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4	FACTS	INFLATION	CAN	EXPLAIN	

•  The	Universe	is	old	
•  	The	Universe	is	homogeneous	and	isotropic	
(on	large	scales)	

•  	The	Universe	today	is	very	close	to	be	
spa%ally	flat		

•  	Structures	grew	out	of	%ny,	almost	scale	
invariant	perturba%ons	
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Figure 2: Time evolution of the comoving Hubble horizon during inflation and the following epoch,
compared to the evolution of a comoving scale λ [53]. During the accelerated expansion the comoving
Hubble horizon decreases in time, while it grows during the radiation and matter dominated epochs.
At a certain time during inflation, the comoving scale λ exits the comoving Hubble horizon and then
re-enters after inflation is over. The behavior of the comoving Hubble horizon shown in this figure,
provides a solution to the horizon problem.

this process is substantially completed is called reheat temperature. Many models have been proposed
to describe this transition, some of which include the perturbative decay of the inflaton field while
others involve non-perturbative mechanisms, such as parametric resonance decay. If the fluctuations
are sufficiently small, inflaton quanta could decay into relativistic products. This happens as soon
as the inflaton decay rate Γ becomes comparable to the Hubble constant. If the decay is slow, only
fermionic decays are available. Usually each decay product is supposed to thermalize quickly so that
their energy distribution can be described by a black-body function and the reheating temperature
for a sudden process is Treh ∼

√
MplΓ. Then a mechanism is supposed to take place that leads to

energy transfer of the decay products into radiation. Otherwise, if the scalar field decays into bosonic
particles, we can have a rapid decay through a parametric resonance mechanism. The process may
be so fast that it ends after a few oscillations of the inflaton field. This phase is called preheating
phase [55].

2.2 Quantum fluctuations: origin of cosmological perturbations

We can now move to consider quantum aspects of the inflationary paradigm. The current under-
standing of structure formation and generation of CMB anisotropies requires the existence of small
fluctuations that entered the horizon during the radiation and matter era. Employing only the stan-
dard cosmology we cannot explain the presence of perturbations. On the other hand, the quantum
aspects of the inflationary mechanism constitute a natural way to explain the presence of such small
seeds.
According to quantum field theory, each physical field involved in a theory is characterized by quan-
tum fluctuations: they oscillate with all possible wavelengths maintaining zero average on a sufficient
macroscopic time. The inflationary accelerated expansion can stretch the wavelength of these fluctu-
ations to scales greater than the Hubble horizon k ≫ aH , where k is the comoving wave number of a
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Fluctua%ons	in	the	inflaton	produce	fluctua%ons	in	the	universe	expansion	from	place	
to	place,		so	that	each	region	in	the	universe	goes	through	the	same	expansion	
history	but	at	slightly		different	%mes:		



The	an#correla#on	between		
T	and	E	for	50	<l	<200	is	a		
dis%nc%ve	signature	of	adiaba%c	
superhorizon	fluctua%on	at	last	
scaVering,	which	is	a	dis#nc#ve	
signature	of	infla#on:	
Infla%on	produces	fluctua%ons	which	
are	coherent	on	superhorizon	scales	
at	last	scaVering			

Cross-correla%on	T-E	
You	expect	a	cross-correla%on	because	both	T	and	E-modes	are	sourced	by		
density	perturba%ons		

SUPERHORIZON	CORRELATIONS	

Planck Collaboration: Constraints on inflation 7

Fig. 2. Planck TT (top), high-` T E (centre), and high-` EE (bot-
tom) angular power spectra. HereD` ⌘ `(` + 1)C`/(2⇡).

tion mask the union of the WMAP P06 and Planck lowP polar-
ization masks and keeping 74 % of the sky. The polarization part
of the combined low-multipole likelihood is called lowP+WP.
This combined low-multipole likelihood gives ⌧ = 0.071+0.011

�0.013
(Planck Collaboration XI, 2015).

Planck high-` likelihood

Following Planck Collaboration XV (2014), and Planck
Collaboration XI (2015) for polarization, we use a Gaussian
approximation for the high-` part of the likelihood (30 < ` <
2500), so that
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where a constant offset has been discarded. Here Ĉ is the data
vector, C(✓) is the model prediction for the parameter value vec-
tor ✓, and M is the covariance matrix. For the data vector, we
use 100 GHz, 143 GHz, and 217 GHz half-mission cross-power
spectra, avoiding the Galactic plane as well as the brightest point

sources and the regions where the CO emission is the strongest.
We retain 66 % of the sky for 100 GHz, 57 % for 143 GHz, and
47 % for 217 GHz for the T masks, and respectively 70 %, 50 %,
and 41 % for the Q, U masks. Following Planck Collaboration
XXX (2014), we do not mask for any other Galactic polarized
emission. All the spectra are corrected for the beam and pixel
window functions using the same beam for temperature and po-
larization. (For details see Planck Collaboration XI (2015).)

The model for the cross-spectra can be written as

Cµ,⌫(✓) =
Ccmb(✓) +Cfg

µ,⌫(✓)pcµc⌫
, (13)

where Ccmb(✓) is the CMB power spectrum, which is indepen-
dent of the frequency, Cfg

µ,⌫(✓) is the foreground model contribu-
tion for the cross-frequency spectrum µ ⇥ ⌫, and cµ is the cal-
ibration factor for the µ ⇥ µ spectrum. The model for the fore-
ground residuals includes the following components: Galactic
dust, clustered CIB, tSZ, kSZ, tSZ correlations with CIB, and
point sources, for the TT foreground modeling; and for polar-
ization, only dust is included. All the components are modelled
by smooth C` templates with free amplitudes, which are deter-
mined along with the cosmological parameters as the likelihood
is explored. The tSZ and kSZ models are the same as in 2013
(see Planck Collaboration XV, 2014), while the CIB and tSZ-
CIB correlation models use the updated CIB models described
in Planck Collaboration XXX (2014). The point source contam-
ination is modelled as Poisson noise with an independent am-
plitude for each frequency pair. Finally, the dust contribution
uses an effective smooth model measured from high frequency
maps. Details of our dust and noise modelling can be found in
Planck Collaboration XI (2015). The dust is the dominant fore-
ground component for TT at ` < 500, while the point source
component, and for 217⇥217 also the CIB component, dom-
inate at high `. The other foreground components are poorly
determined by Planck. Finally, our treatment of the calibration
factors and beam uncertainties and mismatch are described in
Planck Collaboration XI (2015).

The covariance matrix accounts for the correlation due to
the mask and is computed following the equations in Planck
Collaboration XV (2014), extended to polarization in Planck
Collaboration XI (2015) and references therein. The fiducial
model used to compute the covariance is based on a joint fit of
base ⇤CDM and nuisance parameters obtained with a previous
version of the matrix. We iterate the process until the parame-
ters stop changing. For more details, see Planck Collaboration
XI (2015).

The joint unbinned covariance matrix is approximately of
size 23 000⇥ 23 000. The memory and speed requirements for
dealing with such a huge matrix are significant, so to reduce its
size, we bin the data and the covariance matrix to compress the
data vector size by a factor of 10. The binning uses varying bin
width with �` = 5 for 29 < ` < 100, �` = 9 for 99 < ` < 2014,
and �` = 33 for 2013 < ` < 2509, and a weighting in `(` + 1)
to flatten the spectrum. Where a higher resolution is desirable,
we also use a more finely binned version (“bin3”, unbinned up
to ` = 80 and �` = 3 beyond that) as well as a completely
unbinned version (“bin1”). We use odd bin sizes, since for an
azimuthally symmetric mask, the correlation between a multi-
pole and its neighbours is symmetric, oscillating between posi-
tive and negative values. Using the base ⇤CDM model and sin-
gle parameter classical extensions, we confirmed that the cos-
mological and nuisance parameter fits with or without binning
are indistinguishable.
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Observa%onal	predic%ons			
Ø 	Primordial	density	(scalar)	perturba%ons		

Ø 	Primordial	(tensor)	gravita%onal	waves	

amplitude	

spectral	index:	
describes	devia#ons	from	scale	invariance	
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Ø 	Tensor-to-scalar	perturba%on	ra%o:	parametrizes	strength	of	primordial	GW	signal	

Ø 	Consistency	rela;on	(valid	for	all	single	field	models	of	slow-roll	infla%on):		
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VIOLATION ?

other inflationary models

INFLATIONARY CONSISTENCY RELATION

Maria Chiara Guzzetti

single-field slow-roll inflation
test

for single-field
slow-roll inflation(vacuum fluctuations)

As seen in section 5.4.1, the G-inflation model can be generalized by adding new terms in the La-
grangian, eq.(173), in order to get the most general equation of motion of second order [234]. In this
case the GW dynamics is influenced by the new terms and a deviation from the usual tensor power-
spectrum is obtained, both in terms of amplitude and spectral index, and then in general a violation
of the consistency relation can be expected. Scenarios of Generalized G-Inflation are investigated in
connection with the consistency relation in [273].

Model Tensor power-spectrum Tensor spectral index Consistency

relation

Background

Standard infl. PT = 8
M2

pl

(
H
2π

)2
nT = −2ϵ red r = −8nT

EFT inflation(a) PT = 8
cTM2

pl

(
H
2π

)2
nT = −2ϵ+ 2

3
m2

T

αH2

(
1 + 4

3ϵ
)

r/b -

EFT inflation(b) PT = 8
cTM2

pl

2
−p

1+p

π Γ2
(

1
2(1+p)

) (
H
2π

)2
nT = p

1+p blue violation

Gen. G-Infl. PT = 8
M2

pl

γT
G

1/2

T

F
3/2

T

(
H
2π

)2
nT = 3 − 2νT r/b -

Pot.-driv. G-Infl. PT = 8
M2

pl

(
H
2π

)2
nT = −2ϵ r/b r ≃ − 32

√
6

9 nT

Extra
background

Particle prod. P +
T = 8.6 × 10−7 4H2

M2
pl

(
H
2π

)2 e4πξ

ξ6 - blue violation

Spectator field PT ≃ 3 H4

c18/5

S
M4

pl

nT ≃ 2
(

2m2

3H2 − 2ϵ
)

− 18
5

ċS

HcS
r/b violation

Table 3: GW features for selected inflationary models. We show the prediction for the amplitude of the tensor power-

spectrum at the horizon crossing and the related spectral index, as functions of the model parameters. In the next

column we indicate if the tensor spectral index is expected to be red, nT < 0, or blue nT > 0, or if both possibilities

are admitted r/b. In last column we point out the consistency relation, where it is significant, and denote violation the

cases in which, due to an extra background of GW, a violation of the standard consistency relation can be expected on

some ranges of scales (see discussion in section 8.1). Standard Inflation: Lagrangian of eq.(25); see section 2.3. EFT

inflation(a): Lagrangian of eq.(86), cT GW propagation speed, mT graviton mass; see section 2.4.2. EFT inflation(b):

Lagrangian of the same form of eq.(86) with α = c−2
T /2, m = 0, cT a time-dependent parameter and p ≡ −ċT/cTH∗

a positive quantity; for more details see [107]. Generalized G-Inflation: Lagrangian of eq.(173), γT, GT, GT and νT

defined in (177), (184) and (182) respectively; see section 5.4.1. Potential-driven G-Inflation: Lagrangian of eq.(185);

see section 5.4.2. Particle production: Lagrangian of eq.(124), ξ defined in (127), and δξ defined in section 3.3.2; see

section 3.3.2. Spectator field: Lagrangian of eq.(110), cS and m the speed of sound and the mass of the spectator field;

see section 3.2.2.

8.5 Observational prospects

In light of the power of the consistency relation (193), constraining the tensor amplitude and spectral
index would represent a powerful test for the single-field inflationary model or it would provide hints
for a departure from that physics. In order to test the validity of the consistency relation, one has
to obtain an estimate of the scalar and tensor perturbation amplitudes and of the spectral index
of tensor perturbations. Clearly the most difficult task is that of observing features concerning the
tensor sector. The largest difficulty is, of course, estimating the GW spectral index, which requires
a measurement of the GW amplitudes on different scales. CMB data alone cannot provide strong
constraints on nT, but the advantage of those measurements is that they provide data directly on
the tensor power-spectrum. It is clear that measurements of GW on smaller scales, such as those
related to the direct detection by laser interferometer experiments, could provide stronger constraints
on tensor features [274–276]. GW direct detection experiments are planned to work on range of scales
18−20 orders of magnitudes smaller that those of the CMB. Up to now, on these small scales we have
only upper bounds on the cosmological GW energy-density due to a non-detection of the primordial
signal. Of course, a remarkable help in this direction, would come in the case of blue-tilted tensor
spectra.
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Other	infla;onary	models	beyond	the	standard	onesà	viola;on?		

From	Guzze.,	M,	N.B.,	M.	Liguori,	S.	Matarrese,	``Gravita:onal	waves	from	Infla:on’’,	arXiv:1605.01615		

Courtesy	of	Maria	Chiara	Guzze.	



``Large	field’’		like	poten%al		 ``Small	field’’		like	poten%al	
		
		

Roughly speaking: ``Large field’’ models can produce a high level of gravity waves;  
                             ``small field’’ models produce a low level of gravity waves 
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Inflaton	dynamics	and	the	level	of	gravity	waves		

30≤ N ≤60	



Current	observa:onal	status		



Planck	parameters	measurements		

n=1		excluded	at	5.6	sigma!!		



Observa%onal	constraints:	Planck	

n=1 (Harrison Zeld’ ovich spectrum) excluded at than 5.6 sigmas!  

Amplitude of primordial density (scalar) perturbations 

Spectral index  of primordial density (scalar) perturbations 

4 THE AUTHOR

(17) ln(1010As) = 3.062± 0.029 (68%CL)

(17) (�1 + �2 = even)

4 THE AUTHOR

(17) ln(1010As) = 3.062± 0.029 (68%CL)

(17) ns = 0.9677± 0.0060 (68%CL)

(17) (�1 + �2 = even)
Two	fundamental	observa:onal	constants	of	cosmology		
in	addi:on	to	three	very	well	known	(Ωb	,Ωcdm,	ΩΛ).	



