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new results on 
fragmentation and 

perspectivesCuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  

REF2015, Nov 2, 2015 51 R.Seidl: Fragmentation measurements 
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Fig. 2. Diagrams contributing in 1-particle inclusive deep-inelastic scattering.

(handbag) diagrams in Figs. 1(a) and 2(a) only involve quark–quark matrix elements. In

DIS the hadron momentum defines the lightcone direction n+ and the nonlocality in the

matrix elements is restricted along the lightcone direction n− (for which n+ · n− = 1). As

is well known, diagrams as in Fig. 1(b) with any number of A+ = A · n− gluons yield

the necessary gauge link connecting the two quark fields [11]. The nonlocal quark–quark

operator combination with a gauge link can be expanded into a tower of local twist-two

operators with different spins. Their matrix elements appear in the cross section as leading

terms in an expansion in inverse powers of the hard scale. Diagrams with (transverse)

Aα
T gluons or with A− gluons appear in matrix elements of higher twist operators, which

appear in the cross section in terms suppressed by inverse powers of the hard scale.

The situation in SIDIS (Fig. 2), discussed in Section 3, differs in a subtle way from

that of DIS, because the nonlocality in the operator combinations is not restricted to

the lightcone, but involves also transverse separations. The kinematics only constrain the

nonlocality to the light front. In our analysis we first consider theA+ gluon legs in diagrams

DIS :  PDF ⊗ FF
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Fig. 7. Quark–quark (a) and one of the quark–quark–gluon (b) correlators in tree-level diagrams for back-to-back

jet production in electron–positron annihilation.

where the hermiticity properties of the various matrix elements have been used (see

Section 7).

6. Back-to-back jet production in electron–positron annihilation

Also for 2-particle inclusive electron–positron annihilation we have a quite similar

procedure. The calculation involves two soft fragmentation parts and the creation of a

quark–antiquark pair. We will discuss only the case of creation from a (timelike) photon.

The handbag diagram is given in Fig. 7(a) and an example of a diagram involving an

additional gluon in Fig. 7(b).

The calculation of this tensor in a diagrammatic expansion proceeds as in the case of

leptoproduction and gives

Wµν(q;P1, S1;P2, S2)

=
∫

d4p d4k δ4(p + k − q)

{

Tr
(

∆̄(p)γµ∆(k)γν

)

−
∫

d4p1 Tr

(

γα
/k + /p1 + m

(k + p1)2 − m2 + iϵ
γν∆̄

α
A(p,p − p1)γµ∆(k)

)

−
∫

d4p1 Tr

(

γµ
/k + /p1 + m

(k + p1)2 − m2 − iϵ
γα∆(k)γν∆̄

α
A(p − p1,p)

)

−
∫

d4k1 Tr

(

γν
−/p − /k1 + m

(p + k1)2 − m2 + iϵ
γα∆̄(p)γµ∆α

A(k − k1, k)

)

(80)−
∫

d4k1 Tr

(

γα
−/p − /k1 + m

(p + k1)2 − m2 − iϵ
γµ∆α

A(k, k − k1)γν∆̄(p)

)}

+ · · · ,
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Fig. 6. Quark–quark (a) and one of the quark–quark–gluon (b) correlators in tree-level diagrams for Drell–Yan

scattering.

5. The Drell–Yan cross sections

For Drell–Yan, one has a similar treatment as for leptoproduction. The calculation

involves now two soft distribution parts and annihilation of a quark–antiquark pair into

a gauge boson (we will only discuss the vector coupling here). The handbag diagram is

given in Fig. 6(a) and an example of a diagram with an additional gluon in Fig. 6(b).

A full calculation at tree level including quark–gluon matrix elements as discussed for

leptoproduction gives in this case

2MWµν(q;PA,SA;PB,SB)

=
∫

d4p d4k δ4(p + k − q)

{

Tr(Φ(p)γµΦ̄(k)γν)

−
∫

d4p1 Tr

(

γα
−/k − /p1 + m

(k + p1)2 − m2 + iϵ
γνΦ

α
A(p,p − p1)γµΦ̄(k)

)

−
∫

d4p1 Tr

(

γµ
−/k − /p1 + m

(k + p1)2 − m2 − iϵ
γαΦ̄(k)γνΦ

α
A(p − p1,p)

)

−
∫

d4k1 Tr

(

γν
/p + /k1 + m

(p + k1)2 − m2 + iϵ
γαΦ(p)γµΦ̄

α
A(k − k1, k)

)

(68)−
∫

d4k1 Tr

(

γα
/p + /k1 + m

(p + k1)2 − m2 − iϵ
γµΦ̄

α
A(k, k − k1)γνΦ(p)

)}

+ · · · ,

where Φ(p) and ΦA(p,p − p1) are the same as in leptoproduction, but the role of ∆ and

∆A is taken over by

(69)Φ̄ij (k;PB,SB) =
∫

d4ξ

(2π)4
e−ik·ξ ⟨PB,SB |ψi (ξ)ψ̄j (0)|PB,SB⟩,

(70)

Φ̄α
Aij (k, k − k1;PB,SB) =

∫

d4ξ

(2π)4
d4η

(2π)4
e−ik·ξ e−ik1·(η−ξ )

× ⟨PB,SB |ψi (ξ)gAα(η)ψ̄j (0)|PB,SB⟩
(note that this implies Φ̄α

∂ (x, kT ) = −kαΦ̄(x, kT )).
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Fig. 7. Quark–quark (a) and one of the quark–quark–gluon (b) correlators in tree-level diagrams for back-to-back

jet production in electron–positron annihilation.

where the hermiticity properties of the various matrix elements have been used (see

Section 7).

6. Back-to-back jet production in electron–positron annihilation

Also for 2-particle inclusive electron–positron annihilation we have a quite similar

procedure. The calculation involves two soft fragmentation parts and the creation of a

quark–antiquark pair. We will discuss only the case of creation from a (timelike) photon.

The handbag diagram is given in Fig. 7(a) and an example of a diagram involving an

additional gluon in Fig. 7(b).

The calculation of this tensor in a diagrammatic expansion proceeds as in the case of

leptoproduction and gives

Wµν(q;P1, S1;P2, S2)

=
∫

d4p d4k δ4(p + k − q)

{

Tr
(
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)
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−
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)
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This initial fractional energy selection always takes the
nominal hadron mass as given by the PID information
into account. The requirement of z > 0.1 therefore safely
accommodates pion-kaon misidentification, which is
unfolded in the course of this analysis.
In addition, in order to study whether two hadrons have

likely emerged from the same parton or different partons,
the analysis is performed on several different sets by
requiring that both hadrons be in opposite hemispheres,
the same hemisphere or anywhere as depicted in Figs. 1
and 2. For the data sets where a hemisphere assignment is

required, the hemispheres are defined by the plane
perpendicular to the thrust axis and the thrust must satisfy
T > 0.8.

B. PID selection

To apply the PID correction according to the PID
efficiency matrices described in Ref. [1], the same selection
criteria must be applied to define a charged track as a
pion, kaon, proton, electron or muon. The information is
determined from normalized likelihood ratios that are
constructed from various detector responses. If the muon-
hadron likelihood ratio is above 0.9, the track is identified
as a muon. Otherwise, if the electron-hadron likelihood
ratio is above 0.85, the track is identified as an electron. If
neither of these applies, the track is identified as a kaon by
a kaon-pion likelihood ratio above 0.6 and a kaon-proton
likelihood ratio above 0.2. Pions are identified with the
kaon-pion likelihood ratio below 0.6 and a pion-proton
ratio above 0.2. Finally, protons are identified with the
inverse proton ratios above with kaon-proton and pion-
proton ratios below 0.2. While neither muons nor electrons
are considered explicitly for the single and dihadron
analysis, they are retained as necessary contributors for
the PID correction, wherein a certain fraction enter the
pion, kaon and proton samples under study.

II. DIHADRON ANALYSIS

In the following sections, the dihadron yields are
extracted and, successively, the various corrections and
the corresponding systematic uncertainties are applied
to arrive at the dihadron differential cross sections
d2σðeþe− → h1h2XÞ=dz1dz2.

A. Binning and cross section extraction

For the dihadron cross sections, a (z1, z2) binning is used.
We forgo a combined z and invariant-mass binning of the
hadron pair; the latter, in particular, is relevant in the same-
hemisphere topology as an unpolarized baseline to the
previously extracted interference fragmentation functions
[41] and would have allowed the extraction of individual
fragmentation functions for ρ, K$, ϕ and other resonances.
The z1 and z2 ranges of 0.2 to 1.0 used in this analysis

are each partitioned into 16 equidistant bins. All hadron
and charge combinations are treated independently and are
merged only after all corrections are applied and after
confirming their consistency where applicable (i.e., where
the same combinations of fragmentation functions appear,
such as πþπþ and π−π−). This leaves 16 different charge
and type combinations for pions and kaons initially, of
which six contain irreducible information.
Furthermore, as mentioned in the Introduction, three

hemisphere combinations are studied: two hadrons in the
same hemisphere, two hadrons in opposite hemispheres
and two hadrons irrespective of hemisphere or thrust cut;

FIG. 1 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows, and the event plane—spanned
by leptons and thrust axis—is depicted as a light blue plane. In
this case, both hadrons are found in opposite hemispheres defined
by the thrust axis, and generally out of the plane, as indicated by
the cones.

FIG. 2 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows and the event plane—spanned
by leptons and initial quarks/thrust axis—is depicted as a light
blue plane. In this case, both hadrons are found in the same
hemisphere as defined by the thrust axis, and generally out of the
plane, as indicated by the cones.
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obtained from a 655 fb�1 data sample collected near the ⌥(4S) resonance with the Belle detector
at the KEKB asymmetric-energy e+e� collider.

Fragmentation functions allow us to understand the109

transition of asymptotically free partons into several con-110

fined hadrons. They cannot be calculated from first prin-111

ciples and thus need to be extracted experimentally. One112

of the main ways of obtaining them is via cross section113

or multiplicity measurements in electron-positron anni-114

hilation where no hadrons are present in the initial state.115

For many processes, factorization is assumed or proven116

to certain orders of the strong coupling and fragmenta-117

tion functions as well as parton distribution functions118

are considered universal. Because of this universality,119

these functions extracted in one process can be applied120

to another process. As such, the knowledge of fragmen-121

tation functions is, for example, used to extract various122

spin-dependent parton distribution functions in polarized123

semi-inclusive deep-inelastic scattering (SIDIS) and po-124

larized hadron collisions. In particular, the extraction125

of the chiral-odd transversity distribution functions [1]126

and their related tensor charges so far entirely relies on127

transverse spin dependent fragmentation functions.128

The Belle experiment was the first to provide asym-129

metries [2] related to the single-hadron Collins fragmen-130

tation function [3]. These asymmetries rely on an ex-131

plicit transverse-momentum dependence of fragmenta-132

tion functions. The Collins fragmentation function de-133

scribes a correlation between the direction of an outgoing134

transversely polarized quark, its spin orientation and the135

azimuthal distribution of final-state hadrons, and serves136

as a transverse-spin analyzer. Collins asymmetries were137

extracted for pions and kaons in several SIDIS measure-138

ments so far [4–8], where they are convolved with the139

transversity distributions of interest, as well as recently140

in proton-proton collisions for pions [9]. The correspond-141

ing Collins fragmentation measurements were obtained142

in various electron-positron annihilation experiments for143

pions [2, 10, 11] and recently also kaons [12] based on144

the description of Ref. [13]. Some of these measurements145

have already been included in global transversity extrac-146

tions [14–17].147

An alternative way of accessing quark transversity is148

via di-hadron fragmentation functions [18–20]. This has149

the advantage of being based on collinear factorization.150

Also here Belle has provided the corresponding asym-151

metries related to the polarized fragmentation functions152

[21], which were used with the SIDIS measurements153

[22, 23] in a global analysis [24] (although not yet with154

the relevant measurements from proton-proton collisions155

[25]) to extract transversity in a collinear approach.156

In both approaches of transversity extraction, several157

assumptions had to be made due to the lack of su�-158

cient measurements. In the Collins-based extractions,159

the explicit transverse-momentum dependence was until160

recently unknown and is still poorly constrained. In the161

di-hadron based extractions, the corresponding unpolar-162

ized di-hadron fragmentation functions were not avail-163

able so far and theorists used Monte Carlo (MC) simu-164

lations to estimate those. This publication provides the165

unpolarized baseline for the measurements related to the166

spin-dependent di-hadron fragmentation functions.167

In a previous publication [26] the focus was on two-168

hadron cross sections di↵erential in their individual frac-169

tional energies z
1

= 2Eh1/
p
s and (likewise) z

2

. In170

this description, the two-hadron production can be de-171

scribed by di-hadron fragmentation functions (DiFF),172

initially introduced in Ref. [27] and based on the for-173

malism developed in Ref. [28]. DGLAP [29] evolution for174

DiFFs was also introduced previously [30, 31]. Recently175

this theoretical work has been applied also to DiFFs176

depending explicitly on the combined fractional energy177

z =
2Eh1h2p

s
and invariant mass mh1h2 of the hadons, in-178

stead of the hadron’s individual fractional energies, and179

including evolution as summarized in Ref. [32]. It is in180

this description that the SIDIS measurements and the181

Belle asymmetries were performed and, here we report182

the corresponding cross sections di↵erential in these two183

variables to provide the unpolarized baseline.184

The cross section at leading order in the strong cou-
pling can be described as

d2�(e+e� ! h
1

h
2

X)

dzdmh1h2

/
X

q

e2q

⇣
Dh1h2

1,q (z,mh1h2) +Dh1h2
1,q (z,mh1h2)

⌘
, (1)

where it is assumed that both hadrons emerge from the
same (anti)quark, q, and the scale dependence has been
dropped for brevity. The assumption that hadrons de-
tected in the same hemisphere, as illustrated in Fig. 1,
originate from the same initial parton is supported by the
results of Ref. [26]. To define the hemispheres a selection
of thrust axis and thrust value is required. The thrust
axis n̂ maximizes the thrust T [33]:

T
max

=

P
h |PCMS

h · n̂|P
h |PCMS

h |
. (2)

The sum extends over all detected particles, and PCMS

h185

denotes the three-momentum of particle h in the (e+e�)186

center-of-mass system (CMS).187

The cross sections for the inclusive production of di-188

hadrons of charged pions and kaons in the same hemi-189

sphere as a function of their fractional energy z and in-190

variant mass mh1h2 are presented in this paper. The191

cross sections are compared to various MC simulation192

tunes optimized for di↵erent collision systems and ener-193

gies. Various resonances in the mass spectra and distinct194

features from multi-body or subsequent decays of res-195

onances are identified with the help of MC simulations.196

Additionally, also the di-hadron cross sections after a MC197

based removal of all weak decays are presented.198

Thrust (axis):
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This initial fractional energy selection always takes the
nominal hadron mass as given by the PID information
into account. The requirement of z > 0.1 therefore safely
accommodates pion-kaon misidentification, which is
unfolded in the course of this analysis.
In addition, in order to study whether two hadrons have

likely emerged from the same parton or different partons,
the analysis is performed on several different sets by
requiring that both hadrons be in opposite hemispheres,
the same hemisphere or anywhere as depicted in Figs. 1
and 2. For the data sets where a hemisphere assignment is

required, the hemispheres are defined by the plane
perpendicular to the thrust axis and the thrust must satisfy
T > 0.8.

