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The topological freedom is an unique property of the plasma	
cannot be currently found in conventional devices

Plasma waves can have any shape Implications of wake topology

Wakefields in conventional devices are 
sustained by metallic parts

Plasma waves are sustained by free electrons

Figure 1(a) shows the electron density, the laser projec-
tions, and electrons above 10 MeV (spheres). Each quan-
tity is plotted when the front of the laser has just left the B
field, at !pt ¼ 120, when the laser evolution [23] can be
neglected, corresponding to the wake lying entirely within
the down-ramp region. Figures 1(b)–1(d) show how the B
field can lead to self-injection. Although the B field can
still decrease rb in the y-!, x ¼ 0 plane, the wake remains
symmetric. This can be seen as follows: when an electron
is expelled sideways the B field provides no extra force.
However, as the B field within the wake bends the trajec-
tory backwards in z, the external B field (in y) produces a
force in the negative x direction. This motion then provides
a force in the positive z thereby decreasing rb. On the
other hand, the wake is asymmetrically modified in the
x-z (y ¼ 0) plane. Electrons moving backwards in z feel an
downward force from the external B field. This external
force reinforces (reduces) the focusing force for electrons
with x > 0 ðx < 0Þ. This leads to the sheath structure seen
in Fig. 1(a). As predicted from the trapping condition,

electrons with !c ext < 0 or equivalently !x < 0 are
more easily trapped, thus guaranteeing off-axis injection.
The localized trapping provided by the external B field is

also seen in Figs. 1(a)–1(c) where all electrons above
10 MeV are shown as spheres (dots) at !pt ¼ 120. The
electrons all reside with x > 0 and are localized in
y as well. Electrons which eventually reside outsize the
wake (large x) are actually defocused by the external B
field. These energetic electrons now move forward in z
such that the external B field leads to a force in the positive
x direction. Electrons outside the wake do not feel the wake
focusing force and therefore are lost.
In the B field down-ramp, rb increases, effectively de-

creasing v", and leading to an additional and stronger
injection. The energy spectrum of the electrons at later
propagation distances is shown in Fig. 1(e), revealing that a
quasimononergetic beam is formed at !pt ¼ 270. The
total charge of electrons above 50 MeV is 0.15 nC. The
streaks in Fig. 1(e) correspond to the trajectories in
energy-! phase space, and are plotted for electrons above
50 MeV during the time between 240–270!$1

p . The color
corresponds to their initial value of ! (!inj), then showing
that most electrons originate in the down-ramp region
112< !inj < 122. Figure 1(f) shows that self-injected
electrons start with x > 0 forming a beam that has a
centroid executing betatron oscillations.
In Fig. 2 this scheme is applied to PWFA. The energy of

the electron beam driver is 30 GeV, and its density profile
given by nb ¼ nb0 exp½$x2

?=ð2#2
?Þ& exp½$!2=ð2#2

zÞ&,
where #? ¼ 0:3c=!p, #z ¼ 0:5c=!p, and nb0 ¼ 8:89n0.
For n0 ¼ 1015 cm$3, this corresponds to #? ¼ 50:4 $m,
#z ¼ 84 $m, and to a total number of 3' 1010 electrons,
close to the SLAC electron beam. The simulation box is
12' 12' 16ðc=!pÞ3, divided into 480' 480' 640 cells
with 2' 2' 1 particles per cell for the electron beam and
background plasma. The B field profile is similar to the
LWFA case with Bext

y0 ¼ 0:55!c=!p. For n0 ¼ 1015 cm$3,

FIG. 1 (color online). 3D OSIRIS simulation of a magnetized
LWFA. (a) Electron density isosurfaces in the uniform B field
region. (b)–(d) Density profile associated with the y ¼ 0, ! ¼ 0,
and x ¼ 0 planes of (a) revealing the off-axis injection. Self-
injected electrons (darker dots) are closer to the bubble axis,
while the electrons farther from the bubble axis escape from the
trapping region (lighter dots). (e) Phase space of the plasma
electrons and spectrum (solid line), showing a quasimonoener-
getic (( 6% FWHM spread) electron bunch. (f) Trajectories of
the self-injected beam particles, with the propagation axis shown
by the dashed line. The B field profile is also represented.

FIG. 2 (color online). 3D OSIRIS simulation of B injection in
PWFA (2D slices represented). (a) Electron density and
(b) transverse density slice at the back of the bubble in the
unmagnetized case. (c) Electron density after the B field down-
ramp and (d) transverse density slice at the back of the bubble,
revealing the trapped particles.
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• Fundamental plasma processes	
wave-particle interactions	
!

• Nonlinear optics	
!

• Accelerators and light sources

Changing the topology of the plasma can have deep ramifications and transform the outputs of 
plasma accelerators and radiation sources

• One-dimensional waves	
widely explored, require standard 
Gaussian drivers	
!

• Plasma waves with non-trivial topologies	
unexplored, require non-Gaussian drivers

Plasma waves are ubiquitous
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The orbital angular momentum of light (OAM)

Ultra-intense twisted lasers

36 May 2004    Physics Today http://www.physicstoday.org

ating helical beams has been the use of
numerically computed holograms. Such
holograms can generate beams with any de-
sired value of orbital angular momentum
from the same initial beam (see figure 3).
The requisite hologram can be formed by
recording, onto photographic film, the in-
terference pattern between a plane wave
and the beam one seeks to produce. Illumi-
nating the resulting hologram with another
plane wave produces a first-order diffracted
beam with the intensity and phase pattern
of the desired beam.