Constraints	on	tensor	modes	

Current	%ghtest	constraint	from	a		
combina%on	of	Planck,	BICEP2	and	
Keck	Array	data		
	
r<0.07	(@	95%		C.L).			
	
	
	
BICEP2,	Keck	Array,	P.A.R.	Ade	et	al.,	
Phys.	Rev.	LeV.	116	(2016)	031302	



primordial→ present time

present time
gw spectral

energy density

GRAVITATIONAL WAVES FROM INFLATION

Maria Chiara Guzzetti

CURRENT BOUNDS

Maria Chiara GuzzettiMaria Chiara GuzzettiMaria Chiara Guzzetti

Courtesy	of	Maria	Chiara	Guzze.	



What	are	the	implica#ons	for	
infla#onary	models	?	



Large field models V (φ)∝φα

r = 4α
N

1− n = α + 2
2N

€ 

Exponential models

V (φ)∝exp[− 2 / p φ /MPl ]→ a(t)∝ t p

r =
16
p

1− n =
2
p

		

€ 

Small fieldmodels V (φ)∝1− (φ p /µ p ), p ≥ 3

r ~ 0 1− n =
2
N
(p −1)
(p − 2)

for examplep = 3 out of 95%CL

		

€ 

Natural inflation V (φ)∝1+ cos(φ / f )
consistent for f ≥ 5MPl



		

€ 

Large fieldmodels V (φ)∝φα

r =
4α
N

1− n =
α + 2
2N

€ 

Exponential models

V (φ)∝exp[− 2 / p φ /MPl ]→ a(t)∝ t p

r =
16
p

1− n =
2
p

Starobinsky model R+ (R2 / 6M 2 )

→V (φ)∝ (1− e−2 2/3φ /MPl )



Constraints	on	slow-roll	parameters	



Why	Infla#on	is	sensi#ve	to		
high-energy	fundamental	physics?		



At	least	two	(main)	avenues:		
	
-		gravita#onal	waves	
-	primordial	non-Gaussianity	



	Gravity	waves	from	infla%on	
Ø 	A	smoking	gun	of	a	period	of	infla%on	in	the	early	universe:	a		
				stochas%c	background	of	gravita%onal	waves	is	predicted	by	infla%on		
				independently	of	the	specific	infla%onary	model			

Ø 	The	amplitude	of	the	infla%onary	gravity	waves	probes	the		
					energy	scale	of	infla#on	
	
	
	
	
	
Ø 	a	detec#on	would	provide	a	firm	observa#onal	link	to	physics	of	
				the	early	universe,	characterized	by	energies	never	achievable	in	labs.	
	
Ø 	infla%onary	gravity	waves	generate	a	unique	imprint	into	the	CMB		
				polariza%on	paVern		(the	so	called	B-modes	of	polariza#on)	
					

€ 

V 1/ 4 =1.06×1016GeV r
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⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
1/ 4

GUT	SCALE	



		
	

Planck Collaboration: The Planck mission
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Fig. 8. The seven Planck polarization maps between 30 and 353 GHz, shown in Stokes Q and U, as well as in total polarized intensity
(P). The LFI maps are not bandpass-corrected; the HFI maps are. The color scale uses the same function as in Fig. 7, but the range
limits have been adjusted.
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E < 0 E > 0

B < 0 B > 0

Figure 4: Examples of E-mode and B-mode patterns of polarization. Note that if reflected across
a line going through the center the E-patterns are unchanged, while the positive and
negative B-patterns get interchanged.

patterns. Although E and B are both invariant under rotations, they behave di↵erently under parity
transformations. Note that when reflected about a line going through the center, the E-patterns
remain unchanged, while the B-patterns change sign.

TE correlation and superhorizon fluctuations
The symmetries of temperature and polarization (E- and B-mode) anisotropies allow four types

of correlations: the autocorrelations of temperature fluctuations and of E- and B-modes denoted
by TT , EE, and BB, respectively, as well as the cross-correlation between temperature fluctuations
and E-modes: TE. All other correlations (TB and EB) vanish for symmetry reasons.18

The angular power spectra are defined as rotationally invariant quantities

CXY
` ⌘ 1

2` + 1

X

m

haX
`maY

`mi , X, Y = T,E,B . (40)

In Fig. 5 we show the latest measurement of the TE cross-correlation [14]. The EE spectrum has
now begun to be measured, but the errors are still large. So far there are only upper limits on the
BB spectrum, but no detection.

The dependence on cosmological parameters of each of these spectra di↵ers, and hence a com-
bined measurement of all of them greatly improves the constraints on cosmological parameters by
giving increased statistical power, removing degeneracies between fitted parameters, and aiding in
discriminating between cosmological models.

18This assumes no parity-violating processes in the early universe. Conversely, non-zero TB and EB

correlations would be a distinctive signature of such physics.

25

E < 0 E > 0

B < 0 B > 0

Figure 4: Examples of E-mode and B-mode patterns of polarization. Note that if reflected across
a line going through the center the E-patterns are unchanged, while the positive and
negative B-patterns get interchanged.

patterns. Although E and B are both invariant under rotations, they behave di↵erently under parity
transformations. Note that when reflected about a line going through the center, the E-patterns
remain unchanged, while the B-patterns change sign.

TE correlation and superhorizon fluctuations
The symmetries of temperature and polarization (E- and B-mode) anisotropies allow four types

of correlations: the autocorrelations of temperature fluctuations and of E- and B-modes denoted
by TT , EE, and BB, respectively, as well as the cross-correlation between temperature fluctuations
and E-modes: TE. All other correlations (TB and EB) vanish for symmetry reasons.18

The angular power spectra are defined as rotationally invariant quantities

CXY
` ⌘ 1

2` + 1

X

m

haX
`maY

`mi , X, Y = T,E,B . (40)

In Fig. 5 we show the latest measurement of the TE cross-correlation [14]. The EE spectrum has
now begun to be measured, but the errors are still large. So far there are only upper limits on the
BB spectrum, but no detection.

The dependence on cosmological parameters of each of these spectra di↵ers, and hence a com-
bined measurement of all of them greatly improves the constraints on cosmological parameters by
giving increased statistical power, removing degeneracies between fitted parameters, and aiding in
discriminating between cosmological models.

18This assumes no parity-violating processes in the early universe. Conversely, non-zero TB and EB

correlations would be a distinctive signature of such physics.

25

	Looking	for	gravita%onal	waves	via	CMB	polariza%on	

Sourced	by	tensor	(and	vector)		
perturba%ons	

Sourced	by	scalar	and	tensor		
(and	vector)	pertuab%ons	
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Sensi:vity	of	Infla:on	to	fundamental		
physics	and	symmetries		
	
A	worked	example	
take	V(φ)slow-roll	
	
operators	like	φ2V(φ)slow-roll	/Λ2			
	
induce	η=M2

PL	(V’’/V)=(MPl/Λ)	~1!!		

whatever	physics	there	is	around	the	Planck	scale,	it	must		
ensure	these	terms	are	not	induced	(largely		suppresses	them)			
																											à	Ultraviolet	sensi#vity	
	
The	issue	can	be	solved	by	a	shiQ	symmetry	ϕàϕ+const
	



² 	Case	A:	no	shit	symmetry;	just	ϕà- ϕ

the	general	expecta%ons	is	λp	and	νp~1,	and	the	inflaton	poten%al		
can	get	important	correc%on	for	inflaton	field	excursion	~MPl		
à	need	Δϕ	<<	MPl:	small	field	models	of	infla#on	
	
			

Cutoff	Λ	~	MPl	

Sensi#vity	of	Infla#on	to	fundamental	physics		



² 	Case	B:	approximate	shit	symmetry	ϕàϕ+const

				flatness	of	the	inflaton	poten%al	is	guaranteed	because	the		
			symmetry	of	the	UV	theory	forbids	coefficients	λp	and	νp~1.		
	

   Example:  V(ϕ)=μ4-p ϕp, 
   with μ << MPl from scalar power spectrum

    Such	Lagrangians	support	large	field	models	of	infla#on	(Δϕ	>>	MPl)	
			

Cutoff	Λ	~	MPl	

Sensi#vity	of	Infla#on	to	fundamental	physics		



A	couple	of	examples	
	



Case	B.		
V(ϕ)=μ4-p	ϕp,	with	μ	<<	MPl	from	scalar	power	
spectrum	

Chao%c	infla%on	like	poten%als			



Axion	infla%on			

			
	
	
	
	
	
Ø  Based	on	(slightly	broken)	shit	symmetry	that	forbids	correc%ons	

like																				which	would	spoil	infla%on	
	
Ø  From	an	effec%ve	field	theory	point	of	view	the	coupling	to	the	

gauge	field	should	be	included		
	
Ø  	The	coupling	to	the	gauge	field	has	a	very	rich	phenomenology,	

both	for	primordial	NG	and	for	gravita%onal	waves	
	

e.g.:	axion	monodromy	
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fDBI
NL = � 35

108

⇤
1
c2
s

� 1
⌅

, cs = 3/(�N⇥) (55)

c̃3(c�2
s � 1) (56)

c̃3(c�2
s � 1) ⇧M4

3 (57)

c̃3(c�2
s � 1) = 2M4

3 c2
s/(ḢM2
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Higgs	infla%on	
(a	short	discussion	and	a	few		

examples)				



Higgs	infla%on			

ü 	poten%al	of	the	Higgs	field	at	large-field	values		
							does	not	work:																							would	be	required		
							to	have	enough	infla%on	and	to	generate	the	right	amplitude	of	
							primordial	density	perturba%ons		

ü 	Introduce	a	minimal	modifica%on		

Higgs Inflation After BICEP: a Minimal Review

Dario Cannone

April 9, 2014

1 The Higgs as the Inflaton

It is known that in order to achieve succesful inflation, we just need a scalar field with a
flat enough potential. Given that the Higgs boson is the only scalar field that we see in our
particle accelerators, it seems natural to ask if it could also be responsible of the early universe
inflationary epoch. The potential of the Higgs (for large field values) simply appears as:

V (h) =
�

4
h4 , (1.1)

leading to the possibility of the Higgs as the scalar field of a simple chaotic inflationary model
[1]. However, that potential is not flat enough and does not generate the observed amplitude of
primordial density pertrubations unless � ⇠ 10�13, which is far away from the measured Higgs
quartic couplig � ⇠ 0.13. Even though one may think this is the end of the story, actually
there are still several possibilities.

2 Higgs with non-minimal coupling

The simplest possibility is to add a non-minimal coupling to gravity [2] (see [3] for a recent
review) and write the action as:
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The choice of this non-minimal coupling seems very attractive because it does not introduce
any new degree of freedom and seems also to be required as a counterterm if one considers
renormalization of scalars in a curved spacetime [4]. The simplest way to work with this model
is to realize that there exists a suitable change of variables that which makes the non-minimal
coupling disappear from the action. The procedure consists in:

1. Weyl transform the metric (conventionally, this is know as conformal transformation from
Jordan to Einstein frame):

gµ⌫ �! ⌦2gµ⌫ ⌦2 = 1 +
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renormalization of scalars in a curved spacetime [4]. The simplest way to work with this model
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See,	e.g.,	Bezrukov	and	Shaposhnikov	(2008),	or	the	review	Bezrukov	(2014)	



ü 	Via	a		Weyl	transforma%on	(+	a	redefini%on	of	the	field	to	have	a		
								canonical	kine%c	term)			

Higgs Inflation After BICEP: a Minimal Review

Dario Cannone

April 9, 2014

1 The Higgs as the Inflaton

It is known that in order to achieve succesful inflation, we just need a scalar field with a
flat enough potential. Given that the Higgs boson is the only scalar field that we see in our
particle accelerators, it seems natural to ask if it could also be responsible of the early universe
inflationary epoch. The potential of the Higgs (for large field values) simply appears as:

V (h) =
�

4
h4 , (1.1)

leading to the possibility of the Higgs as the scalar field of a simple chaotic inflationary model
[1]. However, that potential is not flat enough and does not generate the observed amplitude of
primordial density pertrubations unless � ⇠ 10�13, which is far away from the measured Higgs
quartic couplig � ⇠ 0.13. Even though one may think this is the end of the story, actually
there are still several possibilities.

2 Higgs with non-minimal coupling

The simplest possibility is to add a non-minimal coupling to gravity [2] (see [3] for a recent
review) and write the action as:

S =

Z
dx4

p
�g


�1

2
M2

P lR� 1

2
⇠h2R+

1

2
@µh@

µh� V (h)

�
. (2.1)

The choice of this non-minimal coupling seems very attractive because it does not introduce
any new degree of freedom and seems also to be required as a counterterm if one considers
renormalization of scalars in a curved spacetime [4]. The simplest way to work with this model
is to realize that there exists a suitable change of variables that which makes the non-minimal
coupling disappear from the action. The procedure consists in:

1. Weyl transform the metric (conventionally, this is know as conformal transformation from
Jordan to Einstein frame):

gµ⌫ �! ⌦2gµ⌫ ⌦2 = 1 +
⇠h2

M2
P l

. (2.2)

2. Redefine the scalar field to have a canonical kinetic term:

d�

dh
=

s
1 + (⇠ + 6⇠2)h2/M2

P l

(1 + ⇠h2/M2
P l)

2
. (2.3)

1

The action simply becomes

S =

Z
dx2

p
�g


�1

2
M2

P lR+
1

2
@µ�@

µ�� U(�)

�
, (2.4)

where the potential U(�) in the large field limit1 is
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This potential is exponentially flat, thus providing a good slow-roll inflation. In order to have
the right amount of perturbations, one should require

⇠ ' 48000
p
� . (2.6)

After fixing the unknown constant ⇠, the model is completely determined and gives:

ns ' 0.967 r ' 0.0031 . (2.7)

These two values put Higgs Inflation exatly at the center of the ns � r plane of the Planck
analysis [5], drawing then attention to this simple and highly predictive model.