B. PID selection

To apply the PID correction according to the PID
efficiency matrices described in Ref. [1], the same selection
criteria must be applied to define a charged track as a
pion, kaon, proton, electron or muon. The information is
determined from normalized likelihood ratios that are
constructed from various detector responses. If the muon-
hadron likelihood ratio is above 0.9, the track is identified
as a muon. Otherwise, if the electron-hadron likelihood
ratio is above 0.85, the track is identified as an electron. If
neither of these applies, the track is identified as a kaon by
a kaon-pion likelihood ratio above 0.6 and a kaon-proton
likelihood ratio above 0.2. Pions are identified with the
kaon-pion likelihood ratio below 0.6 and a pion-proton
ratio above 0.2. Finally, protons are identified with the
inverse proton ratios above with kaon-proton and pion-
proton ratios below 0.2. While neither muons nor electrons
are considered explicitly for the single and dihadron
analysis, they are retained as necessary contributors for
the PID correction, wherein a certain fraction enter the
pion, kaon and proton samples under study.

II. DIHADRON ANALYSIS

In the following sections, the dihadron yields are
extracted and, successively, the various corrections and
the corresponding systematic uncertainties are applied
to arrive at the dihadron differential cross sections
d2σðeþe− → h1h2XÞ=dz1dz2.

A. Binning and cross section extraction

For the dihadron cross sections, a (z1, z2) binning is used.
We forgo a combined z and invariant-mass binning of the
hadron pair; the latter, in particular, is relevant in the same-
hemisphere topology as an unpolarized baseline to the
previously extracted interference fragmentation functions
[41] and would have allowed the extraction of individual
fragmentation functions for ρ, K$, ϕ and other resonances.
The z1 and z2 ranges of 0.2 to 1.0 used in this analysis

are each partitioned into 16 equidistant bins. All hadron
and charge combinations are treated independently and are
merged only after all corrections are applied and after
confirming their consistency where applicable (i.e., where
the same combinations of fragmentation functions appear,
such as πþπþ and π−π−). This leaves 16 different charge
and type combinations for pions and kaons initially, of
which six contain irreducible information.
Furthermore, as mentioned in the Introduction, three

hemisphere combinations are studied: two hadrons in the
same hemisphere, two hadrons in opposite hemispheres
and two hadrons irrespective of hemisphere or thrust cut;

FIG. 1 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows, and the event plane—spanned
by leptons and thrust axis—is depicted as a light blue plane. In
this case, both hadrons are found in opposite hemispheres defined
by the thrust axis, and generally out of the plane, as indicated by
the cones.

FIG. 2 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows and the event plane—spanned
by leptons and initial quarks/thrust axis—is depicted as a light
blue plane. In this case, both hadrons are found in the same
hemisphere as defined by the thrust axis, and generally out of the
plane, as indicated by the cones.
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This initial fractional energy selection always takes the
nominal hadron mass as given by the PID information
into account. The requirement of z > 0.1 therefore safely
accommodates pion-kaon misidentification, which is
unfolded in the course of this analysis.
In addition, in order to study whether two hadrons have

likely emerged from the same parton or different partons,
the analysis is performed on several different sets by
requiring that both hadrons be in opposite hemispheres,
the same hemisphere or anywhere as depicted in Figs. 1
and 2. For the data sets where a hemisphere assignment is

required, the hemispheres are defined by the plane
perpendicular to the thrust axis and the thrust must satisfy
T > 0.8.

B. PID selection

To apply the PID correction according to the PID
efficiency matrices described in Ref. [1], the same selection
criteria must be applied to define a charged track as a
pion, kaon, proton, electron or muon. The information is
determined from normalized likelihood ratios that are
constructed from various detector responses. If the muon-
hadron likelihood ratio is above 0.9, the track is identified
as a muon. Otherwise, if the electron-hadron likelihood
ratio is above 0.85, the track is identified as an electron. If
neither of these applies, the track is identified as a kaon by
a kaon-pion likelihood ratio above 0.6 and a kaon-proton
likelihood ratio above 0.2. Pions are identified with the
kaon-pion likelihood ratio below 0.6 and a pion-proton
ratio above 0.2. Finally, protons are identified with the
inverse proton ratios above with kaon-proton and pion-
proton ratios below 0.2. While neither muons nor electrons
are considered explicitly for the single and dihadron
analysis, they are retained as necessary contributors for
the PID correction, wherein a certain fraction enter the
pion, kaon and proton samples under study.

II. DIHADRON ANALYSIS

In the following sections, the dihadron yields are
extracted and, successively, the various corrections and
the corresponding systematic uncertainties are applied
to arrive at the dihadron differential cross sections
d2σðeþe− → h1h2XÞ=dz1dz2.

A. Binning and cross section extraction

For the dihadron cross sections, a (z1, z2) binning is used.
We forgo a combined z and invariant-mass binning of the
hadron pair; the latter, in particular, is relevant in the same-
hemisphere topology as an unpolarized baseline to the
previously extracted interference fragmentation functions
[41] and would have allowed the extraction of individual
fragmentation functions for ρ, K$, ϕ and other resonances.
The z1 and z2 ranges of 0.2 to 1.0 used in this analysis

are each partitioned into 16 equidistant bins. All hadron
and charge combinations are treated independently and are
merged only after all corrections are applied and after
confirming their consistency where applicable (i.e., where
the same combinations of fragmentation functions appear,
such as πþπþ and π−π−). This leaves 16 different charge
and type combinations for pions and kaons initially, of
which six contain irreducible information.
Furthermore, as mentioned in the Introduction, three

hemisphere combinations are studied: two hadrons in the
same hemisphere, two hadrons in opposite hemispheres
and two hadrons irrespective of hemisphere or thrust cut;

FIG. 1 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows, and the event plane—spanned
by leptons and thrust axis—is depicted as a light blue plane. In
this case, both hadrons are found in opposite hemispheres defined
by the thrust axis, and generally out of the plane, as indicated by
the cones.

FIG. 2 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows and the event plane—spanned
by leptons and initial quarks/thrust axis—is depicted as a light
blue plane. In this case, both hadrons are found in the same
hemisphere as defined by the thrust axis, and generally out of the
plane, as indicated by the cones.
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obtained from a 655 fb�1 data sample collected near the ⌥(4S) resonance with the Belle detector
at the KEKB asymmetric-energy e+e� collider.

Fragmentation functions allow us to understand the109

transition of asymptotically free partons into several con-110

fined hadrons. They cannot be calculated from first prin-111

ciples and thus need to be extracted experimentally. One112

of the main ways of obtaining them is via cross section113

or multiplicity measurements in electron-positron anni-114

hilation where no hadrons are present in the initial state.115

For many processes, factorization is assumed or proven116

to certain orders of the strong coupling and fragmenta-117

tion functions as well as parton distribution functions118

are considered universal. Because of this universality,119

these functions extracted in one process can be applied120

to another process. As such, the knowledge of fragmen-121

tation functions is, for example, used to extract various122

spin-dependent parton distribution functions in polarized123

semi-inclusive deep-inelastic scattering (SIDIS) and po-124

larized hadron collisions. In particular, the extraction125

of the chiral-odd transversity distribution functions [1]126

and their related tensor charges so far entirely relies on127

transverse spin dependent fragmentation functions.128

The Belle experiment was the first to provide asym-129

metries [2] related to the single-hadron Collins fragmen-130

tation function [3]. These asymmetries rely on an ex-131

plicit transverse-momentum dependence of fragmenta-132

tion functions. The Collins fragmentation function de-133

scribes a correlation between the direction of an outgoing134

transversely polarized quark, its spin orientation and the135

azimuthal distribution of final-state hadrons, and serves136

as a transverse-spin analyzer. Collins asymmetries were137

extracted for pions and kaons in several SIDIS measure-138

ments so far [4–8], where they are convolved with the139

transversity distributions of interest, as well as recently140

in proton-proton collisions for pions [9]. The correspond-141

ing Collins fragmentation measurements were obtained142

in various electron-positron annihilation experiments for143

pions [2, 10, 11] and recently also kaons [12] based on144

the description of Ref. [13]. Some of these measurements145

have already been included in global transversity extrac-146

tions [14–17].147

An alternative way of accessing quark transversity is148

via di-hadron fragmentation functions [18–20]. This has149

the advantage of being based on collinear factorization.150

Also here Belle has provided the corresponding asym-151

metries related to the polarized fragmentation functions152

[21], which were used with the SIDIS measurements153

[22, 23] in a global analysis [24] (although not yet with154

the relevant measurements from proton-proton collisions155

[25]) to extract transversity in a collinear approach.156

In both approaches of transversity extraction, several157

assumptions had to be made due to the lack of su�-158

cient measurements. In the Collins-based extractions,159

the explicit transverse-momentum dependence was until160

recently unknown and is still poorly constrained. In the161

di-hadron based extractions, the corresponding unpolar-162

ized di-hadron fragmentation functions were not avail-163

able so far and theorists used Monte Carlo (MC) simu-164

lations to estimate those. This publication provides the165

unpolarized baseline for the measurements related to the166

spin-dependent di-hadron fragmentation functions.167

In a previous publication [26] the focus was on two-168

hadron cross sections di↵erential in their individual frac-169

tional energies z
1

= 2Eh1/
p
s and (likewise) z

2

. In170

this description, the two-hadron production can be de-171

scribed by di-hadron fragmentation functions (DiFF),172

initially introduced in Ref. [27] and based on the for-173

malism developed in Ref. [28]. DGLAP [29] evolution for174

DiFFs was also introduced previously [30, 31]. Recently175

this theoretical work has been applied also to DiFFs176

depending explicitly on the combined fractional energy177

z =
2Eh1h2p

s
and invariant mass mh1h2 of the hadons, in-178

stead of the hadron’s individual fractional energies, and179

including evolution as summarized in Ref. [32]. It is in180

this description that the SIDIS measurements and the181

Belle asymmetries were performed and, here we report182

the corresponding cross sections di↵erential in these two183

variables to provide the unpolarized baseline.184

The cross section at leading order in the strong cou-
pling can be described as

d2�(e+e� ! h
1

h
2

X)

dzdmh1h2

/
X

q

e2q

⇣
Dh1h2

1,q (z,mh1h2) +Dh1h2
1,q (z,mh1h2)

⌘
, (1)

where it is assumed that both hadrons emerge from the
same (anti)quark, q, and the scale dependence has been
dropped for brevity. The assumption that hadrons de-
tected in the same hemisphere, as illustrated in Fig. 1,
originate from the same initial parton is supported by the
results of Ref. [26]. To define the hemispheres a selection
of thrust axis and thrust value is required. The thrust
axis n̂ maximizes the thrust T [33]:

T
max

=

P
h |PCMS

h · n̂|P
h |PCMS

h |
. (2)

The sum extends over all detected particles, and PCMS

h185

denotes the three-momentum of particle h in the (e+e�)186

center-of-mass system (CMS).187

The cross sections for the inclusive production of di-188

hadrons of charged pions and kaons in the same hemi-189

sphere as a function of their fractional energy z and in-190

variant mass mh1h2 are presented in this paper. The191

cross sections are compared to various MC simulation192

tunes optimized for di↵erent collision systems and ener-193

gies. Various resonances in the mass spectra and distinct194

features from multi-body or subsequent decays of res-195

onances are identified with the help of MC simulations.196

Additionally, also the di-hadron cross sections after a MC197

based removal of all weak decays are presented.198
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This initial fractional energy selection always takes the
nominal hadron mass as given by the PID information
into account. The requirement of z > 0.1 therefore safely
accommodates pion-kaon misidentification, which is
unfolded in the course of this analysis.
In addition, in order to study whether two hadrons have

likely emerged from the same parton or different partons,
the analysis is performed on several different sets by
requiring that both hadrons be in opposite hemispheres,
the same hemisphere or anywhere as depicted in Figs. 1
and 2. For the data sets where a hemisphere assignment is

required, the hemispheres are defined by the plane
perpendicular to the thrust axis and the thrust must satisfy
T > 0.8.

B. PID selection

To apply the PID correction according to the PID
efficiency matrices described in Ref. [1], the same selection
criteria must be applied to define a charged track as a
pion, kaon, proton, electron or muon. The information is
determined from normalized likelihood ratios that are
constructed from various detector responses. If the muon-
hadron likelihood ratio is above 0.9, the track is identified
as a muon. Otherwise, if the electron-hadron likelihood
ratio is above 0.85, the track is identified as an electron. If
neither of these applies, the track is identified as a kaon by
a kaon-pion likelihood ratio above 0.6 and a kaon-proton
likelihood ratio above 0.2. Pions are identified with the
kaon-pion likelihood ratio below 0.6 and a pion-proton
ratio above 0.2. Finally, protons are identified with the
inverse proton ratios above with kaon-proton and pion-
proton ratios below 0.2. While neither muons nor electrons
are considered explicitly for the single and dihadron
analysis, they are retained as necessary contributors for
the PID correction, wherein a certain fraction enter the
pion, kaon and proton samples under study.

II. DIHADRON ANALYSIS

In the following sections, the dihadron yields are
extracted and, successively, the various corrections and
the corresponding systematic uncertainties are applied
to arrive at the dihadron differential cross sections
d2σðeþe− → h1h2XÞ=dz1dz2.

A. Binning and cross section extraction

For the dihadron cross sections, a (z1, z2) binning is used.
We forgo a combined z and invariant-mass binning of the
hadron pair; the latter, in particular, is relevant in the same-
hemisphere topology as an unpolarized baseline to the
previously extracted interference fragmentation functions
[41] and would have allowed the extraction of individual
fragmentation functions for ρ, K$, ϕ and other resonances.
The z1 and z2 ranges of 0.2 to 1.0 used in this analysis

are each partitioned into 16 equidistant bins. All hadron
and charge combinations are treated independently and are
merged only after all corrections are applied and after
confirming their consistency where applicable (i.e., where
the same combinations of fragmentation functions appear,
such as πþπþ and π−π−). This leaves 16 different charge
and type combinations for pions and kaons initially, of
which six contain irreducible information.
Furthermore, as mentioned in the Introduction, three

hemisphere combinations are studied: two hadrons in the
same hemisphere, two hadrons in opposite hemispheres
and two hadrons irrespective of hemisphere or thrust cut;

FIG. 1 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows, and the event plane—spanned
by leptons and thrust axis—is depicted as a light blue plane. In
this case, both hadrons are found in opposite hemispheres defined
by the thrust axis, and generally out of the plane, as indicated by
the cones.

FIG. 2 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows and the event plane—spanned
by leptons and initial quarks/thrust axis—is depicted as a light
blue plane. In this case, both hadrons are found in the same
hemisphere as defined by the thrust axis, and generally out of the
plane, as indicated by the cones.
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This initial fractional energy selection always takes the
nominal hadron mass as given by the PID information
into account. The requirement of z > 0.1 therefore safely
accommodates pion-kaon misidentification, which is
unfolded in the course of this analysis.
In addition, in order to study whether two hadrons have

likely emerged from the same parton or different partons,
the analysis is performed on several different sets by
requiring that both hadrons be in opposite hemispheres,
the same hemisphere or anywhere as depicted in Figs. 1
and 2. For the data sets where a hemisphere assignment is

required, the hemispheres are defined by the plane
perpendicular to the thrust axis and the thrust must satisfy
T > 0.8.

