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Diffusion Equation

dv
dt
=−

1
m

dV (x )
dx

−γv+ξ (t)

dx
dt
=v

{
⟨ξ( t)ξ (s)⟩=

2kB T γ

M
δ(t−s)

∂P(x , t)
∂ t

=D0
∂

2 P
∂ x2

D0=
k BT

m γ

P(x , t)=
1

√4 πD0 t
e
−

x2

4 D0 t

γ ẋ=ξ ● Free
● Overdamped

Fokker-Planck Equation:

Langevin Equation:

Fluctuation
Dissipation

⟨ x2
⟩∼t

White Noise

Pt=0(x )=δ(x )



  

Central Limit Theorem

n=1

n=5

n=30

N (a1
2 , b1)∗N (a2

2 , b2)=N (a1
2
+a2

2, b1+b2)

X i i.i.d., Sn=∑i=1

n
X i

Sn ∼
n→∞

N (nμ , nσ2
)

average(X i)=μ

variance (X i)=σ
2

P(X )*n

f (t)∗g( t):=∫0

t
f (t−τ)g (τ)d τ=g (t)∗f (t )

φ (u)=L{ f (t )}:=∫0

∞

e−u t f ( t)dt

φ f∗g(u)=φ f (u)φ g(u)

X1∼f X 2∼g

X1+X2∼ f∗g



  

E [BH (t )BH (s)]=
1
2
(| t |2H

+| s |2 H
−| t−s |2H

)

H∈(0,1) H=1/2: Brownian Motion

Fractional Brownian Motion

H>1/2 :

with

H<1/2 : Increments negatively correlated

BH (t)=
1

C (H )
∫−∞

0
[(t−s)H−1 /2

−(−s)H−1/2
]dB(s)+∫0

t
[( t−s )H−1/2

]dB(s)

The following integral satisfies the definition

B(t) Brownian Motion

BH (t)=
Γ(H +1/2)

C (H )
(I H−1 /2

)B( t)

I : differintegral operator

Hurst Index

Continuous Time Gaussian Process: 
E [BH (t )]=0

Increments positively correlated

{

B.B.Mandelbrot and J. Van Ness, SIAM Rev. 10, 422-437 (1968)



  

Fractional Integral & Fractional Derivative (1)

∫a

x
d σ1∫a

σ1

dσ2....∫a

σ n−1

d σn f (σn)=
1

(n−1)!
∫0

t
(t−τ)

n−1 f ( τ)d τ

Iα f (t)=
1

Γ(α)
∫0

t
(t−τ)

α−1 f ( τ)d τ

Dα f (t ):=

dm

dtm [ 1
Γ(m−α)

∫0

t f (τ )d τ

(t−τ)α+1−m ] ,m−1<α<m

dm

dtm
f (t) ,α=m

Left-Hand fractional Derivative: {



  

D∗
α f (t ):=

1
Γ(m−α)

∫0

t f (m )(τ)d τ

( t−τ)α+ 1−m ,m−1<α<m

dm

dtm
f (t) ,α=m

Right-Hand (Caputo) fractional Derivative:

Fractional Integral & Fractional Derivative (2)

● If C is a constant

● For RH Fractional Differential Equation we don’t 
need fractional order initial conditions

D∗
α C=0 DαC≠0

{

Eα (−λ tα)=∑k=0

∞ (−λ tα)k

Γ(α k+1)

Mittag-Leffler function



  

Colored noise

M ẍ ( t)+M∫0

t
γ(t−τ) ẋ ( τ)d τ+U '(x )=ξ

⟨ξ( t)ξ (s)⟩=K ( t−s ) Colored noise

Langevin equation with friction kernel

M k BT γ( t−s )=K (t−s) Generalized Fluctuation-Dissipation

K (t−s )∼| t−s |−α MSD=⟨ x2
⟩∼tα

∂P fBM( x , t)
∂ t

=αD0 t
α−1 ∂

2 P fBM( x , t)

∂ x2

Pt=0(x )=δ(x )

P(x , t)=
1

√4 πD0 t
α e

−
x2

4D 0 t
α

{

C v (t)=E2−α(−const t 2−α
)

M ẍ ( t)+M γα
∂
α−1

∂ tα−1 ẋ ( t)+U '( x)=ξ Fractional form 

E. Lutz, Phys. Rev. E, 64, 051106 (2001)

0⩽α⩽2

α≠1



  

Continuum Limit of CTRWs (1)

R(n)L(n) R(n)+L(n)=1

ψ(τ )=Waiting time distribution

pi(n)=Probability to be in site nafter i jumps

Qi(t )=Probability of i jumps until time tP(n ,t )=∑i=0

∞

pi(n)Qi(t )

pi(n) pi(x ) Continuumlimit

pi+1(n)=R (n−1) pi(n−1)+L(n+1) pi(n+1)

R(x−a) pi(x−a)=R(x ) p i(x)+
∂
∂ x

[R( x) p i(x )]+ ∂
2

∂ x2 [R (x) pi(x )]
a2

2
+ ............