Now, with the observation of r ' 0.16 by the BICEP experiment, the situation is reversed
and r ⌧ 1, as predicted by this model, is not good any more. The point is that the high value
of ⇠ needed to match the power spectrum of scalars inevitably pushes down the energy scale
of inflation, V 1/4, and in turn the tensor-to-scalar ratio r. If BICEP results will be confirmed,
this scenario is excluded.

The important remark, however, is that we did a tree-level analysis and completely ignored
radiative corrections, which could in principle change the shape of the potential and possibly
allow for smaller values of ⇠.

Quantum Corrections

Quantum radiative corrections can change the form of the potential (2.5) and thus modify the
predictions of this model of Higgs Inflation [6, 7]. At very high energies (⇠ MP l), the running
of the Higgs quartic coupling � can be parametrized as

�µ = �0 + b log

✓
µ

qMP l

◆2

, (2.8)

where �0, q, b depends on the Higgs mass mh, the top (pole) mass mt and the strong coupling
constant ↵s. For �0 � b/16 we recover the “tree” Higgs Inflation and the stard predictions for
ns and r (2.7). However, if �0 is close to b/16 the potential changes and this will corresponds
to di↵erent values of ns and r depending on �0 and q, and therefore on mh and mt. Roughly
speaking, a slighly higher value of the Higgs mass and a smaller value of the top mass (with
respect to the experimentally measured central values) tend to raise the tensor-to-scalar ratio,
possibly making it again consistent with BICEP observation. For example, r = 0.1 and ns =
0.96 require mh ' 126.4 GeV and mt ' 171.6 GeV [7]. as the parameter ⇠ could be as low as
⇠ 10. This fine tuning of the masses of the Higgs and the top quark should be taken with care,
as the values of ns and r are extremely sensitive to very small variations (e.g see Figure 2 [7]).
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ü 		Interes%ng,	but	not	without	some	issues	
		
-  Intrinsic	theore%cal	uncertainty	in	compu%ng	the		
						quantum	correc%ons	
	
-  For	h>>MPl/ξ		perturba%ve	unitarity	is	violated		
						(e.g.	Burgess,	Lee,	TroV	2010)		
	
-			Stability	of	the	Higgs	poten%al	up	to	MPl/ξ1/2		is	required.		

-  finally	(but	this	is	maybe	a	maVer	of	taste…...):	
						why	the	Higgs	and	the	scalar	field	driving	infla%on	shoud		
						be	the	same?	
	
		



The	Higgs	as	the	inflaton	

•  	An	aVempt	to	have	Higgs	as	the	inflaton	
without	introducing	nothing	beyond	SM	

•  	exploits	the	fact	that	at	high	energies	a	
plateau	develops	in	the	Higgs	poten%al	for	a	
narrow	range	of	Higgs	and	top	masses.		

	
First	proposed	in	Isidori,	Rychkov,	Strumia,	Tetradis,	2008.	



The	Higgs	as	the	inflaton	
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Figure 3: Examples of fine-tuned SM potentials that might allow inflation. The right handed axis
shows the value of the slow-roll parameter " that would give the observed amount of anisotropies.

The values of the coe�cients ⇠ and c
1,2 change under field redefinitions and only their linear

combination entering (16) is physical. Indeed, under H ! H(1 + a|H|2/M2

Pl

) we have5 �c
1

= 24�a,
�c

2

= 6a and �⇠ = 0; this transformation can be used to set c
2

! 0. Under the Weyl transformation
of the metric gµ⌫ ! gµ⌫(1+a|H|2/M2

Pl

) we have �⇠ = a/16⇡, �c
1

= 12a�, �c
2

= a; this transformation
can be used to set ⇠ ! 0. Both these field redefinitions leave �S0

gravity

invariant.
To estimate the magnitude of �S0

gravity

we can thus restrict the attention to only one of the
three operators in �L

6

(we choose the |H|6 term), and estimate its coupling using näıve dimensional
analysis. At one loop, graviton exchanges generate the |H|6 operator with c

1

⇠ g4

s

/⇡ as well as the
�|H|4 operator with coe�cient � ⇠ g4

s

/⇡2. Here g
s

is an unknown coe�cient which determines if
quantum gravity is weakly or strongly coupled, with strong coupling corresponding to g

s

⇠ ⇡2. One
might therefore argue that c

1

⇠ �⇡, which implies �S0
gravity

⇠ �S
gravity

.

5 Inflation within the Standard Model?

For mt ⇡ 173 GeV and mh ⇡ 130 GeV (i.e. within the experimentally allowed region) both the quartic
Higgs coupling � and its �-function happen to vanish, at some RGE scale around M

Pl

. Is this just a
coincidence, or this boundary condition carries some message? Some speculations about this fact have
been presented in [9]. Here we explore a di↵erent aspect, namely a possible connection with inflation.

The quasi-vanishing of both � and �(�) allows to have a quasi-flat Higgs potential at h ⇠ M
Pl

,
suitable for inflation. Indeed, we can approximate the RGE running of � as

�(µ ⇠ h
0

) ' �
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+
�

(4⇡)4
ln2

µ

h
0

(17)

around the special value h
0

where � reaches its minimal value �
min

. The constant � is related to
�(�(�)) and has the numerical value � ⇡ 0.6 within the SM. The first and second derivatives of the

5 We do not distinguish between |H†DµH|2 and |H|2|DµH|2 since these operators coincide on the configurations
H = (h/

p
2, 0) we are interested in.
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The	Higgs	as	the	inflaton	
•  however:		

						
						and	at	the	same	%me	you	must	require		
	
	
						
					The	point	is	that	the	height	of	the	potental	in							
						the	flat	region	is	fixed.		
	
•  	Also:	the	poten%al	is	obtained	for	fined-tune	values	of			
						the	Higgs	and	top	masses.	
	

SM potential V ' �(h)h4/4 vanish at h = h⇤ ⌘ h
0

e�1/4 if �
min

= �/4096⇡4, such that the slow-roll
parameters
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vanish, allowing for inflation.
The lack of convincing natural models for inflation might indicate that it happens when scalar

fields, fluctuating along some vast ‘landscape’ potential generically unsuitable for inflation, encounter
a small portion of the potential which accidentally is flat enough. This is what might happen within
the SM. This potential is illustrated in fig. 3, where we do not show the uncertainty due to higher-
order corrections, which e↵ectively amounts to a ±2 GeV uncertainty in mt. Can this SM potential
be responsible for inflation and the generation of anisotropies �⇢/⇢? The answer is: not both. The
basic problem is that the requirement of having enough e-folds of inflation,

N = 2
p

⇡

Z
dh/M

Plp
"

⇡ 60, (18)

can be met with a small enough ", but this conflicts with the requirement that quantum fluctuation
of the Higgs inflaton should also generate the observed power spectrum of anisotropies, �⇢/⇢ ⇠ 10�5,
i.e.

V

"
⇡ (0.0054M

Pl

)4. (19)

Indeed the height V of the SM potential in its flat region is predicted and cannot be arbitrarily adjusted
to be as low as needed. This result can be understood by either doing explicit computations with the
approximated potential �(h)h4/4, or by looking at the sample SM potentials plotted in fig. 3. For a
top mass within the observed range, the plateau is at values of h and V 1/4 which are are somewhat
below the Planck scale, but �⇢/⇢ at N ⇡ 60 comes out larger than the observed value. Successful
inflation and successful generation of anisotropies would be obtained if for some unknown reason the
potential would remain flat from h ⇠ h⇤ up to h ⇠M

Pl

.

6 Conclusions

In this paper we have refined and updated the metastability constraint on the Higgs mass, assuming
the validity of the Standard Model up to the highest possible energy scale, ⇤ ⇡M

Pl

. In particular, we
have taken into account gravitational corrections, which were neglected in previous analyses. These
corrections turn out to be small and calculable in the phenomenologically interesting region of mh

close to its experimental lower bound. The updated constraints in the (mh, mt) plane are reported in
fig. 2. Among all possible values, the Higgs mass seems to lie in the narrow region which allows the
SM to be a consistent theory up to very high energy scales, with a perturbative coupling and a stable
or su�cient long-lived vacuum. Fig. 4 illustrates the constraints on the Higgs mass as function of ⇤,
and shows that the (meta)stability constraints do not depend on ⇤ when it is around the Planck scale.

We have also shown that the SM potential can be fine-tuned in order to be made suitable for
inflation. However, the resulting power spectrum of anisotropies is larger than the observed one.
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Higgs	false	vacuum	infla%on	
•  A	second	aVempt	to	have	the	Higgs	as	the	inflaton	without	

introducing	nothing	beyond	SM	(e.g.,	Masina,	Notari	2012)	

•  exploits	the	peculiarity	of	the	SM	to	develop	a	second-
minimum	at	high	energies	for	a	narrow	band	of	the	Higgs	and	
top	masses	
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Figure 3: Higgs potential as a function of the Higgs field value �. We fixed mt = 171.8 GeV and, from top
to bottom, mH = 125.2, 125.158, 125.157663 GeV. We also fixed ↵3(mZ) = 0.1184. The shaded region is the
range selected by our inflationary model: 10�3.4  V (�0)

1/4/M  10�2.2. The right panel is a magnification
of the false vacuum region.

action of the bounce solution which interpolates between �0 and the value on the left side of the
barrier, �T , and A is a dimension four quantity of the order of the scale of the problem (GUT scale).
We have numerically computed B for several potentials finding that only if the potential is extremely
shallow, such as the middle curve in the right panel of fig.3, we can obtain values of B . O(10

2
). If

the potential well is instead deeper as the bottom curve, the exponent B becomes rapidly extremely
large and � becomes essentially zero. In this case the transition would never happen, or it would
happen at a too low energy, leading to a too small reheating temperature.

As mentioned earlier note that the transition could happen also through a Hawking-Moss instanton
(see for instance [22]), which is due the presence of a gravitational background. In the case in which
this is the dominant process the whole scenario would be different because � would also be time-
dependent, since the Planck mass and H are varying with time. Such a transition is basically due to
quantum jumps of the fields if its mass (the second derivative of the potential at the false minimum)
is smaller than H (which is about 10

11 � 10

12 GeV), and so it could be important for extremely
shallow barriers and very high H (i.e. very large values of V (�0)). It may happen therefore that
the scenario is viable only for low values of V (�0), which could translate on a further upper bound
on the Higgs mass. In order to compare which instanton is the dominant one it is important for
this analysis to have good control on the shape of the potential around the false minimum with a
huge precision, of about 16 digits on mH . We postpone this analysis for future work. Note also
that in the case in which such transition would not lead to sufficient inflation it is also possible to
invoke an additional effect which would modify the Higgs field tunneling process, by considering a
non-minimal coupling between the Higgs and gravity of the form ⇠�2R. Since now R is varying with
time, this would introduce a time-dependence of the Higgs potential which could easily erase the
potential barrier. We have in fact checked that a coupling ⇠ of O(1) should be enough to erase the
barrier, therefore opening another interesting possibility to implement inflation. However we leave
also such a possibility for future work.

IV. THE HIGGS MASS RANGE

As discussed, only with a restricted set of values of mH and mt it is possible for the false vacuum
to be inside the band required by inflation. These very particular values for mH and mt are displayed
as segments in fig. 4. The upper (lower) values of mt � mH in the band correspond to the upper
(lower) value of V (�0)

1/4 allowed in our inflationary model, namely 1.5⇥10

16 GeV (9.7⇥10

14 GeV).
As can be seen in fig.3, this in turn corresponds to a scalar-to-tensor ratio r close to 0.1 (10�6). The
inner segment is obtained using the central value of ↵3(mZ), while the side ones mark its 1� range.

Our inflationary model works for a narrow band in the mt � mH plane, which only partially
overlaps with the top mass experimental range mt = 173.2± 0.9 GeV, provided by the recent (July
2011) global electroweak precision fits of the SM [15]. We are then left with the upper part of the



Higgs	false	vacuum	infla%on	

•  However:	this	is	nothing	but	the	old	infla%on	
scenario	(Guth	’81),	and	as	such	it	faces	the	
same	old	issue:	the	graceful	exit	problem.		

•  	To	solve	this	one	is	forced	to	introduce	in	any	
case	physics	beyond	the	SM	(non	minimal	
coupling	with	gravity	of	a	second-scalar	field	
(as	in	the	old	days	of	extended	infla%on)	or	a	
second-scalar	field	to	have	hybrid	infla%on.		

•  	moreover	the	issue	of	fine	tuning	remain.		



Starobinsky	infla%on	

•  	Actually	first	model	of	infla%on	(Starobinsky	
1980)	

12 Planck Collaboration: Constraints on inflation

We discuss hybrid inflationary models predicting ns < 1 sep-
arately. As an example, the spontaneously broken SUSY model
(Dvali et al., 1994)

U(�) = ↵h⇤
4 ln

 

�

µ

!

(42)

predicts ns � 1 ⇡ �(1 + 3↵h/2)/N⇤ and r ⇡ 8↵h/N⇤. For ↵h ⌧ 1
and N⇤ ⇡ 50, ns ⇡ 0.98 is disfavoured by Planck+WP+BAO
data at more than 95% CL. However, more permissive entropy
generation priors allowing N⇤ < 50 or a non-negligible ↵h give
models consistent with the Planck data.

R2 inflation

Inflationary models can also be accommodated within extended
theories of gravity. These theories can be analysed either in the
original (Jordan) frame or in the conformally-related Einstein
frame with a Klein-Gordon scalar field. Due to the invariance of
curvature and tensor perturbation power spectra with respect to
this conformal transformation, we can use the same methodol-
ogy described earlier.

