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TMD evolution
18
a double-scale evolution

F(z,b;p,¢)

This aspect has been completely overlooked. Its account reveals completely novel
picture of TMD evolution.

Outlook

o Review of TMD evolution status

Evolution plane and the general solution

Induced path dependence of the solution
o Evolution potential

o (-prescription and optimal TMD
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TMD evolution

TMD evolution is used for two practical purposes

e Compare different experiments
o Modeling TMD distribution

do .
ix N/deEZ(qu)Hff’(QaN)Ffﬁh(xlvb;NaCI)Ff’eh(l'%b;HwCQ)
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TMD evolution

TMD evolution is used for two practical purposes

e Compare different experiments
o Modeling TMD distribution

do .
<~ / d?b eI Hyp 1 (Q, 1) Fy (1,65 11, 1) Fyr iy (w2, b5 1, Go)
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TMD evolution

TMD evolution is used for two practical purposes

e Compare different experiments
o Modeling TMD distribution

do .
<~ / d?b eI Hyp 1 (Q, 1) Fy (1,65 11, 1) Fyr iy (w2, b5 1, Go)

Typical model for TMD includes matching
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e Compare different experiments

TMD evolution is used for two practical purposes

o Modeling TMD distribution

do .
<~ / d?b eI Hyp 1 (Q, 1) Fy (1,65 11, 1) Fyr iy (w2, b5 1, Go)

F(x, b5, Cr) = RIb, (g, Cr) — (i, G F (2,05 i, Gi)

F(z,b; 1,¢) ~ C(,b; p, ) @ PDF (, )
Typical model for TMD includes matching

o
TMD evolution
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TMD evolution

TMD evolution equations

d ! (u,

W Frenebime = PR o), @
d

C—Fpen(@bip¢) = =D (u,b)Fsn(z,b;p,0), (2)

d¢

Solution:  F(z,b;uys,Cf) = R[b; (g, Cr) = (s, o) F (2, b5 14, G)

e vr — TMD anomalous dimension

o D - rapidity anomalous dimension (= —%[Collins’ book|, = K[Bacchetta, at
al,1703.10157))

e Anomalous dimensions are universal, i.e. depend only on flavor (gluon/quark).

-_mTn
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D(p,b) = Dperp (11, 0*) + dnp(b)

Perturbative part
e Soft/rapidity correspondence D «> vs |[AV,PRL 118(2017)]
o Everything at NNLO (+T-cusp at N3LO [Vogt et al.,1808.08981])

6rD p = 10GeV Bacchetta et al.

[1703.101157]

Bertone,Scimemi,AV
in preparation.

"//\ Pure PT

b|GeV 1]
8

dnp is a universal non-perturbative function. In many aspects more fundamental
then TMDs.

RPN g
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Global extraction of F; at NNLO by [Scimemi & AV,1706.01473|

3x107

X*lpoints=1.91 Xlpoints=1.21 X*Ipoints=1.01
] 2x107) >
& o}
= he
37 1x107) @
IS}
=
Drell-Yan at @Q = 5 — 6GeV
p
TMD evolution is a key
Drell-Yan at Q = 116 — 150GeV element
0.05 ATLAS 8TeV ATLAS 8TeV Xglobal ~ 1.25
46-66 GeV 116-150 GeV. d.o.f.

- model 2 NNLO model 2 NNLO .
T 00 Xlpoints=0.21 X*/points=0.30 Here:
,3 N=1.08 N=0.98 .
Z o @ 3-loop evolution
g
_-: 002 @ 2-loop coefficient

001 — function

11 o 2-loop matching
s
:;‘ i o (-prescription
£
£ plots from [1706.01473]
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TMD evolution

Global extraction of F; at NNLO by [Scimemi & AV,1706.01473|

_ 3x10% X*lpoints=1.91 X*/points=1.21 X*Ipoints=1.01
Q 2x10% 2
& o}
S 1x10% :
2
Drell-Yan at @Q = 5 — 6GeV
TMD evolution is a key
Drell-Yan at Q = 116 — 150GeV element
005 ATLAS 8TeV ATLAS 8TeV Xglobal ~ 1.25
46-66 GeV 116-150 GeV -

