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Power	
  spectrum	
  norm	
  :	
  σ8	
  

•  R.M.S.	
  density	
  contrast	
  in	
  R=8h-­‐1Mpc	
  

•  Value	
  ~1	
  –	
  in	
  fact	
  approx	
  0.8	
  

•  Related	
  to	
  AS	
  
	
  -­‐	
  plus	
  other	
  cosmological	
  parameters	
  relaRng	
  large	
  and	
  small	
  scales	
  

σ2
R = 4π

∫ dk

k
k3P(k)[W (kR)]2

Filter	
  funcRon	
  for	
  a	
  
sphere	
  of	
  radius	
  R	
  



AcRve	
  neutrinos	
  :	
  textbook	
  stuff	
  

!  Decoupling	
  

!  Fermi-­‐Dirac	
  Temperature	
  

!  Number	
  Density	
  for	
  each	
  flavour	
  

!  ContribuRon	
  to	
  the	
  energy	
  density	
  budget	
  
Ωνh2 =

∑
mν

94.1 eV

nν = nν̄ ≈ 56 cm−3

Tdec ≈ 1MeV

Tν =
( 4

11

)1/3
TCMB = 1.945K = 1.676 × 10−4 eV/kB



Impact	
  on	
  cosmological	
  observables	
  

!  One	
  parameter	
  :	
  

!  ContribuRon	
  to	
  the	
  energy	
  density	
  

!  EvoluRon	
  of	
  perturbaRons	
  

∑
mν

SensiRvity	
  to	
  individual	
  	
  
masses	
  is	
  limited	
  	
  

Changes	
  the	
  Rme	
  of	
  equal-­‐ma*er	
  radiaRon	
  

Neutrinos	
  are	
  “hot”	
  and	
  therefore	
  free	
  stream	
  

They	
  do	
  not	
  fall	
  into	
  potenRal	
  wells	
  unRl	
  they	
  become	
  non-­‐relaRvisRc	
  



Sterile	
  Neutrinos	
  

!  Effects	
  governed	
  by	
  two	
  parameters	
  
	
  -­‐	
  Neff	
  and	
  mν	



!  Neff>3	
  	
  -­‐	
  effecRve	
  number	
  of	
  neutrinos	
  
-­‐	
  not	
  necessarily	
  an	
  integer:	
  parRal	
  thermalizaRon	
  
-­‐	
  governs	
  contribuRon	
  to	
  energy	
  density	
  

!  Mν	



	
  -­‐	
  impacts	
  perturbaRons	
  via	
  rel	
  v	
  non-­‐rel	
  

!  Specific	
  models	
  link	
  the	
  two	
  parameters	
  



Observables	
  :	
  CMB	
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Observables	
  :	
  CMB	
  

Temperature	
  power	
  spectrum	
  
	
  –	
  where	
  the	
  most	
  reliable	
  constraints	
  come	
  from	
  	
  

large	
  scales	
  	
   small	
  scales	
  	
  



Observables	
  :	
  CMB	
  

Temperature-­‐polarizaRon	
  	
  
cross	
  power	
  spectrum	
  

E-­‐mode	
  polarizaRon	
  	
  
power	
  spectrum	
  



SensiRvity	
  of	
  CMB	
  to	
  neutrinos	
  

σ8=0.80	
  ,	
  Σmν=0.0	
  eV	
  
σ8=0.70	
  ,	
  Σmν=0.0	
  eV	
  
σ8=0.70	
  ,	
  Σmν=0.2	
  eV	
  
σ8=0.67	
  ,	
  Σmν=0.5	
  eV	
  



Observables	
  :	
  ma*er	
  power	
  spectrum	
  

large	
  scales	
  	
   small	
  scales	
  	
  

Scales	
  	
  
measured	
  	
  
by	
  CMB	
  

LSS	
  probes	
  



Impact	
  of	
  massive	
  neutrinos	
  

F	
  

F	
  

∆P

P
≈ −8

Ων

Ωm
for k > kFS



Probing	
  the	
  ma*er	
  power	
  spectrum	
  

•  Galaxy	
  redshie	
  surveys	
  	
  

•  Lensing	
  effects	
  
-­‐	
  CMB	
  temperature	
  anisotropies	
  lensing	
  
	
  -­‐	
  Cosmic	
  shear	
  (weak	
  lensing	
  of	
  galaxy	
  shapes)	
  
	
  -­‐	
  CMB	
  polarizaRon	
  lensing	
  

•  Cluster	
  counts	
  	
  
-­‐	
  Using	
  the	
  SZ	
  effect,	
  X-­‐ray	
  or	
  opRcal	
  

•  Redshie	
  space	
  distorRons	
  

•  …	
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Large	
  scale	
  structure	
  probes	
  	
  

Typically	
  constrain	
  :	
  

s8 = σ8

( Ωm

0.30

)0.5

Amplitude	
  of	
  perturbaRons	
  	
  

Amount	
  of	
  ma*er	
  	
  
in	
  the	
  Universe	
  



Ruling	
  out	
  of	
  pure	
  HDM	
  &	
  pure	
  CDM	
  

HDM	
   ΛCDM	
  

8	
  h-­‐1Mpc	
  



Limit	
  on	
  the	
  sum	
  of	
  neutrino	
  masses	
  

  

Neutrino dark matter...

Normal 
hierarchy Inverted 

hierarchy

matm

2 ~10
−3

eV
2 msun

2 ~10
−5

eV
2

● Neutrino oscillations:

min∑m~0.05 eV

min∑m~0.05 eVmin~0.1%

Mininum amount of 
neutrino dark matter

Credit	
  :	
  Y.	
  Wong	
  



!!!	
  Health	
  Warning	
  !!!	
  

!  All	
  cosmological	
  limits	
  on	
  neutrino	
  masses	
  are	
  
model	
  dependent	
  	
  

!  Standard	
  cosmological	
  limits	
  on	
  all	
  other	
  
parameters	
  are	
  sensiRve	
  to	
  neutrino	
  history	
  

!  At	
  the	
  moment 	
   	
   	
   	
   	
   	
  is	
  used	
  with	
  2	
  
equal	
  masses	
  and	
  1	
  zero	
  mass	
  	
  

!  Probes	
  of	
  LSS	
  are	
  less	
  mature	
  at	
  the	
  moment	
  

∑
mν = 0.06 eV



Planck	
  2015	
  results	
  

Three	
  separate	
  probes	
  of	
  cosmology	
  !	
  	
  



Primary	
  CMB	
  measurements	
  

+	
  low	
  P	
  :	
  large	
  scale	
  polarizaRon	
  



CMB	
  lensing	
  power	
  spectrum	
  
Planck Collaboration: Gravitational lensing by large-scale structures with Planck
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Fig. 6 Planck 2015 full-mission MV lensing potential power spectrum measurement, as well as earlier measurements using the
Planck 2013 nominal-mission temperature data (Planck Collaboration XVII 2014), the South Pole Telescope (SPT, van Engelen
et al. 2012), and the Atacama Cosmology Telescope (ACT, Das et al. 2014). The fiducial ⇤CDM theory power spectrum based on
the parameters given in Sect. 2 is plotted as the black solid line.