The first inflationary model proposed was of this type and
was based on higher order gravitational terms in the action
(Starobinsky, 1980)

S =
Z

d4x
p�g

M2
pl

2

 

R +
R2

6M2

!

, (43)

with the motivation to include semi-classical quantum effects.
The predictions for R2 inflation were first studied in Mukhanov
& Chibisov (1981) and Starobinsky (1983), and can be summa-
rized as ns�1 ⇡ �8(4N⇤+9)/(4N⇤+3)2 and r ⇡ 192/(4N⇤+3)2.
Since r is suppressed by another 1/N⇤ with respect to the scalar
tilt, this model predicts a tiny amount of gravitational waves.
This model predicts ns = 0.963 for N⇤ = 55 and is fully consis-
tent with the Planck constraints.

Non-minimally coupled inflaton

A non-minimal coupling of the inflaton to gravity with the action

S =
Z

d4x
p�g

2

6

6

6

6
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4
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2

2
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2
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3

7

7

7
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(44)
leads to several interesting consequences, such as a lowering of
the tensor-to-scalar ratio.

The case of a massless self-interacting inflaton (�0 = 0)
agrees with the Planck+WP data for ⇠ , 0. Within the range
50 < N⇤ < 60, this model is within the Planck+WP joint
95% CL region for ⇠ > 0.0019, improving on previous bounds
(Tsujikawa & Gumjudpai, 2004; Okada et al., 2010).

The amplitude of scalar perturbations is proportional to �/⇠2
for ⇠ � 1, and therefore the problem of tiny values for the infla-
ton self-coupling � can be alleviated (Spokoiny, 1984; Lucchin
et al., 1986; Salopek et al., 1989; Fakir & Unruh, 1990). The
regime �0 ⌧ Mpl is allowed and � could be the Standard
Model Higgs as proposed in Bezrukov & Shaposhnikov (2008)
at the tree level (see Barvinsky et al. (2008); Bezrukov &
Shaposhnikov (2009) for the inclusion of loop corrections). The
Higgs case with ⇠ � 1 has the same predictions as the R2 model
in terms of ns and r as a function of N⇤. The entropy generation
mechanism in the Higgs case can be more efficient than in the
R2 case and therefore predicts a slightly larger ns (Bezrukov &

Gorbunov, 2012). This model is fully consistent with the Planck
constraints.

The case with ⇠ < 0 and |⇠|�2
0/M

2
pl ⇠ 1 was also recently

emphasized in Linde et al. (2011). With the symmetry breaking
potential in Eq. 44, the large field case with � > �0 is disfavoured
by Planck data, whereas the small field case � < �0 is in agree-
ment with the data.

4.3. Running spectral index

We have shown that the single parameter Harrison-Zeldovich
spectrum does not fit the data and that at least the first two
terms As and ns in the expansion of the primordial power spec-
trum in powers of ln(k) given in Eq. 10 are needed. Here we
consider whether the data require the next term known as the
running of the spectral index (Kosowsky & Turner, 1995), de-
fined as the derivative of the spectral index with respect to ln k,
dns ,t/d ln k for scalar or tensor fluctuations. If the slow-roll ap-
proximation holds and the inflaton has reached its attractor so-
lution, dns/d ln k and dnt/d ln k are related to the potential slow-
roll parameters, as in Eqs. 17 and 18. In slow-roll single-field
inflation, the running is second order in the Hubble slow-roll
parameters, for scalar and for tensor perturbations (Kosowsky
& Turner, 1995; Leach et al., 2002), and thus is typically sup-
pressed with respect to ns � 1 and nt, which are first order. Given
the tight constraints on the first two slow-roll parameters ✏V and
⌘V (✏1 and ✏2) from the present data, typical values of the running
to which Planck is sensitive (Pahud et al., 2007) would generi-
cally be dominated by the contribution from the third derivative
of the potential, encoded in ⇠2V (or ✏3).

While it is easy to see that the running is invariant under a
change in pivot scale, the same does not hold for the spectral
index and the amplitude of the primordial power spectrum. It is
convenient to choose k⇤ such that dns/d ln k and ns are uncorre-
lated (Cortês et al., 2007). This approach minimizes the inferred
variance of ns and facilitates comparison with constraints on ns
in the power law models. Note, however, that the decorrelation
pivot scale kdec⇤ depends on both the model and the data set used.

We consider a model parameterizing the power spectrum us-
ing As(k⇤) , ns(k⇤), and dns/d ln k, where k⇤ = 0.05 Mpc�1. The
joint constraints on ns and dns/d ln k at the decorrelation scale of
kdec⇤ = 0.038 Mpc�1 are shown in Fig. 2. The Planck+WP con-
straints on the running do not change significantly when com-
plementary data sets such as Planck lensing, CMB high-`, and
BAO data are included. We find

dns/d ln k = �0.013 ± 0.009 (68% CL, Planck+WP) , (45)

which is negative at the 1.5� level. This reduces the uncertainty
compared to previous CMB results. Error bars are reduced by
60% compared to the WMAP 9-year results (Hinshaw et al.,
2013), and by 20–30% compared to WMAP supplemented by
SPT and ACT data (Hou et al., 2012; Sievers et al., 2013). Planck
finds a smaller scalar running than SPT + WMAP7 (Hou et al.,
2012), and larger than ACT + WMAP7 (Sievers et al., 2013). The
best fit likelihood improves by only ��2

e↵ ⇡ 1.5 (3 when high-`
data are included) with respect to the minimal case in which ns is
scale independent, indicating that the deviation from scale inde-
pendence is not very significant. The constraint for the spectral
index in this case is 0.9630 ± 0.0065 at 68% CL at the decor-
relation pivot scale k⇤ = 0.038 Mpc�1. This result implies that
the third derivative of the potential is small, i.e., |⇠2V | ⇠ 0.007,
but compatible with zero at 95% CL, for inflation at low energy
(i.e., with ✏V ⇡ 0).
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Weyl	transorma%on	+	field	redifini%on	

(so	for	large	field	values	it	converges	to	Higgs-infla%on)	



``Extensions’’	of	Starobinksy	models:	
the	alpha-aVractors		

Building	a	bridge	between	the	``small’’	and	the	``large’’	



see,e.g,	Kallosh	&	Linde	arXiv:1306.5220,	1306.3214,	arXiv:1309.2015;	Ferarra,	Linde,	Porra%	arXiv:
1307.7696,	Kallosh,	Linde	&	Roest,	arXiv:1310.3950						



A	simple	toy	model	

5.2. T-models 81

You can read that in the starting Lagrangian (5.2) there is not an explicit scale of mass. We
have introduced the Planck mass only through the gauge fixing procedure. In order to obtain a
canonical kinetic term, one can define a new field ' such that � “

?

6 sinh

`

'{

?

6

˘

. Then, the
Lagrangian becomes

LE
toy “

?

´g

„

R

2

´

1

2

Bµ'B

µ' ´ 9�

⇢

, (5.5)

that is the Einstein frame Lagrangian for a massless scalar field ' and a cosmological constant
9�. It is worth noticing that the new Lagrangian is not locally conformal invariant. Furthermore,
the interaction terms like �2R do not appear any more and we have restored Einstein theory of
gravity. Alternatively, we could have parametrized the original fields as

� “

?

6 cosh

'
?

6

, (5.6a)

� “

?

6 sinh

'
?

6

, (5.6b)

so that the gauge fixing condition is automatically satisfied. With this parametrization we can
obtain directly Lagrangian (5.5) from (5.2).

Another possible choice for the gauge is � “

?

6. In this case, the Lagrangian (5.2) becomes

LJ
toy “

?

´g

„

R

2

ˆ

1 ´

�2

6

˙

´

1

2

Bµ�B

µ� ´

�

4

p�2
´ 6q

2

⇢

. (5.7)

Note that the Lagrangian is expressed in Jordan frame and that it exhibits a non-minimal
coupling between � and R. After having performed the conformal transformation

gµ⌫ Ñ

ˆ

1 ´

�2

6

˙´1

gµ⌫ , (5.8)

the Lagrangian reads

Ltoy “

?

´g

„

R

2

´

1

2

ˆ

1 ´

�2

6

˙´2

Bµ�B

µ� ´ 9�

⇢

, (5.9)

and a non-canonically normalized kinetic term appears. Notice that it has poles for � “ ˘

?

6.
In order to remove them, we should define a new field ' such that

d'

d�
“

ˆ

1 ´

�2

6

˙´1

, (5.10)

and the resulting Lagrangian coincides with (5.5).

5.2 T-models
We can preserve conformal invariance and break SOp1, 1q symmetry by introducing a function

F p�{�q into (5.2) [101],

L “

?

´g

„

1

2

Bµ�B

µ� `

�2

12

R ´

1

2

Bµ�B

µ� ´

�2

12

R ´

F p�{�q

36

`

�2
´ �2

˘2
⇢

. (5.11)

Local	conformal	invariance	under		

80 5.1. Conformal invariance and conformal gauge

of these models to the multi-field case which will be especially important for the last part of this
thesis.

Our simulations of the background dynamics of the inflaton in chapters 5, 7 and 8 are based
on the Mathematica code developed by M. Dias, J. Frazer and D. Seery [115] modified to fit our
necessities.

5.1 Conformal invariance and conformal gauge
A conformal transformation is a local transformation of the metric

gµ⌫pxq fiÑ g̃µ⌫ “ ⌦

2
pxqgµ⌫pxq , (5.1)

where ⌦pxq is a generic function of the coordinates. See appendix B for a brief review on
conformal transformations.

Let us consider a simple but instructive toy model with two scalar fields � and �. Suppose
the Lagrangian has the form [101]

Ltoy “

?

´g

„

1

2

Bµ�B

µ� `

�2

12

R ´

1

2

Bµ�B

µ� ´

�2

12

R ´

�

4

`

�2
´ �2

˘2
⇢

, (5.2)

where � is an adimensional constant. Notice that the kinetic term for � has the wrong sign, but
this is not a problem as it will be clear in the proceeding. The Lagrangian is locally conformal
invariant under the transformations

g̃µ⌫ “ e´2�pxqgµ⌫ , (5.3a)

�̃ “ e�pxq� , (5.3b)
˜� “ e�pxq� . (5.3c)

It is also invariant under a SOp1, 1q global symmetry that acts like a boost between the fields.
The field � is called "conformon".

Our theory is conformal invariant by construction and hence we are free to fix the degrees
of freedom derived from this symmetry. This fixing procedure is called gauge fixing. Notice
that the word gauge is overused in physics and has slightly different meaning according to the
context (in particular, compare this gauge with that of chapter 2). The gauge fixing procedure
is, as usual, not unique. For example, we can fix the so-called rapidity gauge1 �2

´ �2
“ 6M2

P l

to remove �,

Ltoy “

?

´g

„

R

2

´

1

2

ˆ

6

�2
` 6

˙

Bµ�B

µ� ´ 9�

⇢

. (5.4)

1The name "rapidity" was chosen in analogy with the concept of rapidity in special relativity. The rapidity w is
defined as tanh w “ �, where � “ v{c is the (adimensional) velocity, and it is useful for a geometric interpretation
of Lorentz transformations. The Lorentz transformation between two frames of reference can be parametrized
through rapidity and the reparametrized boost has the same form as a rotation, but with hyperbolic functions.
The Lorentz factor turns out to be � ” p1 ´ �2

q

´1{2
“ cosh w and �� “ sinh w. The parallelism between the

rapidity gauge and rapidity in special relativity is the following. We can define �{

?

6 “ coshp'{

?

6q ” � and
�{

?

6 “ sinhp'{

?

6q ” �� and obtain tanhp'{

?

6q “ �.

Choose	a	gauge	
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coupling between � and R. After having performed the conformal transformation

gµ⌫ Ñ

ˆ

1 ´

�2

6

˙´1

gµ⌫ , (5.8)

the Lagrangian reads

Ltoy “

?

´g

„

R

2

´

1

2

ˆ

1 ´

�2

6

˙´2

Bµ�B

µ� ´ 9�

⇢

, (5.9)

and a non-canonically normalized kinetic term appears. Notice that it has poles for � “ ˘

?

6.
In order to remove them, we should define a new field ' such that

d'

d�
“

ˆ

1 ´

�2

6

˙´1

, (5.10)

and the resulting Lagrangian coincides with (5.5).

5.2 T-models
We can preserve conformal invariance and break SOp1, 1q symmetry by introducing a function

F p�{�q into (5.2) [101],

L “

?
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„
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Bµ�B
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�2

12

R ´

1

2

Bµ�B

µ� ´

�2

12

R ´

F p�{�q

36

`

�2
´ �2

˘2
⇢

. (5.11)
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(a) Effects of the variation of n with ↵ “ 1. Note that
the potentials are very different for ' À 3, but they
asymptotically coincide for ' Ñ 8.

(b) Effects of the variation of ↵ with n “ 1. Notice that
for small values of ↵ the variation of ' during inflation
is small.

Figure 5.1: Examples of potentials (5.14) for T-models with �n “ 1.

In the limit F p�{�q Ñ const, we restore SOp1, 1q symmetry. After having fixed the gauge
� “

?

6, our Lagrangian in Jordan frame becomes

L “

?

´g

„

R

2

ˆ

1 ´

�2

6

˙

´

1

2

Bµ�B

µ� ´ F

ˆ

�
?

6

˙ˆ

1 ´

�2

6

˙2⇢
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Notice the presence of an UV cutoff at � “

?

6MP l. This is due to the fact that, if the field
exceeded the value

?

6 (in Planck units), then our theory would describe antigravity instead of
gravity (due to the change of the sign in front of R). After the conformal transformation (5.8)
and the introduction of a new field ' that satisfies (5.10), the starting Lagrangian (5.11) takes
the form

L “

?

´g

„

R

2

´

1

2

Bµ'B

µ' ´ F

ˆ

tanh

'
?