The holographic approach can take ad-
vantage of the high-quality spatial light
modulators (SLMs) that have recently be-
come available. These pixelated liquid-crystal devices take
the place of the photographic film. Furthermore, numeri-
cally calculated holographic patterns can be displayed on
an SLM. These devices produce reconfigurable, computer-
controlled holograms that allow a simple laser beam to be
converted into an exotic beam with almost any desired
phase and amplitude structure. And the beam pattern can
be changed many times per second to meet experimental
requirements. Figure 3 shows how a comparatively simple
“forked” holographic pattern can transform the plane-
wave output of a conventional laser into a pair of LG beams
carrying orbital angular momentum.5 In recent years,
SLMs have been used in applications as diverse as adap-
tive optics, real-time holography, and optical tweezing.

Unlike spin angular momentum, which has only two
independent states corresponding to left- and right-
handed circular polarization, orbital angular momentum
has an unlimited number of possible states, corresponding
to all integer values of !. Although the link between spin
angular momentum and circular polarization is clear, the
link between orbital angular momentum and other ways
of describing the beam is less obvious. It’s tempting, for ex-
ample, to directly associate the orbital component to the !-
value of an optical vortex; but that’s wrong. Because the
center of the vortex is a position of zero optical intensity,
it carries neither linear nor angular momentum. Instead,

the angular momentum is associated with regions of high
intensity, which for an LG mode is a bright annular ring.

That association is well illustrated by a recent exper-
iment by Lluis Torner and coworkers at the University of
Catalonia in Barcelona, Spain.6 They showed that, after
the beam passes through the focus of a cylindrical lens, the
azimuthal component of the linear momentum near the
vortex center is reversed, but the total orbital angular mo-
mentum of the beam remains unchanged. The reversal of
the vortex is simply image inversion in geometrical optics;
it has no implications for orbital angular momentum.

Orbital angular momentum arises whenever a beam’s
phase fronts are not perpendicular to the propagation di-
rection. In the approximation of geometric optics, one
would say that the light rays that make up the beam are
skewed with respect to its axis. Simplistic as it is, this
skewed-ray model predicts the correct result in most ex-
perimental situations. 

Measuring the angular momentum of a light beam is
not easy. The first demonstration of the transfer of spin an-
gular momentum from a light beam was carried out in
1936 by Richard Beth at Princeton University.7 The ex-
periment was extremely demanding. A suspended quarter-
wave plate took angular momentum from a circularly po-
larized beam. The plate’s macroscopic size and
corresponding high moment of inertia, however, meant

Figure 1. Orbital angular momentum of a
light beam, unlike spin angular momentum,
is independent of the beam’s polarization. It

arises from helical phase fronts (left col-
umn), at which the Poynting vector (green

arrows) is no longer parallel to the beam
axis. At any fixed radius within the beam,
the Poynting vector follows a spiral trajec-

tory around the axis. Rows are labeled by !,
the orbital angular-momentum quantum

number. L = !\ is the beam’s orbital angular
momentum per photon. For each !, the left

column is a schematic snapshot of the
beam’s instantaneous phase. An instant later,
the phase advance is indistinguishable from
a small rotation of the beam. By themselves,
beams with helical wavefronts have simple

annular intensity profiles (center column).
But when such a beam is made to interfere

with a plane wave, it produces a telltale 
spiral intensity pattern (right column). 
The number of spiral arms equals the 

number ! of intertwined helical phase 
fronts of the helical beam. 

! = –1

! = 0

! = 1

! = 2

! = 3
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IV. EXPERIMENTS

To cover a large parameter range, we studied foil thick-
nesses from 3 lm to 20 lm in the experiments. Beside vary-
ing the target thickness, the beam shape was also varied:
from Gaussian for reference to the Laguerre-Gaussian-like
mode LG01. For reproducible measurements, the target foil
was always aligned to the best focal position. The energy of
the shots was varied within the 12 cm round subaperture of
the PHELIX beam, delivering 50 J–80 J of laser energy on
the target (for the Gaussian and the ring shaped beam). The
laser pulse duration was always held constant at sL¼ 650 fs.
We also had the opportunity to apply the new ultrafast opti-
cal parametric amplifier of PHELIX to conduct some experi-
ments with ultra-high temporal contrast.18 With this method
a temporal contrast level better than 10"10 is reached beside
the normal contrast level of PHELIX of about 10"7. This
was done to study the influence of the pre-plasma on the ion
acceleration.

First the comparison of ring and Gaussian focal spot
geometries and their effect on the maximum proton
energy in the TNSA regime are studied. This is illustrated in
Figure 5, where the maximum proton energy at the cut-off is
plotted against the calculated laser intensity. The laser inten-
sity is inferred from the measured focal spot size and the
on-shot measured laser energy. The focal spot size is meas-
ured at the FWHM for the Gaussian and the ring, while for
the latter the inner dark area is factored in. This is realized
by applying a mask at FWHM threshold level and measure
the area (count the pixel) that are above this limit. For the
two displayed focus images in Figure 3, this method yields
Aring¼ 5223 pixel for the ring and AGaus¼ 2299 pixel for the
Gaussian one. A particular care has been taken to minimize
the impact of on-shot aberrations. An adaptive optics loop

has been used and the beam wavefront is also recorded dur-
ing the shot to ensure that no large distortion happens to the
beam (see Figure 3 for on-shot focus images). Changing the
focal spot geometry from a Gaussian shaped to the smallest
ring focal spot with the SPE, the focus radius doubled and
therefore the intensity drops to a quarter if the energy of the
laser beam is kept constant (Figure 2). The variation in inten-
sity is induced by different energies delivered from the
PHELIX laser system. The maximum proton energy is meas-
ured with RCF stacks. A typical energy detection gap
between the last RCF films is about 2 MeV, and therefore, an
energy error of þ2 MeV is assumed for all shots.