• The optical depth to reionization is fixed to ⌧ = 0.07, because
lensing deflections are independent of reionization (and scat-
tering and subsequent lensing from sources at reionization is
negligible).
• The baryon density is given a Gaussian 1� prior ⌦bh2 =

0.0223 ± 0.0009, as measured independently from big bang
nucleosynthesis models combined with quasar absorption
line observations (Pettini & Cooke 2012).
• The scalar spectral index is given a broad prior ns = 0.96 ±

0.02; results are only weakly sensitive to this choice, within
plausible bounds.
• A top-hat prior is used for the reduced Hubble constant,

0.4 < h < 1. This limits the extent of the parameter degener-
acy, but does not a↵ect the results over the region of interest
for joint constraints.
In addition to the priors above, we adopt the same sampling

priors and methodology as Planck Collaboration XIII (2016),†
using CosmoMC and camb for sampling and theoretical predic-
tions (Lewis & Bridle 2002; Lewis et al. 2000). In the ⇤CDM
model, as well as ⌦bh2 and ns, we sample As, ⌦ch2, and the
(approximate) acoustic-scale parameter ✓MC. Alternatively, we
can think of our lensing-only results as constraining the sub-
space of ⌦m, H0, and �8. Figure 7 shows the corresponding
constraints from CMB lensing, along with tighter constraints
from combining with additional external baryon acoustic oscil-
lation (BAO) data, compared to the constraints from the Planck
CMB power spectra. The contours overlap in a region of accept-
able Hubble constant values, and hence are compatible. To show
† For example, we split the neutrino component into approximately

two massless neutrinos and one with
P

m⌫ = 0.06 eV, by default.

the multi-dimensional overlap region more clearly, the red con-
tours show the lensing constraint when restricted to a reduced-
dimensionality space with ✓MC fixed to the value accurately mea-
sured by the CMB power spectra; the intersection of the red and
black contours gives a clearer visual indication of the consis-
tency region in the ⌦m–�8 plane.

The lensing-only constraint defines a band in the ⌦m–�8
plane, with the well-constrained direction corresponding ap-
proximately to the constraint

�8⌦
0.25
m = 0.591 ± 0.021 (lensing only; 68 %). (13)

This parameter combination is measured with approximately
3.5% precision.

The dependence of the lensing potential power spectrum on
the parameters of the ⇤CDM model is discussed in detail in
Appendix E; see also Pan et al. (2014). Here, we aim to use
simple physical arguments to understand the parameter degen-
eracies of the lensing-only constraints. In the flat ⇤CDM model,
the bulk of the lensing signal comes from high redshift (z > 0.5)
where the Universe is mostly matter-dominated (so potentials are
nearly constant), and from lenses that are still nearly linear. For
fixed CMB (monopole) temperature, baryon density, and ns, in
the ⇤CDM model the broad shape of the matter power spectrum
is determined mostly by one parameter, keq ⌘ aeqHeq / ⌦mh2.
The matter power spectrum also scales with the primordial am-
plitude As; keeping As fixed, but increasing keq, means that the
entire spectrum shifts sideways so that lenses of the same typ-
ical potential depth  lens become smaller. Theoretical ⇤CDM
models that keep `eq ⌘ keq �⇤ fixed will therefore have the same
number (proportional to keq �⇤) of lenses of each depth along

8



Constraints	
  on	
  base	
  ΛCDM	
  
100Ωbh2 = 2.225 ± 0.016 (1)

Ωch
2 = 0.1198 ± 0.015 (2)

100θMC = 1.04077 ± 0.00052 (3)

τ = 0.079 ± 0.017 (4)

log(1010AS) = 3.094 ± 0.034 (5)

nS = 0.9645 ± 0.0049

Fi*ed	
  	
  
parameters	
  

From	
  Planck	
  CollaboraRon	
  (2016)	
  :	
  arXiv:	
  1502.01589v3	
  published	
  in	
  A&A	
  

Ωm = 0.3156 ± 0.0091 (1)

σ8 = 0.831 ± 0.013 (2)

109ASe−2τ = 1.882 ± 0.012

Derived	
  	
  
parameters	
  

Planck	
  TT,	
  TE,	
  EE	
  +	
  low	
  P	
  (ie	
  just	
  CMB)	
  :	
  68%	
  confidence	
  	
  

NB	
  paper	
  now	
  	
  
Cited	
  >	
  4000	
  Rmes	
  



Extensions	
  to	
  ΛCDM	
  	
  

Ωk = −0.04 ± 0.04 (1)
∑

mν/eV < 0.492 (2)

Neff = 2.99 ± 0.40 (3)

Yp = 0.25 ± 0.03 (4)

dnS/d(log k) = −0.006 ± 0.014 (5)

r0.002 < 0.0987 (6)

w = −1.5 ± 0.5

Our	
  	
  
interest	
  	
  
here	
  !	
  

From	
  Planck	
  CollaboraRon	
  (2016)	
  :	
  arXiv:	
  1502.01589v3	
  published	
  in	
  A&A	
  



Degeneracies	
  with	
  standard	
  
parameters	
  	
  

Planck Collaboration: Cosmological parameters
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Key	
  degeneracies	
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  CollaboraRon	
  (2016)	
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  arXiv:	
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  published	
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Grey	
  :	
  TT	
  +	
  low	
  P	
  
Red	
  :	
  TT,	
  EE,	
  TE	
  +	
  low	
  P	
  
Blue	
  :	
  TT,	
  EE,	
  TE,	
  low	
  P	
  +	
  BAO	
  



Neutrinos	
  v	
  H0	
  and	
  σ8	
  Planck Collaboration: Cosmological parameters

6.4.1. Constraints on the total mass of active neutrinos

Detection of neutrino oscillations has proved that neutri-
nos have mass (see, e.g., Lesgourgues & Pastor 2006 and
Nakamura & Petcov 2014 for reviews). The Planck base⇤CDM
model assumes a normal mass hierarchy with

P
m⌫ ⇡ 0.06 eV

(dominated by the heaviest neutrino mass eigenstate) but there
are other possibilities, including a degenerate hierarchy withP

m⌫ >⇠ 0.1 eV. At this time there are no compelling theoreti-
cal reasons to strongly prefer any of these possibilities, so allow-
ing for larger neutrino masses is perhaps one of the most well-
motivated extensions to base ⇤CDM considered in this paper.
There has also been significant interest recently in larger neu-
trino masses as a possible way to lower �8 (the late-time fluctua-
tion amplitude), and thereby reconcile Planck with weak lensing
measurements and the abundance of rich clusters (see Sects. 5.5
and 5.6). Though model dependent, neutrino mass constraints
from cosmology are already significantly stronger than those
from tritium �-decay experiments (see, e.g., Drexlin et al. 2013).

Here we give constraints assuming three species of degener-
ate massive neutrinos, neglecting the small di↵erences in mass
expected from the observed mass splittings. At the level of sensi-
tivity of Planck this is an accurate approximation, but note that it
does not quite match continuously on to the base ⇤CDM model
(which assumes two massless and one massive neutrino withP

m⌫ = 0.06 eV). We assume that the neutrino mass is con-
stant, and that the distribution function is Fermi-Dirac with zero
chemical potential.