6↵

˙⇢

, (5.13)

where we have introduced an adimensional parameter ↵ that allows us to shift the UV cut-
off [112]. Even if ↵ allows us to parametrize a class of models and then its usefulness is obvious,
we have cheated by introducing it in a reckless manner. To be honest, this parameter arises
naturally in theory of supergravity and it is related to the Kähler curvature of the manifold.
For our purposes, it is sufficient to think of ↵ as a parameter influencing the UV cutoff2. We
usually consider ↵ “ 1, but it will be simple to reintroduce it. In fact, it is sufficient to rescale
all the occurrence '{MP l Ñ '{p

?

↵MP lq (notice that the kinetic term of ' is not rescaled).
The hyperbolic tangent has the asymptotic behaviour tanh' Ñ ˘1 in the limit ' Ñ ˘8

and then F Ñ const in the same limit. The function F p�{�q is arbitrary, therefore it is possible
to mimic an arbitrary chaotic inflation potential. We point out that we can obtain a generic
potential starting from a conformal theory with spontaneously broken conformal invariance. On
the other hand, this procedure looks sometimes a little bit artificial. Indeed, to obtain the simple
term '2 we need to choose F ptanh

'?
6
q „ ptanh

´1
tanh'q

2. Alternatively, the function F may
be thought as a deviation from an inflationary theory driven by a cosmological constant. Thus

2The interested reader may give a look at [108]
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where n is a natural number. Notice that the potential of E-models is asymmetric, as opposed
to that of T-models.

Equation of motion during slow-roll can be written as

d'

dN
“

V 1

V
“ 2n

c

2

3↵

ˆ

e

b

2
3↵'

´ 1

˙´1

, (5.28)

and, after integration, we get

N “

3↵

4n
e

b

2
3↵'pNq

, (5.29)

which is valid for large N and it is analogous to (5.17). The slow-roll parameters are given by

" “

1

2

ˆ

V 1

V

˙2

“

1

2

ˆ

c

3

2

?

↵

N

˙2

“

3↵

4N2
, (5.30a)

⌘ “

ˆ

V 2

V

˙

“ ´

1

N
, (5.30b)

where the expression of ⌘ is valid for N " ↵. Hence, at least in the previous limit, predictions
of E-models coincide with that of T-models (5.22). If ↵ “ 1, we recover the predictions of
Starobinsky model (1.116).

5.4 Universality of predictions
Conformal inflationary models share the same predictions regardless of the type of the start-

ing potential. This behaviour is induced through the stretch of the potential passing from � to
?

6 tanhp'{

?

6q. Remember that a sufficiently large flat region in the potential is an essential
element in order to have an inflationary period. The procedure of conformal stretch allows us
to build an entire class of potentials that could lead to inflation. Here we assume ↵ “ 1 since a
different value induces only a rescaling of the fields and does not alter the characteristics that
we are going to describe. Our discussion is partially based on [101].

Let us consider an instructive potential, V p�q “ sinp8�q (there is nothing special neither
in the choice of sine function nor in the value 8). If we stretch � Ñ

?

6 tanhp'{

?

6q in this
potential, we obtain a new potential with two horizontal asymptotes (see figure 5.3). Notice
that the stretched potential V p'q possesses two flat regions, one for positive values of the field
and the other one for negative values. The former has the perfect form for slow-roll inflation,
while the latter cannot be a viable option.

Notice that the transformation � Ñ

?

6 tanhp'{

?

6q leads to potentials V p'q that tend
asymptotically to V p� “

?

6q since the hyperbolic tangent is exponentially pushed towards ˘1

as ' Ñ ˘8. In addition, this procedure is insensitive to the initial potential, in fact it could have
any form and produce a stretched potential with an inflationary region. Since the asymptotic
behaviour is determined merely by the growth of V p�q near � “ ˘

?

6, someone has fifty percent
chance to get an inflationary region starting from an arbitrary potential. The procedure is the
farthest one from fine-tuning one could imagine: with an arbitrary potential one could get an
ideal inflationary region.
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we have cheated by introducing it in a reckless manner. To be honest, this parameter arises
naturally in theory of supergravity and it is related to the Kähler curvature of the manifold.
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all the occurrence '{MP l Ñ '{p
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and then F Ñ const in the same limit. The function F p�{�q is arbitrary, therefore it is possible
to mimic an arbitrary chaotic inflation potential. We point out that we can obtain a generic
potential starting from a conformal theory with spontaneously broken conformal invariance. On
the other hand, this procedure looks sometimes a little bit artificial. Indeed, to obtain the simple
term '2 we need to choose F ptanh
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where n is a natural number. Notice that the potential of E-models is asymmetric, as opposed
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element in order to have an inflationary period. The procedure of conformal stretch allows us
to build an entire class of potentials that could lead to inflation. Here we assume ↵ “ 1 since a
different value induces only a rescaling of the fields and does not alter the characteristics that
we are going to describe. Our discussion is partially based on [101].

Let us consider an instructive potential, V p�q “ sinp8�q (there is nothing special neither
in the choice of sine function nor in the value 8). If we stretch � Ñ
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6q in this
potential, we obtain a new potential with two horizontal asymptotes (see figure 5.3). Notice
that the stretched potential V p'q possesses two flat regions, one for positive values of the field
and the other one for negative values. The former has the perfect form for slow-roll inflation,
while the latter cannot be a viable option.
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(a) Potential V p�q “ sinp8�q. Green vertical lines at
� “ ˘

?

6. Note that the sine has three peaks between
0 and

?
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-1

1

-10 -5 0 5 10

(b) Potential V p'q “ sinp8

?

6 tanh
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6

q. Green vertical
lines at ' “ ˘

?

6. The asymptotic values are equal to
V p� “ ˘

?

6q.

Figure 5.3: Notice that the asymptotic behaviour of V p'q depends on the values assumed by
V p�q at � “ ˘

?

6. Note also that inflation can only occur in the right plateaux in figure 5.3b.

Intuitively, the reason why this stretch could produce an inflationary potential is clear.
Anyway, we want to found our guess on the basis of an analytical investigation. Only two
assumptions are necessary. First, we start from a potential V p�q and perform the transformation

�p'q “

?

6 tanh

'
?

6

. (5.31)

Secondly, we suppose that inflation occurs for ' " 1. The derivative of the potential with respect
to ' is given by

dV p'p�qq

d'
“

dV

d�

d�

d'
“

dV

d�

1

cosh

2
`

'{

?

6

˘ . (5.32)

Since inflation occurs for ' " 1, we can approximate dV {d� with the value it assumes at � “

?

6

(from now on, we are only going to focus on this point); let us indicate it with V 1
˚. For the same

reason, we approximate the potential V p�q with V˚. The slow-roll parameter

" »

1

2

ˆ

dV

d'

1

V

˙2

»

1

2

ˆ

V 1
˚

V˚
1

cosh

2
`

'{

?

6

˘

˙2

(5.33)

is very small due to the damping factor cosh´4. Remarkably, we have never made assumptions on
the initial potential. Through the transformation � Ñ ' the slow-roll parameter " is suppressed
without imposing any condition on the form of the potential. We expect that " „ 1 when
' „

?

6, but this is only a rough estimate since in this region the damping factor is absent while
" depends on the specific potential chosen.

The second derivative of the potential is given by

d2V p'p�qq

d'2
“

d2V

d�2

´d�

d'

¯2
`

dV

d�

d2�

d'2
» V 2

˚
1

cosh

4
`

'{

?

6

˘

´

c

2

3

V 1
˚
sinh

`

'{

?

6

˘

cosh

3
`

'{

?

6

˘ , (5.34)

with the same approximations considered before. The slow-roll parameter

⌘ “

1

V

d2V

d'2
»

V 2
˚
V˚

1

cosh

4
`

'{

?

6

˘

´

c

2

3

V 1
˚

V˚

sinh

`

'{

?

6

˘

cosh

3
`

'{

?

6

˘ (5.35)
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Figure 5.2: The r ´ ns plane for different potentials (5.14) with 2n “

1
2 , 1, 2, 3, 4 for N “ 60.

This plot can be obtained from equation (5.20) with n and N fixed and varying ↵ (notice that
the full expression for ns (5.19a) and r (5.19b) should be used). The yellow star is the attractor
point p1 ´ 2{N, 0q for ↵ Ñ 0. Notice the fan-like structure of the predictions with different n.
In the limit ↵ Ñ 8, we recover the predictions p1´ pn`1q{N, 8n{Nq of the monomial potential
'2n (see equations (5.23) and section 1.8.1), which are represented by blue dots. Black dots
correspond to ↵ “ 10. The predictions of different potentials merge when ↵ À 1. Planck data
constraint the value of ↵ to ↵ À 14 [6]. Compare this plot with figure 1.2.

This equation relates the predictions of the ↵-attractor models in the r ´ ns plane. Varying
↵ or n it is possible to have different predictions. The previous relationship is represented in
figure 5.2 for some values of n as a function of ↵. Notice the attractor point and the behaviour
for different potentials (5.14) in the limit ↵ Ñ 0. The ↵-attractor models owe their name to this
↵-dependent behaviour.

If we consider the limit ' " 1, then we can approximate [101]

N »

3↵

8n
e

b

2
3↵'pNq

, (5.21a)

" »

3↵

4N2
, (5.21b)

⌘ » ´

1

N
, (5.21c)

and the predictions reduce to

ns ´ 1 » ´

2

N
, (5.22a)

r »

12↵

N2
, (5.22b)

at lowest order in 1{N . Let us suppose that the observable window during inflation consists of
60 e-foldings, then the models predict ns “ 0.967 which is in perfect agreement with the latest
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" »
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⌘ » ´

1

N
, (5.21c)

and the predictions reduce to

ns ´ 1 » ´

2

N
, (5.22a)

r »

12↵

N2
, (5.22b)

at lowest order in 1{N . Let us suppose that the observable window during inflation consists of
60 e-foldings, then the models predict ns “ 0.967 which is in perfect agreement with the latest

AVractor	behaviour	
for	small		α	
α=1	corresponds	to	Starobinsky	(Higgs)	infla%on	
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it is interesting to study the simplest case of monomial functions F p�{�q “ �p�{�q

2n. In this
case the transformed potential of (5.13) has the form

V p'q “ �n tanh
2n

ˆ

'
?

6↵

˙

, (5.14)

and these theories are known as T-models3. The potential for different values of n and ↵ is
represented in figure 5.1.

Inflation occurs in the limit ' " 1 where the potential is flat enough. In this limit, the
potential is

V p'q “ �

ˆ

1 ´ e´
?

2{p3↵q'

1 ` e´
?

2{p3↵q'

˙2n

“ �

ˆ

1 ´ 4ne
´

b

2
3↵'

` O
ˆ

e
´2

b

2
3↵'

˙˙

. (5.15)

Notice that deviations from flatness are exponentially suppressed in the limit ' " 1. Rewriting
equation (1.18) in the form

d'

dN
“

V 1

V
“ n

c

2

3↵

ˆ

sinh

'
?

6↵
cosh

'
?

6↵

˙´1

, (5.16)

and after integrating with respect to dN , we obtain the number of e-folds of inflation

N “

3↵

2n
sinh

2 'pNq

?

6↵
, (5.17)

which is valid during slow-roll.
The slow-roll parameters are given by

" “

1

2

ˆ

V 1

V

˙2

“

n2

3↵

ˆ

sinh

'
?

6↵
cosh

'
?

6↵

˙´2

, (5.18a)

⌘ “

V 2

V
“ ´

2n

3↵

ˆ

1 ´

2n ´ 1

2

sinh

´2 '
?

6↵

˙ ˆ

cosh

'
?

6↵

˙´2

, (5.18b)

and it is immediate to calculate

ns ´ 1 “ 2⌘ ´ 6" “ ´

8n

3↵

˜

sinh

c

2

3↵
'

¸´2 ˜

n ` cosh

c

2

3↵
'

¸

, (5.19a)

r “ 16" “

16n2

3↵

ˆ

sinh

'
?

6↵
cosh

'
?

6↵

˙´2

. (5.19b)

After some algebra, one can obtain the relationship

r “

ˆ

2n ´ 1

8n
´

N

6↵
´

3

8

˙´1

pns ´ 1q . (5.20)

3There is an interesting bit of trivia about T-models’ name. Although "T" can stand simply for the presence
of the hyperbolic tangent, R. Kallosh and A. Linde in their pioneering work [101] assert that the name refers to
Henry Ford’s T-model. The reason of this analogy is the following. Like Ford’s T-models were painted in any
colour as long as it was black, inflationary T-models share the same predictions regardless of the particular form
of the potential F .



Primordial non-Gaussianity 



Primordial	NG	
ζ(x):	primordial	perturba%ons	
	
If	the	fluctua%ons	are	Gaussian	distributed	then	their	sta%s%cal	proper%es	are	
completely	characterized	by	the	two-point	correla%on	func%on,	<ζ(x1)ζ(x2)>			
or	its	Fourier	transform,	the	power-spectrum.				

Thus	a	non-vanishing	three	point	func#on,	or	its	Fourier	transform,	the	bispectrum		
is	an	indicator	of	non-Gaussianity	
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Bispectrum	vs	power	spectrum	informa%on	

5×106	pixels	compressed	
into	~2500	numbers:	
O.K.	only	if	gaussian	
	
	
	
If	not	we	could	miss	
precious	informa#on	

Measure	3	point-func#on	
and	higher-order	

Planck	2015	Results.	I.	Overview	of	products	and	scien%fic	results		

180°	 18°	 1°	 0.2°	 0.1°	 0.07°	

Mul%pole	moment,	



Primordial	NG	

Physical	origin	of	primordial	NG:		
self-interac%ons	of	the	inflaton	field,	e.g.	λ	ϕ3, 
interac%ons	between	different	fields,			
non-linear	evolu%on	of	the	fields	during	infla%on,		
gravity	itself	is	non	linear…..					