B. PID selection

To apply the PID correction according to the PID
efficiency matrices described in Ref. [1], the same selection
criteria must be applied to define a charged track as a
pion, kaon, proton, electron or muon. The information is
determined from normalized likelihood ratios that are
constructed from various detector responses. If the muon-
hadron likelihood ratio is above 0.9, the track is identified
as a muon. Otherwise, if the electron-hadron likelihood
ratio is above 0.85, the track is identified as an electron. If
neither of these applies, the track is identified as a kaon by
a kaon-pion likelihood ratio above 0.6 and a kaon-proton
likelihood ratio above 0.2. Pions are identified with the
kaon-pion likelihood ratio below 0.6 and a pion-proton
ratio above 0.2. Finally, protons are identified with the
inverse proton ratios above with kaon-proton and pion-
proton ratios below 0.2. While neither muons nor electrons
are considered explicitly for the single and dihadron
analysis, they are retained as necessary contributors for
the PID correction, wherein a certain fraction enter the
pion, kaon and proton samples under study.

II. DIHADRON ANALYSIS

In the following sections, the dihadron yields are
extracted and, successively, the various corrections and
the corresponding systematic uncertainties are applied
to arrive at the dihadron differential cross sections
d2σðeþe− → h1h2XÞ=dz1dz2.

A. Binning and cross section extraction

For the dihadron cross sections, a (z1, z2) binning is used.
We forgo a combined z and invariant-mass binning of the
hadron pair; the latter, in particular, is relevant in the same-
hemisphere topology as an unpolarized baseline to the
previously extracted interference fragmentation functions
[41] and would have allowed the extraction of individual
fragmentation functions for ρ, K$, ϕ and other resonances.
The z1 and z2 ranges of 0.2 to 1.0 used in this analysis

are each partitioned into 16 equidistant bins. All hadron
and charge combinations are treated independently and are
merged only after all corrections are applied and after
confirming their consistency where applicable (i.e., where
the same combinations of fragmentation functions appear,
such as πþπþ and π−π−). This leaves 16 different charge
and type combinations for pions and kaons initially, of
which six contain irreducible information.
Furthermore, as mentioned in the Introduction, three

hemisphere combinations are studied: two hadrons in the
same hemisphere, two hadrons in opposite hemispheres
and two hadrons irrespective of hemisphere or thrust cut;

FIG. 1 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows, and the event plane—spanned
by leptons and thrust axis—is depicted as a light blue plane. In
this case, both hadrons are found in opposite hemispheres defined
by the thrust axis, and generally out of the plane, as indicated by
the cones.

FIG. 2 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows and the event plane—spanned
by leptons and initial quarks/thrust axis—is depicted as a light
blue plane. In this case, both hadrons are found in the same
hemisphere as defined by the thrust axis, and generally out of the
plane, as indicated by the cones.
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obtained from a 655 fb�1 data sample collected near the ⌥(4S) resonance with the Belle detector
at the KEKB asymmetric-energy e+e� collider.

Fragmentation functions allow us to understand the109

transition of asymptotically free partons into several con-110

fined hadrons. They cannot be calculated from first prin-111

ciples and thus need to be extracted experimentally. One112

of the main ways of obtaining them is via cross section113

or multiplicity measurements in electron-positron anni-114

hilation where no hadrons are present in the initial state.115

For many processes, factorization is assumed or proven116

to certain orders of the strong coupling and fragmenta-117

tion functions as well as parton distribution functions118

are considered universal. Because of this universality,119

these functions extracted in one process can be applied120

to another process. As such, the knowledge of fragmen-121

tation functions is, for example, used to extract various122

spin-dependent parton distribution functions in polarized123

semi-inclusive deep-inelastic scattering (SIDIS) and po-124

larized hadron collisions. In particular, the extraction125

of the chiral-odd transversity distribution functions [1]126

and their related tensor charges so far entirely relies on127

transverse spin dependent fragmentation functions.128

The Belle experiment was the first to provide asym-129

metries [2] related to the single-hadron Collins fragmen-130

tation function [3]. These asymmetries rely on an ex-131

plicit transverse-momentum dependence of fragmenta-132

tion functions. The Collins fragmentation function de-133

scribes a correlation between the direction of an outgoing134

transversely polarized quark, its spin orientation and the135

azimuthal distribution of final-state hadrons, and serves136

as a transverse-spin analyzer. Collins asymmetries were137

extracted for pions and kaons in several SIDIS measure-138

ments so far [4–8], where they are convolved with the139

transversity distributions of interest, as well as recently140

in proton-proton collisions for pions [9]. The correspond-141

ing Collins fragmentation measurements were obtained142

in various electron-positron annihilation experiments for143

pions [2, 10, 11] and recently also kaons [12] based on144

the description of Ref. [13]. Some of these measurements145

have already been included in global transversity extrac-146

tions [14–17].147

An alternative way of accessing quark transversity is148

via di-hadron fragmentation functions [18–20]. This has149

the advantage of being based on collinear factorization.150

Also here Belle has provided the corresponding asym-151

metries related to the polarized fragmentation functions152

[21], which were used with the SIDIS measurements153

[22, 23] in a global analysis [24] (although not yet with154

the relevant measurements from proton-proton collisions155

[25]) to extract transversity in a collinear approach.156

In both approaches of transversity extraction, several157

assumptions had to be made due to the lack of su�-158

cient measurements. In the Collins-based extractions,159

the explicit transverse-momentum dependence was until160

recently unknown and is still poorly constrained. In the161

di-hadron based extractions, the corresponding unpolar-162

ized di-hadron fragmentation functions were not avail-163

able so far and theorists used Monte Carlo (MC) simu-164

lations to estimate those. This publication provides the165

unpolarized baseline for the measurements related to the166

spin-dependent di-hadron fragmentation functions.167

In a previous publication [26] the focus was on two-168

hadron cross sections di↵erential in their individual frac-169

tional energies z
1

= 2Eh1/
p
s and (likewise) z

2

. In170

this description, the two-hadron production can be de-171

scribed by di-hadron fragmentation functions (DiFF),172

initially introduced in Ref. [27] and based on the for-173

malism developed in Ref. [28]. DGLAP [29] evolution for174

DiFFs was also introduced previously [30, 31]. Recently175

this theoretical work has been applied also to DiFFs176

depending explicitly on the combined fractional energy177

z =
2Eh1h2p

s
and invariant mass mh1h2 of the hadons, in-178

stead of the hadron’s individual fractional energies, and179

including evolution as summarized in Ref. [32]. It is in180

this description that the SIDIS measurements and the181

Belle asymmetries were performed and, here we report182

the corresponding cross sections di↵erential in these two183

variables to provide the unpolarized baseline.184

The cross section at leading order in the strong cou-
pling can be described as

d2�(e+e� ! h
1

h
2

X)

dzdmh1h2

/
X

q

e2q

⇣
Dh1h2

1,q (z,mh1h2) +Dh1h2
1,q (z,mh1h2)

⌘
, (1)

where it is assumed that both hadrons emerge from the
same (anti)quark, q, and the scale dependence has been
dropped for brevity. The assumption that hadrons de-
tected in the same hemisphere, as illustrated in Fig. 1,
originate from the same initial parton is supported by the
results of Ref. [26]. To define the hemispheres a selection
of thrust axis and thrust value is required. The thrust
axis n̂ maximizes the thrust T [33]:

T
max

=

P
h |PCMS

h · n̂|P
h |PCMS

h |
. (2)

The sum extends over all detected particles, and PCMS

h185

denotes the three-momentum of particle h in the (e+e�)186

center-of-mass system (CMS).187

The cross sections for the inclusive production of di-188

hadrons of charged pions and kaons in the same hemi-189

sphere as a function of their fractional energy z and in-190

variant mass mh1h2 are presented in this paper. The191

cross sections are compared to various MC simulation192

tunes optimized for di↵erent collision systems and ener-193

gies. Various resonances in the mass spectra and distinct194

features from multi-body or subsequent decays of res-195

onances are identified with the help of MC simulations.196

Additionally, also the di-hadron cross sections after a MC197

based removal of all weak decays are presented.198
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6 51. Plots of cross sections and related quantities

R in Light-Flavor, Charm, and Beauty Threshold Regions
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Figure 51.6: R in the light-flavor, charm, and beauty threshold regions. Data errors are total below 2 GeV and statistical above 2 GeV.
The curves are the same as in Fig. 51.5. Note: CLEO data above Υ(4S) were not fully corrected for radiative effects, and we retain
them on the plot only for illustrative purposes with a normalization factor of 0.8. The full list of references to the original data and
the details of the R ratio extraction from them can be found in [arXiv:hep-ph/0312114]. The computer-readable data are available at
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from hadron yields to cross sections

hadron yields observed undergo series of corrections

smearing unfolding  [e.g., measured and true momentum might differ]

particle (mis)identification [e.g., not every identified pion was a pion]

non-qq processes  [e.g., two-photon processes, Υ-> BB, …]

“4!” correction [selection criteria and limited geometric acceptance]

QED radiation  [initial-state radiation (ISR)]

optional: weak-decay removal (e.g., “prompt fragmentation”)

6
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from hadron yields to cross sections

example: single-hadron cross sections

cumulative effect of correction steps

largest effect for mesons from acceptance and ISR correction

larger PID correction for protons than for mesons

7
III. SINGLE-HADRON ANALYSIS

In addition to the dihadron analysis, the production of
single hadrons, especially previously unpublished single
protons, is considered here. The single-hadron analysis
follows the same procedure as the dihadron analysis.
The z range between 0.1 and 1.0 is divided into 36 bins;
for protons, z < 0.2 is kinematically inaccessible. The
particle misidentification correction is performed as in
the dihadron analysis (but only for one track) and
the resulting yield modification is shown in Fig. 20.
At intermediate z, in particular, the proton yields are
reduced substantially due to proton misidentification.
Non-qq̄ events contribute once again to the pion and
kaon distributions but not as much to protons, where
predominantly eeuū processes at high z (≈5%) and ϒ
decays at low z (maximally ≈20%) are the dominant
backgrounds. All acceptance corrections are only weakly
dependent on hadron type and show the same moderate
(substantial) correction factors at small and intermediate
(high) z; the high-z correction is again dominated by the
event preselection efficiencies. Weak decays originate

predominantly from charm decays and so are a very
small contribution (< 10%) for protons. The various
correction steps for single pions, kaons and protons
are summarized in Fig. 20.
The ISR correction here is similar to that in the

dihadron analysis. To clarify the correction for the
previous single-pion and kaon results [1], we show in
Fig. 21 the ISR and non-ISR fractions for single pions
and kaons as well as protons. As in the dihadron
analysis, the fraction of events with an actual c.m. energy
below 99.5% of the nominal energy is below 30% and
decreases with increasing z.
The resulting single-pion, -kaon and -proton cross

sections are displayed in Fig. 22. While the pion and
kaon results are consistent within uncertainties to those
published before, the proton results from Belle are shown
for the first time. The results are compared with the
aforementioned PYTHIA/JetSet fragmentation tunes in
Fig. 23. As has been noted above and in [1], the
PYTHIA/JetSet settings close to the default settings
reproduce the pion and kaon cross sections rather
well. For the proton cross sections, no setting describes
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before 2013: lack of precision data 
at (moderately) high z and at low √s

limits analysis of evolution and gluon
fragmentation

limited information in kinematic 
region often used in semi-inclusive DIS

single-hadron production

8

[2012 PDG]

19. Fragmentation functions in e
+

e
−, ep and pp collisions 5

corrected) in Refs. [19,25]. Thus the coefficient functions are known to NNLO except
for FL where the leading contribution is of order αs.

The effect of the evolution is similar in the timelike and spacelike cases: as the scale
increases, one observes a scaling violation in which the x-distribution is shifted towards
lower values. This can be seen from Fig. 19.2 where a large amount of measurements of
the total fragmentation function in e+e− annihilation are summarized. QCD analyses of
these data are discussed in Section 19.5 below.
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Figure 19.2: The e+e− fragmentation function for all charged particles is shown
[8, 26−42] (a) for different CM energies

√
s versus x and (b) for various ranges

of x versus
√

s. For the purpose of plotting (a), the distributions were scaled by
c(
√

s) = 10i with i ranging from i = 0 (
√

s = 12 GeV) to i = 13 (
√

s = 202 GeV).

Unlike the splitting functions in Eq. (19.5), see Refs. [18–20], the coefficient
functions for F2,T,A in Eq. (19.6) show a threshold enhancement with terms up to

αn
s (1−z)−1 ln 2n−1(1−z). Such logarithms can be resummed to all orders in αs using

standard soft-gluon techniques [43–45]. Recently this resummation has been extended to
the subleading (and for FL leading) class αn

s ln k(1−z) of large-x logarithms [46,47].

In Refs. [23] the NLO coefficient functions have been calculated also for single hadron
production in lepton-proton scattering, ep → e + h + X . More recently corresponding
results have been obtained for the case that a non-vanishing transverse momentum is
required in the HCMS frame [48].
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before 2013: lack of precision data 
at (moderately) high z and at low √s

limits analysis of evolution and gluon
fragmentation

limited information in kinematic 
region often used in semi-inclusive DIS

by now, results available from Belle and BaBar:

BaBar Collaboration, Phys. Rev. D88 (2013) 032011:  !±, K±, p+p

Belle Collaboration, Phys. Rev. Lett. 111 (2013) 062002: !±, K±

Belle Collaboration, Phys. Rev. D92 (2015) 092007: !±, K±, p+p

single-hadron production
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for FL where the leading contribution is of order αs.
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increases, one observes a scaling violation in which the x-distribution is shifted towards
lower values. This can be seen from Fig. 19.2 where a large amount of measurements of
the total fragmentation function in e+e− annihilation are summarized. QCD analyses of
these data are discussed in Section 19.5 below.
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√
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s. For the purpose of plotting (a), the distributions were scaled by
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s) = 10i with i ranging from i = 0 (
√

s = 12 GeV) to i = 13 (
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s = 202 GeV).

Unlike the splitting functions in Eq. (19.5), see Refs. [18–20], the coefficient
functions for F2,T,A in Eq. (19.6) show a threshold enhancement with terms up to

αn
s (1−z)−1 ln 2n−1(1−z). Such logarithms can be resummed to all orders in αs using

standard soft-gluon techniques [43–45]. Recently this resummation has been extended to
the subleading (and for FL leading) class αn

s ln k(1−z) of large-x logarithms [46,47].