Masses well below 1 eV have only a mild e↵ect on the shape
of the CMB power spectra, since they became non-relativistic af-
ter recombination. The e↵ect on the background cosmology can
be compensated by changes in H0, to ensure the same observed
acoustic peak scale ✓⇤. There is, however, some sensitivity of
the CMB anisotropies to neutrino masses as the neutrinos start
to become less relativistic at recombination (modifying the early
ISW e↵ect), and from the late-time e↵ect of lensing on the power
spectrum. The Planck power spectrum (95 %) constraints are
X

m⌫ < 0.72 eV Planck TT+lowP, (54a)
X

m⌫ < 0.21 eV Planck TT+lowP+BAO, (54b)
X

m⌫ < 0.49 eV Planck TT,TE,EE+lowP, (54c)
X

m⌫ < 0.17 eV Planck TT,TE,EE+lowP+BAO. (54d)

The Planck TT+lowP constraint has a broad tail to high masses,
as shown in Fig. 29, which also illustrates the acoustic scale
degeneracy with H0. Larger masses imply a lower �8 through
the e↵ects of neutrino free-streaming on structure formation,
but the larger masses also require a lower Hubble constant,
leading to possible tensions with direct measurements of H0.
Masses below about 0.4 eV can provide an acceptable fit to
the direct H0 measurements, and adding the BAO data helps
to break the acoustic scale degeneracy and tightens the con-
straint on

P
m⌫ substantially. Adding Planck polarization data at

high multipoles produces a relatively small improvement to the
Planck TT+lowP+BAO constraint (and the improvement is even
smaller with the alternative CamSpec likelihood), so we consider
the TT results to be our most reliable constraints.

The constraint of Eq. (54b) is consistent with the 95 % limit
of
P

m⌫ < 0.23 eV reported in PCP13 for Planck+BAO. The
limits are similar because the linear CMB is insensitive to the
mass of neutrinos that are relativistic at recombination. There is
little to be gained from improved measurement of the CMB tem-
perature power spectra, though improved external data can help
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Fig. 29. Samples from the Planck TT+lowP posterior in theP
m⌫–H0 plane, colour-coded by �8. Higher

P
m⌫ damps the

matter fluctuation amplitude �8, but also decreases H0. The
grey bands show the direct measurement, H0 = (70.6 ±
3.3) km s�1Mpc�1, Eq. (30). Solid black contours show the
constraint from Planck TT+lowP+lensing (which mildly prefers
larger masses), and filled contours show the constraints from
Planck TT+lowP+lensing+BAO.

to break the geometric degeneracy to higher precision. CMB
lensing can also provide additional information at lower red-
shifts, and future high-resolution CMB polarization measure-
ments that accurately reconstruct the lensing potential can probe
much smaller masses (see, e.g. Abazajian et al. 2015b).

As discussed in detail in PCP13 and Sect. 5.1, the Planck
CMB power spectra prefer somewhat more lensing smoothing
than predicted in⇤CDM (allowing the lensing amplitude to vary
gives AL > 1 at just over 2�). The neutrino mass constraint
from the power spectra is therefore quite tight, since increas-
ing the neutrino mass lowers the predicted smoothing even fur-
ther compared to base ⇤CDM. On the other hand the lensing
reconstruction data, which directly probes the lensing power,
prefers lensing amplitudes slightly below (but consistent with)
the base ⇤CDM prediction (Eq. 18). The Planck+lensing con-
straint therefore pulls the constraints slightly away from zero to-
wards higher neutrino masses, as shown in Fig. 30. Although the
posterior has less weight at zero, the lensing data are incompati-
ble with very large neutrino masses so the Planck+lensing 95 %
limit is actually tighter than the Planck TT+lowP result:
X

m⌫ < 0.68 eV (95%,Planck TT+lowP+lensing). (55)

Adding the polarization spectra improves this constraint slightly
to
X

m⌫ < 0.59 eV (95%,Planck TT,TE,EE+lowP+lensing).
(56)

We take the combined constraint that further includes BAO,
JLA, and H0 (“ext”) as our best limit:
X

m⌫ < 0.23 eV

⌦⌫h2 < 0.0025

9>>=
>>; 95%, Planck TT+lowP+lensing+ext.

(57)
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Fig. 30. Constraints on the sum of the neutrino masses for vari-
ous data combinations.

This is slightly weaker than the constraint from Planck
TT,TE,EE+lowP+lensing+BAO (which is tighter in both the
CamSpec and Plik likelihoods), but is immune to low level sys-
tematics that might a↵ect the constraints from the Planck polar-
ization spectra. Equation (57) is therefore a conservative limit.
Marginalizing over the range of neutrino masses, the Planck con-
straints on the late-time parameters are28

H0 = 67.7 ± 0.6

�8 = 0.810+0.015
�0.012

9>=
>; Planck TT+lowP+lensing+ext. (58)

For this restricted range of neutrino masses, the impact on the
other cosmological parameters is small and, in particular, low
values of �8 will remain in tension with the parameter space
preferred by Planck.

The constraint of Eq. (57) is weaker than the constraint of
Eq. (54b) excluding lensing, but there is no good reason to disre-
gard the Planck lensing information while retaining other astro-
physical data. The CMB lensing signal probes very-nearly lin-
ear scales and passes many consistency checks over the multi-
pole range used in the Planck lensing likelihood (see Sect. 5.1
and Planck Collaboration XV 2016). The situation with galaxy
weak lensing is rather di↵erent, as discussed in Sect. 5.5.2. In
addition to possible observational systematics, the weak lensing
data probe lower redshifts than CMB lensing, and smaller spa-
tial scales, where uncertainties in modelling nonlinearities in the
matter power spectrum and baryonic feedback become impor-
tant (Harnois-Déraps et al. 2015).

A larger range of neutrino masses was found by Beutler et al.
(2014) using a combination of RSD, BAO, and weak lens-
ing information. The tension between the RSD results and
base ⇤CDM was subsequently reduced following the analysis
of Samushia et al. (2014), as shown in Fig. 17. Galaxy weak
lensing and some cluster constraints remain in tension with base
⇤CDM, and we discuss possible neutrino resolutions of these
problems in Sect. 6.4.4.

28To simplify the displayed equations, H0 is given in units of
km s�1Mpc�1 in this section.

Fig. 31. Samples from Planck TT+lowP chains in the Ne↵–H0
plane, colour-coded by �8. The grey bands show the constraint
H0 = (70.6 ± 3.3) km s�1Mpc�1 of Eq. (30). Notice that higher
Ne↵ brings H0 into better consistency with direct measurements,
but increases �8. Solid black contours show the constraints from
Planck TT,TE,EE+lowP+BAO. Models with Ne↵ < 3.046 (left
of the solid vertical line) require photon heating after neutrino
decoupling or incomplete thermalization. Dashed vertical lines
correspond to specific fully-thermalized particle models, for ex-
ample one additional massless boson that decoupled around the
same time as the neutrinos (�Ne↵ ⇡ 0.57), or before muon
annihilation (�Ne↵ ⇡ 0.39), or an additional sterile neutrino
that decoupled around the same time as the active neutrinos
(�Ne↵ ⇡ 1).

Another way of potentially improving neutrino mass con-
straints is to use measurements of the Ly↵ flux power spectrum
of high-redshift quasars. Palanque-Delabrouille et al. (2015)
have recently reported an analysis of a large sample of quasar
spectra from the SDSSIII/BOSS survey. When combining their
results with 2013 Planck data, these authors find a bound

P
m⌫ <

0.15 eV (95 % CL), compatible with the results presented in this
section.

