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Questions
1. What does the Radial Acceleration Relation tell us? Is 

the flattening at low gbar supporting dark matter (DM) 
or modified gravity (MG)?

2. What is the observational relation that most strongly 
supports DM / MG at dwarf scales? 

3. What could be a final test to prove/disprove DM/MG at 
dwarf scales?



Mass Discrepancy Acceleration Relation
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FIG. 3. The centripetal acceleration observed in rotation
curves, g

obs

= V 2/R, is plotted against that predicted for
the observed distribution of baryons, g

bar

= |@�
bar

/@R| in
the upper panel. Nearly 2700 individual data points for 153
SPARC galaxies are shown in grayscale. The mean uncer-
tainty on individual points is illustrated in the lower left cor-
ner. Large squares show the mean of binned data. Dashed
lines show the width of the ridge as measured by the rms in
each bin. The dotted line is the line of unity. The solid line
is the fit of eq. 4 to the unbinned data using an orthogonal-
distance-regression algorithm that considers errors on both
variables. The inset shows the histogram of all residuals and
a Gaussian of width � = 0.11 dex. The residuals are shown
as a function of g

obs

in the lower panel. The error bars on the
binned data are smaller than the size of the points. The solid
lines show the scatter expected from observational uncertain-
ties and galaxy to galaxy variation in the stellar mass-to-light
ratio. This extrinsic scatter closely follows the observed rms
scatter (dashed lines): the data are consistent with negligible
intrinsic scatter.

Nevertheless, the radial acceleration relation persists
for all galaxies of all types. Some galaxies only probe the
high acceleration regime while others only probe the low
end (Fig. 2). The outer regions of high surface brightness
galaxies map smoothly to the inner regions of low surface
brightness galaxies. These very di↵erent objects evince
the same mass discrepancy at the same acceleration. In-
dividual galaxies are indistinguishable in Fig. 3.

TABLE I. Scatter Budget for Acceleration Residuals

Source Residual

Rotation velocity errors 0.03 dex

Disk inclination errors 0.05 dex

Galaxy distance errors 0.08 dex

Variation in mass-to-light ratios 0.06 dex

HI flux calibration errors 0.01 dex

Total 0.12 dex

Figure 3 combines and generalizes four well-established
properties of rotating galaxies: flat rotation curves in the
outer parts of spiral galaxies [1, 2]; the “conspiracy” that
spiral rotation curves show no indication of the tran-
sition from the baryon-dominated inner regions to the
outer parts that are dark matter-dominated in the stan-
dard model [35]; the Tully-Fisher [3] relation between the
outer velocity and the inner stellar mass, later general-
ized to the stellar plus atomic hydrogen mass [4]; and the
relation between the central surface brightness of galaxies
and their inner rotation curve gradient [37–39].
It is convenient to fit a function that describes the data.

The function [40]

g
obs

= F(g
bar

) =
g
bar

1� e�
p

gbar/g†
(4)

provides a good fit. The one fit parameter is the acceler-
ation scale, g†, where the mass discrepancy becomes pro-
nounced. For our adopted ⌥?, we find g† = 1.20 ± 0.02
(random) ±0.24 (systematic) ⇥10�10 ms�2. The ran-
dom error is a 1� value, while the systematic uncertainty
represents the 20% normalization uncertainty in ⌥?.
Equation 4 provides a good description of ⇠2700 in-

dividual data points in 153 di↵erent galaxies. This is a
rather minimalistic parameterization. In addition to the
scale g†, eq. 4 implicitly contains a linear slope at high
accelerations and g

obs

/ p
g
bar

at low accelerations. The
high end slope is sensible: dark matter becomes negligi-
ble at some point. The low end slope of the data could
in principle di↵er from that implicitly assumed by eq. 4,
but if so there is no indication in these data.
Residuals from the fit are well described by a Gaussian

of width 0.11 dex (Fig. 3). The rms scatter is 0.13 dex
owing to the inevitable outliers. These are tiny num-
bers by the standards of extragalactic astronomy. The
intrinsic scatter in the relation must be smaller still once
scatter due to errors are accounted for.
There are two types of extrinsic scatter in the radial