In Refs. [23] the NLO coefficient functions have been calculated also for single hadron
production in lepton-proton scattering, ep → e + h + X . More recently corresponding
results have been obtained for the case that a non-vanishing transverse momentum is
required in the HCMS frame [48].
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very precise data for charged 
pions and kaons

data available up to very large z 
(z<0.98)

included in recent DEHSS fits
[e.g. PRD 91, 014035 (2015)]

single-hadron production
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6

as compared to the original DSS 07 analysis [3]. Secondly,
the overall quality of the global fit has improved dramat-
ically from χ2/d.o.f. ≃ 1.83 for DSS 07, see Tab. V in
Ref. [3], to χ2/d.o.f. ≃ 1.08 for the current fit. A more
detailed inspection reveals that the individual χ2 values
for the SIA data [30–33, 37], which were already included
in the DSS 07 fit, have, by and large, not changed signif-
icantly. The biggest improvement concerns the SIDIS
multiplicities from Hermes which, in their published
version [19], are described rather well by the updated
fit, with only a few exceptions; see below. Also, the
charged kaon multiplicities from Compass [22] and the
new SIA data from BaBar [17] and Belle [18] integrate
very nicely into the global QCD analysis of parton-to-
kaon FFs at NLO accuracy. We recall that the original
DSS 07 fit was based on the 2003 NLO (2002 LO) PDF
set [38] ([39]) from the MRST group. In the present fit,
the underlying set of PDFs has have been upgraded to
the recent MMHT 2014 analysis [9], that gives a much
more accurate description of sea-quark parton densities
on which the analysis of SIDIS multiplicities depends
rather strongly. We have checked that very similar re-
sults for kaon FFs are obtained with other up-to-date sets
of PDFs such as [8, 10]. Nevertheless, the correspond-
ing PDF uncertainty is included in the χ2-minimization
procedure and, hence, the quoted χ2 values for SIDIS
multiplicities.

B. Electron-Position Annihilation Data

In Figs. 3 and 4 we present a detailed comparison of the
results of our fit and its uncertainties at both 68% and
90% C.L. with the SIA data already included and newly
added to the original DSS 07 analysis [3], respectively. In
general, the agreement of the fit with SIA data is excel-
lent in the entire energy and z-range covered by the ex-
periments. The new fit reproduces SLAC and LEP data
at Q = MZ as well or even slightly better than the old
DSS 07 result for z ≥ 0.1, and improves very significantly
the description of the newly added Belle and BaBar
data as can be best seen from the “(data-theory)/theory”
panels in Fig. 4; recall that only data with z ≥ 0.2 are
included in the fit for BaBar due the lower

√
S. This

is mainly achieved by changing the singlet flavor combi-
nations rather significantly at large z ∼ 0.5 − 0.8 at the
lower Q relevant for Belle and BaBar. For SIA data
at z-values lower than those included in the χ2 minimiza-
tion, the old DSS 07 fit gives, however, a better descrip-
tion when extrapolated, presumably because the fit has
to accommodate much less data.
The Belle data [18], shown in Fig. 4, provide not only

the finest binning in z but also reach the highest z-values
measured so far. Above z ! 0.8 one observes an in-
creasing trend for the new fit to overshoot the data, still
within the estimated and growing theoretical (and exper-
imental) uncertainties though. In this kinematic regime
one expects large logarithmic corrections, which appear
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FIG. 3: Left-hand side: comparison of our new NLO results
(solid lines) and the previous DSS 07 fit [3] (dashed lines) with
data sets for inclusive kaon production in SIA used in both
fits, see Tab. I. The inner and outer shaded bands correspond
to new uncertainty estimates at 68% and 90% C.L., respec-
tively. Right-hand side: “(data-theory)/theory” for each of
the data sets w.r.t. our new fit (symbols) and the DSS 07
analysis (dashed lines).
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below z = 0.2 are not included in the fit.

in each order of perturbation theory, to become more and
more relevant. It is known how to resum such terms to
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as compared to the original DSS 07 analysis [3]. Secondly,
the overall quality of the global fit has improved dramat-
ically from χ2/d.o.f. ≃ 1.83 for DSS 07, see Tab. V in
Ref. [3], to χ2/d.o.f. ≃ 1.08 for the current fit. A more
detailed inspection reveals that the individual χ2 values
for the SIA data [30–33, 37], which were already included
in the DSS 07 fit, have, by and large, not changed signif-
icantly. The biggest improvement concerns the SIDIS
multiplicities from Hermes which, in their published
version [19], are described rather well by the updated
fit, with only a few exceptions; see below. Also, the
charged kaon multiplicities from Compass [22] and the
new SIA data from BaBar [17] and Belle [18] integrate
very nicely into the global QCD analysis of parton-to-
kaon FFs at NLO accuracy. We recall that the original
DSS 07 fit was based on the 2003 NLO (2002 LO) PDF
set [38] ([39]) from the MRST group. In the present fit,
the underlying set of PDFs has have been upgraded to
the recent MMHT 2014 analysis [9], that gives a much
more accurate description of sea-quark parton densities
on which the analysis of SIDIS multiplicities depends
rather strongly. We have checked that very similar re-
sults for kaon FFs are obtained with other up-to-date sets
of PDFs such as [8, 10]. Nevertheless, the correspond-
ing PDF uncertainty is included in the χ2-minimization
procedure and, hence, the quoted χ2 values for SIDIS
multiplicities.
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In Figs. 3 and 4 we present a detailed comparison of the
results of our fit and its uncertainties at both 68% and
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added to the original DSS 07 analysis [3], respectively. In
general, the agreement of the fit with SIA data is excel-
lent in the entire energy and z-range covered by the ex-
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at Q = MZ as well or even slightly better than the old
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the description of the newly added Belle and BaBar
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panels in Fig. 4; recall that only data with z ≥ 0.2 are
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tion, the old DSS 07 fit gives, however, a better descrip-
tion when extrapolated, presumably because the fit has
to accommodate much less data.
The Belle data [18], shown in Fig. 4, provide not only

the finest binning in z but also reach the highest z-values
measured so far. Above z ! 0.8 one observes an in-
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in each order of perturbation theory, to become more and
more relevant. It is known how to resum such terms to

so far little explored. The binning of BABAR data [28] is
more sparse toward large z, and a similar trend as for the
BELLE data is not visible here.
For all the sets shown in Fig. 3, the new fit is able to

follow the trend of the data even below the z values

included in the analysis (the region indicated by the hatched
area). Agreement with BABAR data below the cut z ¼ 0.1
quickly deteriorates though. In this region, the data start to
drop while the NLO SIA cross section continues to rise as
can be seen in the left-hand panel of Fig. 4. Since the
BABAR data are taken at the lowest c.m.s. energy, such an
effect is not unexpected and signifies the onset of neglected
hadron mass effects in the theoretical framework. In fact,
this was the reason for us to choose a somewhat higher cut
in z, z > 0.1 than for the other SIA data obtained at higher
c.m.s. energies. The BELLE experiment did not publish
any data below z ¼ 0.2 [29].
Also shown in Figs. 3 and 4 are the theoretical results

obtained with the original DSS FFs (dashed lines), i.e.,
without any refitting or adjusting normalization shifts. The
agreement with SIA data is in general very good, except for
some small deviations from the recent B factory data, most
noticeable in the comparison to BABAR. Contrary to the
new analysis, the original DSS fit undershoots both the
BELLE and BABAR data at high z.
Our estimated uncertainty bands, also shown in Figs. 3

and 4, reflect the accuracy and kinematical coverage of the
fitted data. They increase toward both small and large z,
similar to the pattern observed for the individual Dπþ

i in
Figs. 1 and 2. One should keep in mind that the obtained
bands are constrained by the fit to the global set of SIA,
SIDIS, and pp data and do not necessarily have to follow
the accuracy of each individual set of data.
As was already mentioned in Sec. III A, the SIA data

from the LEP and SLAC experiments constrain mainly the
total quark singlet fragmentation to pions as up-type and
down-type quark couplings to the exchanged Z gauge
boson are roughly equal at Q≃MZ. The new BABAR and
BELLE data are dominated by photon exchange and,
hence, prefer up-type quark flavors. When combined, this
leads to some partial flavor separation. QCD scale evolu-
tion between Q2 ≃ 110 GeV2 and Q2 ¼ M2

Z provides
some additional constraints, in particular, also for the gluon
FF. The flavor-tagged LEP and SLAC data, listed in
Table II, are still the best “direct” source of information
on the charm- and bottom-to-pion FFs.
Finally, we wish to remark that despite the excellent

agreement with all SIA data there are still some issues
which require further scrutiny and, perhaps, more detailed
comparisons among the different experimental groups. One
concern is the question to what extent “feed-down” pions
from weak decays contribute to the individual data sets.
Different treatments of QED radiative corrections, of which
the main effect is to lower the “true” c.m.s. energy
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the collisions, might be another source of potential tension.
For instance, the BELLE Collaboration [29] provides only
a measurement of the cross section dσ=dz, while all other
experiments in SIA scale their quoted results by the total
cross section σtot for eþe− → hadrons. Since BELLE cuts
on radiative photon events if their energy exceeds a certain
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so far little explored. The binning of BABAR data [28] is
more sparse toward large z, and a similar trend as for the
BELLE data is not visible here.
For all the sets shown in Fig. 3, the new fit is able to

follow the trend of the data even below the z values

included in the analysis (the region indicated by the hatched
area). Agreement with BABAR data below the cut z ¼ 0.1
quickly deteriorates though. In this region, the data start to
drop while the NLO SIA cross section continues to rise as
can be seen in the left-hand panel of Fig. 4. Since the
BABAR data are taken at the lowest c.m.s. energy, such an
effect is not unexpected and signifies the onset of neglected
hadron mass effects in the theoretical framework. In fact,
this was the reason for us to choose a somewhat higher cut
in z, z > 0.1 than for the other SIA data obtained at higher
c.m.s. energies. The BELLE experiment did not publish
any data below z ¼ 0.2 [29].
Also shown in Figs. 3 and 4 are the theoretical results

obtained with the original DSS FFs (dashed lines), i.e.,
without any refitting or adjusting normalization shifts. The
agreement with SIA data is in general very good, except for
some small deviations from the recent B factory data, most
noticeable in the comparison to BABAR. Contrary to the
new analysis, the original DSS fit undershoots both the
BELLE and BABAR data at high z.
Our estimated uncertainty bands, also shown in Figs. 3

and 4, reflect the accuracy and kinematical coverage of the
fitted data. They increase toward both small and large z,
similar to the pattern observed for the individual Dπþ

i in
Figs. 1 and 2. One should keep in mind that the obtained
bands are constrained by the fit to the global set of SIA,
SIDIS, and pp data and do not necessarily have to follow
the accuracy of each individual set of data.
As was already mentioned in Sec. III A, the SIA data

from the LEP and SLAC experiments constrain mainly the
total quark singlet fragmentation to pions as up-type and
down-type quark couplings to the exchanged Z gauge
boson are roughly equal at Q≃MZ. The new BABAR and
BELLE data are dominated by photon exchange and,
hence, prefer up-type quark flavors. When combined, this
leads to some partial flavor separation. QCD scale evolu-
tion between Q2 ≃ 110 GeV2 and Q2 ¼ M2

Z provides
some additional constraints, in particular, also for the gluon
FF. The flavor-tagged LEP and SLAC data, listed in
Table II, are still the best “direct” source of information
on the charm- and bottom-to-pion FFs.
Finally, we wish to remark that despite the excellent

agreement with all SIA data there are still some issues
which require further scrutiny and, perhaps, more detailed
comparisons among the different experimental groups. One
concern is the question to what extent “feed-down” pions
from weak decays contribute to the individual data sets.
Different treatments of QED radiative corrections, of which
the main effect is to lower the “true” c.m.s. energy
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the collisions, might be another source of potential tension.
For instance, the BELLE Collaboration [29] provides only
a measurement of the cross section dσ=dz, while all other
experiments in SIA scale their quoted results by the total
cross section σtot for eþe− → hadrons. Since BELLE cuts
on radiative photon events if their energy exceeds a certain

-0.4

-0.2

0

0.2

0.4

0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 1

10
-2

10
-1

1

10

102

(data - theory)/theory

z z

(data - theory)/theory

BABAR
prompt data

1 dσπ

σtot dz

THIS FIT

DSS

with 68 and 90% C.L. bands

not
fitted

BELLE 1 dσπ

σtot dz

FIG. 4 (color online). Left-hand side: comparison of our new
NLO results (solid line) with the new BABAR “prompt” data [28];
also shown is the result obtained with the DSS fit [10] (dashed
line). Right-hand side: same, but now for the BELLE data [29].
The lower panels show (data-theory)/theory for each of the data
sets with respect to our new fit (symbols) and the DSS analysis
(dashed lines). The inner and outer shaded bands correspond to
the new uncertainty estimates at 68% and 90% C.L., respectively.

-0.4
-0.2

0
0.2
0.4

-0.4
-0.2

0
0.2
0.4

-0.2
-0.1

0
0.1
0.2

-0.4
-0.2

-0
0.2
0.4
0.6

-0.2
0

0.2
0.4
0.6

10
-1

1

TPC

(data - theory) / theory

SLD

ALEPH

DELPHI

OPAL

z

(× 100)

(× 10)

(× 1)

(× 0.1)

(× 0.01)

TPC

SLD

ALEPH

DELPHI

OPAL

z

not
fitted

1 dσπ

σtot dz

THIS FIT

DSS

with 68 and 90% C.L. bands

10-4

10-3

10-2

10-1

1

10

10 2

10 3

10 4

10
-1

1

FIG. 3 (color online). Left-hand side: comparison of our
new NLO results (solid lines) and the previous DSS fit [10]
(dashed lines) with data sets for inclusive pion production in SIA
used in both fits; see Table II. The inner and outer shaded bands
correspond to new uncertainty estimates at 68% and 90% C.L.,
respectively. Right-hand side: “(data-theory)/theory” for each of
the data sets with respect to our new fit (symbols) and the DSS
analysis (dashed lines).

PARTON-TO-PION FRAGMENTATION RELOADED PHYSICAL REVIEW D 91, 014035 (2015)

014035-9

http://dx.doi.org/10.1103/PhysRevD.91.014035
http://dx.doi.org/10.1103/PhysRevD.91.014035


Transversity 2017 - Dec 13th, 2017gunar.schnell @ desy.de

very precise data for charged 
pions and kaons

data available up to very large z 
(z<0.98)

included in recent DEHSS fits
[e.g. PRD 91, 014035 (2015)]

new: data for protons and anti-
protons

not (yet) included in DEHSS

similar z dependence as pions

about ~⅕ of pion cross sections

single-hadron production

10

the entire z range, while the ALEPH and LEP/Tevatron
tunes roughly agree with the data at low z and the
older Belle MC setting is in moderate agreement at
high z.

IV. SUMMARY

In summary, we present eþe− → h1h2X differential
cross sections in z1 and z2 for pion-pion, pion-kaon and
kaon-kaon pairs of the same and opposite charges and in
various topologies. The general expectations of disfa-
vored fragmentation functions being suppressed, espe-
cially at large fractional energies, are confirmed within
the assumptions mentioned in this article. In particular,
the same-sign pion pairs in opposite hemispheres fall
off more rapidly than the opposite-sign pion pairs. The
ordering with additional strangeness is also as expected
when taking into account the favored-kaon fragmentation
of strange quarks and charm decays. For example, where
strangeness needs to be created in the fragmentation such
as for same-sign kaon pairs and, to a lesser extent, the
same-sign pion-kaon pairs, the cross sections decrease
even more rapidly as the already disfavored same-sign
pion pairs.
The vanishing of the same-hemisphere dihadron cross

sections once the sum of the fractional energies of the two
hadrons exceeds unity supports the assumption of the
same-hemisphere dihadrons being produced predominantly
via single-parton dihadron fragmentation. This, in turn,
bolsters the interpretation of the opposite hemisphere
hadron pairs as arising from the fragmentation of different
partons. As a consequence, the inclusion of the opposite
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as compared to the original DSS 07 analysis [3]. Secondly,
the overall quality of the global fit has improved dramat-
ically from χ2/d.o.f. ≃ 1.83 for DSS 07, see Tab. V in
Ref. [3], to χ2/d.o.f. ≃ 1.08 for the current fit. A more
detailed inspection reveals that the individual χ2 values
for the SIA data [30–33, 37], which were already included
in the DSS 07 fit, have, by and large, not changed signif-
icantly. The biggest improvement concerns the SIDIS
multiplicities from Hermes which, in their published
version [19], are described rather well by the updated
fit, with only a few exceptions; see below. Also, the
charged kaon multiplicities from Compass [22] and the
new SIA data from BaBar [17] and Belle [18] integrate
very nicely into the global QCD analysis of parton-to-
kaon FFs at NLO accuracy. We recall that the original
DSS 07 fit was based on the 2003 NLO (2002 LO) PDF
set [38] ([39]) from the MRST group. In the present fit,
the underlying set of PDFs has have been upgraded to
the recent MMHT 2014 analysis [9], that gives a much
more accurate description of sea-quark parton densities
on which the analysis of SIDIS multiplicities depends
rather strongly. We have checked that very similar re-
sults for kaon FFs are obtained with other up-to-date sets
of PDFs such as [8, 10]. Nevertheless, the correspond-
ing PDF uncertainty is included in the χ2-minimization
procedure and, hence, the quoted χ2 values for SIDIS
multiplicities.