An exciting future prospect is the possible direct detection
of non-relativistic cosmic neutrinos by capture on tritium, for
example with the PTOLEMY experiment (Cocco et al. 2007;
Betts et al. 2013; Long et al. 2014). Unfortunately, for the mass
range

P
m⌫ < 0.23 eV preferred by Planck, detection with the

first generation experiment will be extremely di�cult.

6.4.2. Constraints on Ne↵

Dark radiation density in the early Universe is usually parame-
terized by Ne↵ , defined so that the total relativistic energy density
in neutrinos and any other dark radiation is given in terms of the
photon density ⇢� at T ⌧ 1 MeV by

⇢ = Ne↵
7
8

 
4

11

!4/3

⇢�. (59)

The numerical factors in this equation are included so that
Ne↵ = 3 for three standard model neutrinos that were thermal-
ized in the early Universe and decoupled well before electron-
positron annihilation. The standard cosmological prediction is
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Fig. 1. The distribution on the sky of the Planck SZ cluster sub-sample used in this paper, with the 35% mask overlaid.

The present-day expansion rate of the Universe is quantified by
the Hubble constant H0 = 100 h km s�1 Mpc�1.

The cluster number counts are very sensitive to the ampli-
tude of the matter power spectrum. When studying cluster counts
it is usual to parametrize this in terms of the density variance
in spheres of radius 8h�1 Mpc, denoted �8, rather than overall
power spectrum amplitude, As. In cases where we include pri-
mary CMB data we use As and compute �8 as a derived param-
eter. In addition to the parameters above, we also allow the other
standard cosmological parameters to vary: ns representing the
spectral index of density fluctuations; and ⌦bh2 quantifying the
baryon density.

The number of clusters predicted to be observed by a survey
in a given redshift interval [zi, zi+1] can be written

ni =

Z zi+1

zi

dz
dN
dz

(1)

with

dN
dz
=

Z
d⌦
Z

dM500 �̂(z,M500, l, b)
dN

dz dM500 d⌦
, (2)

where d⌦ is the solid angle element and M500 is the mass within
the radius where the mean enclosed density is 500 times the crit-
ical density. The quantity �̂(z,M500, l, b) is the survey complete-
ness at a given location (l, b) on the sky, given by

�̂ =

Z
dY500

Z
d✓500P(z,M500|Y500, ✓500) �(Y500, ✓500, l, b) . (3)

Here P(z,M500|Y500, ✓500) is the distribution of (z,M500) for a
given (Y500, ✓500), where Y500 and ✓500 are the SZ flux and size
of a cluster of redshift and mass (z,M500).

This distribution is obtained from the scaling relations be-
tween Y500, ✓500, and M500, discussed later in this section. Note
that �̂(z,M500, l, b) depends on cosmological parameters through
P(z,M500|Y500, ✓500), while the completeness in terms of the ob-
servables, �(Y500, ✓500, l, b), does not depend on the cosmology
as it refers directly to the observed quantities.

For the present work, we restrict our analysis to the quan-
tity dN/dz which measures the total counts in redshift bins.
In particular, we do not use the blind SZ flux estimated by
the cluster candidate extraction methods that, as detailed in
Planck Collaboration VIII (2011), is found to be significantly
higher than the flux predicted from X-ray measurements. In con-
trast to the blind SZ flux, the blind S/N is in good agreement with
the S/N measured using X-ray priors. Figure 2 shows the blind
S/N (S/Nblind) versus the S/N re-extracted at the X-ray position
and using the X-ray size (S/NX). The clusters follow the equality
line. In Sect. 3, we use the (S/Nblind) values to define our cosmo-
logical sample, while for the predicted counts (defined in Sect. 2)
we use the completeness based on S/NX. Our analysis relies on
the good match between these two quantities.

To carry out a prediction of the counts expected in a survey,
given cosmological assumptions, we therefore need the follow-
ing inputs:

– a mass function that tells us the number distribution of clus-
ters with mass and redshift;

– scaling relations that can predict observable quantities from
the mass and redshift;

– the completeness of the survey in terms of those observables,
which tells us the probability that a model cluster would
make it into the survey catalogue.

These are described in the remainder of this section and in the
next.

2.2. Mass function

Our main results use the mass function from Tinker et al. (2008),
which is given by

dN
dM500

(M500, z) = f (�)
⇢m(z = 0)

M500

d ln��1

dM500
, (4)

where

f (�) = A

1 +
✓�

b

◆�a�
exp
✓
� c
�2

◆
, (5)
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Fig. 6: Redshift distribution of best-fit models from the four
analysis cases shown in Fig. 5. The observed counts in the
MMF3 catalogue (q > 6) are plotted as the red points with error
bars, and as in Fig. 5 we adopt the CCCP mass prior with the
SZ+BAO+BBN data set.

Fig. 7: Comparison of constraints from the CMB to those from
the cluster counts in the (⌦m,�8)-plane. The green, blue and
violet contours give the cluster constraints (two-dimensional
likelihood) at 1 and 2� for the WtG, CCCP, and CMB lens-
ing mass calibrations, respectively, as listed in Table 2. These
constraints are obtained from the MMF3 catalogue with the
SZ+BAO+BBN data set and ↵ free. Constraints from the Planck
TT, TE, EE+lowP CMB likelihood (hereafter, Planck primary
CMB) are shown as the dashed contours enclosing 1 and 2� con-
fidence regions (Planck Collaboration XIII 2015), while the grey
shaded region also include BAO. The red contours give results
from a joint analysis of the cluster counts, primary CMB and
the Planck lensing power spectrum (Planck Collaboration XV
2015), leaving the mass bias parameter free and ↵ constrained
by the X-ray prior.

with its uncertainty range extending even lower, the tension with
primary CMB is greatly reduced, as pointed out by von der Lin-
den et al. (2014b). With similar uncertainty but a central value
shifted to 1 � b = 0.78, the CCCP mass prior results in greater
tension with the primary CMB. The lensing mass prior, finally,
implies little bias and hence much greater tension.

Fig. 8: Comparison of cluster and primary CMB constraints in
the base ⇤CDM model expressed in terms of the mass bias,
1 � b. The solid black curve shows the distribution of values re-
quired to reconcile the counts and primary CMB in ⇤CDM; it
is found as the posterior on the 1 � b from a joint analysis of
the Planck cluster counts and primary CMB when leaving the
mass bias free. The coloured dashed curves show the three prior
distributions on the mass bias listed in Tab. 2.

6.4. Joint Planck 2014 primary CMB and cluster constraints

We now turn to a joint analysis of the cluster counts and primary
CMB. We begin by finding the mass bias required to remove ten-
sion with the primary CMB, and then consider one-parameter
extensions to the base ⇤CDM model, varying the curvature, the
Thomson optical depth to reionization, the dark energy equation-
of-state, and the neutrino mass scale. Unless otherwise stated,
"CMB" in the following means Planck TT, TE, EE+lowP as de-
fined in Planck Collaboration XIII (2015). All intervals are 68%
confidence and all upper/lower limits are 95%.

6.4.1. Mass bias required by CMB

In Fig. 8 we compare the three prior distributions to the mass
bias required by the primary CMB. The latter is obtained as the
posterior on (1 � b) from a joint analysis of the MMF3 cluster
counts and the CMB with the mass bias as a free parameter. The
best-fit value in this case is (1 � b) = 0.58 ± 0.04, more than 1�
below the central WtG value. Perfect agreement with the primary
CMB would imply that clusters are even more massive than the
WtG calibration. This figure most clearly quantifies the tension
between the Planck cluster counts and primary CMB.