= 004 mode_lZNNLO model 2 NNLO Here~
L X*Ipoin|
Em N (-prescription consistently separates the _loop evolution
g TMD evolution from TMDs, and makes .
T all the theory elements work together. 'IOOP coefficient

001 junction

1 It is the consiquence of -loop matching
E 2D nature of TMD evolution. s
:E’ ) i -prescription

plots from [1706.01473]

15 5 10 15 20 25 25 \
qr(GeV] WYY
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TMD evolution: theory

TMD evolution is two-dimensional

o d T VF = EBF
du? 2 D
F = F
Cél E is 2D evolution field
d¢ -D in 7 = (Inp21n¢)

coordinates
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TMD evolution: theory

TMD evolution is two-dimensional

s d T VF = EF

du? 2 —

F = F

¢ ét E is 2D evolution field

d¢ -D in”7 = (Inp2,1n¢)

coordinates
Aln¢ NLO b=0.5GeV-!
“ L Solution

R[(pf,Cr) = (i, Gi)] = exp </P dv - ﬁ)

NN
NN
\\\\\\\\\\\§§§}5,§ QR
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TMD evolution: theory

TMD evolution is two-dimensional

?F:EF

E is 2D evolution field
in”7 = (Inp2,1n¢)
coordinates

Solution

R[(pf,Cr) = (i, Gi)] = exp </P dv - ﬁ)

The integration path
is unimportant!
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TMD evolution: theory

Examples
¢ Solution 1
(1s,C5)
it dp ¢
lnR:/ —r(p,Cr) = (m,b)ln( f)
i M G
(113, ) [Collins’ textbook]|,[Aybat,Rogers,1101.5057],...
'u) 99% popular

!

di. [Vv(s(u’)z H—In {L—;?Yx(g(u'))]l.
(13.70)

[’
X exp { In —K(b..m,)+f
Hn
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TMD evolution: theory

Examples
N
¢ Solution 1
(g, Cr)
ki dp ¢
lnR:/ —F (1, Cr) — (m,b)ln( f)
i M ¢
(113, Ci) [Collins’ textbook]|,[Aybat,Rogers,1101.5057],...
N 99% popular
’ v
N .
¢ (Nf, Cf) Solution 2
dp ¢
lnR=/ —r(u, Gi) — (uf,b)ln( f)
wi B Gi
(wis G) R
L4 v
@
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TMD evolution: theory

Examples
N
¢ Solution 1
(g, Cr)
mr=["" Cf
nR= *W’F u@)—'D@b)ln
s Jollins’ textbook], »at,Ro ‘crs,1101.50<)7
(11::) Colling’ textbook] [ Avbat,Rog
> 99% popular
W
N .
¢ (Nf, Cf) Solution 2
fd
InR= / iw (@) — D@, b) In (%f)
7
(wis G) R
L4 v
@~
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TMD evolution: theory

Examples
¢ G Cr) Solution 1
KfsGf
i od
1nR:/ oy p (1, ¢p) — D (m,b)ln(gf)
i M ¢
(113, Ci) [Collins’ textbook]|,[Aybat,Rogers,1101.5057],...
> 99% popular
T¢ (ks Cr) Solution 2
d
1nR=/ B (1, Gi) — (Hﬁb)ln(Cf)
wi M Gi
(wis G) "
AC (ﬂf, ¢ Solution 3
M4
InR = / vy ), ¢(t) —————
PO T "
~D(u(t), b) 1 )dt
(15 i) u (Cr *Ci)tJrCi)

A.Vladimirov

TMD evolution September 12, 2018

8/ 20



TMD evolution: theory

Unique solution

~ Solution exist only if YxE =0
mtegnczlbzlzty condztztzinp holds
Ci — #27 E is conservative field
d¢ du?
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TMD evolution: theory

Unique solution

Solution exist only if
integrability condition holds
Cd’yF _ 5 dD

¢ M2

?xﬁzo

E is conservative field

d¢

d
C—r(p,¢) = —T'(), ?