B. Electron-Position Annihilation Data

In Figs. 3 and 4 we present a detailed comparison of the
results of our fit and its uncertainties at both 68% and
90% C.L. with the SIA data already included and newly
added to the original DSS 07 analysis [3], respectively. In
general, the agreement of the fit with SIA data is excel-
lent in the entire energy and z-range covered by the ex-
periments. The new fit reproduces SLAC and LEP data
at Q = MZ as well or even slightly better than the old
DSS 07 result for z ≥ 0.1, and improves very significantly
the description of the newly added Belle and BaBar
data as can be best seen from the “(data-theory)/theory”
panels in Fig. 4; recall that only data with z ≥ 0.2 are
included in the fit for BaBar due the lower

√
S. This

is mainly achieved by changing the singlet flavor combi-
nations rather significantly at large z ∼ 0.5 − 0.8 at the
lower Q relevant for Belle and BaBar. For SIA data
at z-values lower than those included in the χ2 minimiza-
tion, the old DSS 07 fit gives, however, a better descrip-
tion when extrapolated, presumably because the fit has
to accommodate much less data.
The Belle data [18], shown in Fig. 4, provide not only

the finest binning in z but also reach the highest z-values
measured so far. Above z ! 0.8 one observes an in-
creasing trend for the new fit to overshoot the data, still
within the estimated and growing theoretical (and exper-
imental) uncertainties though. In this kinematic regime
one expects large logarithmic corrections, which appear
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as compared to the original DSS 07 analysis [3]. Secondly,
the overall quality of the global fit has improved dramat-
ically from χ2/d.o.f. ≃ 1.83 for DSS 07, see Tab. V in
Ref. [3], to χ2/d.o.f. ≃ 1.08 for the current fit. A more
detailed inspection reveals that the individual χ2 values
for the SIA data [30–33, 37], which were already included
in the DSS 07 fit, have, by and large, not changed signif-
icantly. The biggest improvement concerns the SIDIS
multiplicities from Hermes which, in their published
version [19], are described rather well by the updated
fit, with only a few exceptions; see below. Also, the
charged kaon multiplicities from Compass [22] and the
new SIA data from BaBar [17] and Belle [18] integrate
very nicely into the global QCD analysis of parton-to-
kaon FFs at NLO accuracy. We recall that the original
DSS 07 fit was based on the 2003 NLO (2002 LO) PDF
set [38] ([39]) from the MRST group. In the present fit,
the underlying set of PDFs has have been upgraded to
the recent MMHT 2014 analysis [9], that gives a much
more accurate description of sea-quark parton densities
on which the analysis of SIDIS multiplicities depends
rather strongly. We have checked that very similar re-
sults for kaon FFs are obtained with other up-to-date sets
of PDFs such as [8, 10]. Nevertheless, the correspond-
ing PDF uncertainty is included in the χ2-minimization
procedure and, hence, the quoted χ2 values for SIDIS
multiplicities.

B. Electron-Position Annihilation Data

In Figs. 3 and 4 we present a detailed comparison of the
results of our fit and its uncertainties at both 68% and
90% C.L. with the SIA data already included and newly
added to the original DSS 07 analysis [3], respectively. In
general, the agreement of the fit with SIA data is excel-
lent in the entire energy and z-range covered by the ex-
periments. The new fit reproduces SLAC and LEP data
at Q = MZ as well or even slightly better than the old
DSS 07 result for z ≥ 0.1, and improves very significantly
the description of the newly added Belle and BaBar
data as can be best seen from the “(data-theory)/theory”
panels in Fig. 4; recall that only data with z ≥ 0.2 are
included in the fit for BaBar due the lower
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S. This

is mainly achieved by changing the singlet flavor combi-
nations rather significantly at large z ∼ 0.5 − 0.8 at the
lower Q relevant for Belle and BaBar. For SIA data
at z-values lower than those included in the χ2 minimiza-
tion, the old DSS 07 fit gives, however, a better descrip-
tion when extrapolated, presumably because the fit has
to accommodate much less data.
The Belle data [18], shown in Fig. 4, provide not only

the finest binning in z but also reach the highest z-values
measured so far. Above z ! 0.8 one observes an in-
creasing trend for the new fit to overshoot the data, still
within the estimated and growing theoretical (and exper-
imental) uncertainties though. In this kinematic regime
one expects large logarithmic corrections, which appear
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in each order of perturbation theory, to become more and
more relevant. It is known how to resum such terms to

so far little explored. The binning of BABAR data [28] is
more sparse toward large z, and a similar trend as for the
BELLE data is not visible here.
For all the sets shown in Fig. 3, the new fit is able to

follow the trend of the data even below the z values

included in the analysis (the region indicated by the hatched
area). Agreement with BABAR data below the cut z ¼ 0.1
quickly deteriorates though. In this region, the data start to
drop while the NLO SIA cross section continues to rise as
can be seen in the left-hand panel of Fig. 4. Since the
BABAR data are taken at the lowest c.m.s. energy, such an
effect is not unexpected and signifies the onset of neglected
hadron mass effects in the theoretical framework. In fact,
this was the reason for us to choose a somewhat higher cut
in z, z > 0.1 than for the other SIA data obtained at higher
c.m.s. energies. The BELLE experiment did not publish
any data below z ¼ 0.2 [29].
Also shown in Figs. 3 and 4 are the theoretical results

obtained with the original DSS FFs (dashed lines), i.e.,
without any refitting or adjusting normalization shifts. The
agreement with SIA data is in general very good, except for
some small deviations from the recent B factory data, most
noticeable in the comparison to BABAR. Contrary to the
new analysis, the original DSS fit undershoots both the
BELLE and BABAR data at high z.
Our estimated uncertainty bands, also shown in Figs. 3

and 4, reflect the accuracy and kinematical coverage of the
fitted data. They increase toward both small and large z,
similar to the pattern observed for the individual Dπþ

i in
Figs. 1 and 2. One should keep in mind that the obtained
bands are constrained by the fit to the global set of SIA,
SIDIS, and pp data and do not necessarily have to follow
the accuracy of each individual set of data.
As was already mentioned in Sec. III A, the SIA data

from the LEP and SLAC experiments constrain mainly the
total quark singlet fragmentation to pions as up-type and
down-type quark couplings to the exchanged Z gauge
boson are roughly equal at Q≃MZ. The new BABAR and
BELLE data are dominated by photon exchange and,
hence, prefer up-type quark flavors. When combined, this
leads to some partial flavor separation. QCD scale evolu-
tion between Q2 ≃ 110 GeV2 and Q2 ¼ M2

Z provides
some additional constraints, in particular, also for the gluon
FF. The flavor-tagged LEP and SLAC data, listed in
Table II, are still the best “direct” source of information
on the charm- and bottom-to-pion FFs.
Finally, we wish to remark that despite the excellent

agreement with all SIA data there are still some issues
which require further scrutiny and, perhaps, more detailed
comparisons among the different experimental groups. One
concern is the question to what extent “feed-down” pions
from weak decays contribute to the individual data sets.
Different treatments of QED radiative corrections, of which
the main effect is to lower the “true” c.m.s. energy

ffiffiffi
S

p
of

the collisions, might be another source of potential tension.
For instance, the BELLE Collaboration [29] provides only
a measurement of the cross section dσ=dz, while all other
experiments in SIA scale their quoted results by the total
cross section σtot for eþe− → hadrons. Since BELLE cuts
on radiative photon events if their energy exceeds a certain
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so far little explored. The binning of BABAR data [28] is
more sparse toward large z, and a similar trend as for the
BELLE data is not visible here.
For all the sets shown in Fig. 3, the new fit is able to

follow the trend of the data even below the z values

included in the analysis (the region indicated by the hatched
area). Agreement with BABAR data below the cut z ¼ 0.1
quickly deteriorates though. In this region, the data start to
drop while the NLO SIA cross section continues to rise as
can be seen in the left-hand panel of Fig. 4. Since the
BABAR data are taken at the lowest c.m.s. energy, such an
effect is not unexpected and signifies the onset of neglected
hadron mass effects in the theoretical framework. In fact,
this was the reason for us to choose a somewhat higher cut
in z, z > 0.1 than for the other SIA data obtained at higher
c.m.s. energies. The BELLE experiment did not publish
any data below z ¼ 0.2 [29].
Also shown in Figs. 3 and 4 are the theoretical results

obtained with the original DSS FFs (dashed lines), i.e.,
without any refitting or adjusting normalization shifts. The
agreement with SIA data is in general very good, except for
some small deviations from the recent B factory data, most
noticeable in the comparison to BABAR. Contrary to the
new analysis, the original DSS fit undershoots both the
BELLE and BABAR data at high z.
Our estimated uncertainty bands, also shown in Figs. 3

and 4, reflect the accuracy and kinematical coverage of the
fitted data. They increase toward both small and large z,
similar to the pattern observed for the individual Dπþ

i in
Figs. 1 and 2. One should keep in mind that the obtained
bands are constrained by the fit to the global set of SIA,
SIDIS, and pp data and do not necessarily have to follow
the accuracy of each individual set of data.
As was already mentioned in Sec. III A, the SIA data

from the LEP and SLAC experiments constrain mainly the
total quark singlet fragmentation to pions as up-type and
down-type quark couplings to the exchanged Z gauge
boson are roughly equal at Q≃MZ. The new BABAR and
BELLE data are dominated by photon exchange and,
hence, prefer up-type quark flavors. When combined, this
leads to some partial flavor separation. QCD scale evolu-
tion between Q2 ≃ 110 GeV2 and Q2 ¼ M2

Z provides
some additional constraints, in particular, also for the gluon
FF. The flavor-tagged LEP and SLAC data, listed in
Table II, are still the best “direct” source of information
on the charm- and bottom-to-pion FFs.
Finally, we wish to remark that despite the excellent

agreement with all SIA data there are still some issues
which require further scrutiny and, perhaps, more detailed
comparisons among the different experimental groups. One
concern is the question to what extent “feed-down” pions
from weak decays contribute to the individual data sets.
Different treatments of QED radiative corrections, of which
the main effect is to lower the “true” c.m.s. energy

ffiffiffi
S

p
of

the collisions, might be another source of potential tension.
For instance, the BELLE Collaboration [29] provides only
a measurement of the cross section dσ=dz, while all other
experiments in SIA scale their quoted results by the total
cross section σtot for eþe− → hadrons. Since BELLE cuts
on radiative photon events if their energy exceeds a certain
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the entire z range, while the ALEPH and LEP/Tevatron
tunes roughly agree with the data at low z and the
older Belle MC setting is in moderate agreement at
high z.

IV. SUMMARY

In summary, we present eþe− → h1h2X differential
cross sections in z1 and z2 for pion-pion, pion-kaon and
kaon-kaon pairs of the same and opposite charges and in
various topologies. The general expectations of disfa-
vored fragmentation functions being suppressed, espe-
cially at large fractional energies, are confirmed within
the assumptions mentioned in this article. In particular,
the same-sign pion pairs in opposite hemispheres fall
off more rapidly than the opposite-sign pion pairs. The
ordering with additional strangeness is also as expected
when taking into account the favored-kaon fragmentation
of strange quarks and charm decays. For example, where
strangeness needs to be created in the fragmentation such
as for same-sign kaon pairs and, to a lesser extent, the
same-sign pion-kaon pairs, the cross sections decrease
even more rapidly as the already disfavored same-sign
pion pairs.
The vanishing of the same-hemisphere dihadron cross

sections once the sum of the fractional energies of the two
hadrons exceeds unity supports the assumption of the
same-hemisphere dihadrons being produced predominantly
via single-parton dihadron fragmentation. This, in turn,
bolsters the interpretation of the opposite hemisphere
hadron pairs as arising from the fragmentation of different
partons. As a consequence, the inclusion of the opposite
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This initial fractional energy selection always takes the
nominal hadron mass as given by the PID information
into account. The requirement of z > 0.1 therefore safely
accommodates pion-kaon misidentification, which is
unfolded in the course of this analysis.
In addition, in order to study whether two hadrons have

likely emerged from the same parton or different partons,
the analysis is performed on several different sets by
requiring that both hadrons be in opposite hemispheres,
the same hemisphere or anywhere as depicted in Figs. 1
and 2. For the data sets where a hemisphere assignment is

required, the hemispheres are defined by the plane
perpendicular to the thrust axis and the thrust must satisfy
T > 0.8.

B. PID selection

To apply the PID correction according to the PID
efficiency matrices described in Ref. [1], the same selection
criteria must be applied to define a charged track as a
pion, kaon, proton, electron or muon. The information is
determined from normalized likelihood ratios that are
constructed from various detector responses. If the muon-
hadron likelihood ratio is above 0.9, the track is identified
as a muon. Otherwise, if the electron-hadron likelihood
ratio is above 0.85, the track is identified as an electron. If
neither of these applies, the track is identified as a kaon by
a kaon-pion likelihood ratio above 0.6 and a kaon-proton
likelihood ratio above 0.2. Pions are identified with the
kaon-pion likelihood ratio below 0.6 and a pion-proton
ratio above 0.2. Finally, protons are identified with the
inverse proton ratios above with kaon-proton and pion-
proton ratios below 0.2. While neither muons nor electrons
are considered explicitly for the single and dihadron
analysis, they are retained as necessary contributors for
the PID correction, wherein a certain fraction enter the
pion, kaon and proton samples under study.

II. DIHADRON ANALYSIS

In the following sections, the dihadron yields are
extracted and, successively, the various corrections and
the corresponding systematic uncertainties are applied
to arrive at the dihadron differential cross sections
d2σðeþe− → h1h2XÞ=dz1dz2.

