
Leading isospin breaking effects 
on the lattice

OUTLINE

 Motivations 

 Isospin breaking effects on the lattice 

 Results:  ⦁ Mπ+ - Mπ0  ⦁ MK+ - MK0  
      ⦁ (md - mu) ⦁ MD+ - MD0

In collaboration with:  
V. Lubicz, G. Martinelli, F. Sanfilippo, S. Simula, N. Tantalo, C. Tarantino

IFAE 2017
Trieste

19th - 21st April

Davide 
Giusti



ISOSPIN BREAKING EFFECTS

Though small, IB effects can play a very important role

Qu ≠ Qd : O(αe.m.) ≈ 1/100

mu ≠ md : O[(md-mu)/ΛQCD] ≈ 1/100

“Electromagnetic”

“Strong”

Isospin breaking effects are induced by:

Since electromagnetic interactions renormalize quark masses the 
two corrections are intrinsically related

Isospin symmetry is an almost exact property 
of the strong interactions
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 MOTIVATIONS



   But the knowledge of mu and md separately is important  

Lattice QCD in the  

isosymmetric limit  

(mu=md, Qu=Qd) provide  

a determination of the  
average up-down quark mass:

 
mud= mu+md( )/2

Quark masses are  
fundamental parameters  
of the Standard Model

 Theoretical motivations

mud = 3.70(17) MeV (Nf=2+1+1)
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-  The actual values of the mass difference md - mu and 
quark charges Qd, Qu implies Mn > Mp and guarantees  

                                                the stability of matter

M(n) – M(p) = 1.3 MeV = 0.14%

- Accurate knowledge of quark masses is important for our 
understanding of flavor physics at the fundamental level

W

mu ≃ 2.5 MeV md ≃ 5 MeV 

mc ≃ 1.2 GeV ms ≃ 100 MeV 

mt ≃ 175 GeV mb ≃ 4.3 GeV

   A remarkable relation:

  

md

ms

⎛

⎝⎜
⎞

⎠⎟

1/2

!
mu

mc

⎛

⎝⎜
⎞

⎠⎟

1/4

! Vus ! 0.22
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Example: determination of Vus and  
the CKM first row unitarity test 

    IB effects cannot be neglected at present 
in flavor physics phenomenology

 
K

Vus 

 
K π

Vus 

Vud
2
+ Vus

2
+ Vub

2
= 1
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  ISOSPIN BREAKING 

EFFECTS ON THE 

LATTICE



A strategy for Lattice QCD: 

The isospin breaking part of the Lagrangian is 
treated as a perturbation  

   Expand in:
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md – mu
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  The (md-mu) expansion

  - Identify the isospin breaking term in the QCD action

  

Sm = muuu +mddd⎡⎣ ⎤⎦
x
∑ =

1
2

mu +md( ) uu + dd( )− 1
2

md −mu( ) uu − dd( )⎡

⎣
⎢

⎤

⎦
⎥

x
∑ =

    = mud uu + dd( )− Δm uu − dd( )⎡⎣ ⎤⎦
x
∑ = S0 − Δm Ŝ

   
O =

Dφ  O e−S0+Δm Ŝ∫
Dφ   e−S0+Δm Ŝ∫

1st

!
Dφ  O e−S0 1+ Δm Ŝ( )∫
Dφ   e−S0 1+ Δm Ŝ( )∫

!
O

0
+ Δm O Ŝ

0

1+ Δm Ŝ
0

- Expand the functional integral in powers of Δm

Corrections to quark propagators at leading order in Δm:

Ŝ = uu − dd( )
x
∑
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The expansion for the quark propagator

In the electro-quenched approximation: 
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 RESULTS

 The charged-neutral    

  pion mass splitting

preview



The charged and neutral pion masses
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The charged-neutral pion mass splitting

We obtain:

where the errors are statistical and systematic (estimated from 

chiral and continuum extrapolations and FSE).