6.4.2. Curvature

By itself the CMB only poorly determines the spatial curvature
(Sect. 6.2.4 of Planck Collaboration XIII 2015), but by including
another astrophysical observation, such as cluster counts, it can
be tightly constrained. Our joint cluster and CMB analysis, with-
out external data, yields ⌦k = �0.012 ± 0.008, consistent with
the constraint from Planck CMB and BAO ⌦k = 0.000 ± 0.002.

6.4.3. Reionization optical depth

Primary CMB temperature anisotropies also provide a precise
measurement of the parameter combination Ase�2⌧, where ⌧ is
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Fig. 6: Redshift distribution of best-fit models from the four
analysis cases shown in Fig. 5. The observed counts in the
MMF3 catalogue (q > 6) are plotted as the red points with error
bars, and as in Fig. 5 we adopt the CCCP mass prior with the
SZ+BAO+BBN data set.

Fig. 7: Comparison of constraints from the CMB to those from
the cluster counts in the (⌦m,�8)-plane. The green, blue and
violet contours give the cluster constraints (two-dimensional
likelihood) at 1 and 2� for the WtG, CCCP, and CMB lens-
ing mass calibrations, respectively, as listed in Table 2. These
constraints are obtained from the MMF3 catalogue with the
SZ+BAO+BBN data set and ↵ free. Constraints from the Planck
TT, TE, EE+lowP CMB likelihood (hereafter, Planck primary
CMB) are shown as the dashed contours enclosing 1 and 2� con-
fidence regions (Planck Collaboration XIII 2015), while the grey
shaded region also include BAO. The red contours give results
from a joint analysis of the cluster counts, primary CMB and
the Planck lensing power spectrum (Planck Collaboration XV
2015), leaving the mass bias parameter free and ↵ constrained
by the X-ray prior.

with its uncertainty range extending even lower, the tension with
primary CMB is greatly reduced, as pointed out by von der Lin-
den et al. (2014b). With similar uncertainty but a central value
shifted to 1 � b = 0.78, the CCCP mass prior results in greater
tension with the primary CMB. The lensing mass prior, finally,
implies little bias and hence much greater tension.

Fig. 8: Comparison of cluster and primary CMB constraints in
the base ⇤CDM model expressed in terms of the mass bias,
1 � b. The solid black curve shows the distribution of values re-
quired to reconcile the counts and primary CMB in ⇤CDM; it
is found as the posterior on the 1 � b from a joint analysis of
the Planck cluster counts and primary CMB when leaving the
mass bias free. The coloured dashed curves show the three prior
distributions on the mass bias listed in Tab. 2.

6.4. Joint Planck 2014 primary CMB and cluster constraints

We now turn to a joint analysis of the cluster counts and primary
CMB. We begin by finding the mass bias required to remove ten-
sion with the primary CMB, and then consider one-parameter
extensions to the base ⇤CDM model, varying the curvature, the
Thomson optical depth to reionization, the dark energy equation-
of-state, and the neutrino mass scale. Unless otherwise stated,
"CMB" in the following means Planck TT, TE, EE+lowP as de-
fined in Planck Collaboration XIII (2015). All intervals are 68%
confidence and all upper/lower limits are 95%.

6.4.1. Mass bias required by CMB

In Fig. 8 we compare the three prior distributions to the mass
bias required by the primary CMB. The latter is obtained as the
posterior on (1 � b) from a joint analysis of the MMF3 cluster
counts and the CMB with the mass bias as a free parameter. The
best-fit value in this case is (1 � b) = 0.58 ± 0.04, more than 1�
below the central WtG value. Perfect agreement with the primary
CMB would imply that clusters are even more massive than the
WtG calibration. This figure most clearly quantifies the tension
between the Planck cluster counts and primary CMB.

6.4.2. Curvature

By itself the CMB only poorly determines the spatial curvature
(Sect. 6.2.4 of Planck Collaboration XIII 2015), but by including
another astrophysical observation, such as cluster counts, it can
be tightly constrained. Our joint cluster and CMB analysis, with-
out external data, yields ⌦k = �0.012 ± 0.008, consistent with
the constraint from Planck CMB and BAO ⌦k = 0.000 ± 0.002.

6.4.3. Reionization optical depth

Primary CMB temperature anisotropies also provide a precise
measurement of the parameter combination Ase�2⌧, where ⌧ is
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Fig. 6: Redshift distribution of best-fit models from the four
analysis cases shown in Fig. 5. The observed counts in the
MMF3 catalogue (q > 6) are plotted as the red points with error
bars, and as in Fig. 5 we adopt the CCCP mass prior with the
SZ+BAO+BBN data set.

Fig. 7: Comparison of constraints from the CMB to those from
the cluster counts in the (⌦m,�8)-plane. The green, blue and
violet contours give the cluster constraints (two-dimensional
likelihood) at 1 and 2� for the WtG, CCCP, and CMB lens-
ing mass calibrations, respectively, as listed in Table 2. These
constraints are obtained from the MMF3 catalogue with the
SZ+BAO+BBN data set and ↵ free. Constraints from the Planck
TT, TE, EE+lowP CMB likelihood (hereafter, Planck primary
CMB) are shown as the dashed contours enclosing 1 and 2� con-
fidence regions (Planck Collaboration XIII 2015), while the grey
shaded region also include BAO. The red contours give results
from a joint analysis of the cluster counts, primary CMB and
the Planck lensing power spectrum (Planck Collaboration XV
2015), leaving the mass bias parameter free and ↵ constrained
by the X-ray prior.

with its uncertainty range extending even lower, the tension with
primary CMB is greatly reduced, as pointed out by von der Lin-
den et al. (2014b). With similar uncertainty but a central value
shifted to 1 � b = 0.78, the CCCP mass prior results in greater
tension with the primary CMB. The lensing mass prior, finally,
implies little bias and hence much greater tension.

Fig. 8: Comparison of cluster and primary CMB constraints in
the base ⇤CDM model expressed in terms of the mass bias,
1 � b. The solid black curve shows the distribution of values re-
quired to reconcile the counts and primary CMB in ⇤CDM; it
is found as the posterior on the 1 � b from a joint analysis of
the Planck cluster counts and primary CMB when leaving the
mass bias free. The coloured dashed curves show the three prior
distributions on the mass bias listed in Tab. 2.

6.4. Joint Planck 2014 primary CMB and cluster constraints

We now turn to a joint analysis of the cluster counts and primary
CMB. We begin by finding the mass bias required to remove ten-
sion with the primary CMB, and then consider one-parameter
extensions to the base ⇤CDM model, varying the curvature, the
Thomson optical depth to reionization, the dark energy equation-
of-state, and the neutrino mass scale. Unless otherwise stated,
"CMB" in the following means Planck TT, TE, EE+lowP as de-
fined in Planck Collaboration XIII (2015). All intervals are 68%
confidence and all upper/lower limits are 95%.

6.4.1. Mass bias required by CMB

In Fig. 8 we compare the three prior distributions to the mass
bias required by the primary CMB. The latter is obtained as the
posterior on (1 � b) from a joint analysis of the MMF3 cluster
counts and the CMB with the mass bias as a free parameter. The
best-fit value in this case is (1 � b) = 0.58 ± 0.04, more than 1�
below the central WtG value. Perfect agreement with the primary
CMB would imply that clusters are even more massive than the
WtG calibration. This figure most clearly quantifies the tension
between the Planck cluster counts and primary CMB.