It is observed that the data points with a Gaussian focal
spot (blue triangles) fit very well to a power scaling Ep;max

¼ a$ Ib
laser with b ¼ 0:73 6 0:04. The same power scaling

FIG. 3. Comparison of the on-shot
focal spots measured after the main-
amplifier, normalized to the intensity
of the Gaussian spot (b). (a) The hol-
low focus and (b) the Gaussian focus.
In (a), the effect of the remaining laser
aberrations is seen and modulate the
intensity by a factor of 2 on the ring.

FIG. 4. Sketch of the used experiment
setup.
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FIG. 5. The different focal spot geometries and their effect on the maximum
proton energy in the TNSA regime. With applied phase mask (LG01, green
circles) for laser beam shaping, a stronger coupling to the laser intensity can
be observed in comparison to the shots with the Gaussian focal spot (blue
triangles). The fit yield for the ring b ¼ 1:3260:08 and b ¼ 0:7360:04 for
the Gaussian case of the power scaling.

013105-3 Brabetz et al. Phys. Plasmas 22, 013105 (2015)

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
193.136.132.10 On: Sat, 18 Apr 2015 11:52:37

controlled by introducing a prepulse (fluence ≈103 J=cm2)
that ionizes the optically flat silica target at an adjustable
delay (between 0 and 5 ps) before the main pulse [25]. Its
value was measured using spatial domain interferometry
[26]. By controlling L, as well as the laser peak intensity I
(by adjusting the laser energy or the size of the main beam
with an aperture mask), we could favor one or the other of
the two identified high-order harmonic generation (HHG)
mechanisms for plasma mirrors [25], namely coherent
wake emission (CWE) or the relativistic oscillating mirror
(ROM). Different optical components could be inserted in
the path of the collimated beam before focusing by the
f ¼ 300 mm off-axis parabola. The laser beam was p
polarized and incident at 55° on target.
We created the UHI optical vortex by inserting a 80-mm-

diameter 1-mm-thick silica spiral phase plate in the
collimated beam. This 8-stair-step phase plate was designed
to induce a helical phase with a 2π variation per azimuthal
turn (l ¼ 1) at the central laser frequency. Figure 1 com-
pares the focal spots obtained with and without this spiral
phase plate, measured at low laser power for two diameters
of the apertured beam, ϕ ¼ 25 mm and ϕ ¼ 45 mm. As
expected, inserting the spiral phase plate leads to doughnut-
shaped focal spots. These spots, however, do not present a
perfect azimuthal symmetry, but rather a lobe structure due
to intensity inhomogeneities and residual phase aberrations
in the laser beam [21].
At full power, the nonlinear phase, accumulated by the

laser beam through this plate (B integral), is estimated to
1 rad, which is not expected to severely degrade the beam
spatial properties [21]. The annular focal spots of Figs. 1(b)
and 1(f) should thus, respectively, lead to peak intensities of
a few 1017 and 1019 W=cm2, high enough to drive HHG
from plasma mirrors in the CWE and ROM regimes,
respectively. We now confirm that such ultrahigh-intensity
optical vortices are obtained on target by measuring the
properties of the generated harmonic beams, using an
angularly resolved XUV spectrometer.
Spectrally resolved 1D angular profiles of the harmonic

beams, produced with the laser beam diaphragmed down to
ϕ¼25mm and ϕ¼45mm, are shown in Figs. 1(c) and 1(g).
These angular lineouts suggest that doughnut-shaped
harmonic beams have been generated. To confirm this
point, we rotated the solid target around its vertical axis
by a small angle ("45 mrad), thus sweeping the entire
harmonic beam across the spectrometer entrance slit with-
out affecting the generation conditions. By concatenating
the resulting collection of angular lineouts, we could then
recontruct the entire angular profile of each harmonic
beam [21]. The results of this procedure are presented in
Figs. 1(d) and 1(h) for the 12th harmonic, respectively, in
the CWE and ROM regimes. In both cases, the harmonic
beam presents a doughnut shape, although with an imper-
fect azimuthal symmetry, possibly reminiscent of that
observed on the laser beam focus. These results clearly

indicate that the laser beam focus on target indeed has
helical phase fronts at full power and that part of its OAM
has been transferred to the XUV beams. We now focus on
the physics of this transfer mediated by the plasma mirror.
Nonlinear processes driven by optical vortices have been

the subject of multiple investigations in the last decades. In
harmonic generation, the topological charge ln of the nth
harmonic beam is expected to be n times the one of the
driving laser, ln ¼ nl, based on two physical arguments.
First, as one harmonic photon is produced through the
annihilation of n laser photons, its OAM has to be n times
larger. Second, in any harmonic generation process, the
phase of the nth harmonic is n times that of the driving laser
field: when the laser phase varies by 2πl over one azimuthal
turn, the harmonic phase should thus vary by 2πln.
This conservation rule has been readily verified for low-

order harmonics [28,29]. Its extension to high-order har-
monics generated in gases at much higher intensities
(≈1014 W=cm2) has been somewhat controversial: while
theoretical studies [30] and the latest experiments [31,32]
confirmed this conservation rule, the first experiment in this
regime rather suggested that ln ¼ l [33]—an unexpected
result that has been attributed to the effect of propagation
through the extended generation medium. Such potential
complications are totally avoided in the present experiment,
as the interaction occurs at an extremely steep plasma-
vacuum interface. Plasma mirrors are thus ideal to study the
conservation of OAM in HHG at extreme laser intensities.