The result is in good agreement with the experimental determination

It suggests, a posteriori, that the effect of having neglected 

the disconnected contribution of O(αemmud) is small

Mπ + −Mπ 0 = 4.21(23)stat (13)syst  MeV
= 4.21(26) MeV

Mπ + −Mπ 0⎡⎣ ⎤⎦
exp

= 4.5936(5) MeV
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 RESULTS

 The charged-neutral    

  kaon mass splitting and (md-mu)

preview



The charged and neutral kaon masses

0 0.01 0.02 0.03 0.04 0.05
ml (GeV)

0.002

0.003

0.004

0.005

[M
2 K

+
-M

2 K
0 ]Q

ED
(G

eV
2 )

β=1.90, L/a=20
β=1.90, L/a=24
β=1.90, L/a=32
β=1.95, L/a=24
β=1.95, L/a=32
β=2.10, L/a=48
physical point

16



Kaon mass splitting: results

M
K +  - M

K 0⎡⎣ ⎤⎦
QED

= 2.07(15) MeV

M
K +  - M

K 0⎡⎣ ⎤⎦
QCD

= −6.00(15) MeV

M
K +  - M

K 0⎡⎣ ⎤⎦
exp

= −3.934(20) MeV
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Ŝ = uu − dd( )
x
∑
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The up and down quark masses and related…

From:

(all masses in the MSbar scheme at 2 GeV),  one obtains:

BMW (2017) mu = 2.27(9) MeV

BMW (2017) md = 4.67(9) MeV

M2
K 0  - M2

K +⎡⎣ ⎤⎦
QCD

md −mu

= 2.51(18) GeV

md −mu( ) = 2.38(9)stat (16)syst  MeV
= 2.38(18) MeV

mu /md = 0.513(18)stat (24)syst
= 0.513(30)

mu = 2.50(17) MeV
md = 4.88(20) MeV

mud = 3.70(17) MeV
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 RESULTS

 The charged-neutral    

  D meson mass splitting

1st lattice results



M
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M
D+ −MD0⎡⎣ ⎤⎦

QED
= 2.42(22)stat (46)syst  MeV

M
D+ −MD0⎡⎣ ⎤⎦

exp
= 4.75(8) MeV

M
D+ −MD0 = 5.47(53) MeV
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CONCLUSIONS



Future 
perspectives

+

Several results

M
K +  - M

K 0⎡⎣ ⎤⎦
QED

= 2.07(15) MeV M
K +  - M

K 0⎡⎣ ⎤⎦
QCD

= −6.00(15) MeV

M
D+ −MD0 = 5.47(53) MeV

mu = 2.50(17) MeV
md = 4.88(20) MeV

Mπ + −Mπ 0 = 4.21(26) MeV
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ADDITIONAL 

SLIDES



Quantum Chromodynamics (QCD)

Quark confinement

low energies (hadronic scale)

describes strong interactions

non-perturbative methods Lattice QCD (LQCD)



• non-perturbative approach based only on first principles

• free parameters of the fundamental theory [10 = 6 (quark masses) + 4 
(CKM)]

LQCD

LQCD provides a UV and IR 
regularization of the theory

The fields are 
defined on a 4-dim 

hypercubic lattice of
volume

V=a4 (L3μT)
Lattice spacing a Finite volume

QCD is obtained in the limits:



Numerical simulations in LQCD 

Path-Integral formalism in Euclidean
space-time

Monte Carlo methods
Importance Sampling

Metropolis and Molecular
Dynamics algorithms



  CORRELATION 

FUNCTIONS 
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Hadron masses and  
matrix elements 

G(t) = ∑x �A0(x,t) A†
0(0,0) =  

�0 | eiPx
 A0(0) e-iPx | n �n | A†

0(0) | 0  
2 En 

= ∑x ∑n 

| �0 | A0 | n | 
2 
exp[- mn t]  2 mn 

 =  ∑n 

| �0 | A0 | π | 
2 
exp[- mπ t]  2 mπ 

→
t      ∞ exp[- mπ t]  