6.4.2. Curvature

By itself the CMB only poorly determines the spatial curvature
(Sect. 6.2.4 of Planck Collaboration XIII 2015), but by including
another astrophysical observation, such as cluster counts, it can
be tightly constrained. Our joint cluster and CMB analysis, with-
out external data, yields ⌦k = �0.012 ± 0.008, consistent with
the constraint from Planck CMB and BAO ⌦k = 0.000 ± 0.002.

6.4.3. Reionization optical depth

Primary CMB temperature anisotropies also provide a precise
measurement of the parameter combination Ase�2⌧, where ⌧ is
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Fig. 11: Parameter constraints on the ⇤CDM+non-minimal neutrino mass model. For this study, we adopt the CCCP prior on the
mass bias (see Tab. 2) and leave the scaling exponent, ↵, free. The green and red shaded regions show, respectively, the 1 and 2�
confidence regions for joint analyses of the cluster counts using the primary CMB, and the primary CMB plus the lensing power
spectrum. The solid and dashed black contours add to these two cases constraints from BAO.

just above
P

m⌫ = 0.2 eV. We also notice some interesting cor-
relations: the amplitude, �8, anti-correlates with neutrino mass,
as does the Hubble parameter, and larger values of ↵ correspond
to larger neutrino mass, lower H0 and lower �8.

As discussed in detail in Planck Collaboration XIII (2015),
the anti-correlation with the Hubble parameter maintains the ob-
served acoustic peak scale in the primary CMB. Increasing neu-
trino mass to simultaneously accommodate the cluster and pri-
mary CMB constraints by lowering �8, while allowed in this
joint analysis, would therefore necessarily increase tension with
some direct measurements of H0 (see discussion in Planck Col-
laboration XIII (2015)). Including the BAO data greatly restricts
this possibility, as shown by the solid and dashed black curves.

The solid and dashed, red and black curves in Fig. 12 re-
produce the marginalized posterior distributions on

P
m⌫ from

Fig. 11. The solid blue curve is the result of a similar analysis
where in addition the artificial parameter AL is allowed to vary.
This parameter characterizes the amount of lensing in the tem-
perature power spectrum relative to the best fit model (Planck
Collaboration XIII 2015). Planck TT + lowP alone constraints

AL = 1.22 ± 0.10

in mild tension with the value predicted for the ⇤CDM model,
AL = 1. In the base ⇤CDM model, this parameter is fixed to
unity, but it is important to note it is degenerate with

P
m⌫. Left

free, it allows less lensing power, which is also in line with the
direct measurement of the lensing power spectrum (labelled as

Lensing PS) from the four-point function (see Planck Collab-
oration XIII 2015). In that light, we see that adding AL as a
free parameter accentuates the peak in the CMB+SZ+Lensing
PS posterior. The small internal tension between CMB+SZ and
CMB+SZ+AL posteriors may point towards a need for an exten-
sion of the minimal six-parameter ⇤CDM.

These posteriors lead to the following constraints:
P

m⌫ <
0.53 eV (95%) for CMB+SZ+Lensing PS and

P
m⌫ < 0.22 eV

(95%) for CMB+SZ+BAO.
We may compare these with the constraints from the primary

CMB presented in Planck Collaboration XIII (2015). The Planck
primary CMB by itself places an upper limit of

P
m⌫ < 0.49 eV

(95%), and the addition of BAO tightens this to
P

m⌫ < 0.17 eV
(95%). Addition of the Planck lensing power spectrum to the
primary CMB weakens the constraint to

P
m⌫ < 0.59 eV (95%),

as we would expect given the results and discussion above. The
final constraint adopted by Planck Collaboration XIII (2015), for
its robustness to possible remaining low level systematics in the
polarization data, is

P
m⌫ < 0.23 eV (95%), not too di↵erent

from the peak suggested in CMB+SZ+lensing PS posterior.
Adding neutrino mass should lower �8, letting it move to-

wards values favoured by the cluster counts. We might expect
that the CMB+SZ combination would therefore find clear evi-
dence for non-minimal neutrino mass. In spite of this, the green
curve only places an upper limit on

P
m⌫. We may understand

this by looking at the posterior on the mass bias 1 � b. The
allowed values are well separated from the prior distribution,
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Fig. 12: Constraints on
P

m⌫ from a joint analysis of the clus-
ter counts and primary CMB. The solid and dashed, red and
black lines reproduce the marginalized posterior distributions
from Fig. 11. The solid blue line is the posterior from a similar
analysis, but marginalized over the additional parameter AL (see
text). If applied to the present Planck cluster cosmology sample,
a future mass calibration of 1 � b = 0.80 ± 0.01 would result in
the bold, dotted black posterior curve.

meaning that the primary CMB has su�cient statistical weight
to strongly override the prior. The lensing power spectrum, in
favouring slightly lower �8, reinforces the cluster trend so that a
peak appears in the posterior for

P
m⌫ in the red curve; it is not

enough, however, to bring the posterior on the mass bias in line
with the prior. This indicates that the tension between the cluster
and primary CMB constraints is not fully resolved.

One may then ask, how tight must the prior on the mass bias
be to make a di↵erence? To address this question, we performed
an analysis assuming a projected tighter prior constraint on the
mass bias. The informal target precision for cluster mass cali-
bration with future large lensing surveys, such as Euclid and the
Large Synoptic Survey Telescope, is 1%, and we consider the
impact of a prior of 1 � b = 0.80 ± 0.01 on the present Planck
cluster cosmology sample in Figs. 12 and 13.

The latter figure compares the constraints from cluster counts
for this mass bias to the present primary CMB constraints in the
(⌦m,�8)-plane for the base ⇤CDM model. The bold, black dot-
ted curve in Fig. 12 shows the predicted posterior on the neutrino
mass from a joint analysis of the present Planck cluster counts
and primary CMB. The same prior on a much larger catalogue
would demonstrate a corresponding increase in sensitivity to
neutrino mass. This simple projection highlights the importance
and value of the more precise cluster cosmology expected in the
future, and it provides clear motivation for significant e↵ort in
mass calibration. This e↵ort will continue with larger samples
of clusters with gravitational shear measurements, and also with
the new technique of CMB lensing cluster mass measurements.

7. Summary and discussion

Our 2015 analysis incorporates a number of improvements and
new information relative to our first study in Planck Collabora-
tion XX (2014). With more data, we have a larger cluster cos-
mology sample, increased by more than a factor of two, and
we implement a two-dimensional likelihood over the counts in

Fig. 13: Prediction of cluster constraints with a possible future
mass bias prior of 1 � b = 0.80 ± 0.01. The black shaded re-
gion and dashed contours reproduce the current primary CMB
and primary CMB+BAO constraints from Planck for the base
⇤CDM model. The red shaded contours present the constraints
expected from this mass bias prior applied to the present Planck
cluster cosmology sample with the SZ+BAO+BBN data set.

both redshift and signal-to-noise. We have also performed new
tests of the selection function using MCXC and SPT cluster cat-
alogs as truth tables. The selection function from these exter-
nal checks and internal simulations of the Planck catalogue con-
struction agree with each other and can be reasonably modelled
by a simple analytical expression derived by assuming noise is
the dominant factor (see the Appendix). One possible system-
atic e↵ect that warrants further study is IR emission from cluster
member galaxies. Finally, we have examined the implications of
three recent determinations of the cluster mass bias parameter,
1 � b. The two-dimensional likelihood with the 2015 catalogue
and mass bias priors will be implemented in CosmoMC.