A. Binning and cross section extraction

For the dihadron cross sections, a (z1, z2) binning is used.
We forgo a combined z and invariant-mass binning of the
hadron pair; the latter, in particular, is relevant in the same-
hemisphere topology as an unpolarized baseline to the
previously extracted interference fragmentation functions
[41] and would have allowed the extraction of individual
fragmentation functions for ρ, K$, ϕ and other resonances.
The z1 and z2 ranges of 0.2 to 1.0 used in this analysis

are each partitioned into 16 equidistant bins. All hadron
and charge combinations are treated independently and are
merged only after all corrections are applied and after
confirming their consistency where applicable (i.e., where
the same combinations of fragmentation functions appear,
such as πþπþ and π−π−). This leaves 16 different charge
and type combinations for pions and kaons initially, of
which six contain irreducible information.
Furthermore, as mentioned in the Introduction, three

hemisphere combinations are studied: two hadrons in the
same hemisphere, two hadrons in opposite hemispheres
and two hadrons irrespective of hemisphere or thrust cut;

FIG. 1 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows, and the event plane—spanned
by leptons and thrust axis—is depicted as a light blue plane. In
this case, both hadrons are found in opposite hemispheres defined
by the thrust axis, and generally out of the plane, as indicated by
the cones.

FIG. 2 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows and the event plane—spanned
by leptons and initial quarks/thrust axis—is depicted as a light
blue plane. In this case, both hadrons are found in the same
hemisphere as defined by the thrust axis, and generally out of the
plane, as indicated by the cones.
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This initial fractional energy selection always takes the
nominal hadron mass as given by the PID information
into account. The requirement of z > 0.1 therefore safely
accommodates pion-kaon misidentification, which is
unfolded in the course of this analysis.
In addition, in order to study whether two hadrons have

likely emerged from the same parton or different partons,
the analysis is performed on several different sets by
requiring that both hadrons be in opposite hemispheres,
the same hemisphere or anywhere as depicted in Figs. 1
and 2. For the data sets where a hemisphere assignment is

required, the hemispheres are defined by the plane
perpendicular to the thrust axis and the thrust must satisfy
T > 0.8.

B. PID selection

To apply the PID correction according to the PID
efficiency matrices described in Ref. [1], the same selection
criteria must be applied to define a charged track as a
pion, kaon, proton, electron or muon. The information is
determined from normalized likelihood ratios that are
constructed from various detector responses. If the muon-
hadron likelihood ratio is above 0.9, the track is identified
as a muon. Otherwise, if the electron-hadron likelihood
ratio is above 0.85, the track is identified as an electron. If
neither of these applies, the track is identified as a kaon by
a kaon-pion likelihood ratio above 0.6 and a kaon-proton
likelihood ratio above 0.2. Pions are identified with the
kaon-pion likelihood ratio below 0.6 and a pion-proton
ratio above 0.2. Finally, protons are identified with the
inverse proton ratios above with kaon-proton and pion-
proton ratios below 0.2. While neither muons nor electrons
are considered explicitly for the single and dihadron
analysis, they are retained as necessary contributors for
the PID correction, wherein a certain fraction enter the
pion, kaon and proton samples under study.

II. DIHADRON ANALYSIS

In the following sections, the dihadron yields are
extracted and, successively, the various corrections and
the corresponding systematic uncertainties are applied
to arrive at the dihadron differential cross sections
d2σðeþe− → h1h2XÞ=dz1dz2.

A. Binning and cross section extraction

For the dihadron cross sections, a (z1, z2) binning is used.
We forgo a combined z and invariant-mass binning of the
hadron pair; the latter, in particular, is relevant in the same-
hemisphere topology as an unpolarized baseline to the
previously extracted interference fragmentation functions
[41] and would have allowed the extraction of individual
fragmentation functions for ρ, K$, ϕ and other resonances.
The z1 and z2 ranges of 0.2 to 1.0 used in this analysis

are each partitioned into 16 equidistant bins. All hadron
and charge combinations are treated independently and are
merged only after all corrections are applied and after
confirming their consistency where applicable (i.e., where
the same combinations of fragmentation functions appear,
such as πþπþ and π−π−). This leaves 16 different charge
and type combinations for pions and kaons initially, of
which six contain irreducible information.
Furthermore, as mentioned in the Introduction, three

hemisphere combinations are studied: two hadrons in the
same hemisphere, two hadrons in opposite hemispheres
and two hadrons irrespective of hemisphere or thrust cut;

FIG. 1 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows, and the event plane—spanned
by leptons and thrust axis—is depicted as a light blue plane. In
this case, both hadrons are found in opposite hemispheres defined
by the thrust axis, and generally out of the plane, as indicated by
the cones.

FIG. 2 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows and the event plane—spanned
by leptons and initial quarks/thrust axis—is depicted as a light
blue plane. In this case, both hadrons are found in the same
hemisphere as defined by the thrust axis, and generally out of the
plane, as indicated by the cones.
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energy; the events with a c.m. energy below 99.5% of the
nominal energy are removed. Ideally, one would want to
observe the initial-state radiation directly in the recon-
structed data; however, most photons are in the very
forward and backward regions, outside the Belle accep-
tance. Instead, generated MC data are used to directly
identify ISR photons and remove their energies from the
total c.m. energy. In the MC data, the ISR photons are
identified by having their mother particles be an initial-
state lepton. The fraction of such events depends on the
fractional energies of the two final-state hadrons. If a

large amount of the energy is removed by the photons
from the produced quark-antiquark system, very high
fractional energies with respect to the nominal

ffiffiffi
s

p
are

inaccessible. Therefore the fraction of non-ISR events
(i.e., less than 0.5% c.m. energy loss) increases with
increasing fractional energies. This is indeed the case as
can be seen in Fig. 9 for the any topology hadron pairs
(and similarly for the other two topologies). The events
are then corrected by this fraction to obtain the ISR-free
differential cross sections at the nominal center-of-mass
energy. Since the ISR fraction depends on the fractional

TABLE I. Systematic and statistical uncertainty contributions for the main hadron combinations in the any topology integrated over
the entire ðz1; z2Þ range. The uncertainties due to the luminosity and track reconstruction are additional global uncertainties.

πþπ− πþπþ πþK− πþKþ KþK− KþKþ

Statistical 8.71 × 10−05 1.11 × 10−04 1.56 × 10−04 1.73 × 10−04 1.83 × 10−04 3.31 × 10−04

PID 9.61 × 10−04 4.78 × 10−04 2.09 × 10−03 1.85 × 10−03 2.57 × 10−03 3.06 × 10−03

Smearing 6.31 × 10−05 3.42 × 10−05 3.92 × 10−04 2.07 × 10−05 6.69 × 10−05 2.75 × 10−04

Non-qq̄ 6.07 × 10−04 6.30 × 10−04 1.03 × 10−03 9.98 × 10−04 1.14 × 10−03 1.88 × 10−03

Acceptance 1.16 × 10−03 1.32 × 10−03 2.04 × 10−03 2.14 × 10−03 2.24 × 10−03 3.65 × 10−03

ISR 3.66 × 10−04 4.13 × 10−04 5.97 × 10−04 6.09 × 10−04 7.12 × 10−04 1.03 × 10−03

Combined systematics 1.86 × 10−03 1.71 × 10−03 3.82 × 10−03 4.38 × 10−03 4.21 × 10−03 5.28 × 10−02

Luminosity 1.4 × 10−02

Track reconstruction 0.7 × 10−02
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FIG. 12 (color online). Differential cross sections for πþπ− (black circles), πþπþ (blue squares), πþK− (green triangles), πþKþ
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indicated z1 bins. The error boxes represent the systematic uncertainties.
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energy; the events with a c.m. energy below 99.5% of the
nominal energy are removed. Ideally, one would want to
observe the initial-state radiation directly in the recon-
structed data; however, most photons are in the very
forward and backward regions, outside the Belle accep-
tance. Instead, generated MC data are used to directly
identify ISR photons and remove their energies from the
total c.m. energy. In the MC data, the ISR photons are
identified by having their mother particles be an initial-
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inaccessible. Therefore the fraction of non-ISR events
(i.e., less than 0.5% c.m. energy loss) increases with
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energy; the events with a c.m. energy below 99.5% of the
nominal energy are removed. Ideally, one would want to
observe the initial-state radiation directly in the recon-
structed data; however, most photons are in the very
forward and backward regions, outside the Belle accep-
tance. Instead, generated MC data are used to directly
identify ISR photons and remove their energies from the
total c.m. energy. In the MC data, the ISR photons are
identified by having their mother particles be an initial-
state lepton. The fraction of such events depends on the
fractional energies of the two final-state hadrons. If a

large amount of the energy is removed by the photons
from the produced quark-antiquark system, very high
fractional energies with respect to the nominal

ffiffiffi
s

p
are

inaccessible. Therefore the fraction of non-ISR events
(i.e., less than 0.5% c.m. energy loss) increases with
increasing fractional energies. This is indeed the case as
can be seen in Fig. 9 for the any topology hadron pairs
(and similarly for the other two topologies). The events
are then corrected by this fraction to obtain the ISR-free
differential cross sections at the nominal center-of-mass
energy. Since the ISR fraction depends on the fractional
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energy; the events with a c.m. energy below 99.5% of the
nominal energy are removed. Ideally, one would want to
observe the initial-state radiation directly in the recon-
structed data; however, most photons are in the very
forward and backward regions, outside the Belle accep-
tance. Instead, generated MC data are used to directly
identify ISR photons and remove their energies from the
total c.m. energy. In the MC data, the ISR photons are
identified by having their mother particles be an initial-
state lepton. The fraction of such events depends on the
fractional energies of the two final-state hadrons. If a

large amount of the energy is removed by the photons
from the produced quark-antiquark system, very high
fractional energies with respect to the nominal
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are

inaccessible. Therefore the fraction of non-ISR events
(i.e., less than 0.5% c.m. energy loss) increases with
increasing fractional energies. This is indeed the case as
can be seen in Fig. 9 for the any topology hadron pairs
(and similarly for the other two topologies). The events
are then corrected by this fraction to obtain the ISR-free
differential cross sections at the nominal center-of-mass
energy. Since the ISR fraction depends on the fractional
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tance. Instead, generated MC data are used to directly
identify ISR photons and remove their energies from the
total c.m. energy. In the MC data, the ISR photons are
identified by having their mother particles be an initial-
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large amount of the energy is removed by the photons
from the produced quark-antiquark system, very high
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are

inaccessible. Therefore the fraction of non-ISR events
(i.e., less than 0.5% c.m. energy loss) increases with
increasing fractional energies. This is indeed the case as
can be seen in Fig. 9 for the any topology hadron pairs
(and similarly for the other two topologies). The events
are then corrected by this fraction to obtain the ISR-free
differential cross sections at the nominal center-of-mass
energy. Since the ISR fraction depends on the fractional
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inaccessible. Therefore the fraction of non-ISR events
(i.e., less than 0.5% c.m. energy loss) increases with
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identify ISR photons and remove their energies from the
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identified by having their mother particles be an initial-
state lepton. The fraction of such events depends on the
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(i.e., less than 0.5% c.m. energy loss) increases with
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FIG. 12 (color online). Differential cross sections for πþπ− (black circles), πþπþ (blue squares), πþK− (green triangles), πþKþ

(purple diamonds), KþK− (red crosses) and KþKþ (violet downward triangles) pairs in the any topology as a function of z2 for the
indicated z1 bins. The error boxes represent the systematic uncertainties.
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energy; the events with a c.m. energy below 99.5% of the
nominal energy are removed. Ideally, one would want to
observe the initial-state radiation directly in the recon-
structed data; however, most photons are in the very
forward and backward regions, outside the Belle accep-
tance. Instead, generated MC data are used to directly
identify ISR photons and remove their energies from the
total c.m. energy. In the MC data, the ISR photons are
identified by having their mother particles be an initial-
state lepton. The fraction of such events depends on the
fractional energies of the two final-state hadrons. If a

large amount of the energy is removed by the photons
from the produced quark-antiquark system, very high
fractional energies with respect to the nominal

ffiffiffi
s

p
are

inaccessible. Therefore the fraction of non-ISR events
(i.e., less than 0.5% c.m. energy loss) increases with
increasing fractional energies. This is indeed the case as
can be seen in Fig. 9 for the any topology hadron pairs
(and similarly for the other two topologies). The events
are then corrected by this fraction to obtain the ISR-free
differential cross sections at the nominal center-of-mass
energy. Since the ISR fraction depends on the fractional

TABLE I. Systematic and statistical uncertainty contributions for the main hadron combinations in the any topology integrated over
the entire ðz1; z2Þ range. The uncertainties due to the luminosity and track reconstruction are additional global uncertainties.

πþπ− πþπþ πþK− πþKþ KþK− KþKþ
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Combined systematics 1.86 × 10−03 1.71 × 10−03 3.82 × 10−03 4.38 × 10−03 4.21 × 10−03 5.28 × 10−02

Luminosity 1.4 × 10−02
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FIG. 12 (color online). Differential cross sections for πþπ− (black circles), πþπþ (blue squares), πþK− (green triangles), πþKþ

(purple diamonds), KþK− (red crosses) and KþKþ (violet downward triangles) pairs in the any topology as a function of z2 for the
indicated z1 bins. The error boxes represent the systematic uncertainties.
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energy; the events with a c.m. energy below 99.5% of the
nominal energy are removed. Ideally, one would want to
observe the initial-state radiation directly in the recon-
structed data; however, most photons are in the very
forward and backward regions, outside the Belle accep-
tance. Instead, generated MC data are used to directly
identify ISR photons and remove their energies from the
total c.m. energy. In the MC data, the ISR photons are
identified by having their mother particles be an initial-
state lepton. The fraction of such events depends on the
fractional energies of the two final-state hadrons. If a

large amount of the energy is removed by the photons
from the produced quark-antiquark system, very high
fractional energies with respect to the nominal

ffiffiffi
s

p
are

inaccessible. Therefore the fraction of non-ISR events
(i.e., less than 0.5% c.m. energy loss) increases with
increasing fractional energies. This is indeed the case as
can be seen in Fig. 9 for the any topology hadron pairs
(and similarly for the other two topologies). The events
are then corrected by this fraction to obtain the ISR-free
differential cross sections at the nominal center-of-mass
energy. Since the ISR fraction depends on the fractional

TABLE I. Systematic and statistical uncertainty contributions for the main hadron combinations in the any topology integrated over
the entire ðz1; z2Þ range. The uncertainties due to the luminosity and track reconstruction are additional global uncertainties.
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Statistical 8.71 × 10−05 1.11 × 10−04 1.56 × 10−04 1.73 × 10−04 1.83 × 10−04 3.31 × 10−04
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ISR 3.66 × 10−04 4.13 × 10−04 5.97 × 10−04 6.09 × 10−04 7.12 × 10−04 1.03 × 10−03

Combined systematics 1.86 × 10−03 1.71 × 10−03 3.82 × 10−03 4.38 × 10−03 4.21 × 10−03 5.28 × 10−02
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FIG. 12 (color online). Differential cross sections for πþπ− (black circles), πþπþ (blue squares), πþK− (green triangles), πþKþ
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indicated z1 bins. The error boxes represent the systematic uncertainties.
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hadron-pair production

energy; the events with a c.m. energy below 99.5% of the
nominal energy are removed. Ideally, one would want to
observe the initial-state radiation directly in the recon-
structed data; however, most photons are in the very
forward and backward regions, outside the Belle accep-
tance. Instead, generated MC data are used to directly
identify ISR photons and remove their energies from the
total c.m. energy. In the MC data, the ISR photons are
identified by having their mother particles be an initial-
state lepton. The fraction of such events depends on the
fractional energies of the two final-state hadrons. If a

large amount of the energy is removed by the photons
from the produced quark-antiquark system, very high
fractional energies with respect to the nominal

ffiffiffi
s

p
are

inaccessible. Therefore the fraction of non-ISR events
(i.e., less than 0.5% c.m. energy loss) increases with
increasing fractional energies. This is indeed the case as
can be seen in Fig. 9 for the any topology hadron pairs
(and similarly for the other two topologies). The events
are then corrected by this fraction to obtain the ISR-free
differential cross sections at the nominal center-of-mass
energy. Since the ISR fraction depends on the fractional

TABLE I. Systematic and statistical uncertainty contributions for the main hadron combinations in the any topology integrated over
the entire ðz1; z2Þ range. The uncertainties due to the luminosity and track reconstruction are additional global uncertainties.