2 
= 

fπ   mπ 
2 

A0(x,t) A†
0(0) 

The operator A0 = uγ0γ5d can 
excite 1-π, 3-π etc. states 



0 5 10 15 20 25 30

t/a

Log[G(t)] 
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G(t) = ∑x �A0(x,t) A†
0(0,0) →  

| �0 | A0 | π  | 
2 
exp[- mπ t]  2 mπ 

→ exp[- mπ t]  
2 

= 
fπ   mπ 

2 

Hadron mass and �0|A|h
matrix elements from the 
2-point correlation function 

A0(x,t) A†
0(0) 

a fπ  

a mπ  



3-point functions 

K†(t1) Π(t2) 

Jμweak(0)

e+ 

νe 

× �π(pπ) | Jµ
weak(0) | K(pK)  

 

�0|Π|π�K| K†|0exp[- EKt1- Eπt2]  
(2EK) (2Eπ)  

�Π(t2) Jµ
weak(0) K†(t1)  

K†(t1) = ∑x K†(x, t1) exp[-ipKx] 
Π(t2)  =  ∑x Π(x, t2) exp[+ipπx] 

Also e.m. form factors, structure functions, etc 



 ISOSPIN BREAKING 

EFFECTS ON THE 

LATTICE

IB effects due to the  

md-mu mass difference



Very precise on the lattice because of the statistical correlation
  

ΔO
O

=
O − O

0

O
0

= Δm
O Ŝ

0

O
0

   
O ! O

0
+ Δm O Ŝ

0

=

Disconnected Wick contractions 

generated by the insertion of  

Ŝ = Σx(ūu-ƌd) vanish due to isospin 

symmetry:

×

u

×

d

= 0−



An example: the charged and neutral pions

Because of the u ⟷d symmetry, the corrections cancel at 1st order

This is certainly not the case at 2nd order:



The charged and neutral kaons

Corrections to the charged and neutral kaons are equal and opposite  

 at 1st order:



 ISOSPIN BREAKING 

EFFECTS ON THE 

LATTICE

 Electromagnetic   

 corrections



LATTICE QED

  - Non-compact QED: the dynamical variable is the gauge potential Aµ(x)  
    in a fixed (covariant) gauge

  - The covariant derivatives are defined by introducing the QED links:

  Aµ
(x)→ E

µ
(x) = e− iaeAµ ( x) a Dµ

+qf (x) = Eµ (x)⎡⎣ ⎤⎦
 ef qf (x+ aµ̂)− qf (x)

  - Gauge transformations for the quarks and photon fields are:

  

A
µ
(x)→ A

µ
(x)+∇

µ
+λ(x) =

           =  A
µ
(x)+ λ(x+ aµ̂)− λ(x)( )/ a  

qf (x)→ eieef λ ( x)qf (x)

qf (x)→ e− ieef λ ( x)qf (x)

  - The QED link then  
      transforms as:   Eµ

(x)→ e− iae  Aµ ( x)+∇µλ ( x)⎡
⎣

⎤
⎦ = eieλ ( x)E

µ
(x) e− ieλ ( x+aµ̂ )

  and                                                        is manifestly covariant.Dµ
+qf (x) = ∂µ− ieef Aµ (x)( )qf (x)+O(a)



LATTICE QED

  - For non-compact QED the pure gauge action is:

  

SQED  =  1
4

F
µν

(x)F
µν

(x)
x
∑  =  1

4
∇

µ
+ A

ν
(x)−∇

ν
+ A

µ
(x)( )2  =

x;µν
∑

        =  − 1
4

A
ν
(x)∇

µ
− ∇

µ
+ A

ν
(x)−∇

ν
+A

µ
(x)( )− A

µ
(x)∇

ν
− ∇

µ
+ A

ν
(x)−∇

ν
+ A

µ
(x)( )⎡

⎣
⎤
⎦

x;µν
∑

  ∇µ
− A

µ
(x) = 0

  - By using a covariant gauge fixing one gets:

  
SQED =

1
2

A
ν
(x) −∇

µ
−∇

µ
+( )Aν (x)

x;µν
∑

  - Imposing periodic b.c. and looking at the action in momentum space  
     reveals a problem with the zero momentum mode: 

   
SQED =

1
2

!A
ν
*(k) 2sin(k

µ
/ 2)( )2 !Aν (k)

k;µν
∑ The photon propagator 

is infrared divergent



LATTICE QED

 - The infrared problem is not specific of the lattice regularization but  
    it is general for QED in a finite volume with periodic b.c.  
    Already at the classical level, the Gauss’ law for a charged particle is  
    inconsistent for the zero mode: 

  ∇µ
−F

µν
(x) = j

ν
(x)   ∇ i

−Ei (x) = ρ(x)
   
0 = ∇ i

−Ei (x)
!x
∑ = e δ 3(t,x) = e

!x
∑

 - A solution to the infrared problem  
   consists in removing the zero mode:

  

D
µν
⊥ (x− y) =  

δ
µν

 eik( x− y)

2sin(k
ρ

/ 2)⎡
⎣

⎤
⎦

2
k≠0
∑

 - We subtracted the zero 
mode in x-space and applied    
   a stochastic technique

  
P⊥φ(x) ≡φ(x)− 1

V
φ( y)

y
∑   

    −∇ρ
−∇ρ

+⎡
⎣

⎤
⎦φµ (x) = P⊥ηµ (x)

φµ (x) =
δ
µν

−∇ρ
−∇ρ

+
P⊥

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
ην (x) = Dµν

⊥ (x− y)ην ( y)
y
∑

Real Z2  
noise



The leading isospin breaking expansion

  - The QCD + QED action is  
     written in terms of the  
     full covariant derivative:

Dµ
+qf (x) = Eµ (x)⎡⎣ ⎤⎦

 ef Uµ (x) qf (x+ µ̂)− qf (x)

QED QCD

 - Since                                                                  the expansion of the  
   lattice action up to O(e2) contains 2 contributions:

   Eµ
(x) = e− i  e Aµ ( x)

= 1− i  e A
µ
(x)−1/ 2 e2

 A
µ
2(x)+…

   

Sf = qf (x)Df [U , A]
x
∑  qf (x) =

    = Sf (e= 0)+ ef e A
µ
(x) V

µ
f (x)+

(ef e)2

2
A
µ
(x)A

µ
(x) T

µ
f (x)+…

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥x,µ

∑

Both contributions are 
required for gauge invariance 



 - Switching on the e.m. interactions requires the introduction of new  
    counterterms which renormalize the couplings of the theory: 

 - For any observable, the leading isospin breaking expansion reads, 

  or, in terms of renormalized couplings,

The leading isospin breaking expansion

   

O( ˆ
!
g) = O( ˆ

!
g0 )+ ê2 ∂

∂ê2 + ĝs
2 −

Zgs

Zgs

0 gs
0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

2⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
∂

∂ĝs
2 + mf −

Zmf

Zmf

0 mf
0

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

∂
∂m̂f

+…
⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

O( !g) !g  =  
!g0

   
O( !g) = O( !g0 )+ e2 ∂

∂e2 + gs
2 − (gs

0 )2( ) ∂
∂gs

2 + mf −mf
0( ) ∂
∂mf

+…
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
O( !g) !g  =  

!g0

   
!g0 = 0,  gs

0 ,  mu
0 ,  md

0 ,  ms
0 ,  …( ) →  !g = e2 ,  gs,  mu,  md ,  ms,  …( )



ETMC gauge ensembles 
Nf=2+1+1
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� T/a [t
min

, t
max

](``,`s)/a [t
min

, t
max

](`c)/a [t
min

, t
max

](sc)/a

1.90 48 [12, 23] [15, 21] [18, 23]