Gaussian free (i.e. non-interacting) 
field, linear theory  

Collec%on	of	independent	harmonic	oscillators	
(no	mode-mode	coupling)	



Why	primordial	NG	is	important?		



One	(among	many)	good	reason:		

fNL	and	shape	are	model	dependent:		
e.g.:	standard	single-field	models	of	slow-roll	infla%on		
predict	
					
																														fNL~O(ε,η)	<<1		
																																																																																							(Acquaviva,	Bartolo,	RioVo,	Matarrese	2002;	
																																																																																								Maldacena	2002)	

		
	
A	detec%on	of	a	primordial	|fNL|~1	would	rule	out		
all	standard	single-field	models	of	slow-roll	infla%on	



A	second	good	reason	

In	the	last	years	there	has	been	an	explosion	of	a	new	wave		
of	physically	well	mo#vated	infla#onary	models		
beyond	the	simplest	ones	capable	of	genera%ng	a	large	and		
detectable	amount	of	NG	(spurred		by	the	present	and	future		
high	precision	data)		
	

																																			|fNL|	>>1			
	
See	N.	Bartolo,	E.	Komatsu,	S.	Matarrese,	A.	RioVo,	astro-ph/0406398	
							X.	Chen,	arXiv:1002.1416		
							N.	Bartolo,	S.	Matarrese,	A.RioVo	arXiv:1001.3957	



SHAPES	OF	NG:	LOCAL	NG	

Babich et al. astro-ph/0405356   

Bispectrum peaks for squeezed triangles k1<<k2~k3   
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Non-lineari%es	develop	outside	the	horizon	during	or	immediately	ater	infla%on	

(e.g.	mul#field	models	of	infla#on)	

BRIEF ARTICLE 5

(17) Cµµ
` = Cµµ,sig

` +Nµµ
`

(17) ⇣S(x) = ⇣GS (x)


1 +

6

5

fNL ⇣
G
L (x)

�

(17) C3
= C↵�

��C
��

�⇢C
�⇢

↵�

(17)

eCC2
= ✏↵�µ⌫Cµ⌫�� C

��
�⇢C

�⇢
↵�

(17)

�h⇣2i
h⇣2i ' �µ

µ
' 12

5

fNL ⇣
G
L (x)

(17) ⇣(x) = ⇣G(x) +
3

5

fNL
�
⇣G(x)

�2
+

9

25

gNL
�
⇣G(x)

�3

(17) ⇣(x) = ⇣G(x) +
3

5

fNL
�
⇣G(x)

�2



Babich et al.  (2004)   € 
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Bispectrum	peaks	for		equilateral	triangles:	k1=k2=k3	

EQUILATERAL	NG	

Single	field	models	of	infla#on	with	non-canonical	kine#c	term	L=P(ϕ,	X)	where		X=(∂	ϕ)2	(DBI	
or	K-infla%on)	where	NG	comes	from	higher	deriva%ve	interac%ons		of	the	inflaton	field		
	
Example:		
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Babich et al. astro-ph/0405356   



Measuring	the	amplitude	and	shape	of	non-Gaussiani%es,		
with	their	huge	amount	of	informa%on	associated	to	triangular	
configura%ons	is	analogous	to	measuring	a	cross	sec%on	as	a	func%on		
of	the	angle	of	the	outgoing	par%cles	in	par%cle	and	collider	physics				

Constraints	on	fNL	translates	into	constraints	of	the	coefficients	of	the		
interac%ons	of	the	inflaton	Lagrangian			)	

LESSON:	NG...IT’S	NOT	JUST	A	NUMBER	



Limits	set	by	Planck	

See	Planck	2015	results.	XVII.	Constraints	on	primordial	non-Gaussianity	
								



e.g.	mul%-field	models	of	infla%on	

e.g.	models	with	non-standard	kine%c	terms		

Observa#onal	limits	set	by	Planck		

Planck	2015	results.	XVII.	Constraints	on	primordial	non-Gaussianity.		



Implica#ons	for	infla#on	models	
Ø 	The	standard	models	of	single-field	slow-roll	infla%on	has	survived		
					the	most	stringent	tests	of	Gaussianity	to-date:	
					devia#ons	from	primordial	Gaussianity	are	less	than	0.01%	level.	
					This	is	a	fantas#c	achievement,	one	of	the	most	precise		
					measurements	in	cosmology!	
	
	
		
	
	
Ø 	The	NG	constraints	on	different	primordial	bispectrum	shapes	severly		
					limit/rule	out	specific	key	(infla#onary)	mechanisms	alterna#ve	to	the		
					standard	models	of	infla#on						

24 THE AUTHOR
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General	single-field	models	of	infla#on:	
Implica#ons	for	Effec#ve	Field	Theory	of	Infla#on	

	

Constraints	obtained	from		
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(Cheung	et	al.	08;	Weinberg	08)	
for	extensions	see	also	N.B.,	Fasiello,	Matarrese,	RioVo	10)	
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(17) ln(1010As) = 3.062± 0.029 (68%CL)

(17) ns = 0.9677± 0.0060 (68%CL)

(17) f equil
NL = �16± 70 (68%CL)

fortho
NL = �34± 33 (68%CL)

(17) (�1 + �2 = even)

4 THE AUTHOR

(17) ln(1010As) = 3.062± 0.029 (68%CL)

(17) ns = 0.9677± 0.0060 (68%CL)

(17) f equil
NL = �16± 70 (68%CL)

fortho
NL = �34± 33 (68%CL)

(17) (�1 + �2 = even)



String	inspired	models	of	infla#on	
DBI	(Dirac-Born-Infield)	models	(brane/string	inspired	models)	
Alishahiha,	Silverstein,	Tong	04;	Chen	05;07		
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Infrared	DBI		

allowed		
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Combining	the	NG	constraint																																																				(68%	C.L.)	
	
with	the	spectral	index				
	
we	get			
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Paramater	space	of	the	model	drama#cally	restricted	

Planck Collaboration: Constraints on inflation 31

Here V(�) is the potential and f (�) is the warp factor deter-
mined by the geometry of the extra dimensions. For DBI mod-
els a stronger bound on cs is derived (Planck Collaboration
XXIV, 2014): cs > 0.07 at 95% CL. With the uniform prior
0.07 < cs < 1 and s = 0, Planck + WP constrain ✏1 < 0.042 at
95% CL.

An important case is f (�) ⇡ �/�4 (for details, see Silverstein
& Tong (2004), Alishahiha et al. (2004), Chen et al. (2007), and
references therein). There are two possibilities. First, in ultravio-

let (UV) DBI models, the inflaton field moves under a quadratic
potential V(�) ⇡ m2�2/2 from the UV side of the warped space
to the infrared side, with m � Mpl/

p
�. It is known that this

case is already at odds with observations if theoretical internal
consistency of the model and constraints on power spectra and
primordial non-Gaussianity are taken into account (Baumann &
McAllister, 2007; Lidsey & Huston, 2007; Bean et al., 2007;
Peiris et al., 2007; Bean et al., 2008). It is therefore interesting
to look at the other case, namely infrared DBI models (Chen
2005b,a) where the inflaton field moves from the IR to the UV
side, and the inflaton potential is

V(�) = V0 � 1
2
�H2�2 , (61)

with a wide range of values allowed for � in principle,
0.1 < � < 109 (Bean et al., 2008). Here we focus on a minimal
version of the IR DBI models where string effects are neglected,
so that the usual field theory computation of the primordial cur-
vature perturbation holds. For IR DBI models accounting for
such effects and a more involved treatment of the dynamics, see
Chen (2005a), Chen (2005c), and Bean et al. (2008). In this min-
imal IR DBI model, one finds (Chen, 2005c; Chen et al., 2007)
cs ⇡ (�N⇤/3)�1, ns � 1 = �4/N⇤, and dns/d ln k = �4/N2⇤ (in
this model one can verify that s ⇡ 1/N⇤ ⇡ ✏2/3). Here primor-
dial non-Gaussianity of the equilateral type is generated with an
amplitude f DBI

NL = �(35/108) [(�2 N2⇤/9) � 1].
If we consider 60  N⇤  90, then the predicted spectral

index lies within the range 0.93  ns  0.96, which is con-
sistent with the Planck measurement of the spectral index at
the 3� level, for N⇤ � 60. The constraints on non-Gaussianity
give f DBI

NL = 11 ± 69 at 68% CL (Planck Collaboration XXIV,
2014). Combining these constraints with the power spectrum
constraints, marginalizing over 60  N⇤  90, we obtain

�  0.7 (95% CL). (62)
This strongly limits the allowed parameter space of these mod-
els.

As a final example, we consider a class of power-law k-
inflation models characterized by the Lagrangian (Armendáriz-
Picón et al., 1999)

P(�, X) =
4
9

4 � 3�
�2

1
�2 (�X + X2). (63)

In this case, for small values of � one finds: c2
s ⇡ �/8, PR =

2H2/(3�cs8⇡2M2
pl)(k/k0)�3�, ns � 1 = �3�. The sound speed

is a constant (s = 0), with constant �. The primordial non-
Gaussianity in this model has an amplitude f equil

NL = �170/(81�).
Therefore, all the inflationary observables depend essentially on
a single parameter �. Imposing a prior of 0 < � < 2/3 from the
non-Gaussianity constraint f equil

NL = �42± 75 at 68% CL (Planck
Collaboration XXIV, 2014), we obtain � � 0.05 at 95% CL. At
the same time, our measurement of the spectral index constrains
0.01  �  0.02 at 95% CL. This class of k-inflation models
is therefore excluded by the combined constraints on primordial
non-Gaussianity and the power spectrum.

10. Isocurvature modes
10.1. Theoretical background

In this section we explore the constraints imposed by Planck
on scenarios where the primordial cosmological perturbations
were not entirely adiabatic. These scenarios also include isocur-
vature modes, possibly correlated among themselves as well as
with the adiabatic mode. The adiabatic mode is characterized by
the property that at very early times the universe obeyed a com-
mon, spatially uniform equation of state and all components ini-
tially shared a common velocity field. For the adiabatic mode the
density perturbations in the various components (i.e., baryons,
CDM, photons, and neutrinos) are locked together. Here baryons
include their accompanying leptons, assumed tightly coupled to
maintain charge neutrality.

Isocurvature modes arise from spatial variations in the equa-
tion of state or from relative velocities between the compo-
nents. To analyse how the CMB perturbations were imprinted,
it is most convenient to define isocurvature modes at a suffi-
ciently late time, such that the relevant components, according
to our present best understanding, consisted of baryons, photons,
CDM, and neutrinos. Under this hypothesis, in addition to the
adiabatic mode there are four possible non-decaying isocurva-
ture modes: the baryon, CDM, and neutrino density isocurvature
modes, and the neutrino velocity isocurvature mode (see, e.g.,
Bucher et al. (2000) for a discussion and further references).

The impact of isocurvature modes on the CMB was first
studied in detail by Peebles & Yu (1970) and Efstathiou & Bond
(1986, 1987), who contemplated the possibility that isocurvature
perturbations rather than adiabatic perturbations were the sole
source of cosmological perturbations. Linde (1985), Polarski &
Starobinsky (1994), Linde & Mukhanov (1997), and Garcı́a-
Bellido & Wands (1996) pointed out various scenarios in which
isocurvature perturbations could be generated within the con-
text of inflation. Bucher et al. (2000) carried out a systematic
study of isocurvature modes from a phenomenological perspec-
tive, pointing out the relevance of two additional modes: the neu-
trino density and velocity modes. Lyth & Wands (2002), Moroi
& Takahashi (2001), and Bartolo & Liddle (2002) studied an
interesting so-called curvaton scenario, in which adiabatic fluc-
tuations from inflation contribute negligibly, but quantum fluctu-
ations in a transverse direction modulate the density of decaying
particles, leading to isocurvature perturbations correlated with
the adiabatic mode.

Several authors have studied the constraints on isocurva-
ture modes imposed by previous microwave background exper-
iments, including Stompor et al. (1996), Langlois & Riazuelo
(2000), Amendola et al. (2002), Peiris et al. (2003), Valiviita &
Muhonen (2003), Bucher et al. (2004), Moodley et al. (2004),
Beltran et al. (2004), Kurki-Suonio et al. (2005), Dunkley et al.
(2005), Bean et al. (2006), Trotta (2007), Keskitalo et al. (2007),
and Komatsu et al. (2009). A more complete set of references
may be found in Valiviita et al. (2012).

Before proceeding we must define precisely how to char-
acterize these isocurvature modes on super-Hubble scales dur-
ing the epoch after entropy generation, during which we assume
that the stress-energy content of the universe can be modelled as
a multi-component fluid composed of baryons, CDM particles,
photons, and neutrinos. If we assume that the evolution of the
universe during this epoch was adiabatic (used here in the sense
of thermodynamically reversible), then the entropy per unit co-
moving volume is conserved and serves as a useful reference
with respect to which the abundances of the other components
can be expressed.



The	CMB	bispectrum	as	seen	by	Planck		
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Future	prospects	



Significant	thresholds	for	r	(Gravita%onal	waves)	

•  When	considering	future	sensi%vity	on	r,	it	is	important	to	have	in	
					mind	some	mo%vated	theore%cal	thresholds	
	
•  	One	reasonable	threshold	is		
							
							-	It	(approximately)	corresponds	to	both	the	predic%on	of	infla%on		
							models	that	become	flat	as		
							(e.g.	Higgs-infla%on	or	Starobinsky-like	infla%on)	
	
					-	it	corresponds	to	the	threshold		
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Abstract
We update the forecasts for the measurement of the tensor-to-scalar ratio r for various ground-
based experiments (AdvACT, CLASS, Keck/BICEP3, Simons Array, SPT-3G), balloons (EBEX
10k and Spider) and satellites (CMBPol, COrE and LiteBIRD), taking into account the recent
Planck data on polarized dust and using a component separation method. The forecasts do not
change significantly with respect to previous estimates when at least three frequencies are available,
provided foregrounds can be accurately described by few parameters. We argue that a theoretically
motivated goal for future experiments is r ⇠ 2 ⇥ 10�3, and that this is achievable if the noise is
reduced to ⇠ 1µK-arcmin and lensing is reduced to 10% in power. We study the constraints
experiments will be able to put on the frequency and `-dependence of the tensor signal as a check
of its primordial origin. Futuristic ground-based and balloon experiments can have good constraints
on these parameters, even for r ⇠ 2⇥10�3. For the same value of r, satellites will marginally be able
to detect the presence of the recombination bump, the most distinctive feature of the primordial
signal.