acceleration relation: measurement uncertainties and
galaxy to galaxy variation in ⌥?. Measurement uncer-
tainties in g

obs

follow from the error in the rotation veloc-
ities, disk inclinations, and galaxy distances. The mean
contribution of each is given in Table I. Intrinsic scatter
about the mean mass-to-light ratio is anticipated to be
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Figure 1. Total acceleration (gobs) vs acceleration due to
baryons (gbar) from 1800 data points in the z = 0 MUGS2
sample, shown in the blue 2-dimensional histogram. The dot-
ted black curve shows the 1:1 relation expected if the acceler-
ation was due to baryons alone (without dark matter), while
the solid line shows the relation presented in McGaugh et al.
(2016). A Gaussian distribution fitted to these residuals finds
a variance of σ = 0.05 dex, significantly lower than the 0.11
dex found by McGaugh et al. (2016).

calculate gravity is equivalent to the numerical solution
to Poisson’s equation used in (McGaugh et al. 2016).
The mass model in SPARC (Lelli et al. 2016) included
stellar masses estimated from 3.6 µm near infrared ob-
servations, and gas masses estimated using 21 cm obser-
vations of HI. These HI masses were converted to total
gas masses using the simple equation Mgas = 1.33MHI .
Rather than using the total gas mass from our simu-
lations, we match the HI-based estimate from SPARC
by calculating accelerations due to gas using 1.33MHI ,
rather than Mgas. This is especially important near the
outskirts of the galaxy, where the contribution to the
baryonic mass from ionized gas in the ISM and circum-
galactic medium is most significant. The HI fraction is
calculated using the radiative cooling code withinGaso-

line, which relies on tabulated equilibrium cooling rates
from CLOUDY (Ferland et al. 2013).

3. RESULTS

3.1. z=0 Acceleration Relation

The MUGS2 sample gives us 1800 acceleration data
points, just over 2/3 the sample size of McGaugh et al.
(2016). We show in figure 1 the gobs − gbar relation for
the MUGS2 sample, compared both to the pure baryonic
acceleration and the SPARC acceleration relation. It is
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Figure 2. The simulated gobs − gbar relation is not constant
with redshift. As this figure shows, at higher redshift the
low gbar slope is much shallower than at z = 0. This shows
that for high redshift galaxies, their discs can be depleted of
baryons compared with z = 0. We have focused on the low
gbar end of the relation here, where the changes are most
significant.
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Figure 3. The evolution seen in figure 2 is primarily driven
by feedback. This can be seen when looking at the same
galaxy with and without feedback. Without feedback, the
baryon fraction within the disc increases slightly from z = 0
to z = 2, but still roughly follows the SPARC relation.
At z = 2, strong outflows in the galaxy expel most of the
baryons from the disc, flattening the acceleration relation.
This effect is sensitive to the frequent merger-driven star-
bursts at high redshift, which can drive bursty outflows.

Mass Discrepancy Acceleration Relation
exists in LCDM galaxy formation simulations

Keller & Wadsley 2016 NIHAO simulations



MOND is based on 3 assumptions

1. Rotation curves are flat at large radii 

2. Dark matter fraction is zero at high accelerations 

3. There is a unique interpolation function between 
abar and a

a2=a0 abar
V4=a0 G Mbar

a=abar
V = Vbar

Milgrom 1983



Mass Discrepancy Acceleration Relation 
Is Not Unique

Origin of MOND in LCDM 5

Figure 4. Acceleration, a, vs acceleration due to baryons, abar , in SPARC observations for different bulge disk and gas mass-to-light
ratios. The scatter is minimized when gas is excluded.

Figure 5. Scatter in the radial acceleration relation vs stel-
lar mass-to-light ratio at 3.6µm. Filled symbols show scatter in
a(abar), open symbols show scatter in abar (a). Dashed line shows
scatter in a(astar).

the MOND presciption fails and cannot be fixed by re-scaling
the stellar M/L. g4.86e10 (left) has gas rich galaxy with a
hole in the center of the gas distribution. This causes the
baryons to have negative V2

= Rdphi/dR. In CDM the dark

matter dominates resulting in a positive total acceleration,
whereas in MOND the total accelleration is not defined.