1.90 64 [12, 31] [15, 24] [18, 25]

1.95 48 [13, 23] [16, 21] [19, 21]

1.95 64 [13, 31] [16, 24] [19, 29]

2.10 96 [18, 40] [20, 27] [25, 40]

TABLE III: Time intervals [t
min

, t
max

]/a adopted for the extraction of the PS meson masses in the light

(`), strange (s) and charm (c) sectors.

ensemble � V/a4 M
⇡

(MeV) M
K

(MeV) M
D

(MeV)

A30.32 1.90 323 ⇥ 64 275 (10) 568 (22) 2012 (77)

A40.32 316 (12) 578 (22) 2008 (77)

A50.32 350 (13) 586 (22) 2014 (77)

A40.24 243 ⇥ 48 322 (13) 582 (23) 2017 (77)

A60.24 386 (15) 599 (23) 2018 (77)

A80.24 442 (17) 618 (24) 2032 (78)

A100.24 495 (19) 639 (24) 2044 (78)

A40.20 203 ⇥ 48 330 (13) 586 (23) 2029 (79)

B25.32 1.95 323 ⇥ 64 259 (9) 546 (19) 1942 (67)

B35.32 302 (10) 555 (19) 1945 (67)

B55.32 375 (13) 578 (20) 1957 (68)

B75.32 436 (15) 599 (21) 1970 (68)

B85.24 243 ⇥ 48 468 (16) 613 (21) 1972 (68)

D15.48 2.10 483 ⇥ 96 223 (6) 529 (14) 1929 (49)

D20.48 255 (7) 535 (14) 1933 (50)

D30.48 318 (8) 550 (14) 1937 (49)

TABLE IV: Values of the pion, kaon and D-meson masses evaluated using the bootstrap samplings of Table

II for all the 16 ETMC gauge ensembles.

the MS scheme at a renormalization scale µ equal to µ = 2 GeV we assume that

bm
f

(MS, 2 GeV) = m
f

(MS, 2 GeV) for f = (ud), s, c, where bm is the renormalized quark

mass in the full theory, and similarly for the lattice spacing. Clearly the quantities

m(ud),s,c(MS, 2 GeV) do not coincide with those given in Table II, since the latter have

been obtained using isosymmetric QCD simulations, while the former ones can be



Finite size effects (FSE)

In pure QCD, the existence of a mass gap renders FSE exponentially 

small ~ e-Mπ·L  (in most of the cases) 

The QED photon is massless, the e.m. interactions are long ranged and 

FSE are only power suppressed.

With our regularization of the zero mode, FSE are expressed by:

and M
⇡

is the mass of the pions in the isosymmetric theory.
The pion mass splitting M

⇡

+ � M
⇡

0 is purely e.m. At first order of the per-
turbative expansion in e2 and m

d

�m
u

, the isosymmetric corrections coming from
the variation of quark masses do not contribute to observables that vanish in the
isosymmetric theory, like the mass splitting M

⇡

+ � M
⇡

0 . Furthermore the elec-
tric charge does not need to be renormalized at this order and, for these reasons,
the expression for the pion mass splitting can be considered a “clean” theoretical
prediction.

On the other hand, the lattice calculation of the disconnected diagram present
in Eq. (21) is a highly non trivial numerical problem and its contribution is here
neglected. It vanishes in the SU(2) chiral limit and, consequently, it is of O(e2m

`

).
Neglecting this diagram a small systematic error is thus introduced. From the
phenomenological point of view, the latter can be considered of the same order of
magnitude of the other O(e2(m

d

�m
u

)) contributions neglected.
Disregarding the disconnected diagram in the r.h.s of Eq. (21), results for

M2
⇡

+ �M2
⇡

0 are shown in Fig. 6 for all the ETMC gauge ensembles of Table 1 as
a function of the renormalized light quark mass in the MS scheme at µ = 2GeV.