πþπ− πþπþ πþK− πþKþ KþK− KþKþ

Statistical 8.71 × 10−05 1.11 × 10−04 1.56 × 10−04 1.73 × 10−04 1.83 × 10−04 3.31 × 10−04

PID 9.61 × 10−04 4.78 × 10−04 2.09 × 10−03 1.85 × 10−03 2.57 × 10−03 3.06 × 10−03
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Non-qq̄ 6.07 × 10−04 6.30 × 10−04 1.03 × 10−03 9.98 × 10−04 1.14 × 10−03 1.88 × 10−03

Acceptance 1.16 × 10−03 1.32 × 10−03 2.04 × 10−03 2.14 × 10−03 2.24 × 10−03 3.65 × 10−03

ISR 3.66 × 10−04 4.13 × 10−04 5.97 × 10−04 6.09 × 10−04 7.12 × 10−04 1.03 × 10−03

Combined systematics 1.86 × 10−03 1.71 × 10−03 3.82 × 10−03 4.38 × 10−03 4.21 × 10−03 5.28 × 10−02

Luminosity 1.4 × 10−02
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energy; the events with a c.m. energy below 99.5% of the
nominal energy are removed. Ideally, one would want to
observe the initial-state radiation directly in the recon-
structed data; however, most photons are in the very
forward and backward regions, outside the Belle accep-
tance. Instead, generated MC data are used to directly
identify ISR photons and remove their energies from the
total c.m. energy. In the MC data, the ISR photons are
identified by having their mother particles be an initial-
state lepton. The fraction of such events depends on the
fractional energies of the two final-state hadrons. If a

large amount of the energy is removed by the photons
from the produced quark-antiquark system, very high
fractional energies with respect to the nominal

ffiffiffi
s

p
are

inaccessible. Therefore the fraction of non-ISR events
(i.e., less than 0.5% c.m. energy loss) increases with
increasing fractional energies. This is indeed the case as
can be seen in Fig. 9 for the any topology hadron pairs
(and similarly for the other two topologies). The events
are then corrected by this fraction to obtain the ISR-free
differential cross sections at the nominal center-of-mass
energy. Since the ISR fraction depends on the fractional

TABLE I. Systematic and statistical uncertainty contributions for the main hadron combinations in the any topology integrated over
the entire ðz1; z2Þ range. The uncertainties due to the luminosity and track reconstruction are additional global uncertainties.

πþπ− πþπþ πþK− πþKþ KþK− KþKþ

Statistical 8.71 × 10−05 1.11 × 10−04 1.56 × 10−04 1.73 × 10−04 1.83 × 10−04 3.31 × 10−04

PID 9.61 × 10−04 4.78 × 10−04 2.09 × 10−03 1.85 × 10−03 2.57 × 10−03 3.06 × 10−03

Smearing 6.31 × 10−05 3.42 × 10−05 3.92 × 10−04 2.07 × 10−05 6.69 × 10−05 2.75 × 10−04

Non-qq̄ 6.07 × 10−04 6.30 × 10−04 1.03 × 10−03 9.98 × 10−04 1.14 × 10−03 1.88 × 10−03

Acceptance 1.16 × 10−03 1.32 × 10−03 2.04 × 10−03 2.14 × 10−03 2.24 × 10−03 3.65 × 10−03

ISR 3.66 × 10−04 4.13 × 10−04 5.97 × 10−04 6.09 × 10−04 7.12 × 10−04 1.03 × 10−03

Combined systematics 1.86 × 10−03 1.71 × 10−03 3.82 × 10−03 4.38 × 10−03 4.21 × 10−03 5.28 × 10−02

Luminosity 1.4 × 10−02

Track reconstruction 0.7 × 10−02
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energy; the events with a c.m. energy below 99.5% of the
nominal energy are removed. Ideally, one would want to
observe the initial-state radiation directly in the recon-
structed data; however, most photons are in the very
forward and backward regions, outside the Belle accep-
tance. Instead, generated MC data are used to directly
identify ISR photons and remove their energies from the
total c.m. energy. In the MC data, the ISR photons are
identified by having their mother particles be an initial-
state lepton. The fraction of such events depends on the
fractional energies of the two final-state hadrons. If a

large amount of the energy is removed by the photons
from the produced quark-antiquark system, very high
fractional energies with respect to the nominal

ffiffiffi
s

p
are

inaccessible. Therefore the fraction of non-ISR events
(i.e., less than 0.5% c.m. energy loss) increases with
increasing fractional energies. This is indeed the case as
can be seen in Fig. 9 for the any topology hadron pairs
(and similarly for the other two topologies). The events
are then corrected by this fraction to obtain the ISR-free
differential cross sections at the nominal center-of-mass
energy. Since the ISR fraction depends on the fractional

TABLE I. Systematic and statistical uncertainty contributions for the main hadron combinations in the any topology integrated over
the entire ðz1; z2Þ range. The uncertainties due to the luminosity and track reconstruction are additional global uncertainties.
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ISR 3.66 × 10−04 4.13 × 10−04 5.97 × 10−04 6.09 × 10−04 7.12 × 10−04 1.03 × 10−03

Combined systematics 1.86 × 10−03 1.71 × 10−03 3.82 × 10−03 4.38 × 10−03 4.21 × 10−03 5.28 × 10−02
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energy; the events with a c.m. energy below 99.5% of the
nominal energy are removed. Ideally, one would want to
observe the initial-state radiation directly in the recon-
structed data; however, most photons are in the very
forward and backward regions, outside the Belle accep-
tance. Instead, generated MC data are used to directly
identify ISR photons and remove their energies from the
total c.m. energy. In the MC data, the ISR photons are
identified by having their mother particles be an initial-
state lepton. The fraction of such events depends on the
fractional energies of the two final-state hadrons. If a

large amount of the energy is removed by the photons
from the produced quark-antiquark system, very high
fractional energies with respect to the nominal

ffiffiffi
s

p
are

inaccessible. Therefore the fraction of non-ISR events
(i.e., less than 0.5% c.m. energy loss) increases with
increasing fractional energies. This is indeed the case as
can be seen in Fig. 9 for the any topology hadron pairs
(and similarly for the other two topologies). The events
are then corrected by this fraction to obtain the ISR-free
differential cross sections at the nominal center-of-mass
energy. Since the ISR fraction depends on the fractional
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the entire ðz1; z2Þ range. The uncertainties due to the luminosity and track reconstruction are additional global uncertainties.
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FIG. 12 (color online). Differential cross sections for πþπ− (black circles), πþπþ (blue squares), πþK− (green triangles), πþKþ

(purple diamonds), KþK− (red crosses) and KþKþ (violet downward triangles) pairs in the any topology as a function of z2 for the
indicated z1 bins. The error boxes represent the systematic uncertainties.
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previous acceptance and efficiency corrections are not
complete and need to be further corrected for this effect.
As the dependence at smaller polar angles is well described
by the expected parabola, this function is used to fit the MC
data and compare the areas below the fit-result curve and
the actual histograms. In principle, this treatment should be
independent for the two hadrons and can be applied by
multiplication of the two individual correction factors. An
expected increase of the correction with increasing z2, due
to higher-z tracks being more collimated and thus closer to
the partonic polar angular dependence, has been confirmed.
The overall effect of this last acceptance correction is on the
order of a few percent.
The effect of all three acceptance and efficiency correc-

tions is summarized in Fig. 7, where the ratios of the
dihadron yields before and after the corrections are dis-
played. The overall effect amounts to between two times
the initial yields at moderate ðz1; z2Þ and more than ten
times at very high z (where the event preselection correc-
tion dominates).

F. Weak decays

Generally, fragmentation functions are only defined for
hadrons produced by QCD processes and decays and so

any weak decays should be removed. In practice this is only
possible—if at all—with the help of MC simulations and
not entirely reliable. Therefore, many fragmentation results
do not exclude weak decays or only those experimentally
detectable such as those of Λ baryons and neutral kaons.
The approach taken here is to provide results that either
contain all weak decays or completely remove them with
the help of MC simulations. Every cc̄ event undergoes at
least one weak decay to produce a pion or kaon. However,
in the fragmentation process, various quark-antiquark pairs
are created and consequently pions and kaons can be
created that did not originate directly from the decays of
charmed hadrons. The only way to separate them is by
following the parents of each final-state hadron in the MC
data to either a gluonic string, which corresponds to the
absence of a weak decay, or a hadron with a different,
nonlight valence flavor. In the latter case, a weak decay was
present and this hadron would have to be removed. The
difficulty is rapidly (algorithmically) determining this
information for a given hadron type. In the dihadron
analysis, it can be argued that the chance of at least one
of the two hadrons being from a weak decay is much higher
for charm events and that removing all charm events is a
valid approximation. However, this needs to be tested.
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FIG. 8 (color online). Fraction of hadron pairs in the any topology as a function of ðz1; z2Þ originating from weak and strong decays.
The individual relative contributions are displayed from top to bottom for strong uds decays (purple, dark filled area), weak charm
decays (blue dotted area), strong charm decays (dark-green, negative hatched area) and weak uds decays (red, horizontal striped area).
The strong decay fractions are also displayed as dashed magenta lines. Also the weak decay fractions for udscMC data using the default
PYTHIA settings are indicated by the dark-green, solid lines. For brevity, only diagonal (z1 ¼ z2) entries in each of the two-dimensional
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disfavored fragmentation from strange quarks to pions is not
as suppressed. Same-sign kaon pairs, where at least one
strange-quark pair needs to be produced in the fragmenta-
tion, are always suppressed at least one order of magnitude
relative to the opposite-sign pion pairs. This shows that
strangeness produced in fragmentation is indeed strongly

suppressed, as is generally assumed in fragmentation
models such as those included in PYTHIA.

2. Hemisphere decomposition

Figure 15 displays all six relevant hadron combinations
for opposite hemispheres while Fig. 16 shows the cross
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FIG. 17 (color online). Differential cross sections (top panels) and ratios to the same and opposite topology sum (bottom panels)
for the main hadron combinations, stacking same (gray filled areas, including thrust selection T > 0.8) and opposite (blue hatched
areas, including thrust selection T > 0.8) hemisphere data and comparing to those without hemisphere assignment (red curves). For
visibility, only the diagonal ðz1; z2Þ bins and statistical uncertainties are displayed.
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sections for hadrons within the same hemisphere using a
thrust requirement of T > 0.8. Note that the requirement
of a minimum thrust value is not corrected for in these
hemisphere decompositions, which must be taken into
account when used for global FF analyses. As expected,
the cross sections at small z are of similar magnitude

between the same and opposite hemispheres, while at
higher z only opposite-hemisphere pairs remain.
These cross sections with hemisphere assignment can

be compared to the cross sections without the hemisphere
assignment and without the thrust requirement, as shown
in Fig. 17 for diagonal ðz1; z2Þ bins. As expected, the
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FIG. 18 (color online). Differential cross sections (top panels) and ratios to the data (bottom panels) for the main hadron pairs in the
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comparison, the relative statistical and systematic uncertainties are shown for the data as well.
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FIG. 9. Differential cross sections for πþπ− (black circles) and πþπþ þ c:c: (blue squares) as a function ofmππ for the indicated z bins.
The error boxes represent the systematic uncertainties. Top panel: linear representation of cross sections: bottom panel: logarithmic
representation. The vertical green dashed line corresponds to the kinematic limit. An overall 1.6% scale uncertainty is not shown.
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FIG. 9. Differential cross sections for πþπ− (black circles) and πþπþ þ c:c: (blue squares) as a function ofmππ for the indicated z bins.
The error boxes represent the systematic uncertainties. Top panel: linear representation of cross sections: bottom panel: logarithmic
representation. The vertical green dashed line corresponds to the kinematic limit. An overall 1.6% scale uncertainty is not shown.
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FIG. 16. Differential cross sections for πþπ− (black circles) and πþπþ þ c:c: (blue squares) after weak decay removal as a function of
mππ for the indicated z bins. The error boxes represent the systematic uncertainties. The vertical green dashed line corresponds to the
kinematic limit. An overall 1.6% scale uncertainty is not shown.

FIG. 17. Differential cross sections for πþK− þ c:c: (black circles) and πþKþ þ c:c: (blue squares) after weak decay removal as a
function of mπK for the indicated z bins. The error boxes represent the systematic uncertainties. The vertical green dashed line
corresponds to the kinematic limit. An overall 1.6% scale uncertainty is not shown.
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FIG. 9. Differential cross sections for πþπ− (black circles) and πþπþ þ c:c: (blue squares) as a function ofmππ for the indicated z bins.
The error boxes represent the systematic uncertainties. Top panel: linear representation of cross sections: bottom panel: logarithmic
representation. The vertical green dashed line corresponds to the kinematic limit. An overall 1.6% scale uncertainty is not shown.
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FIG. 10. MC decomposition of the unlike-sign pion pairs as a function of mππ in bins of z for various resonance, partial resonant and
non-resonant parents, displayed in linear scale (top) and as a relative fraction of the total cross section (bottom).
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Transversity 2017 - Dec 13th, 2017gunar.schnell @ desy.dealthough the magnitude at higher z is too large. The reason
for the better mass description is likely the different vector-
meson and exited-meson parameter values PARJ(11-17),
which particularly impact the range between 1.1 GeV and
1.6 GeV. The strength of the f0ð980Þ seems to be under-
estimated by all tunes. For pion-kaon and kaon pairs, the
behavior is generally similar except that the default settings
describe the mass dependence better. This similarity
indicates that the differences in the excited meson settings
play only a minor role in these comparisons to the data.