Our analysis confirms the results of the 2013 study. The
counts are consistent with those of 2013, illustrated by the agree-
ment in the constraints on ⌦m and �8 when using the same SZ
observable-mass relations (see Fig. 3). The gain in statistical pre-
cision is less than expected from the larger catalogue, which
is likely related to the fact that the fit to the redshift distribu-
tion with the X-ray prior on ↵ is only marginal. Our new two-
dimensional approach yields consistent, but more robust con-
straints than the one-dimensional likelihood over just the red-
shift distribution; it is less sensitive to the slope of the scaling
relation, ↵, and it provides a better fit to the counts than in the
one-dimensional case.

Using the two-dimensional likelihood as our baseline, we ex-
tracted new cosmological constraints using three di↵erent clus-
ter mass scales represented by the mass bias prior distributions
given in Table 2. The first two come from galaxy shear obser-
vations of samples of Planck clusters. They di↵er by about 1�,
with the WtG result favoring larger mass bias. We have also im-
plemented a novel method for measuring cluster masses based
lensing of the CMB temperature anisotropies behind clusters
(Melin & Bartlett 2014). It gives a mass bias averaged over the
entire cluster cosmology sample, although with larger statistical
uncertainty.

As a new method requiring further exploration, we con-
sider CMB lensing less robust at present than galaxy lensing
mass measurements, but highly promising. Similar CMB-based
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scales by Planck [32]. For brevity, we consider only
one combination of CMB measurements.

Planck2015+Pol+BAO : We use the updated
results from the Planck2015 analysis. We include
the temperature (T), E-mode and T-E cross-spectra
from Planck HFI for 29 < ` < 2509 and T, E- and
B-mode spectra from Planck LFI for 2 < ` < 29 [33].
We combine this with the measure of the BAO peak
from the 6dF Galaxy Survey [34] and the SDSS DR7
Main Galaxy Sample [20] as in [1] and update the
SDSS-III BOSS result to the final DR12 CMASS and
LOWZ [35] result. The Planck2015+Pol+BAO 2�
constraint contours in the ⌦m � �8 plane can be seen
in orange in Figs. 1 and 2 as well as in Fig. 5 where
LCDM has been extended to include active or sterile
neutrinos. It should be noted that when quoting the
discrepancy between results from the CMB and from
LSS, it is the amount of disagreement in the five
applicable LCDM parameters, not the tension in the
two-dimensional ⌦m � �8 plane.

B. LSS

Large scale structure can be measured in a num-
ber of di↵erent ways. We consider four independent
measurements of LSS which can be consistently com-
bined to form a total constraint which we call All
LSS. Since LSS cannot constrain the optical depth
to reionisation it is fixed to the central value from
Planck2015+Pol+BAO of ⌧ = 0.078. For consis-
tency with the thorough analysis of weak lensing us-
ing CFHTLenS [36] we adopt the same wide priors on
the other LCDM parameters: ⌦bh2 = [0.013, 0.033];
⌦ch2 = [0.01, 0.99]; ✓MC = [0.5, 10]; ns = [0.7, 1.3];
and logAs = [2.3, 5]. This is di↵erent to the pre-
scription used previously in [1] which fixes tight,
Gaussian priors to ⇥MC and ns which skews the
other (somewhat-correlated) LCDM parameters to
less favourable regions of parameter space. This can
be considered as one of the reasons for the large ap-
parent discordance between the CMB and LSS con-
straints.

Galaxy lensing

Surveys of the gravitational lensing of photons by
large scale structures are able to probe the underlying
matter power spectrum of density perturbations
and as such can give constraints on both ⌦m and
�8 directly [37]. The matter power spectrum arises
from the correlation of the cosmological shear, but
there are also other contributions from intrinsic
alignments, i.e. shape-shape correlations due to
galaxies forming near each other within the same
gravitational potential or shape-shear correlations
due to galaxies a↵ecting the shear along the line of
sight. These intrinsic alignment e↵ects are small,
but do contribute to the measurements from weak
lensing surveys and should be taken into account.
Modelling the gravitational lensing signature is also
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Figure 1. 1 and 2� constraint contours in the ⌦m � �8

plane within the LCDM model for a range of data. In each
subplot the orange contours show the constraints from
Planck2015+Pol+BAO. The top subplot shows the con-
straints from weak lensing with the CFHTLenS (Strong)
and CFHTLenS (Weak) results plotted in purple and and
light blue respectively. The second and third subplots
show the constraint from CMB lensing in dark blue and
from BOSS DR12 RSD in red. The bottom subplot con-
tains the constraint from SZ galaxy cluster counts with
mass biases from CMB lensing in lime green and WtG
in yellow. The amount of disagreement between the com-
bined five parameter constraints obtained by the CMB and
probes of LSS are shown in the bottom-right of each sub-
plot.
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observable, Y , and the mass of the cluster, M , must
be determined empirically using either observations
or simulations. A simple assumption for the thermal
state of a cluster is to assume hydrostatic equilib-
rium [43], and any deviation from the Y �M relation
derived from this assumption is quantified using
a hydrostatic mass bias 1 � b. This factor can be
constrained using follow-up observations of X-ray
detected samples using weak lensing or directly from
the lensing e↵ect of clusters on the CMB measured
from the Planck data.

Planck lensing : The lensing e↵ect of clusters on the
CMB can be used to infer 1/(1� b) = 0.99±0.19 [41].
Constraints using this mass bias are presented in lime
green in the bottom subplot of Fig. 1 for the ⌦m � �8

plane where it can be seen that the disagreement with
the CMB is significant. The value of C = 0.96 (2.01�).

Weighing the Giants (WtG): There are 51
galaxy clusters in the sample studied by the WtG
project, 22 of which overlap with the Planck galaxy
clusters, for which lensing data exists [44]. The
mass bias determined by WtG is lower than for
Planck at 1 � b = 0.688 ± 0.092 and as such galaxy
cluster dynamics suggest that these objects deviate
significantly from hydrostatic equilibrium. The 1
and 2� constraint contours in the ⌦m � �8 plane
can be found in the bottom subplot of Fig. 1 in
bright yellow, showing reasonable overlap with
the Planck2015+Pol+BAO constraints, such that
C = 0.68 (0.99�).

IV. CONCORDANCE OR DISCORDANCE?

Since each of the LSS probes are independent
measurements, they can be combined to provide
an All LSS constraint. As pointed out in [1], if
each of the mildly discrepant LSS constraints lie
in the same region of parameter space, then their
combination could become more significant than each
separately. In order to investigate this we consider
two combinations of data.

All LSS (Weak): By combining CFHTLenS
(Weak) with Planck lensing, RSD (DR12) and SZ
galaxy cluster counts using the WtG mass bias we
find the least discrepant joint analysis compared to
Planck2015+Pol+BAO. We can see in Fig. 2 the
green contours in the ⌦m � �8 plane have reasonable
overlap with Planck2015+Pol+BAO and the value of
C = 0.55 (0.76�).