In g (middle) MOND overpredicts the velocity profile.
In this case there has been significant expansion of the dark
matter halo in the simulation. In g. (right) MOND matches
at small radii, but underpredicts the velocity at large radii
due. This is a low mass galaxy and is deficient in baryons.
g8.26e11 (g3.61e11). MOND underpredcits the amplitude of
the rotation curve. Can be “fixed” by increasing the M/L of
the stars by 0.1 dex.

7 DIFFERENCES BETWEEN LCDM AND

MOND

Fig. 11 shows the enclosed density profiles defined as

ρ = V2/r2
= a/r = GM/r3 (13)

for NIHAO hydro simulations (solid black), NIHAO dark
matter only simulation (magenta dotted), and MOND pre-
dictions using the baryon profile of the NIHAO hydro simu-
lations (red dashed).

We have split the sample into different velocity bins
(where the velocity is measured at the HI redius).

High V > 200 haloes contract in NIHAO, whereas
MOND predicts lower density than DMO. In the most mas-
sive galaxies MOND predicts DM cores.

Intermediate 100 < V < 200: MOND is very similar to
DMO. Hydro (on average) is similar to DMO by has more
variation than MOND.

Low 25 < V < 100: Both MOND and NIHAO have lower
density than DMO, but NIHAO expands futher to a core,
while MOND has a cusp.

There is a variation in the slopes of density profile. Sum-
marized in Fig. 10.

MNRAS 000, 1–7 (2017)

fiducial M/L=0.5

Data from SPARC (same as used by McGaugh et al. 2016)
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Figure 4. Acceleration, a, vs acceleration due to baryons, abar , in SPARC observations for different bulge disk and gas mass-to-light
ratios. The scatter is minimized when gas is excluded.

Figure 5. Scatter in the radial acceleration relation vs stel-
lar mass-to-light ratio at 3.6µm. Filled symbols show scatter in
a(abar), open symbols show scatter in abar (a). Dashed line shows
scatter in a(astar).

the MOND presciption fails and cannot be fixed by re-scaling
the stellar M/L. g4.86e10 (left) has gas rich galaxy with a
hole in the center of the gas distribution. This causes the
baryons to have negative V2

= Rdphi/dR. In CDM the dark

matter dominates resulting in a positive total acceleration,
whereas in MOND the total accelleration is not defined.

In g (middle) MOND overpredicts the velocity profile.
In this case there has been significant expansion of the dark
matter halo in the simulation. In g. (right) MOND matches
at small radii, but underpredicts the velocity at large radii
due. This is a low mass galaxy and is deficient in baryons.
g8.26e11 (g3.61e11). MOND underpredcits the amplitude of
the rotation curve. Can be “fixed” by increasing the M/L of
the stars by 0.1 dex.

7 DIFFERENCES BETWEEN LCDM AND

MOND

Fig. 11 shows the enclosed density profiles defined as

ρ = V2/r2
= a/r = GM/r3 (13)

for NIHAO hydro simulations (solid black), NIHAO dark
matter only simulation (magenta dotted), and MOND pre-
dictions using the baryon profile of the NIHAO hydro simu-
lations (red dashed).

We have split the sample into different velocity bins
(where the velocity is measured at the HI redius).

High V > 200 haloes contract in NIHAO, whereas
MOND predicts lower density than DMO. In the most mas-
sive galaxies MOND predicts DM cores.

Intermediate 100 < V < 200: MOND is very similar to
DMO. Hydro (on average) is similar to DMO by has more
variation than MOND.

Low 25 < V < 100: Both MOND and NIHAO have lower
density than DMO, but NIHAO expands futher to a core,
while MOND has a cusp.

There is a variation in the slopes of density profile. Sum-
marized in Fig. 10.

MNRAS 000, 1–7 (2017)

Mass Discrepancy Acceleration Relation 
Is Not Unique

fiducial M/L=0.2

Data from SPARC (same as used by McGaugh et al. 2016)

Origin of MOND in LCDM 5

Figure 4. Acceleration, a, vs acceleration due to baryons, abar , in SPARC observations for different bulge disk and gas mass-to-light
ratios. The scatter is minimized when gas is excluded.