FIG. 1. Left panels: laser focal spots measured without (a),(e)
and with (b),(f) the spiral phase plate in the path of a ϕ − 25 mm
(up) and ϕ − 45 mm (down) diameter laser beam. The bar scale
indicates a length of 10 μm. Central panels: raw images of the
spectrally resolved high-order harmonic 1D angular profiles at
θx ¼ 0 mrad, produced by the UHI vortices in the CWE (panel c,
L ≈ λ=70 and I ≈ 5.1017 W=cm2), and ROM (panel g, L ≈ λ=15
and I ≈ 1019 W=cm2) regimes. These values of L were deter-
mined using the SDI interferometric technique described in [26].
Right panels: reconstructed 2D angular intensity profile of the
12th CWE (d) and ROM (h) harmonic beams.
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High intensity twisted light from plasma mirrors

PW twisted laser for ion acceleration

	 .	 C. Brabetz et al., PoP     
22, 013102 (2015). 

Goal: to propose new configuration that allows transfer the angular momentum of the laser 
to a relativistic plasma wakefield carrying OAM
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Conditions to excite a twisted wakefield

OAM transfer requires different photons (with 
different frequencies) carrying different OAM levels 

superimposed with an appropriate phase relationship,
their interference results in an azimuthal wavepacket:
light is then localized around a given angle θ0, indepen-
dent of time. In the case of the LS, each LG mode is now
associated with a different frequency ω [Eq. (2)], so that
their relative phases vary linearly in time. This relative
phase variation leads to a rotation of the azimuthal wave-
packet in time, i.e., θ0 ∝ t. We can therefore expect the
intensity profile of an LS to form an helix in space–time
[Figs. 1(b) and 1(c) and 2(b) and 2(c)].
We now study the structure of this helix. The E-field of

a LS in space and time is determined by the following
Fourier transform:

E!θ; z; t" ∝
Z

dωEl!ω"!θ; z;ω"e−iωt; (3)

∝
Z

dωjEl!ω"je−iωt#iφl!ω" ; (4)

with φl given by Eq. (1) and l!ω" given by Eq. (2).
Intensity maxima occur whenever the phase −ωt# φl!ω"
of the integrand is stationary with respect to the integra-
tion variable ω, leading to the condition t $ ∂φl!ω"∕∂ω. A
straightforward calculation provides the following loca-
tions θ0!t; z" of the pulse maxima in space and time:

θ0!t; z" $
Δω
Δl

!
t −

z
c

"
% χ!z"; (5)

where the sign of the last term is opposite to the sign of
Δl. The intensity profile is thus indeed an helix, with a
temporal pitch of Δτ0 $ 2πΔl∕Δω $ Δlτ at any given z,
where τ $ 2π∕Δω is the Fourier transform limited dura-
tion of the pulse. Neglecting the Gouy phase in Eq. (5),
the spatial pitch at any given t is Δz ≈ cΔτ0. This profile
thus forms a “spring” in space, that essentially translates
as it propagates, simply performing half a turn around its
axis as it goes through focus, due to the π variation of the
Gouy phase χ!z" [10].
We now derive the exact temporal structure of

LS at a given position z, assuming, for simplicity, a flat
spectral phase. We can rewrite Eq. (4) as

E!θ; t" ∝ ei!l0θ−ω0t"
Z

dωjEl!ω"je−i!ω−ω0"!t−Δl
Δωθ"; (6)

∝ ei!l0θ−ω0t"A!t − τ0!θ""; (7)

where A!t" $
R
dωjEl!ω"je−i!ω−ω0"t is the local temporal

envelope of the ultrashort pulse, and τ0!θ" $ !Δl∕Δω"θ
is its local arrival time. This shows that the local temporal
structure of the pulse is unaffected by the introduction of
the STC. It still forms an ultrashort pulse of duration τ
anywhere in space, but the arrival time τ0 of this pulse
now varies azimuthally, leading to the formation of an
intensity helix. According to Eq. (7), this helix is inter-
twined with the usual helical structure of the wavefronts
of a LG beam with mode index l0 (see Media 1).

We now discuss the practical issue of the generation of
the LS, which will naturally lead us to separate them into
different subclasses. The easiest way to generate a LS is
to pass a normal ultrashort beam through a spiral wave-
plate, similar to those used to produce the usual LG
beams [4], but now with a larger azimuthal variation of
the plate thickness. For a phase velocity vφ!ω" and a
thickness variation e!θ" $ Δeθ∕2π, this induces helical
wavefronts corresponding to a mode index l0 $
&c∕vφ!ω0" − 1'Δe∕cT0 at the central frequency ω0 $
2π∕T0. But due to its group velocity vg ≠ c, it also induces
an azimuthal group delay τ0!θ" $ &c∕vg − 1'e!θ"∕c.
According to Eq. (7), such an azimuthal group delay is
equivalent to Eq. (2) when expressed in the frequency
domain, with Δl given by Δl $ &c∕vg − 1'Δe∕cτ. This
shows that the usual spiral waveplates, when used with
ultrashort light sources, produce good approximations of
a simple LG beam of a given l0 as long as Δe ∼ cT0 ≪ cτ,
but that they generate LS as soon as Δe ∼ cτ. Note that
the independent control of Δl and l0 is not possible with
such a single waveplate, but should be possible with
additional optical elements, such as adaptive helical
mirrors [11].