Taylor Expansion

Detailed Balance

R(x )−L(x)≃
a F (x )
2k B T

R(x )≃L(x)≃
1
2

: F (x )slowly varying

U (x )

E. Barkai, R. Metzler and J. Klafter, Phys. Rev. E, 61, 132 (2000)



  

Continuum Limit of CTRWs (2)

pi+1(x )−pi(x )
⟨ τ ⟩

=
a2

2 ⟨ τ ⟩ [ ∂
2

∂ x2 pi(x )−
∂
∂ x (

F (x )
k B T

p i(x ))]{
If the first moment of ψ(τ )exists

∂ p(x , t)
∂ t

K1= lim
a2
→0

⟨ τ ⟩→0
a2

2 ⟨τ ⟩
=D 0

Normal Fokker−Planck

What about ψ(τ ) ∼
τ large α Aα

Γ(1−α) τ1+α
α<1 ⟨ τ ⟩diverges

Kα=lim
a2
→0

Aα→0
a2

2 Aα

Generalized DiffusionConstant

D*
α P (x ,t )=K α[ ∂

2

∂ x2−
∂
∂ x (

F (x)
k B T )]P(x , t)

Fractional Fokker−Planck Equation

[ Kα ]=[ m2

secα ]

MSD=⟨ x2
⟩∼tα α<1 Subdiffusion

ψ̂(u)=1−Aαuα+c1(Aαu
α
)

2
+ ............ uα P̂ (x ,u)=Kα Lfp P̂ (x ,u)



  

Thank you & Merry Christmas !

 
....of the monkey year!



  

Sn=∑k=1

n
Xk
(n)

X1
(1)

X1,
(2) X 2

(2)

X1,
(3)X 2,

(3 )X3
(3 )

X1,
(n)X 2,

(n )X3,
(n )

............

............

............

............

............

X n
(n)

n=1,2, ............

k=1,2, ............ , n

● In every row           the random variables                          
are independent

● The          are uniformly, asymptotically negligible, namely

X1,
(n) X 2,

(n )X3,
(n )

............ X n
(n)n∈ℕ

X k
(n)

max k P{| Xk
(n )|⩾ϵ} →

n→∞
0,∀ϵ>0

Backup slide 1:
Central Limit Theorem (2)



  

X∼∑k=1

n
X k
(n)

X∼aX '+Y a

c1 X1+c2 X2∼aX+b

φ (u)=(φ n(u))
n

Infinitely divisible laws

φ (u)=φ (au)φ a(u)

a∈(0,1) X '∼X

e i bu
φ (au)=φ (c1 u)φ a(c2u)

Self-Decomposable laws

Stable laws

CLP1 : X 1,
(n ) X2,. ...

(n ) , Xn
(n )independent :

CLP2 : X1,
(n ) X2,. ...

(n) , Xn
(n) independent+

CLP3 : X1,
(n) X2,. ...

(n) , X n
(n) i . i . d . :

φ (u)=e−b |u |αSymmetric stable laws:

∃an ,bn and Xk s .t . Xk
(n )=

1
an

(X k−
bn

n
) :

Backup slide 2:
Central Limit Theorem (3)



  

Backup slide 3:
Central Limit Theorem (4)

Example of construction of a triangular array

P(λ)=
λ

ke−λ

k !
Poisson law

B(k ;N , p)=( Nk ) p
k (1− pk)N−k

φ P(u)=eλ (e
i u
−1)

φ B(u)=(1−p+ pe i t
)
N

X k
(n)
∼B(N=1, p=λ

n
)

Binomial law

Triangular array :

X1
(1)
∼B (1,λ) φ (u)=(1−λ+λ ei t

)
centering
rescaling φ (u)=e ibt

(1−λ+λ e i a t
)

X1
(2)∼B(1, λ

2 ) φ (u)=(1−λ
2
+ λ

2
ei t

)
Noaand bmake the job

Sn=X1
(n)
+X2

(n)
+..........+Xn

(n )
∼B (n , λ

n
)

n→∞ P(λ)



  

Levy process:
●

● Independent and Stationary 
Increments

● Continuity in probability

X t=∑k=1

n
X kt

n

−X
(k−1)

t
n

X t=0=0

Stationary process from an infinitely divisible law: ϕt (u)= (φ (u))
t /T

Stationary increment: ϕs , t=ϕτ=t− s

ϕ : law of theincrement

φ : law of XT

XT

T

iff φ isinfinitely divisible

Self-similar process from 
a self-decomposable law:

ϕs , t(u)=

φ (( t
T )

H

u)
φ (( s

T )
H

u)
iff φ is self−decomposable

Self-similar process: ϕas , at(u)=ϕs ,t (bu)

b=aH

N. C. Petroni, Phys. A 387 (8-9), 1875-1894 (2008)

Process defined
through the law
of its increments

Backup slide 4:
Stationary and Self Similar Process (4)
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