0.04 0.06 0.08 0.10

7[MeV]
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Analytic Continuation - More complicated example

The propagator is obtained by

DE(T) _ Aw dwp(w) COSh(UJ(T — /8/2))

sinh(Bw/2)
p(w)

DF(po) = dw-E

We choose 51 input points from
D" (po) and apply the RVP
method to obtain D®(w) and the
spectral function,

pw) =~ ImD"(w)

2x10°°
1x107
< 5%x107°
3
S 2x1079
21x10°°
=
0 5x1077
2x1077
1x1077

0.001

-3000-2000-1000 O 1000 2000 3000
Po [MeV]

plw) [MeV~?]
o
3

200 400 600 800 1000
w[MeV]
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Analytic continuation - simulating Lattice data

Starting from the spectral function

p(w) = —%'m ((w T ie)? flMQ - H(w))

we now generate N = 64 data points for D (7;) by
using

* cosh(w(r — 5/2)) :
D¥(r) = — = 2 p(w)d 10°

™) A sinh(Fwj2) P B
T 10

Then we apply the discrete Fourier transform to 2
obtain 2107
1 N/2 1078
Do) = w3 D" (1) exp (ipom) ,

TN 10775 200 400 600 800 1000
n=—N/2+1

w [MeV]

Finally the RVP method is applied to D (po) to
obtain D (w) the spectral function,

pw) =~ ImD"(w)
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Analytic continuation - simulating Lattice data

When using a finite number of input points for DE(T) the quality of the input points for
D¥(po) decreases.

0.001 0.001
107 107

-~ 107 — 10°

3 3

= 107 = 10°

3 3

S 107 < 107
1078 1078
107° 107°

0 200 400 600 800 1000 0 200 400 600 800 1000
w [MeV]

w [MeV]
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Analytic continuation - simulating Lattice data

We now add Gaussian noise to the D?(r;) data (u = DP(n:)):

1 _e=w?
f (x) = e 202
\V2mo
o = u/10°
0.001
107
& 107°
3
S 109
3
S§ 10—7
1078
107°
0 200 400 600 800 1000
w [MeV]

o= p/10°

200 400 600 800 1000
w [MeV]
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Analytic continuation - simulating Lattice data

We now add Gaussian noise to the D?(r;) data (u = DP(n:)):

1 _(@—w)?
f (x) = e 202
\V2mo
4
o= p/10 o= u/10%
0.001 0.001
107 1074
& 107° « 10°°
3 2
= 107 = 10°
3 3
S§ 1077 Y 1077
1078 1078
107° 107°
0 200 400 600 800 1000 0 200 400 600 800 1000
w [MeV]

w [MeV]
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Analytic continuation - simulating Lattice data

We now add Gaussian noise to the D?(r;) data (u = DP(n:)):

1 _(@—w)?
f (x) = e 202
\V2mo
2 1
o= p/10 o= p/10
0.001 0.001
107 1074
G 107 o 10°
3 2
= 107 = 10°
3 3
S§ 1077 Y 1077
1078 1078
107° 107°
0 200 400 600 800 1000 0 200 400 600 800 1000
w [MeV]

w [MeV]
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Lattice data on the Rho

1.2 Bttt f—+
. p(uf)tanh(wp/2)/w?
3 T/T=0.8 ——
1.0e-02 [ 4 2 C1(0 0.8 filteredcphen -
BGM ——
1.0e-03 |- 0.6
1.0e-04 | 0.4
1.0e-05 | 0.2
1.0e-06 |- 0 w[Gev]
—— 1 Il Il
1.0e-07 |- 0051152253 35
1.0e-08
© Brandt et al.
16 [Gr(0/Ga(m ‘ ' o6
12 os |
0.8 -_-___ﬂfﬁi - spectral function
default model
04 - . I ' \ o 04
1.04 L Gr(0)/G(r) ' ' g
1'°$ b - < 03
098 | H’H‘F /a <
T P P T Lot < 02
0 10 20 30 40 50 60
H By 0.1
Brandt, Francis, Jager, Meyer, J o
arXiv: 1512.07249

0 02 04 06 08 1 12 14 16 18 2
am

MEM, Philipp Gubler, preliminary 35/ 46



Lattice data on the Rho

We apply the discrete Fourier transform to obtain N = 50 points for

N/2
1 .
DE(PO) = TN Z D* (Tn) exp (ipoTn)
n=—N/2+1

Then the RVP method is applied to D (po) to obtain D®(w) and the spectral function:

0.001
0.000070
107
“‘70000050 <
= = 10°
S —_
=2 32
‘A 5%
0.000030 10-6
0 2000 4000 6000 8000 10000 1077
Po [MeV] 0 2000 4000 6000 8000 10000
0

w [MeV]
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Analytic continuation of Euclidean FRG data

» We start from data on the
Euclidean 2-point function 2.0
I'®F(4py) for the pion at
T = 2 MeV which was 15
obtained using the Functional > ™
Renormalization Group e
approach (FRG) i‘i 1.0
0.5
» The RVP method is used to
obtain the analytic 00
continuation I'®7 (1) -1000  -500 0 500 1000

ipo [MeV]
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Analytic continuation of Euclidean FRG data

2 ReT®
» the correct result for
'@ (y) is known and can
be used to check the result 1
obtained from the RVP _
method % 0
o
» '@ F(y) has a non-zero real
and imaginary part as well as -t
branch points due to the Im
decay thresholds, in particular )
at w = 600 MeV ~1000 ~500 0 500 1000

w [MeV]
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Analytic continuation of Euclidean FRG data

0.15

0.10

» the spectral function can be 0.05
easily obtained from
@R () 0.00

5
]
g o
< -0.05
» the branch point at
w = 600 MeV is clearly visible -0.10
-0.15
-1000 -500 0 500 1000
w [MeV]
1 1 ImD()- £
plw) = —LImG(w) me™ ()

= 7 (ReL@E(w))2 + (ImL @) ())?
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Analytic continuation of Euclidean FRG data

25

» N = 65 Euclidean input 20

points between po = 0 MeV

and po = 2000 MeV are used %1_5
» we can reproduce the )

low-energy part of I®:f(y) g 1.0

and also get a good estimate &

for energies beyond the 05

branch point at

w = 600 MeV 0.0

0 200 400 600 800 1000

w [MeV]
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Analytic continuation of Euclidean FRG data

2.0
» N = 65 Euclidean input

points between po = 0 MeV
and po = 2000 MeV are used

<
>
[}
» we can reproduce the )
T
E

low-energy part of I®:f(y) 10
and also get a good estimate
for energies beyond the 0.5
branch point at
w = 600 MeV 0.0
0 200 400 600 800 1000

w [MeV]
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Analytic continuation of Euclidean FRG data

» N = 65 Euclidean input 015
points between po = 0 MeV
and pp = 2000 MeV are used —0.10
» we can reproduce the E
low-energy part of F(Q)’R(w) =
and also get a good estimate =005
for energies beyond the
branch point at
0.00
w = 600 MeV
0 200 400 600 800 1000

w [MeV]
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Summary

The Resonances Via Padé (RVP) method can be used to obtain the analytic
continuation of a function that is given in numerical form.

» only requires real input in order to reconstruct the underlying function not
only along the real axis but also in the complex plane

» can be used to identify resonance poles and to predict decay thresholds

» can in principle be used to obtain real-time information starting from
Euclidean data with small errors
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