1 Introduction and motivations

The year 2014 marked the beginning of the B-mode era in cosmology. After the direct detec-
tion of the lensing B-mode signal by Polarbear [1], BICEP2 [2] pushed the constraints on primor-
dial tensor modes using polarization to a level that is competitive with temperature. Given that
temperature measurements are close to the cosmic-variance limit for the tensor-to-scalar ratio r,
improvements in the future will practically only come from polarization. Planck [3] measured the
level of polarized dust emission on the full sky with unprecedented precision (for previous measure-
ments see for example [4, 5]). In this paper we want to look ahead at the future (and futuristic)
experiments and understand whether the new data on dust polarization substantially change the
reach expected for the various experiments.

In looking at the future sensitivity on r, it is important to have in mind some motivated the-
oretical threshold. In the very near future we will explore the region r ⇠ 0.1, which corresponds
to simple monomial potentials. If gravitational waves are not detected, is there another motivated
threshold to reach? One might argue that r ⇠ 2⇥ 10�3 is a reasonable goal for future experiments.

1

ar
X

iv
:1

50
2.

01
98

3v
2 

 [a
st

ro
-p

h.
C

O
]  

18
 N

ov
 2

01
5

First of all, it approximately corresponds to the value predicted by potentials that approach asymp-
totically a constant as exp (��/MP) (Starobinsky model [6], Higgs-inflation [7], etc.). A similar
number is obtained by looking at the Lyth bound [8]. The excursion of the inflaton during inflation
is given by

��

MP
=

Z
dN

r
r

8
. (1)

If one assumes that r monotonically increases going towards the end of inflation, one can conserva-
tively replace r(N) with the one on cosmological scales. The threshold �� = MP then corresponds
to r = 8N�2 ' 2 ⇥ 10�3. A detection of gravitational waves above this level would convincingly
indicate a trans-Planckian displacement, under the mild assumption that ✏ increases as one moves
towards the end of inflation. Another way to argue for the same threshold for r is to study the
consequences of imposing that the scalar tilt is of order 1/N : ns � 1 = �↵/N [9–11]. If this ap-
proximate equality is not an accident, but holds in a parametric window around N = 60, one can
argue for the existence of a forbidden region in r between 10�1 and 10�3. This second number
actually depends exponentially on the precise value of the scalar tilt, but 2⇥10�3 corresponds to a
reasonable lower bound within the present uncertainties on ns [9]. All these theoretical prejudices
should be taken with care, but motivate 2⇥ 10�3 as a relevant figure of merit. Therefore, we will
look ahead to check which experiments will be able to get to this value of r.

The outline is rather simple: in Section 2 we explain the method used throughout this paper,
while in Section 3 we show the result obtained for various experiments. In Section 4 we consider
more conservative analyses, focussing on possible evidences that the signal is indeed due to tensor
modes. A similar study was done in Ref. [12] concentrating on the superhorizon B-modes using
[13].

2 Forecasting Method

2.1 CMB and Noise

In linear perturbation theory, the coe�cients a`m of the T -, E- and B-modes of the CMB are
Gaussian random variables with zero mean and variance

haX`ma

Y ⇤
`0m0i = C

XY
` �``0�mm0

,

(2)

where X,Y = T,E,B. From these, as customary, one defines the “curly” correlators as CXY
` ⌘

`(` + 1)CXY
` /(2⇡). Due to parity invariance, only the TT , EE, TE and BB power spectra are

necessary to characterize the CMB, the others being zero. In our analysis we consider the B-mode
power spectrum only, so we drop the superscript BB where possible. This is generated by CAMB
[14] and, since we are solely interested in the forecast for the tensor-to-scalar ratio r, we set all
cosmological parameters, except r and the optical depth ⌧ , to the current best fit values of Planck
[15]. Although this may look like a rough approximation, r is expected to be only mildly degenerate
with the other parameters, the biggest degeneracy being the one with ⌧ at low multipoles. We
are going to marginalize over ⌧ using a gaussian prior given by Planck analysis [15]. This is a
conservative approach for satellites since they will have additional information on reionization. On
the other hand, since large scale polarization measurements are a↵ected by systematics, it is not
clear how much they will improve the constraints on ⌧ .
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(see	discussions,	e.g.,	in	Creminelli	et	al.	arXiv:1502.01983,	Dodelson	arXiv:1403.6310,		
	Kamionkowski,	Kovetz	1510.06042,	Guzze�	et	al.	1605.01615	or,	recently		
	Linde	in	1612.00020).				



Gravita%onal	waves	from	infla%on:	CMB	B-modes	

•  The	search	for	B-modes	will	be	the	main	target	for	most	
future	CMB	surveys.		

	
•  Current	constraints	r	<	0.07,	(95%	C.L.),	Planck	+	BICEP2	+	

Keck	Array.		
	
•  From	the	ground,	claim:	Δr	~	0.01	maybe	achievable.		
•  Main	obstacles:	astrophysical	foreground,	B-mode	lensing	

signal.		Best	remedies:	full-sky,	wide	mul%-frequency	
coverage		=>	SPACE	

	
•  Next	genera%on	of	space	missions	aiming	for	Δr	~	0.001		
		



Figure 3: Left: Constraints on inflationary potentials from Planck and the predicted constraints from PRISM (not assuming
de-lensing) for a fiducial value of r = 5⇥10�2 (adapted from [86]). Right: distribution of inflationary model parameters generated
using a model independent approach that Monte-Carlo samples the inflationary flow equations. While these simulations cannot
be interpreted in a statistical way (e.g., Kinney [63], Peiris et al. [77], Chongchitnan and Efstathiou [26]), they show that models
cluster around attractor regions (adapted from [107]).

there is a very rich phenomenology. Single field inflation models can relate r directly with the evolution of
� at early times. Indeed, for an inflationary expansion lasting long enough to provide the observed level of
homogeneity and isotropy, we have ��/m

Pl

' (r/0.01)1/2. Multiple field inflation models arising in string
theory and other proposals for unification at high energies, as well as particle and string production during
the inflationary period, can lead to even higher values of r.

Primordial gravitational waves imprint a unique, as yet undetected, signature in the CMB polarization.
CMB polarization is a spin-two field on the sky, and is decomposed into the equivalent of a gradient—the
E-mode—and a curl—the B-mode. Gravitational wave fluctuations are visible as the B-mode polarization
of the CMB and are the only primordial contribution to B relevant at the time of recombination. Hence a
detection of B-modes is a direct probe of r, and thus the energy scale of inflation and other primordial energetic
processes. Furthermore, in the simple case of slow-roll inflation we have that r ⇡ �8nT . Additional detailed
measurements of the shape of the temperature and polarization spectra will measure higher derivatives of
the inflationary potential.

The 2013 Planck data release has significantly improved previous constraints on inflationary models. In
particular, and in the context of the simplest ⇤CDM scenario, Planck results provide nS = 0.9624±0.0075 and
r < 0.12. These results are notable because exact scale invariance (i.e., nS = 1) of primordial perturbations
is ruled out at more than 5�. When specific inflationary models are considered, Planck imposes significant
constraints on the potential (Fig. 3), as discussed in Ref. [86]. Indeed Planck has shown that it is possible
to test many inflation models using the CMB temperature data, yet even a forecast Planck limit r < 0.05
would leave many interesting models unprobed. Given that the stochastic background of gravity waves is the
smoking gun of inflation, it is crucial to map as accurately as possible the CMB polarization and in particular
characterize the B-mode angular power spectrum.

To forecast how well we would be able to measure the power spectrum of the B-modes, it is important
to recognize that the foreground signal is likely to dominate the cosmological signal at low `, where the
most constraining information on r is situated. If we propagate the uncertainties connected to foreground
contamination into the parameter error forecasts [107, 6, 9], we find that the proposed experimental set-up
will enable us to explore most large field (single field) inflation models (i.e., where the field moves for �MP )
and to rule in or out all large-field models, as illustrated in the right-hand panel of Fig. 3.

As the work by Smith et al. [98] indicates (see Fig. 8), the instrumental sensitivity, angular resolution
and, as a result, foreground control and subtraction will enable us to achieve a detailed mapping of the
lensing signal, and in particular to implement de-lensing techniques for the measurement of r, improving by
a factor of three our constraint on r. This implies that PRISM will detect r ⇠ 3 ⇥ 10�4 at more than 3�.
This performance is very close, within factors O(1), to what an ideal experiment (i.e., with no noise and no
foregrounds) could achieve, allowing PRISM to directly probe physics at an energy scale a staggering twelve
orders of magnitude higher than the center-of-mass energy at the Large Hadron Collider (LHC).

6

ns-r	plane:	expected	improvements	

Vast	improvement	achievable	from	future	polariza;on	data	(TE,	EE,	BB)		
	



primordial→ present time

present time
gw spectral

energy density

GRAVITATIONAL WAVES FROM INFLATION

stochastic gravitational wave
background

Maria Chiara Guzzetti

small scales

CMB
LISA VIRGO

Courtesy	of	Maria	Chiara	Guzze.	



CURRENT BOUNDS AND OBSERVATIONAL PROSPECTS

Maria Chiara GuzzettiMaria Chiara GuzzettiMaria Chiara Guzzetti

LISA aLIGO/adVirgo O5

Courtesy	of	Maria	Chiara	Guzze.	



single-field slow-roll inflation
test

for single-field
slow-roll inflation

INFLATIONARY CONSISTENCY RELATION

(vacuum fluctuations)

large range of scales

experiments at small scales 
are crucial in order to exploit 

the long lever arm between CMB scales and 
laser interferometers scales

experiments at small scales improve the 
capabilities of testing the single-field slow-roll

inflationary model

Maria Chiara Guzzetti

Courtesy	of	Maria	Chiara	Guzze.	



ANY inflationary model quantum fluctuations of the gravitational field

POSSIBLE EXTRA
PRODUCTION

CLASSICAL gw production

SOURCE TERM
due to further fields besides the 

gravitational one

FURTHER MECHANISMS OF GW PRODUCTION

Maria Chiara Guzzetti

Courtesy	of	Maria	Chiara	Guzze.	



INFLATION WITH SPECTATOR FIELD

inflaton + spectator field 𝜎

𝜎 speed of sound

speed of sound 
evolution

gw
amplitude

gw
spectral index

blue ?

CONSTRAINING SPECIFIC INFLATIONARY MODELS, AN EXAMPLE

Maria Chiara GuzzettiMaria Chiara Guzzetti

Courtesy	of	Maria	Chiara	Guzze.	



INFLATION WITH SPECTATOR FIELD

inflaton + spectator field 𝜎
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Primordial	non-Gaussianity:	expected	improvements	

CMB	is	a	priviliged	laboratory	for	cosmic	infla%on.	
	
Improvements	are	possible	thanks	to	CMB	polariza%on.	
	
An	experiment	like	PRISM	or	CMBpol,	cosmic	variance	dominated	in		
E-mode	up	to	to	l_max	~	3000	can	improve	by	a	factor	of	3	the		
error	bars	on	f_NL	for	all	shapes	(no	other	observable	can	do	that		
sxcept	futris#c	21-cm	experiments).	
			
	
					
						



New	observa%onal	strategies	

CMB	is	a	privileged	laboratory	for	cosmic	infla%on.	However	different		
observables	can	be	compe%%ve,	and	in	the	future,	have	a	beVer		
sensi%vity	to,	e.g.,	primordial	non-Gaussianity	
	
	
Ø 	Large-Scale-Structure	Surveys	à		fNL	~1	or	less.		

Ø 	CMB	spectral	distor%ons	à	fNL~0.001	(cosmic	variance	limited	exp.)	

Ø 	Future	high-redshit	large	radio	surveys	à	f_NL~	1	or	less.		
	
	
Ø 	High-redshit	21cm	fluctua%ons	à	fNL~0.01		
			(cosmic	variance	limited	experiment)	
	
	
					
						



CMB	spectral	distor%ons:	a	new	window	
CMB spectral distortions: a new window 

M. Liguori – Primary CMB – New challenges in Cosmic Microwave Backgroud studies – ASI 30 March 2016   

CMB spectral distortions from acoustic 
wave dissipation probe a large range  
of scales, much smaller than CMB/LSS 
 
Many additional modes!  