Points which correspond to raw data are marked in light brown color, while
the red, blue and green colored ones stand for lattice data corrected by universal
FVE. Universal FVE are subtracted according to the following expression

M2
PS

(T, L) ⇠
T,L!+1

M2
PS

⇢

1� q2↵
em





M
PS

L

✓

1 +
2

M
PS

L

◆��

(23)

proposed in Ref. [3] for the zero-mode subtraction QED
L

(i.e. A
µ

(k0,~k = ~0) ⌘ 0
for all k0). MPS

is the mass of the pseudoscalar meson with electric charge qe and
the constant  is fixed at the value  = 2.837297(1) (see Ref. [3]), evaluating the
asymptotic expansion of the di↵erence between the one-loop FV self-energy of the
particle and its IV counterpart in powers of 1/L.

Our pions are heavier than the physical ones and lattice data need to be ex-
trapolated toward the chiral limit. In order to reach the physical point chiral and
continuum extrapolations are performed using the fitting function

M2
⇡

+ �M2
⇡

0 = �M2
⇡

+;EM

(1)��M2
⇡

0;EM

(1) +�M2
⇡

+;EM

(L)��M2
⇡

0;EM

(L)

+ A1a
2 + A2a

2m
`

, (24)

where, in the SU(2) chiral limit,

�M2
⇡

+;EM

(1)��M2
⇡

0;EM

(1) = 4⇡↵
em

f 2
0

⇢

4
C

f 4
0

�
✓

3 + 16
C

f 4
0

◆

M
2

(4⇡f0)2
log

 

M
2

µ2

!

+ [K+(µ)�K0(µ)]
M

2

(4⇡f0)2

�

(25)
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and M
⇡

is the mass of the pions in the isosymmetric theory.
The pion mass splitting M

⇡

+ � M
⇡

0 is purely e.m. At first order of the per-
turbative expansion in e2 and m

d

�m
u

, the isosymmetric corrections coming from
the variation of quark masses do not contribute to observables that vanish in the
isosymmetric theory, like the mass splitting M

⇡

+ � M
⇡

0 . Furthermore the elec-
tric charge does not need to be renormalized at this order and, for these reasons,
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The charged and neutral pion masses

Only 2 diagrams contribute to 
the pion mass splitting. 

The disconnected diagram, of 
O(αemmud), has been neglected 

in the present calculation



The charged/neutral kaon mass splitting

- We adopt the electro-quenched approximation: = 0
⦁ To be addressed in a future calculation

- By choosing a specific renormalization scheme and scale for the 

quark masses, one can separate the QCD and QED contributions:

∝ e2 , separately 
divergent
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At leading order in e2 the bare quark mass di↵erence µ
d
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is related to the
renormalized quantites m
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where 1/Z0
P

is the mass renormalization constant, determined for our maximally
twisted-mass setup in Ref. [22], and Z

ud

is given by [23]
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with µ being the renormalization scale of the MS scheme. Therefore the e.m. and
strong IB corrections to the PS meson mass can be written as
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4 Determination of �mcrit
f

In order to extract physical information from Eq. (15) it is necessary to determine
the e.m. shift of the critical mass of the quarks. The strategy chosen in Ref. [5] is
to use the vector Ward-Takahashi identity, which allows to calculate �mcrit
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Comparison with other approaches/results

- Other lattice studies of QCD + QED have been /are being performed. 

- They are based on the “standard” approach: QED is introduced 

directly in the Monte Carlo simulation, like QCD.

- Advantages of our approach:  

⦁ The small parameters Δm and e are factorized in the expansion 

⦁ No need to generate new gauge configurations 

⦁ IB is introduced only where needed (no large overall FSE due to e.m.) 

⦁ Specific diagrammatic contributions can be easily isolated.  

  E.g. separation between strong and e.m. IB effects
- Disadvantages:  

⦁ More vertices and correlations functions to be computed