Integrability condition is trivially satisfied due to
collinear overlap of divergences

d
a2 D(p,b) =T'(n)

A dimirov

TMD evolution
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TMD evolution: theory

Unique solution

Solution exist only if
integrability condition holds
Cd’yF _ 5 dD

¢ M2

?xﬁzo

B is conservative field

d¢

Integrability condition is trivially satisfied due to
collinear overlap of divergences

d

Cee(,0) = ~T(w), w2l
m

D(u,b) # I'(p)

In fixed order PT integrability condition is violated.
The restoration procedure is ambigous
(large impact at large-b)
See extended dicussion in [Scimemi, AV;1803.11089|
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Numerical effect of path dependence
Evolution from Mz to 1/b*

Without Log-resummation O(a% L")

There are methods to eliminate path-dependence by adding higher-PT terms in anomalous
dimension. For detailed discussion see [1803.11089].

y
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TMD evolution: theory

Z[GeV?]

Evolution potential

Solution exist only if
integrability condition holds
_ 290

du?

dyr

(—— =

d¢

?xﬁzo

<—
E is conservative field

10

Conservative field is determined
by a potential

E=-VU

Evolution is a difference
between potentials

Rl(pg,Cr) = (i, ¢i)] = exp (Uy — Uy)
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TMD evolution: theory

Z[GeV?]

Evolution potential

Solution exist only if

integrability condition holds
5 dD

>

10?

10

?xﬁzo

E is conservative field

Conservative field is determined

by a potential

E=-VU

Evolution is a difference
between potentials

Rl(pg,Cr) = (i, ¢i)] = exp (Uy — Uy)

This absolutely standard picture
contains an important message.

TMD evolution
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TMD evolution: theory

TMD distribution is not defined by a scale (u, ¢)
It is defined by an equipotential line.

YOV L
' SRR t
WA
10? ‘/»/»j//jifiiillx&l\' The scaling is defined by
TUN AL A v a-difference between scales
au ,//jfl I *] *\ %\ * x \ \ \‘\ \ a difference between potentials
t\'; ‘///'%'-vﬁ¥\‘&x'vﬁ
3 | 1/ AT
= 10 «//‘\\\.\\\\\\\\\\
//L ‘\\‘\.\i\\\\i\\
/N AT AT
N2 O a9 298 ag!
\
1+ \\\\\\\‘\\\\\1\\‘\
I A AR g

1 10 102

1 [GeV?] QR
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TMD evolution: theory

TMD distribution is not defined by a scale (u, ¢)
It is defined by an equipotential line.

NSO

LA !
10?1 rj { L The scaling is defined by

A% T -difference between seales
T\ v \ '\ *\ a difference between potentials

N f 1 'l

?5 A \ ] \ \1 \%\ Evolution factor to both points

NS 10 .~ B v\ \ \ \ is the same

\* \ \ although the scales are
\\ \ 0 different by 102GeV?2

N ; t\\‘\\ \
AN X \\ \\\\\\\

1 10 102

1 [GeV?] QR
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TMD evolution: theory

[ TMD distributions on the same equipotential line are equivalent. ]

WS e TMD (e b, 1)
_//‘/////‘/H U U e TMD(s,b,2)
10%¢ r‘/://”j’///¢i L i l ;‘ ¥ & l \v(__ TMD(J?,(J,3)
H///“"H EnP BB
& /"/'/l l lv \ﬁ \ \ & x' \v \V \‘ We can enumerate them by a lines
3 710 = o gul ¥
3 (B S g \ VA \ not by (p,¢)
w100 LA AT AT .
/\‘ \ \ \ \ \ﬂ \ \ \‘ \~ \\ \ F(x,b; 1, () — F(z,b;line)
/| \\\\\\\\ \ A
N2 P2 a3t ag!
\
1 SO XK O AT
FARRKN N X \\\\\x
i 1‘0 102
2 [Gev?] @
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TMD evolution: theory