Figure 5. Scatter in the radial acceleration relation vs stel-
lar mass-to-light ratio at 3.6µm. Filled symbols show scatter in
a(abar), open symbols show scatter in abar (a). Dashed line shows
scatter in a(astar).

the MOND presciption fails and cannot be fixed by re-scaling
the stellar M/L. g4.86e10 (left) has gas rich galaxy with a
hole in the center of the gas distribution. This causes the
baryons to have negative V2

= Rdphi/dR. In CDM the dark

matter dominates resulting in a positive total acceleration,
whereas in MOND the total accelleration is not defined.

In g (middle) MOND overpredicts the velocity profile.
In this case there has been significant expansion of the dark
matter halo in the simulation. In g. (right) MOND matches
at small radii, but underpredicts the velocity at large radii
due. This is a low mass galaxy and is deficient in baryons.
g8.26e11 (g3.61e11). MOND underpredcits the amplitude of
the rotation curve. Can be “fixed” by increasing the M/L of
the stars by 0.1 dex.

7 DIFFERENCES BETWEEN LCDM AND

MOND

Fig. 11 shows the enclosed density profiles defined as

ρ = V2/r2
= a/r = GM/r3 (13)

for NIHAO hydro simulations (solid black), NIHAO dark
matter only simulation (magenta dotted), and MOND pre-
dictions using the baryon profile of the NIHAO hydro simu-
lations (red dashed).

We have split the sample into different velocity bins
(where the velocity is measured at the HI redius).

High V > 200 haloes contract in NIHAO, whereas
MOND predicts lower density than DMO. In the most mas-
sive galaxies MOND predicts DM cores.

Intermediate 100 < V < 200: MOND is very similar to
DMO. Hydro (on average) is similar to DMO by has more
variation than MOND.

Low 25 < V < 100: Both MOND and NIHAO have lower
density than DMO, but NIHAO expands futher to a core,
while MOND has a cusp.

There is a variation in the slopes of density profile. Sum-
marized in Fig. 10.

MNRAS 000, 1–7 (2017)
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scatter in a(astar).

the MOND presciption fails and cannot be fixed by re-scaling
the stellar M/L. g4.86e10 (left) has gas rich galaxy with a
hole in the center of the gas distribution. This causes the
baryons to have negative V2
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whereas in MOND the total accelleration is not defined.

In g (middle) MOND overpredicts the velocity profile.
In this case there has been significant expansion of the dark
matter halo in the simulation. In g. (right) MOND matches
at small radii, but underpredicts the velocity at large radii
due. This is a low mass galaxy and is deficient in baryons.
g8.26e11 (g3.61e11). MOND underpredcits the amplitude of
the rotation curve. Can be “fixed” by increasing the M/L of
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Fig. 11 shows the enclosed density profiles defined as

ρ = V2/r2
= a/r = GM/r3 (13)

for NIHAO hydro simulations (solid black), NIHAO dark
matter only simulation (magenta dotted), and MOND pre-
dictions using the baryon profile of the NIHAO hydro simu-
lations (red dashed).

We have split the sample into different velocity bins
(where the velocity is measured at the HI redius).

High V > 200 haloes contract in NIHAO, whereas
MOND predicts lower density than DMO. In the most mas-
sive galaxies MOND predicts DM cores.

Intermediate 100 < V < 200: MOND is very similar to
DMO. Hydro (on average) is similar to DMO by has more
variation than MOND.
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density than DMO, but NIHAO expands futher to a core,
while MOND has a cusp.

There is a variation in the slopes of density profile. Sum-
marized in Fig. 10.
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Figure 4. Acceleration, a, vs acceleration due to baryons, abar , in SPARC observations for different bulge disk and gas mass-to-light
ratios. The scatter is minimized when gas is excluded.