•  Power spectrum and running spectral index  
    (Khatri and Sunyaev 2013, Cabass, Melchiorri, Pajer 2016) 
 
•  If µ-anisotropies are measured (no absolute calibration needed): 
 

!  Tµ correlation: primordial local fNL (or other squeezed bispectra) 
     (Pajer and Zaldarriaga 2013) 

!  µµ correlation: primordial local trispectrum, τNL 

!  TTµ bispectrum: primordial local trispectrum, gNL 
     (Bartolo, ML, Shiraishi 2016) 
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Figure 1. Power which disappears from the anisotropies appears in the monopole as spectral distortions. CMB
damped and undamped power spectra were calculated using analytic approximations [33–36]. Scale range
probed by the CMB anisotropy experiments such as COBE-DMR, WMAP, Planck, SPT and ACT is marked
by the shaded region on the left side of the plot. Spectral distortions probe much smaller scales up to the
blackbody photosphere boundary at ` ⇠ 108.

spectrum. The energy stored in the perturbations (or the sound waves in the primordial radiation
pressure dominated plasma) on the dissipating scales, however, does not disappear but goes into the
monopole spectrum creating y, µ and i-type distortions, see Fig. 1. This e↵ect was estimated initially
by Sunyaev and Zeldovich [2] and later by Daly [43] and Hu, Scott and Silk [44]. Recently, the
energy dissipated in Silk damping and going into the spectral distortions was calculated precisely in
[45], correcting previous calculations and also giving a clear physical interpretation of the e↵ect in
terms of mixing of blackbodies [45, 46] 2. The calculations in [45] showed that photon di↵usion just
mixes blackbodies and the resulting distortion is a y-type distortion which can comptonize into i-type
or µ-type distortion, depending on the redshift. We can write down the (fractional) dissipated energy
(Q ⌘ �E/E�) going into the spectral distortions as [45, 46]

dQ
dt
= �2

d
dt

Z
k2dk
2⇡2 P�i (k)

2
6666664
1X

`=0

(2` + 1)⇥2
`

3
7777775 ⇡ �2

d
dt

Z
k2dk
2⇡2 P�i (k)

h
⇥2

0 + 3⇥2
1

i
, (2.1)

where ⇥`(k) are the spherical harmonic multipole moments of temperature anisotropies of the
CMB, t is proper time and P�i (k) = 4

0.4R⌫+1.5 P⇣ ⇡ 1.45P⇣ , P⇣ = (A⇣2⇡2/k3)(k/k0)ns�1+ 1
2 dns/d ln k(ln k/k0),

the amplitude of comoving curvature perturbation A⇣ is equivalent to �2
R in Wilkinson Microwave

2See [47] for a slightly di↵erent way of calculating µ-type distortions and also [48].

– 3 –

Kathri and Sunyaev 2013, arXiv: 1303.7212 

CMB	spectral	distor;ons		
from	acous;c	waves		
dissipa;on	probe	a	large		
range	of	scales	much	smaller	
than	CMB/LSS	.		
Many	addi;onal	modes	
	
AN	ALMOST	UNEXPLOITED		
OBSERVATIONAL	WINDOW		

•  	If	μ	anisotropies	are	measured		
					-	Tμ	cross-correla%on:	primordial	local	f_NL	(Pajer	&	Zaldarriaga	2013)	
								can	in	principle	reach	f_NL~10-2-10-3		
					-	μμ		correla%on:	primordial	4-point	func%on	(amplitude	τ_NL)	
					-	TTμ:	primordial	4-point	func%on	g_NL:	can	in	priciple	improve	by	4		
							orders	of	magnitude		(N.B.,	Liguori,	Shiraishi,	2016)	



CMB	spectral	distor%ons	
Ø  	Various	planned	and	proposed	satellite	missions	can	achieve	the	required	

sensi%vity	to	measure	the	primordial	μ	and	y	spectral	distor%ons:	these	are	
predicted	to	be	<μ>≈1.9×10-9				and	<y>≈4.2×10-8		

Sensi%ve	to	a	minimum	<μ>min≈10-9		 Sensi%ve	to	a	minimum	<μ>min≈10-8		

Ø  Besides	being	a	probe	of	the	standard	ΛCDM	model	(including	infla%on)	
					it	can	unveil	new	physics,	e.g.	about	
					-	decaying	and	annihila%ng		dark	maVer	par%cles	
					-	black	holes	and	cosmic	strings	
					and	it	can	allow	to	measure	a	whole	series	of	signals	like	y-distor%ons	from		
					re-ionized	gas	
					

Primordial 
Inflation 
Explorer 
(PIXIE) 

Al Kogut 
Goddard Space 
Flight Center 



CMB	spectral	distor%ons	
Ø 	We	know	there	must	be	%ny	devia%ons	from	a	perfect	black	body	of	the	CMB		
					spectrum	in	the	frequency	domain	
	
Ø 		Not	detected	yet	(apart	y-distor%ons	from	Sunyaev-Zel’dovich	effect)	

Ø 		

	
							FROM	COBE/FIRAS		

		

€ 

ΔIν
Iν

< 10−4 µ < 9×10−5 y < 1.5×10−5 (95% C.L)Current status: distortions 

M. Liguori – Primary CMB – New challenges in Cosmic Microwave Backgroud studies – ASI 30 March 2016   

No distortion detected  
(except y-distortions from  
SZ-effect, not primordial). 
 
Best limits essentially date back  
to COBE/FIRAS: 
 
ΔIν/Iν < 10-4 

µ < 9 x 10-5 

y < 1.5 x 10-5   (95% C.L.) 

Spectral distortions yet undetected. They are expected in  
standard Cosmology, from a variety of mechanisms. 



	
Local	primordial	non-Gaussianity	correlates	short-	with	long-mode	perturba%ons,		
so	it	induces	a	correla%on	between	the	dissipa%on	process	on	small	scales	
	
	
	
and	the	long-mode	fluctua%ons	in	the	CMB		
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Ø 	Pajer	&	Zaldarriaga	(2012)	and		Ganc	&	Komatsu	(2012)	pointed	out	that	the		
				cross-correla%on	between	CMB	μ-distor%on	and	CMB	temperature		fluctua%ons		
				can	be	a	diagnos%c	very	sensi%ve	to	local-type	bispectra	peaking	in	the		squeezed		
				configura%on:			a	cosmic	variance		limited	experiment	can	achieve	fNL~0.01-0.001		
	

CMB	spectral	distor%ons	and	NG		



Looking at the inflationary trispectra  
(4-point correlation functions) 



Contact	interac;on:	e.g.	λ	(δφ)4	(intrinsic		
contribu%ons	from	the	4-th	order	ac%on)			

Scalar	exchange:		
comes	from	terms	in	the	3-oder	ac%on,	
e.g.		(δφ)3			

gNL	τNL								f2NL	
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Looking	at	the	infla%onary	trispectra	

Planck Collaboration: Planck 2015 Results. Constraints on primordial NG

1. Starting from the data d, we compute (with uniform
pixel weighting) a best-fit monopole and dipole outside
the Galactic mask. We use the temperature “common
mask”, the union of the confidence masks for the SMICA,
SEVEM, NILC, and Commander component separation meth-
ods (Planck Collaboration IX 2016).

2. The mask defines a few “islands”, i.e., isolated groups of
pixels that are unmasked, but contained in a larger masked
region. We slightly enlarge the mask so that it removes the
islands.

3. We classify the components of the masked part of the sky
into “small” masked regions with  1000 pixels (at HEALPix
resolution Nside = 2048), and “large” regions with > 1000
pixels. Small regions usually correspond to point sources,
and large regions typically correspond to areas of di↵use
galactic emission. In small regions, we inpaint the CMB by
assigning the unique map that agrees with the data on bound-
ary pixels, and whose value in each interior pixel is the aver-
age of the neighboring pixels.

4. In large regions, we do not inpaint the CMB, but rather
apodize the boundary of the large region using cosine
apodization with 12’ radius.

5. We apply a spherical harmonic transform to the inpainted,
apodized CMB map to obtain a harmonic-space map a`m
with `max = 1600. We then take the final filtered map ã`m
to be

ã`m =
a`m

b`C` + b�1
` N`

(69)

where b` is the beam, C` is the fiducial CMB power spec-
trum, and N` is the sky-averaged noise power spectrum
(without beam deconvolution). To motivate this choice of `-
weighting, we note that for an ideal all-sky experiment with
isotropic noise, we have a`m = b`s`m+n`m where s`m, n`m are
signal and noise realizations. In this case, Eq. (69) weights
the signal as s`m/(C` + b�2

` N`), which is optimal.

In our pipeline, we apply this filter to the component-
separated SMICA maps (Planck Collaboration IX 2016), obtain-
ing a harmonic-space map ã`m. We apply the same filter to 1000
Monte Carlo simulations to obtain an ensemble of harmonic-
space maps. Our pipeline has the property that it always esti-
mates the trispectrum of the data in excess of the trispectrum
in the simulations. Since the simulations include lensing, this
means that lensing bias will automatically be subtracted from
our gNL estimates.

Now that the filter, data realization, and Monte Carlo simula-
tions have been fully specified, the details of the pipeline are de-
scribed in section IX.B of Smith et al. (2015). For each trispec-
trum, the pipeline outputs an estimate of gNL and an estimate of
the statistical error. Our basic results are:

glocal
NL = (�9.0 ± 7.7) ⇥ 104;

g�̇
4

NL = (�0.2 ± 1.7) ⇥ 106; (70)

g(@�)4

NL = (�0.1 ± 3.8) ⇥ 105.

No deviation from Gaussian statistics is seen. These results
significantly improve the previous best constraints on the
trispectrum from WMAP (Vielva & Sanz 2010; Smidt et al.
2010; Fergusson et al. 2010b; Hikage & Matsubara 2012;
Sekiguchi & Sugiyama 2013; Regan et al. 2013; Smith et al.
2015) and large-scale structure (Desjacques & Seljak 2010;
Giannantonio et al. 2014; Leistedt et al. 2014).

A constraint on glocal
NL from Planck 2013 data was recently

reported by Feng et al. (2015), who find glocal
NL = (�13±18)⇥104.

Our central value in Eq. (70) agrees well with this result, but the
statistical error is smaller by a factor of 2.3. This improvement
is partly due to the lower noise levels in Planck 2015 data, and
partly due to the use of a better estimator.

Each line in Eq. (70) is a “single-gNL” constraint; i.e., the
constraint on one gNL parameter with the other gNL-parameters
held fixed. For joint constraints, one needs to know the full co-
variance matrix. The correlation between glocal

NL and the other two
parameters is negligble, and the g�̇4

NL-g(@�)4

NL correlation is:

Corr(g�̇
4

NL, g
(@�)4

NL ) = 0.61. (71)

multi-field models of inflation will generally give a linear com-
bination of �̇4, �̇2(@i�)2, and (@i�)2(@ j�)2 trispectra. In this case
we proceed as follows. First, if the �̇2(@i�)2 coe�cient is non-
zero, we can use the near-degeneracy with a linear combination
of the other two operators to absorb it into the e↵ective values
of g�̇4

NL and g(@�)4

NL . A Fisher matrix analysis shows that the coe�-
cients of this linear combination are

(g�̇
4

NL)e↵ = 0.59 g�̇
2(@�)2

NL

(g(@�)4

NL )e↵ = 0.091 g�̇
2(@�)2

NL (72)

It is convenient to define the two-component parameter vector:

gi =

0

B

B

B

B

@

g�̇
4

NL
g(@�)4

NL

1

C

C

C

C

A

. (73)

We also compute a two-by-two Fisher matrix Fi j, whose diago-
nal is given by Fii = 1/�2

i , where �i is the single-gNL statistical
error in Eq. (70), and whose o↵-diagonal is F12 = rF1/2

11 F1/2
22 ,

where r is the correlation in Eq. (71). This procedure gives:

Fi j =

 

3.3 9.2
9.2 68.7

!

⇥ 10�13. (74)

For a given parameter vector gi, we can define a trispectrum-�2

by
�2(g) = [Fiiĝi � (Fg)i] F�1

i j [F j jĝ j � (Fg) j] (75)

where ĝi = (�0.21 ⇥ 106,�0.10 ⇥ 105) is the vector of best-fit
single-gNL values from Eq. (70). This definition of �2 follows
from the observation that (Fiiĝi) is an estimator with expectation
value (Fg)i and covariance matrix Cov(Fiiĝi, F j jĝ j) = Fi j.

The inflationary implications of these trispectrum constraints
are discussed in Sect. 11.5 below.

10. Minkowski functionals results

In this section, we present constraints on local NG at
first and second order ( f local

NL and glocal
NL ) obtained with

Minkowski functionals (MFs) on temperature and polarization
E maps. MFs (Mecke et al. 1994; Schmalzing & Buchert 1997;
Schmalzing & Gorski 1998; Winitzki & Kosowsky 1998) are a
measure of fields’ local morphology used to constrain their
stationarity, isotropy and Gaussianity. Mostly probing general
NG in a frequentist fashion in two-dimensions on CMB maps
(Eriksen et al. 2004; Komatsu et al. 2005; Modest et al. 2013;
Natoli et al. 2010; Curto et al. 2008) or three-dimensions on
LSS data (Park et al. 2005; Wiegand et al. 2014), they have
also been used to measure specific NG targets with Bayesian
methods, such as f local

NL (Hikage et al. 2006, 2008; Ducout et al.
2013; Planck Collaboration XXIV 2014), other bispectrum and
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A	warning	

•  Tμ	(and	μμ)	cross-correla#on	is	not	able	to	
determine	the	gNL	parameter		

	
•  	the	TTμ	bispectrum	is	a	poten%al	powerful	
way	to	measure	gNL		

•  An	ideal,	cosmic	variance	dominated	
experiment	can	reach	gNL~0.1	

			(N.B.,	Liguori	and	Shiraishi	2015)				



Conclusions	
Ø 	Cosmology	has	seen	a	tremendous	progress	in	the	last	years,		
					and	more	is	expected	in	the	near/long	term,	thanks	to	new		
					high-precision	data	from	a	variety	of	new	CMB	and	LSS	surveys.		
	
Ø  	Infla%on	is	no	excep%on:	a	large	por%on	of	the	model	parameter		
						space	has	been	ruled	out,	and	many	non-standard	models	of		
						infla%on	have	been	%ghtly	constrained	
						(e.g	via	primordial	non-Gaussian%y)	
	
Ø  A	crucial	measurement	will	be	the	amplitude	of	the	gravita%onal		
					waves	from	infla%on	since	this	is	directly	propor%onal	to	the	energy		
					scale	of	infla%on,	and	will	allow	to	fully	exploit	the	high	sensi%vity	of	
					infla%on	to	high-scale	physics.				
									


