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Diffusion Equation

White Noise
Langevin Equation:
2k Ty Fluctuation
( ﬁ:v <E<t)§(5)>: = 6( _S) Dissjpation
dt
d 1 dV(x) .
- —vv+E(t » yx=EC * Free
dt dx yv+E(r) « Overdamped
2 k,T
Fokker-Planck Equation: 0P(x,t) - DOG_P D,=—
ot 0 x2 my
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Central Limit Theorem

X, iid, @verage(Xi)=u o oy :
| variance ( X;)=o" Si= 20, X n (nu,no’)
o(u)=L{f(t)y:=] e f(t)dt X~f Xi~g

f(t)*g(t)izf;f(t—T)g(r)dr:g(t)*f(t) <« » X +X,~fxg

N(a",by)*N(a,",b;)=N(a;"+a,’, b +b,)
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Fractional Brownian Motion

E[BH(t)]:O

Continuous Time Gaussian Process: |
2H 2H 2H
E[By(t)By(s)]=5 (¢ +] s ~[e=s[*")

H>1/2: Increments positively correlated

He(0,1) H=1/2: Brownian Motion
Hurst Index H<1/2: Increments negatively correlated
The following integral satisfies the definition

BMzﬁH) [° [e=s)""2=(=s)"""1dB(s)+ [ [(t—s)"""*]dBl(s)

with B(t) Brownian Motion

B, (0="" g (e

I differintegral operator

B.B.Mandelbrot and J. Van Ness, SIAM Rev. 10, 422-437 (1968)



Fractional Integral & Fractional Derivative (1)

X o, O,y 1 t n—
fa dol.[a dGZ....fa dan(Gn):(n_l), fO (t—T) 1f<T>dT
I (t)=—— [ (=) 'f(v)d
(o)
Differentiation Integration
2 f2 £ f(t) f, f, f,

Left-Hand fractional Derivative: D“f(t):= |




Fractional Integral & Fractional Derivative (2)

Differentiation Integration

A
Y

@ Right-Hand (Caputo) fractional Derivative:

(1 ftfm%ﬂdr
T(m—a)”0(f—g)t ™

m—1<a<m

D f(t):=

If Cisaconstant D,C=0 D C#0 Mittag-Leffler function

For RH Fractional Differential Equation we don’t a0 7 (—Ma)k
; oy E (-)t“)=).
need fractional order initial conditions k=0 T (o k+1)



Colored noise

Mii(t)+Mf; y(t=t)%(t)dt+U'(x)=E  Langevin equation with friction kernel

(E(t)E(s))=K(t—s) Colored noise

MkyTy(t—s)=K(t—s) Generalized Fluctuation-Dissipation

a—1
Mx(t)+My, aa — %(t)+U'(x)=E Fractional form
t

K(t—s)~|t—s|“ K—“f» C,(t)=E, ,(—constt’™)—» MSD=(x")~t"
o#

(Pl 0Pl ) 2
ot

0x° > P(x,t)= e

=aD,t

E. Lutz, Phys. Rev. E, 64, 051106 (2001)



Continuum Limit of CTRWs (1)

U(x)
V(T )=Waiting time distribution
p:(n)=Probability to be in site nafter i jumps
pii(n)=R(n—1)p,(n—1)+L(n+1)p;(n+1)
P(n,t)=Zi:0 p.(n)Q,(t) Q.(t)=Probability of i jumps untiltime t

pi(n) <——> p(x) Continuumlimit

Taylor Expansion
_ 0 0’ a’
R(x—a)pi(x—a)—R(><)p,-(><)+5[R(><)1DI-(><)]+§[R(x)p,-(x)];+ ............
Detailed Balance
1 .
R(x)-L(x)=~ azl;();) R(x)=~ L(X)ZE:F(x)slowlyvarymg
B

E. Barkai, R. Metzler and J. Klafter, Phys. Rev. E, 61, 132 (2000)



Continuum Limit of CTRWs (2)

If the first moment of 1 (T ) exists

pi+1(x)_pi(x) a | p 0 F(x)
= \X)—=— - Normal Fokker— Planck
=20 a2 P ax| kT P Normal Fokder—Plane
~ ~— — 2
oplx,t K.=1i " =D
pfgt ) 1 Hna-)(?2<r> ’
What about (1)~ %A a<l ——»  (t)diverges
Ml-a)t™
Plu)=1-Au"+c (A u" '+ e, —» u'P(x,u)=K,L,P(x,u)
K =lim Oa_z Generalized Diffusion Constant K, |= m’ ]
o A>
a50 £ q sec"

Fractional Fokker — Planck Equation

F(x)
kg T

o 0
axz aX

DIP(x,t)=K, P(x,t)

MSD=(x")~t" a<l  Subdiffusion



hank you & Merry Christmas !

....0f the monkey year!



Backup slide 1.:
Central Limit Theorem (2)

Xgl) n=12, ...........
(2) y(2)
Xl, X2 k:1,2, ............ , N
XXX
X(”)x(”)x(”) (n) _\" (n)
1, A2, A3 X, ——»5=2._.%
 In every row neN the random variables X(f)X(z’:‘)X(?f) ____________ x'

are independent

 The x!" are uniformly, asymptotically negligible, namely

maka{|X,(:’)|>e}n:>oo 0,Ve>0



Backup slide 2:
Central Limit Theorem (3)

CLP1 :X(l'?)X(zw , X"independent :

g oo

CLP2: X<1',') X (2”>, X" independent +
1

3 b,
da b and X,s.t. X,"=—(X,——):

a, n

crp3: X" Xy  x"i.i.d.:

..... n

Infinitely divisible laws

x~Y0 x" glu)=(g,(u)

k=1

Self-Decomposable laws

X~aX'+Y,  o(u)=g(au)q,(u)

ae(0,1) X'~X
Stable laws
c,X,+c,X,~aX+b

ibu

e CP(GU):(P(Clu)CPa(Czu)

Symmetric stable laws: ¢(u)=e

b uf"



Backup slide 3:
Central Limit Theorem (4)

Example of construction of a triangular array

Ae'—1)

P(\)= Poisson law ——» @,(u)=e

N

B(k;N’p):(]lf)Pk“—p")N‘k Binomial law ——*  @s(u)=(1—p+pe")

A

Triangular array : X(k”) ~B(N=1,p==)
n
S, =X X +X£1")~B(n,%) 2% P(A)
XU~B(LA) o olu)=(1-hrhe) g™ @(u)=e™(1-h+he™)

i No aand b make the job
1_L+Lelt) o Noumdbmaere




Backup slide 4:
Stationary and Self Similar Process (4)

R S Levy process:

] ‘WM{A.“' "\MM f{w-‘ W . Xt_o ~0

7 BN * Independent and Stationary
M _ Increments

Process defined

through the law  Continuity in probability

of its increments _
e X= k=1 XE_X(k_l)l
T n
¢ :law of theincrement
Stationary increment: Os (== @:lawof X,
Stationary process from an infinitely divisible law: o (u)=(q(u)["
_ _ iff wisinfinitely divisible
Self-similar process: ®as,ac(u)=0; . (bu) . Il wisinfinitely
0| u
Self-similar process from ¢, (u)= - iff ¢ is self —decomposable
a self-decomposable law: S i
) T u b=a

N. C. Petroni, Phys. A 387 (8-9), 1875-1894 (2008)
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