Passing an ultrashort beam through such a waveplate
produces only a single coil of light spring, such as the one
displayed in Fig. 1(b). This beam has a continuous fre-
quency spectrum, across which l!ω" also varies continu-
ously [Fig. 1(a)]. For most frequencies, l!ω" therefore
takes noninteger values that correspond to spatial modes

Fig. 1. Example of a single coil of a light spring. (a) Pulse spectral intensity (black line, corresponding to τ $ 25 fs) and the varia-
tion of the azimuthal mode index l as a function of frequency (red line, corresponding to Δτ0 $ 4τ $ 100 fs). (b) Spatio-temporal
intensity profile of the pulsed beam obtained by superimposing LG modes with a continuously varying index l correlated to their
frequency, as in panel (a). (c) Spatio-temporal intensity profile obtained after propagating this beam up to a focus. The main graphs
of (b) and (c) show the isosurface corresponding to 20% of the peak intensity, while the side panels show the marginals of the
intensity profile in the different subspaces.
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with fractional OAM. These beams are not solutions of
the paraxial wave equation, and are thus known to distort
as they propagate [12]. When considering the beam in
space–time [Fig. 1(b)], the origin of this distortion upon
propagation becomes obvious: it arises from the spatial
singularities that occur at the front and rear temporal
edges of the beam, which lead to diffraction. This, how-
ever, only affects these temporal edges, and diffraction
smooths these singularities at focus, while the overall
helical intensity structure is preserved, as illustrated in
Fig. 1(c).
Once a single coil has been produced, a complete LS

[Figs. 2(b) and 2(c)] can be obtained simply by piling up
such coils. This is most naturally achieved by passing this
coil through a Fabry–Perot etalon, with a free spectral
range given by ΔωFP ! pΔω∕Δl, with p as an integer.
This etalon produces a train of replicas of the initial coil,
with a time period ΔTFP ! 2π∕ΔωFP ! Δτ0∕p, where
Δτ0 ! 2πΔl∕Δω is the pitch of the coil. If p ! 1, the rear
end of the ith replica perfectly matches with the front
end of the (i" 1)th replica, and a multiple-coil LS is
formed, such as the one displayed in Fig. 2(b). If
p > 1, the pitch of the initial coil is an integer multiple
of ΔTFP. In this case, the optical system produces what
we call a LS of pth-order, consisting of p intertwined
intensity helices of pitch Δτ0, such as the one displayed
in Fig. 2(c) for p ! 2. The total length of these LS is
determined by the finesse of the etalon.
It is highly instructive to also analyze this configuration

in the frequency domain. Starting from a pulse with a
continuous spectrum, an etalon produces a spectrum
consisting of a set of discrete spectral lines [Fig. 2(a)],
separated by the free spectral range ΔωFP. The condition
ΔωFP ! pΔω∕Δl implies that the azimuthal mode index
l#ω$ varies by the integer p between two consecutive
spectral lines. If the optical system is adjusted in such
a way that l#ω$ is an integer for one of these spectral
lines, then it will also be an integer for all of the others.
The laser field E#θ; t$ then takes a very simple form:

E#θ; t$ ∝
X

n

ein#pθ"ΔωFPt$; (8)

where the index n accounts for the multiple spectral lines
produced by the etalon inside the bandwidth of the
initial ultrashort pulse. It is easily shown that Eq. (8)

corresponds to an intensity profile formed of p inter-
twined helices. Compared to the single coil, this configu-
ration eliminates all modes with fractional OAMs, and
thus guarantees that the complete LS propagates without
any distortion.

There are other possible ways of generating light
springs, which illustrates different circumstances where
this general class of beams is relevant. One example are
the optical ferris wheels described in [13] for applications
in ultracold atoms physics. These are particular cases of
light springs with a very large pitch (>100 ns), which is
obtained by superimposing only two LG beams of slightly
different frequencies with different mode indices l1 and
l2, leading to jl1 − l2j intertwined helices.

In a totally different context, intertwined LS are natu-
rally produced when some nonlinear optical processes
are driven with the usual LG beams. This is the case
of high-order harmonic generation (HHG) at high laser
intensities, associated in the time domain with the gen-
eration of trains of attosecond pulses. Indeed, when a
LG laser beam of frequency ωi and index li is used for
HHG in gases, for instance, the nth harmonic forms a
LG beam of index l#ω ! nωi$ ! nli [14,15], as expected
from conservation rules. This harmonic spectral comb
then exactly corresponds to the case sketched in
Fig. 2(a), i.e., a set of discrete spectral lines, with an in-
teger variation δnli of l#ω$ between two successive lines,
where δn is the order difference between the successive
harmonics in the spectrum. In the time domain, the asso-
ciated train of attosecond pulses therefore has the struc-
ture of a LS of order δnli. The pitch of any of the
individual intensity helices is the slope of l#ω$ multiplied
by 2π, and thus equals liT0 (T0 being the laser optical
period). The number of intertwined helices corresponds
to the variation of l#ω$ between the successive harmon-
ics. Thus, there are δnli helices, the combination of which
results in attosecond pulse trains of period T0∕δn at any
given position in the beam [see Fig. 2(c)]. It is precisely
such LS that are observed in Fig. 4 of [14], that present
numerical simulations of HHG in gases (for which
δn ! 2) with a li ! 1 LG laser beam. For a many-cycle
driving pulse, an attosecond light spring of order δnli !
2 is produced (Fig. 4(a) of [14]), while two separate single
coils of LSs are generated for a few-cycle laser pulse
(Fig. 4(b) of [14]). Such attosecond light springs remain
to be observed experimentally.