Figure 5. Scatter in the radial acceleration relation vs stel-
lar mass-to-light ratio at 3.6µm. Filled symbols show scatter in
a(abar), open symbols show scatter in abar (a). Dashed line shows
scatter in a(astar).
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hole in the center of the gas distribution. This causes the
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= Rdphi/dR. In CDM the dark

matter dominates resulting in a positive total acceleration,
whereas in MOND the total accelleration is not defined.

In g (middle) MOND overpredicts the velocity profile.
In this case there has been significant expansion of the dark
matter halo in the simulation. In g. (right) MOND matches
at small radii, but underpredicts the velocity at large radii
due. This is a low mass galaxy and is deficient in baryons.
g8.26e11 (g3.61e11). MOND underpredcits the amplitude of
the rotation curve. Can be “fixed” by increasing the M/L of
the stars by 0.1 dex.
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Fig. 11 shows the enclosed density profiles defined as

ρ = V2/r2
= a/r = GM/r3 (13)

for NIHAO hydro simulations (solid black), NIHAO dark
matter only simulation (magenta dotted), and MOND pre-
dictions using the baryon profile of the NIHAO hydro simu-
lations (red dashed).

We have split the sample into different velocity bins
(where the velocity is measured at the HI redius).

High V > 200 haloes contract in NIHAO, whereas
MOND predicts lower density than DMO. In the most mas-
sive galaxies MOND predicts DM cores.

Intermediate 100 < V < 200: MOND is very similar to
DMO. Hydro (on average) is similar to DMO by has more
variation than MOND.

Low 25 < V < 100: Both MOND and NIHAO have lower
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There is a variation in the slopes of density profile. Sum-
marized in Fig. 10.
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Data from SPARC (same as used by McGaugh et al. 2016)



MOND is based on 3 assumptions

1. Rotation curves are flat at large radii 

2. Dark matter fraction is zero at high accelerations 

3. There is a unique interpolation function between 
abar and a

These are only approximately true

a2=a0 abar
V4=a0 G Mbar

a=abar
V = Vbar

The fallacy of MOND is to assume they are a law of nature



Questions
1. What does the Radial Acceleration Relation tell us? Is the 

flattening at low gbar supporting dark matter (DM) or 
modified gravity (MG)? 

2. What is the observational relation that most strongly 
supports DM / MG at dwarf scales?

3. What could be a final test to prove/disprove DM/MG at 
dwarf scales?
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MOND over predicts rotation velocities at small radii
Origin of MOND in LCDM 7

Figure 9. Red lines show rotation curves (mean and standard deviation) from SPARC observations (upper) and circular velocity curves
from NIHAO simulations (lower). Blue lines MOND predictions. Overall MOND matches well the observations and simulations, however
MOND systematically overpredicts the velocities below 50 km s−1.

Figure 10. Slope of the rotation curve between 1 and 2 kpc,
γV = log10(V2/V1)/ log10(2) vs rotation velocity at the HI radius.
SPARC (red solid) and NIHAO (black solid) in good agreement.
MOND is systematically cuspier both in observations and simu-
lations (dashed lines).
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MOND over predicts rotation velocities at small radii



Questions
1. What does the Radial Acceleration Relation tell us? Is the 

flattening at low gbar supporting dark matter (DM) or 
modified gravity (MG)? 

2. What is the observational relation that most strongly 
supports DM / MG at dwarf scales? 

3. What could be a final test to prove/disprove DM/MG at 
dwarf scales?
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Figure 11. Enclosed dark matter density profiles from simulations. Dark matter only simulation (dotted magenta), hydrodynamical
(solid black), and MOND prediction using the baryon circular velocity from the hydrodynamical simulation (red dashed). Lines are
plotted between twice the dark matter softening to the virial radius. Each panel shows galaxies with a different range of characteristic
circular velocity (measured in the hydro simulation). One can see systematic deviations between MOND and hydro simulations.

Figure 12. Dark matter slopes at 1-2% of the virial radius for
NIHAO hydro, DMO, and NIHAO MOND. For V=30-200 km/s
MOND predicts cusp of slope -1 very similar to DMO simulations.
At largest velocity MOND predicts a core.
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Test Case: hollow baryon density profile

CDM: dark halo dominates. V2>0

MOND: V2bar < 0  => ?
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