[ TMD distributions on the same equipotential line are equivalent. ]

WAL L] s
4//;///'////} U U e TMD(s,b,2)
DX - T LA
_ P,/ ARRRS g gRi .
bY 1. /# i {a | \ Y A We can enumerate them by a lines
3 i RBS o gyl o b
3 o aam R not by (u,¢)
o 100 A AT A
X 1§88 sty F(2,b; 1, ) = F (2, b;line)
/L \ \‘\\\1\\' i\ \1 \ \1 \ \
e’ \\\« C v+ Intially in [Scimemi,AV,1706.01473]
1 SOOI i of
\‘\\\ N\ \\‘ < \ \ \\ X N _ weca it (-prescription,
(LA ' N N which is, probably, not the best name.
i 1‘0 162
1 [GeV?]
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In (-prescription we set

¢ = CGuv)

e TMDs are "enumerated" by v (the number of line)

e TMDs are "naive" scale-independent

d
ud—F(az, by, Cu) =0 = No double-logs in the matching.
m

@
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Singularities of E

In (-prescription we set

¢ = CGuv)

e TMDs are "enumerated" by v (the number of line)

e TMDs are "naive" scale-independent

d
ud—F(J:, by, Cu) =0 = No double-logs in the matching.
m

TMD distribution depends only on the "number" of equipotential line

F(z,b;p, () = F(z,b;v)

dF(z,b;v)  dU(b; V)F
dv - dv

)

F(x,b;v) = eU(b;V)fU(bWO)F(:E, b; 1)

(z,b;v)
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Aln¢

Integration |'difficult!

<

A 1121115 AR AR AR

¥
F¥

ot X

1>

Integration elementary

Improved D

<

TMD evolution

The simplest way to measure the difference between potentials

R_ (Cif)_D(Hfab)

Cuys

Numerically simple (and fast).

Compare to

x uP{ In ’{‘—i_‘k(b.:m) + f‘: dT",l [rn(gm’): H-ln g"‘(‘(“'»]}‘
(1370

py = Q thus as is small

It is different representation
of the Sudakov exponent.

€=
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The simplest way to measure the difference between potentials

Aln¢ ) )
Integration, ['difficult!
- - < >
.~ .- 94 TI1IRR KR RAR AR
- # . .
< -3 2] /,‘4/2 \
- ~, 4 R (Cf )—D(Hf,b)
i - - Y rly = —_—
L A" / '!.S vy gz Cuf
. » = N ]
- - ’ v/ TyY 2 VRS FRRRRE:
~ = ¥ Y S =
0¥y N 3 )
1 4 VTV OO OS e g o Numerically simple (and fast).
2
= IRRRRRER ((77¥P) ;) Com;?/?_,re to » B
~— Lo fi[ 20— Y52 ]}
IR RY o xup{In ™ Ribaius) + " yolg: ) —In " ye@))
-~ = 1370
- Al
- \RRRRREERY RRR 5o .
I 9 o puy = Q thus as is small
~_ /) LRGRREE RRR RN A
- WA\ v.5 . . .
. — o It is different representation
N X AR R E! |
D AR 2\ of the Sudakov exponent.
‘ #N 4 ! , -
Different solutions converge with increase of PT order
- R BGeV!l, R BGev:)
ot o GV R R R NPT QU U R
— ved D — ved D
05 —improved D _ NLO improved NNLO improved y
Lo ; !
——improved y fixed fixed i
-10 fixed p
s 2 2
20
5 5
25
-30 -4 -4
v
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1 TMD

Universal scale-independent TMD

There is a unique line which passes though all u’s

The optimal TMD distribution
F(z,b) = F(x,b; 1, )

where (, is the special line.

b=0.2GeV"

10%

{1Gev?]
¢[GeV?]
{1Gev?]