All LSS (Strong): Combining the CFHTLenS
(Strong) constraints with Planck lensing, RSD
(DR12) and SZ galaxy cluster counts using the mass
bias from Planck lensing is shown in brown in Fig 2.
This provides the most discrepant combination of
data with C = 0.99 (2.55�). Note that this is less
discrepant than the CFHTLenS (Strong) discrepancy
by itself. This suggests that there are internal
tensions between the LSS data sets, as well as with

0.20 0.24 0.28 0.32 0.36 0.40

0.64

0.72

0.80

0.88

All LSS (Strong)
All LSS (Weak)C=0.99

C=0.55 Planck2015+Pol+BAO

Figure 2. The 1 and 2� constraints on the ⌦m � �8 plane
from Planck2015+Pol+BAO in orange and from combin-
ing each of the LSS data sets, with those in the most ten-
sion with the CMB data set in brown and in the least
tension in green. The 5 parameter LCDM di↵erence vec-
tor with Planck2015+Pol+BAO is quoted for both sets of
constraints in the bottom-left corner.

Measure Result Interpretation

1 B = 1.81⇥ 10�2 Unknown

2 O = 2.71⇥ 10�3 Unknown

3 C = 0.55 (0.76�) Low

4
ICMB = 3.81⇥ 10�1

Low
ILSS = 2.30⇥ 10�3

5

D(CMB||LSS) = 7.20⇥ 10�2

SCMB!LSS = �4.25⇥ 10�1 Likely
D(LSS||CMB) = 8.52 similar

SLSS!CMB = 8.03

6 logR = 3.29 Low

7 log T = 2.59 Mild

Table I. Quantification of the similarity of the prob-
ability distributions of the LCDM parameters from
Planck2015+Pol+BAO and All LSS (Weak) for each of
the measures 1 -7 from Sec. II. The first column contains
the measure used, the second column shows the result and
the final column gives a description of degree of discor-
dance.

CMB constraints.

In Tables. I and II we present the calculated values for
each of the statistics. The overall picture is that All
LSS (Strong) is more discrepant than the parameter
distributions inferred from Planck2015+Pol+BAO
while using All LSS (Weak) appears to be more
compatible. However, the details indicate a more
complicated story dependent on which measure is
used.

The results of measures 1 and 2 in Tables. I
and II are small compared to B = 1 or O = 1
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Figure 5. The 1 and 2� ⌦m��8 where LCDM has been ex-
tended by the inclusion of active neutrinos in the top sub-
plot and sterile neutrinos in the bottom. Constraints from
Planck2015+Pol+BAO are in orange whilst constraints
from the All LSS (Strong) and All LSS (Weak) combi-
nations of LSS probes are in brown and green respec-
tively. The 5 parameter LCDM di↵erence vector with
Planck2015+Pol+BAO is quoted for both sets of con-
straints in the bottom-left corner.

an extension to LCDM is not particularly useful, as
suggested in [52].

Sterile neutrinos fare a little better than their active
counterparts in reducing the tension. The visible over-
lap is slightly better than vanilla LCDM and much
better than when active neutrinos are added. When
we include these two parameters in the quantification
analysis C = 0.891 (1.60�) and C = 0.652 (0.94�)
when comparing Planck2015+Pol+BAO to All LSS
(Strong) and All LSS (Weak) respectively. This is
in good agreement with what would be expected
from the visual inspection of ⌦m � �8 contours. Due
to the high dimensionality of this problem each bin
in the histogram for me↵

sterile and Ne↵ is computed
separately, written to disk and then analysed from the
disk. This increases computation times significantly,
especially when testing for a range of bin sizes and
amounts of Gaussian smoothing.

The values of me↵
sterile = (0.470 ± 0.227)eV and

Ne↵ = 3.139 ± 0.057 or me↵
sterile = (0.234 ± 0.115)eV

and Ne↵ = 3.162 ± 0.059 are obtained by combining
All LSS (Strong) or All LSS (Weak) combinations
with Planck2015+Pol. These constraints are similar
to the values expected from Planck2015+Pol+BAO,
although with peaks in their respective distributions.

B. Planck 2016 results

In [53] the Planck2015 temperature anisotropies
are combined with the low-` EE polarisation data
(lollipop) from the Planck high frequency instru-
ment (HFI) and obtain a lower value of the optical
depth to reionisation ⌧ . This shifts the Planck2015
value of ⌧ = 0.078 ± 0.019 to ⌧ = 0.058 ± 0.012.
It was suggested in [1] that constraining ⌧ using
LSS rather than the WMAP polarisation (which
requries ⌧ = 0.091 ± 0.013) leads to a constraint
of ⌧ = 0.049 ± 0.021 which is close to the new
Planck2016 value.

The discrepancy between the values of ⌧ inferred
from WP and LSS suggested a possible resolution to
the source of tension. With the new, lower constraint
on ⌧ from Planck, the tension would be expected to
be reduced. Since the Planck+lollipop chains and
likelihood code were not publicly available at present
the Planck2015+Pol+BAO chains were importance
sampled using ⌧ = 0.058 ± 0.012. In this case, the
quantification of tension when comparing to All
LSS (Weak) reduces from C = 0.550 (0.76�) to
C = 0.432 (0.57�). This also reduces to a minor
extent from C = 0.989 (2.55�) to C = 0.985 (2.44�)
for the comparison to All LSS (Strong). At this stage
we are unable to make any conclusive statement that
the lowering of ⌧ is in any more or less tension than
Planck2015+Pol+BAO.

VI. CONCLUSIONS

In this article, we have discussed a variety of
measures with which to quantify the amount of dis-
cordance between any two probability distributions.
By comparing methods, an understanding of how the
di↵erent quantifications can be interpreted is found.
Further, we have presented two new methods which
are extremely robust and have an easy interpretation.
The main point that we have made is that there are
many issues arising from subjective interpretations of
discordance.

We have used the measure introduced in [1] and
described in detail here how to quantify the dif-
ferences in the 5D LCDM parameter distributions
when obtained by Planck2015+Pol+BAO and a
range of large scale structure probes. This update
to [1] is performed for di↵erent analyses of the same
probe (SZ galaxy cluster counts from Planck and
Weighing the Giants for example) to show that
the choice of analysis can significantly a↵ect the
constraints on parameters. By combining the LSS
datasets in most tension with the CMB into All LSS
(Strong) and in least tension into All LSS (Weak)
two interpretations of the discordance are possible.
In the All LSS (Strong) case the discrepancy between
the parameters is C = 0.989 (around 2.55� when
mapping C to an interval on a 1D Gaussian) which is
greatly reduced from the value quoted in [1]. Further
analysis, imposing much tighter priors on ⇥MC and
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Conclusions	
  

•  Present	
  safe	
  limit	
  :	
  Σmν	
  <	
  0.6	
  eV	
  from	
  CMB	
  

•  Most	
  stringent	
  limit	
  :	
  Σmν	
  <	
  0.2	
  eV	
  	
  
-­‐	
  needs	
  input	
  from	
  other	
  measurements	
  eg	
  BAO	
  

•  Issues	
  with	
  connecRng	
  with	
  LSS	
  –	
  complex	
  !	
  

•  Future	
  :	
   	
  Σmν	
  <	
  60	
  meV	
  (2020ish)	
  	
  
	
   	
   	
   	
  Σmν	
  <	
  15	
  meV	
  (2025ish)	
  

At	
  this	
  level	
  of	
  	
  
precision	
  we	
  can	
  

start	
  to	
  think	
  about	
  	
  
separaRng	
  the	
  masses	
  	
  