Fig. 2. Examples of ultrashort light springs. (a) Pulse spectrum (corresponding to a train of 25 fs pulses), and two different var-
iations of l with ω (corresponding to Δτ0 ! 2τ ! 50 fs in red, and Δτ0 ! 4τ ! 100 fs in blue). In both cases, the l index takes integer
values for all frequency modes. (b) Spatio-temporal intensity profiles of a first-order LS, corresponding to the red variation of l in (a),
and (c) of a second-order LS, corresponding to the blue variation of l in (a) (same displays as in Fig. 1).
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with fractional OAM. These beams are not solutions of
the paraxial wave equation, and are thus known to distort
as they propagate [12]. When considering the beam in
space–time [Fig. 1(b)], the origin of this distortion upon
propagation becomes obvious: it arises from the spatial
singularities that occur at the front and rear temporal
edges of the beam, which lead to diffraction. This, how-
ever, only affects these temporal edges, and diffraction
smooths these singularities at focus, while the overall
helical intensity structure is preserved, as illustrated in
Fig. 1(c).
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This etalon produces a train of replicas of the initial coil,
with a time period ΔTFP ! 2π∕ΔωFP ! Δτ0∕p, where
Δτ0 ! 2πΔl∕Δω is the pitch of the coil. If p ! 1, the rear
end of the ith replica perfectly matches with the front
end of the (i" 1)th replica, and a multiple-coil LS is
formed, such as the one displayed in Fig. 2(b). If
p > 1, the pitch of the initial coil is an integer multiple
of ΔTFP. In this case, the optical system produces what
we call a LS of pth-order, consisting of p intertwined
intensity helices of pitch Δτ0, such as the one displayed
in Fig. 2(c) for p ! 2. The total length of these LS is
determined by the finesse of the etalon.
It is highly instructive to also analyze this configuration

in the frequency domain. Starting from a pulse with a
continuous spectrum, an etalon produces a spectrum
consisting of a set of discrete spectral lines [Fig. 2(a)],
separated by the free spectral range ΔωFP. The condition
ΔωFP ! pΔω∕Δl implies that the azimuthal mode index
l#ω$ varies by the integer p between two consecutive
spectral lines. If the optical system is adjusted in such
a way that l#ω$ is an integer for one of these spectral
lines, then it will also be an integer for all of the others.
The laser field E#θ; t$ then takes a very simple form:

E#θ; t$ ∝
X

n

ein#pθ"ΔωFPt$; (8)

where the index n accounts for the multiple spectral lines
produced by the etalon inside the bandwidth of the
initial ultrashort pulse. It is easily shown that Eq. (8)

corresponds to an intensity profile formed of p inter-
twined helices. Compared to the single coil, this configu-
ration eliminates all modes with fractional OAMs, and
thus guarantees that the complete LS propagates without
any distortion.
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this general class of beams is relevant. One example are
the optical ferris wheels described in [13] for applications
in ultracold atoms physics. These are particular cases of
light springs with a very large pitch (>100 ns), which is
obtained by superimposing only two LG beams of slightly
different frequencies with different mode indices l1 and
l2, leading to jl1 − l2j intertwined helices.

In a totally different context, intertwined LS are natu-
rally produced when some nonlinear optical processes
are driven with the usual LG beams. This is the case
of high-order harmonic generation (HHG) at high laser
intensities, associated in the time domain with the gen-
eration of trains of attosecond pulses. Indeed, when a
LG laser beam of frequency ωi and index li is used for
HHG in gases, for instance, the nth harmonic forms a
LG beam of index l#ω ! nωi$ ! nli [14,15], as expected
from conservation rules. This harmonic spectral comb
then exactly corresponds to the case sketched in
Fig. 2(a), i.e., a set of discrete spectral lines, with an in-
teger variation δnli of l#ω$ between two successive lines,
where δn is the order difference between the successive
harmonics in the spectrum. In the time domain, the asso-
ciated train of attosecond pulses therefore has the struc-
ture of a LS of order δnli. The pitch of any of the
individual intensity helices is the slope of l#ω$ multiplied
by 2π, and thus equals liT0 (T0 being the laser optical
period). The number of intertwined helices corresponds
to the variation of l#ω$ between the successive harmon-
ics. Thus, there are δnli helices, the combination of which
results in attosecond pulse trains of period T0∕δn at any
given position in the beam [see Fig. 2(c)]. It is precisely
such LS that are observed in Fig. 4 of [14], that present
numerical simulations of HHG in gases (for which
δn ! 2) with a li ! 1 LG laser beam. For a many-cycle
driving pulse, an attosecond light spring of order δnli !
2 is produced (Fig. 4(a) of [14]), while two separate single
coils of LSs are generated for a few-cycle laser pulse
(Fig. 4(b) of [14]). Such attosecond light springs remain
to be observed experimentally.

Fig. 2. Examples of ultrashort light springs. (a) Pulse spectrum (corresponding to a train of 25 fs pulses), and two different var-
iations of l with ω (corresponding to Δτ0 ! 2τ ! 50 fs in red, and Δτ0 ! 4τ ! 100 fs in blue). In both cases, the l index takes integer
values for all frequency modes. (b) Spatio-temporal intensity profiles of a first-order LS, corresponding to the red variation of l in (a),
and (c) of a second-order LS, corresponding to the blue variation of l in (a) (same displays as in Fig. 1).
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superimposed with an appropriate phase relationship,
their interference results in an azimuthal wavepacket:
light is then localized around a given angle θ0, indepen-
dent of time. In the case of the LS, each LG mode is now
associated with a different frequency ω [Eq. (2)], so that
their relative phases vary linearly in time. This relative
phase variation leads to a rotation of the azimuthal wave-
packet in time, i.e., θ0 ∝ t. We can therefore expect the
intensity profile of an LS to form an helix in space–time
[Figs. 1(b) and 1(c) and 2(b) and 2(c)].
We now study the structure of this helix. The E-field of

a LS in space and time is determined by the following
Fourier transform:

E!θ; z; t" ∝
Z

dωEl!ω"!θ; z;ω"e−iωt; (3)

∝
Z

dωjEl!ω"je−iωt#iφl!ω" ; (4)

with φl given by Eq. (1) and l!ω" given by Eq. (2).
Intensity maxima occur whenever the phase −ωt# φl!ω"
of the integrand is stationary with respect to the integra-
tion variable ω, leading to the condition t $ ∂φl!ω"∕∂ω. A
straightforward calculation provides the following loca-
tions θ0!t; z" of the pulse maxima in space and time:

θ0!t; z" $
Δω
Δl

!
t −

z
c

"
% χ!z"; (5)

where the sign of the last term is opposite to the sign of
Δl. The intensity profile is thus indeed an helix, with a
temporal pitch of Δτ0 $ 2πΔl∕Δω $ Δlτ at any given z,
where τ $ 2π∕Δω is the Fourier transform limited dura-
tion of the pulse. Neglecting the Gouy phase in Eq. (5),
the spatial pitch at any given t is Δz ≈ cΔτ0. This profile
thus forms a “spring” in space, that essentially translates
as it propagates, simply performing half a turn around its
axis as it goes through focus, due to the π variation of the
Gouy phase χ!z" [10].
We now derive the exact temporal structure of

LS at a given position z, assuming, for simplicity, a flat
spectral phase. We can rewrite Eq. (4) as

E!θ; t" ∝ ei!l0θ−ω0t"
Z

dωjEl!ω"je−i!ω−ω0"!t−Δl
Δωθ"; (6)

∝ ei!l0θ−ω0t"A!t − τ0!θ""; (7)

where A!t" $
R
dωjEl!ω"je−i!ω−ω0"t is the local temporal

envelope of the ultrashort pulse, and τ0!θ" $ !Δl∕Δω"θ
is its local arrival time. This shows that the local temporal
structure of the pulse is unaffected by the introduction of
the STC. It still forms an ultrashort pulse of duration τ
anywhere in space, but the arrival time τ0 of this pulse
now varies azimuthally, leading to the formation of an
intensity helix. According to Eq. (7), this helix is inter-
twined with the usual helical structure of the wavefronts
of a LG beam with mode index l0 (see Media 1).

We now discuss the practical issue of the generation of
the LS, which will naturally lead us to separate them into
different subclasses. The easiest way to generate a LS is
to pass a normal ultrashort beam through a spiral wave-
plate, similar to those used to produce the usual LG
beams [4], but now with a larger azimuthal variation of
the plate thickness. For a phase velocity vφ!ω" and a
thickness variation e!θ" $ Δeθ∕2π, this induces helical
wavefronts corresponding to a mode index l0 $
&c∕vφ!ω0" − 1'Δe∕cT0 at the central frequency ω0 $
2π∕T0. But due to its group velocity vg ≠ c, it also induces
an azimuthal group delay τ0!θ" $ &c∕vg − 1'e!θ"∕c.
According to Eq. (7), such an azimuthal group delay is
equivalent to Eq. (2) when expressed in the frequency
domain, with Δl given by Δl $ &c∕vg − 1'Δe∕cτ. This
shows that the usual spiral waveplates, when used with
ultrashort light sources, produce good approximations of
a simple LG beam of a given l0 as long as Δe ∼ cT0 ≪ cτ,
but that they generate LS as soon as Δe ∼ cτ. Note that
the independent control of Δl and l0 is not possible with
such a single waveplate, but should be possible with
additional optical elements, such as adaptive helical
mirrors [11].

Passing an ultrashort beam through such a waveplate
produces only a single coil of light spring, such as the one
displayed in Fig. 1(b). This beam has a continuous fre-
quency spectrum, across which l!ω" also varies continu-
ously [Fig. 1(a)]. For most frequencies, l!ω" therefore
takes noninteger values that correspond to spatial modes

Fig. 1. Example of a single coil of a light spring. (a) Pulse spectral intensity (black line, corresponding to τ $ 25 fs) and the varia-
tion of the azimuthal mode index l as a function of frequency (red line, corresponding to Δτ0 $ 4τ $ 100 fs). (b) Spatio-temporal
intensity profile of the pulsed beam obtained by superimposing LG modes with a continuously varying index l correlated to their
frequency, as in panel (a). (c) Spatio-temporal intensity profile obtained after propagating this beam up to a focus. The main graphs
of (b) and (c) show the isosurface corresponding to 20% of the peak intensity, while the side panels show the marginals of the
intensity profile in the different subspaces.
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Generation of an ultra-short light spring

Mathematical model for simulations and theory
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superimposed with an appropriate phase relationship,
their interference results in an azimuthal wavepacket:
light is then localized around a given angle θ0, indepen-
dent of time. In the case of the LS, each LG mode is now
associated with a different frequency ω [Eq. (2)], so that
their relative phases vary linearly in time. This relative
phase variation leads to a rotation of the azimuthal wave-
packet in time, i.e., θ0 ∝ t. We can therefore expect the
intensity profile of an LS to form an helix in space–time
[Figs. 1(b) and 1(c) and 2(b) and 2(c)].
We now study the structure of this helix. The E-field of

a LS in space and time is determined by the following
Fourier transform:

E!θ; z; t" ∝
Z

dωEl!ω"!θ; z;ω"e−iωt; (3)