AN
eS¢
AKX

1 10 102 1 10 102 1 10 1
1 [GeV?) 1 (Gev?] 1 [Gev?] R
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TMD cross-section

TMD cross-section

d?b - . -
!9 H ¢ 1 (Q){ RS [b; QY2 Fy e (w1, 0) Fpr py (w2, D),

d
i=oo§fl/g

; — 2 — 2
with (y = wy = Q
RIQl = (@)~ P @ exp{~D/ (@) (Q,b)}
e v is given by the perturbative series, v = % + as...

e Fis TMD in the "naive" (-prescription

o There are only (u¢,(y) scales and no solution dependence.
o Clear separation of TMD evolution from the model for TMD

distribution.
[
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VZ[Gev]

102+

Evolution with b-dependent scale (CSS-like)
(Q, Q%) — (b, 13)

b=0.1GeV! b=1.5GeV! b=3.5GeV~!

F— a——a e ————e

7 - A ) T2 e — — " e e L Y

o1 /
A
1o &
1 10 102 1 10 102 1 10 10?
H[GeV] HIGeV] H[GeV]

C
Here pup = b_*o with bmax = 1.2GeV 1

Scale depends on paremeter > do = C(Q)R[Q — ch(z)]f(x,ch(z))

Analogy in DIS

PDF f(z,ch(z)) has no interpretation, no sense, and
depends on the order of evolution in use.
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Optimal version
(@,Q%) — (Q,¢q)

b=0.1GeV"! b=1.5GeV! b=3.5GeV!

102 L
=
)
9
I; 10

|
1
1 10 102 1 10 102 1 10 10?
u[GeV] H[GeV]

H[GeV]

Analogy in DIS
Scale (potential) is fixed > do = C(Q)R[Q — 2GeV]|f(z,2GeV)

PDF f(z,2GeV) is just a model and
is dependent on the order of evolution in use.
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The evolution potential depends on b.
Relative position of its elements (saddle-point, special lines) dictates the shape of evolution
factor.
b

b=3.5Gevl ~
.

b=0.1Gev' ~ b=1.5GevV' ~
4 4

B ER IR I

/Frr by v vy

TEEEEBERR

VZ1Gev]

At Regensburg
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arTeMiDe v1.3

it contains tho dfnit

to defie the TMD sch
e

User code which provides a,. PDFs, FFs, ete User code, which provides agrp, gy M, ete
Default version is nterfaced to LHAPDF. Defnl version hae al andand defniions

TMDR WIMDEF

optimal
unpolasized
TMDFF

TMDs.

Combines TMD distributions, and intesfaces to
loser modules.

TMDF

TMD evolution

o Variety of evolutions

e LO, NLO, NNLO

o No restriction for NP models

o Fast code

o DY cross-sections

o SIDIS cross-sections (not tuned yet)
o Theory uncertainty bands

https://teorica.fis.ucm.es/artemide/

@
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Conclusion

Main message:
TMD evolution is a double scale evolution.
Therefore, it should be considered with care, and then it
grants many simplifications.

TMD distributions on a same equipotential line are
equivalent. Enumerate them with lines!

o Universal for all quantum numbers
e Very simple practical formula (no integrations!)

o Guarantied absence of (large) logarithms in the matching
coefficient

e TMD model is independent on evolution order.
E.g You can use NNLO unpolarized and LO Sivers together,

without theory tensions

e
st sl

iide

LHCH1ITeY
chivaipuints = 059
NehNexp= 08

G

77212004130
chirzipoinis= 171( 180)

Nesp= 076
D1<xrc0s

Double-scale evolution is not unique for TMD case. It also appears in kp-resummation,

joint resummation, DPDs, etc.

TMD evolution
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Which line is the best?
b=1.5GeV~! b=3.5GeV-!
H SO
, : KR /// e
10° 10 “ X vYvy vy
_ _ ' P /" v | AR | 1‘1 1
E E /""-%.‘.};.-.Q.‘,
=10 =10
1 1
1 10 102 1 10 102 1 10 102
12 [GeV?] 12 [GeV?] 12 [GeV?]

e Some non-interesting singularities at u,{ — oo

o Landau pole at p = A
e Saddle point (blue dot)

D(saddle, b) = 0, Y (saddle; Csaddle; ©) = 0

v
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