∝
Z

dωjEl!ω"je−iωt#iφl!ω" ; (4)

with φl given by Eq. (1) and l!ω" given by Eq. (2).
Intensity maxima occur whenever the phase −ωt# φl!ω"
of the integrand is stationary with respect to the integra-
tion variable ω, leading to the condition t $ ∂φl!ω"∕∂ω. A
straightforward calculation provides the following loca-
tions θ0!t; z" of the pulse maxima in space and time:

θ0!t; z" $
Δω
Δl

!
t −

z
c

"
% χ!z"; (5)

where the sign of the last term is opposite to the sign of
Δl. The intensity profile is thus indeed an helix, with a
temporal pitch of Δτ0 $ 2πΔl∕Δω $ Δlτ at any given z,
where τ $ 2π∕Δω is the Fourier transform limited dura-
tion of the pulse. Neglecting the Gouy phase in Eq. (5),
the spatial pitch at any given t is Δz ≈ cΔτ0. This profile
thus forms a “spring” in space, that essentially translates
as it propagates, simply performing half a turn around its
axis as it goes through focus, due to the π variation of the
Gouy phase χ!z" [10].
We now derive the exact temporal structure of

LS at a given position z, assuming, for simplicity, a flat
spectral phase. We can rewrite Eq. (4) as

E!θ; t" ∝ ei!l0θ−ω0t"
Z

dωjEl!ω"je−i!ω−ω0"!t−Δl
Δωθ"; (6)

∝ ei!l0θ−ω0t"A!t − τ0!θ""; (7)

where A!t" $
R
dωjEl!ω"je−i!ω−ω0"t is the local temporal

envelope of the ultrashort pulse, and τ0!θ" $ !Δl∕Δω"θ
is its local arrival time. This shows that the local temporal
structure of the pulse is unaffected by the introduction of
the STC. It still forms an ultrashort pulse of duration τ
anywhere in space, but the arrival time τ0 of this pulse
now varies azimuthally, leading to the formation of an
intensity helix. According to Eq. (7), this helix is inter-
twined with the usual helical structure of the wavefronts
of a LG beam with mode index l0 (see Media 1).

We now discuss the practical issue of the generation of
the LS, which will naturally lead us to separate them into
different subclasses. The easiest way to generate a LS is
to pass a normal ultrashort beam through a spiral wave-
plate, similar to those used to produce the usual LG
beams [4], but now with a larger azimuthal variation of
the plate thickness. For a phase velocity vφ!ω" and a
thickness variation e!θ" $ Δeθ∕2π, this induces helical
wavefronts corresponding to a mode index l0 $
&c∕vφ!ω0" − 1'Δe∕cT0 at the central frequency ω0 $
2π∕T0. But due to its group velocity vg ≠ c, it also induces
an azimuthal group delay τ0!θ" $ &c∕vg − 1'e!θ"∕c.
According to Eq. (7), such an azimuthal group delay is
equivalent to Eq. (2) when expressed in the frequency
domain, with Δl given by Δl $ &c∕vg − 1'Δe∕cτ. This
shows that the usual spiral waveplates, when used with
ultrashort light sources, produce good approximations of
a simple LG beam of a given l0 as long as Δe ∼ cT0 ≪ cτ,
but that they generate LS as soon as Δe ∼ cτ. Note that
the independent control of Δl and l0 is not possible with
such a single waveplate, but should be possible with
additional optical elements, such as adaptive helical
mirrors [11].

Passing an ultrashort beam through such a waveplate
produces only a single coil of light spring, such as the one
displayed in Fig. 1(b). This beam has a continuous fre-
quency spectrum, across which l!ω" also varies continu-
ously [Fig. 1(a)]. For most frequencies, l!ω" therefore
takes noninteger values that correspond to spatial modes

Fig. 1. Example of a single coil of a light spring. (a) Pulse spectral intensity (black line, corresponding to τ $ 25 fs) and the varia-
tion of the azimuthal mode index l as a function of frequency (red line, corresponding to Δτ0 $ 4τ $ 100 fs). (b) Spatio-temporal
intensity profile of the pulsed beam obtained by superimposing LG modes with a continuously varying index l correlated to their
frequency, as in panel (a). (c) Spatio-temporal intensity profile obtained after propagating this beam up to a focus. The main graphs
of (b) and (c) show the isosurface corresponding to 20% of the peak intensity, while the side panels show the marginals of the
intensity profile in the different subspaces.
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Panofksy-Wenzel theorem OAM wakefield

Twisted wakefield structure
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Relativistic beams accelerated in OAM wakes

Hamiltonian formulation
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Twisted wakefield structure

Hamilton’s equations
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Beams have a vortex density structure

Vortex beam electrons move as 
a twisted ray of light
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Energy gain of the vortex beam

Reduced dephasing length

Transverse slide of longitudinal wakefield

Dephasing along the axial direction and also 
along the azimutal direction eθ	
!
Particles dragged along eθ due to the new 
azimuthal wakefield component Eθ
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Light springs spins in a plasma channel

Time
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Wakefield phase velocity depends the relative orientation between 
these two rotational directions

Two key directions set wakefield response:	
rotation orientation: set by the OAM of light spring modes	

OAM orientation: set by the OAM difference between light spring modes
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Tuneable phase velocities
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Energy gain control beyond planar wakefields

Energy gain control
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Light spring laser pulses as drivers for twisted plasma waves

Generation of relativistic vortex bunches with quantised OAM levels 

Rotation of light spring enable all optical control of the wake phase velocity 

Conclusions and future directions

Additional questions motivated by this work 

wakefield excitation by relativistic vortex bunches	
twisted THz generation using vortex beams	
vortex bunch magnetic moments and interaction with magnetic fields	
…

Plasma wave topology is a new degree of freedom that impacts 
accelerators and light sources
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