V. SUMMARY

We have reported same-hemisphere di-hadron cross
sections as a function of invariant mass and fractional
energy for all charged pion and kaon combinations. The
measurements will allow a more quantitative application of
the previously published polarized di-hadron asymmetries
in extracting quark transversity distributions and their
tensor charges from the corresponding polarized SIDIS
and proton-proton collision data. In addition, the cross
sections should help to better constrain the fragmentation
function parameters in MC simulations that are relevant to
studies of either nucleon structure or the size of

backgrounds in flavor physics. Apart from a few distinct
resonances, the whole mass spectrum has not been mea-
sured before.
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FIG. 11. Differential cross sections for πþK− þ c:c: (black circles) and πþKþ þ c:c: (blue squares) as a function of mπK for the
indicated z bins. The error boxes represent the systematic uncertainties. The vertical green dashed line corresponds to the kinematic
limit. An overall 1.6% scale uncertainty is not shown.
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although the magnitude at higher z is too large. The reason
for the better mass description is likely the different vector-
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estimated by all tunes. For pion-kaon and kaon pairs, the
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energy for all charged pion and kaon combinations. The
measurements will allow a more quantitative application of
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in extracting quark transversity distributions and their
tensor charges from the corresponding polarized SIDIS
and proton-proton collision data. In addition, the cross
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FIG. 11. Differential cross sections for πþK− þ c:c: (black circles) and πþKþ þ c:c: (blue squares) as a function of mπK for the
indicated z bins. The error boxes represent the systematic uncertainties. The vertical green dashed line corresponds to the kinematic
limit. An overall 1.6% scale uncertainty is not shown.
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APPENDIX A: DISCUSSION OF
PARTIAL WAVES

As stated in Ref. [53], different partial waves can, in
principle, participate with different strengths. This could be
very relevant for the polarized fragmentation function and
alter the magnitude of the transversity distributions
obtained. For the unpolarized di-hadron cross sections,
the corresponding moments of the decay angle, θD, relative
to the two-hadron direction in its center-of-mass system are
studied. Here, the minimal momentum selection removes
phase-space for very forward and backward decay angles
and prefers decays perpendicular to the di-hadron momen-
tum direction. Comparing the PID corrected (but not
unfolded) sine moments of the data to MC at the generator
level without a minimum momentum selection, one does
see slight increases in the moments. These moments,
however, are consistent with a fully tracked and

FIG. 12. Differential cross sections for KþK− (black circles) and KþKþ þ c:c: (blue squares) as a function of mKK for the indicated z
bins. The error boxes represent the systematic uncertainties. The vertical green dashed line corresponds to the kinematic limit. An overall
1.6% scale uncertainty is not shown.
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FIG. 9. Differential cross sections for πþπ− (black circles) and πþπþ þ c:c: (blue squares) as a function ofmππ for the indicated z bins.
The error boxes represent the systematic uncertainties. Top panel: linear representation of cross sections: bottom panel: logarithmic
representation. The vertical green dashed line corresponds to the kinematic limit. An overall 1.6% scale uncertainty is not shown.
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APPENDIX A: DISCUSSION OF
PARTIAL WAVES

As stated in Ref. [53], different partial waves can, in
principle, participate with different strengths. This could be
very relevant for the polarized fragmentation function and
alter the magnitude of the transversity distributions
obtained. For the unpolarized di-hadron cross sections,
the corresponding moments of the decay angle, θD, relative
to the two-hadron direction in its center-of-mass system are
studied. Here, the minimal momentum selection removes
phase-space for very forward and backward decay angles
and prefers decays perpendicular to the di-hadron momen-
tum direction. Comparing the PID corrected (but not
unfolded) sine moments of the data to MC at the generator
level without a minimum momentum selection, one does
see slight increases in the moments. These moments,
however, are consistent with a fully tracked and

FIG. 12. Differential cross sections for KþK− (black circles) and KþKþ þ c:c: (blue squares) as a function of mKK for the indicated z
bins. The error boxes represent the systematic uncertainties. The vertical green dashed line corresponds to the kinematic limit. An overall
1.6% scale uncertainty is not shown.
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   T > 0.8
z1,2 > 0.1
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what to further expect from Belle 

production cross sections of hyperons and charmed baryons 
(submitted to Phys. Rev. D, arXiv:1706.06791)

transverse polarization of inclusively produced Λ0 hyperons 
(arXiv:1611.06648)

π0 and η Collins asymmetries

kT-dependent D1 FFs 

hadron-to-thrust 

nearly back-to-back hadrons 

hadron-pair cross sections revisited: fully differential and/or 
differential in other variables

helicity-dependent dihadron fragmentation: G1⊥ (“jet handedness”)
23
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ISR corrections - PRD92 (2015) 092007

relative fractions of hadrons as a function of z originating from ISR 
or non-ISR events (= energy loss less than 0.5%)

large non-ISR fraction at large z, as otherwise not kinematically 
reachable (remember z = Eh / 0.5√snominal)
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III. SINGLE-HADRON ANALYSIS

In addition to the dihadron analysis, the production of
single hadrons, especially previously unpublished single
protons, is considered here. The single-hadron analysis
follows the same procedure as the dihadron analysis.
The z range between 0.1 and 1.0 is divided into 36 bins;
for protons, z < 0.2 is kinematically inaccessible. The
particle misidentification correction is performed as in
the dihadron analysis (but only for one track) and
the resulting yield modification is shown in Fig. 20.
At intermediate z, in particular, the proton yields are
reduced substantially due to proton misidentification.
Non-qq̄ events contribute once again to the pion and
kaon distributions but not as much to protons, where
predominantly eeuū processes at high z (≈5%) and ϒ
decays at low z (maximally ≈20%) are the dominant
backgrounds. All acceptance corrections are only weakly
dependent on hadron type and show the same moderate
(substantial) correction factors at small and intermediate
(high) z; the high-z correction is again dominated by the
event preselection efficiencies. Weak decays originate

predominantly from charm decays and so are a very
small contribution (< 10%) for protons. The various
correction steps for single pions, kaons and protons
are summarized in Fig. 20.
The ISR correction here is similar to that in the

dihadron analysis. To clarify the correction for the
previous single-pion and kaon results [1], we show in
Fig. 21 the ISR and non-ISR fractions for single pions
and kaons as well as protons. As in the dihadron
analysis, the fraction of events with an actual c.m. energy
below 99.5% of the nominal energy is below 30% and
decreases with increasing z.
The resulting single-pion, -kaon and -proton cross

sections are displayed in Fig. 22. While the pion and
kaon results are consistent within uncertainties to those
published before, the proton results from Belle are shown
for the first time. The results are compared with the
aforementioned PYTHIA/JetSet fragmentation tunes in
Fig. 23. As has been noted above and in [1], the
PYTHIA/JetSet settings close to the default settings
reproduce the pion and kaon cross sections rather
well. For the proton cross sections, no setting describes
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FIG. 21 (color online). Relative fractions for pions, kaons and protons as a function of z1 originating from ISR or non-ISR events. The
individual relative contributions are displayed from top to bottom for non-ISR events (energy loss less than 0.5%, purple, filled area) and
ISR events (blue, hatched area) from generated generic udsc MC data. The relative fractions are also shown for the non-ISR fraction
(green, dashed lines).
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non-ISR / ISR fractions based on PYTHIA switch MSTP(11)

several PYTHIA tunes used for estimate of systematic uncertainty
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merged where applicable. At the end of these and similar
checks, the final di-hadron cross sections and their stat-
istical and total systematic uncertainties can be evaluated
for the six unique di-hadron combinations. The total
systematic uncertainties for the cross sections were con-
servatively taken as the linear sum of the contributing
hadron-pair uncertainties as calculated in the respective
independent analyses for different charge combinations.
Figure 8 shows the statistical and total systematic

uncertainties for opposite-sign pion pairs. The individual
systematic uncertainties from the various correction stages
are added in quadrature. The resulting uncertainties are all
dominated by the systematics, which are in turn dominated
by the ISR systematics at higher z and the PID systematics
at lower z, especially for kaon combinations, as well as
uncertainties due to the acceptance correction. At lower z
and lower masses, the total pion-pair systematic uncertain-
ties are below 10%, while at higher masses, both
uncertainties can reach more than 100%. The behavior
for pion-kaon and kaon pairs as well as the same-sign
combinations is generally similar and also dominated by
systematic uncertainties.
Some spikes in the systematic uncertainties occur as a

result of some large uncertainties in the PID correction
matrices from rare, off-diagonal entries. Additionally, there
are global scale uncertainties due to the luminosity

measurement (1.4%) and the track reconstruction
(2 × 0.35%) that are not shown, leading to an overall
1.6% scale uncertainty.

IV. RESULTS

The final di-hadron cross sections for a minimum thrust
of 0.8 and minimum individual fractional energies z1;2 of
0.1 are displayed in Fig. 9 for pion pairs as a function of
mππ in bins of z. The very prominent resonances seen are
the K0

S, ρ
0 and the Cabibbo-suppressed D0 decays. Based

on MC simulations, the enhancements at around 1.35 GeV
and 1.6 GeV can be identified as multi-body or indirect
decay products of D mesons as well. At around 1 GeV, the
f0ð980Þ can be seen. Part of the cross section at low
masses, below the ρ0 resonance, originates from partially
reconstructed ω and η decays. The same-sign pion pairs
generally display a continuous distribution with a slight
enhancement at around 1.35 GeV, which again is caused by
decay products of D mesons.
The origins of the di-pions we observe is in many cases

only accessible via MC and it is informative to discuss them
further. In Fig. 10, the stacked absolute and relative
contributions are displayed for unlike-sign pion pairs,
separated by parentage of both pions according to their
common ancestor. One clearly sees several of the direct
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smearing correction. Additionally, there are global scale
uncertainties due to the luminosity measurement (1.4%)
and the track reconstruction (2 × 0.35%) are not shown.

I. Results

The final cross sections for the main hadron-pair
combinations are presented in Fig. 12 for all ðz1; z2Þ bins
and without topology assignment. The results shown here
and elsewhere include weak decays unless otherwise noted.
As expected, the opposite-sign pion pairs have the largest
cross sections at all z combinations, followed by the same-
sign pion pairs. However, the oppositely charged pion-kaon
and kaon-kaon combinations seem to be of similar magni-
tude or even larger than the same-sign pions at higher z,
which might be explained by the potentially larger favored
fragmentation combination from strange-quark pairs.
Same-sign kaon pairs have the lowest cross sections in
general, with the relative differences from the other
combinations increasing at increasing z. As at least one
kaon in this case needs to be produced from disfavored
fragmentation, the additional strangeness suppresses
the cross sections beyond that for the disfavored pion
fragmentation functions.

The cross sections for dihadrons in the same hemi-
sphere are displayed in Fig. 13 for all ðz1; z2Þ bins. The
cross sections fall off rapidly and mostly disappear at the
boundary z1 þ z2 ¼ 1, where the total energy of one
initial parton is fully contained in the energy of the two
hadrons. A small excess above this limit can be seen. MC
studies show that this excess can be explained qualita-
tively by a small misassignment of hemisphere due to the
smearing of the thrust axis relative to the initial quark-
antiquark axis. In addition, hard gluon radiation may
create such events.

1. Cross section ratios

As several of the uncertainties are common to all
charge and hadron combinations, these cancel in ratios
and the information about favored and disfavored frag-
mentation should be more reliable. For example, ignoring
strange-quark fragmentation to pions, the same-sign to
opposite-sign pion-pair ratios are simple measures of
disfavored vs favored pion fragmentation functions for
light quarks. As can be seen in the ratios in Fig. 14, they
show a similar nearly flat behavior at low fractional
energies, but deviate substantially from this trend at
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FIG. 14 (color online). Ratios of differential cross sections for πþπþ (blue squares), πþK− (green triangles), πþKþ (purple diamonds),
KþK− (red crosses) andKþKþ (violet downward triangles) pairs relative to the πþπ− pairs in the any topology as a function of z2 for the
indicated z1 bins. The shaded areas correspond to the systematic uncertainties under the assumption that they are independent between
each two dihadron combinations.
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smearing correction. Additionally, there are global scale
uncertainties due to the luminosity measurement (1.4%)
and the track reconstruction (2 × 0.35%) are not shown.

I. Results

The final cross sections for the main hadron-pair
combinations are presented in Fig. 12 for all ðz1; z2Þ bins
and without topology assignment. The results shown here
and elsewhere include weak decays unless otherwise noted.
As expected, the opposite-sign pion pairs have the largest
cross sections at all z combinations, followed by the same-
sign pion pairs. However, the oppositely charged pion-kaon
and kaon-kaon combinations seem to be of similar magni-
tude or even larger than the same-sign pions at higher z,
which might be explained by the potentially larger favored
fragmentation combination from strange-quark pairs.
Same-sign kaon pairs have the lowest cross sections in
general, with the relative differences from the other
combinations increasing at increasing z. As at least one
kaon in this case needs to be produced from disfavored
fragmentation, the additional strangeness suppresses
the cross sections beyond that for the disfavored pion
fragmentation functions.

The cross sections for dihadrons in the same hemi-
sphere are displayed in Fig. 13 for all ðz1; z2Þ bins. The
cross sections fall off rapidly and mostly disappear at the
boundary z1 þ z2 ¼ 1, where the total energy of one
initial parton is fully contained in the energy of the two
hadrons. A small excess above this limit can be seen. MC
studies show that this excess can be explained qualita-
tively by a small misassignment of hemisphere due to the
smearing of the thrust axis relative to the initial quark-
antiquark axis. In addition, hard gluon radiation may
create such events.

1. Cross section ratios

As several of the uncertainties are common to all
charge and hadron combinations, these cancel in ratios
and the information about favored and disfavored frag-
mentation should be more reliable. For example, ignoring
strange-quark fragmentation to pions, the same-sign to
opposite-sign pion-pair ratios are simple measures of
disfavored vs favored pion fragmentation functions for
light quarks. As can be seen in the ratios in Fig. 14, they
show a similar nearly flat behavior at low fractional
energies, but deviate substantially from this trend at
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FIG. 14 (color online). Ratios of differential cross sections for πþπþ (blue squares), πþK− (green triangles), πþKþ (purple diamonds),
KþK− (red crosses) andKþKþ (violet downward triangles) pairs relative to the πþπ− pairs in the any topology as a function of z2 for the
indicated z1 bins. The shaded areas correspond to the systematic uncertainties under the assumption that they are independent between
each two dihadron combinations.
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energies of the hadrons, the ðz1; z2Þ distribution shape of
the MC simulation enters in the ISR correction. To
address the dependence of the ISR correction on the
shape in the MC data, an alternative MC simulation is
used for comparison and the differences in the extracted
dihadron cross sections is assigned as systematic uncer-
tainties. These fractions are also shown in Fig. 9. The
ISR fractions are found to be consistent within the
limited precision for both PYTHIA settings.
The total impact of all corrections from the particle

misidentification to the correction for ISR can be seen
successively in Fig. 10 for the main hadron combinations
without a hemisphere assignment. The overall correction to
the raw yields is substantial, predominantly due to the
necessary acceptance corrections. They are comparable for
most ðz1; z2Þ bins but rise at the highest z bins due to the
acceptance and smearing corrections.

H. Consistency checks and total
systematic uncertainties

To confirm the consistency of the results, various tests
are performed. For example, the dependence on the data-
taking periods is studied; after taking into account varia-
tions in acceptance and reconstruction efficiency, the cross

sections are consistent within several percent between
different periods and no additional systematic uncertainty
is assigned. In another study, we compare the data recorded
at the ϒð4SÞ resonance with the smaller off-resonance data
sample. After removal of the ϒð4SÞ decay contributions
in the non-qq̄ correction, the results from both collision
energies are consistent. In yet another set of comparisons
with the same physics-related information, such as charge
conjugation of both particles (πþπþ↔π−π−, etc.) or
(random) hemisphere assignments (π−Kþ↔Kþπ−), no
systematic differences beyond the assigned uncertainties
are found.
All diagonal systematic uncertainties are summed in

quadrature. The total relative systematic uncertainties along
with the statistical uncertainties are displayed in Fig. 11 for
the relevant hadron pairs without topology assignment
for diagonal ðz1; z2Þ bins and in Table I for the entire
measurement range. This measurement is limited almost
everywhere by the systematic uncertainties, for which the
dominant contributions arise from the smearing correction
except at high z where the rapidly falling MC precision
contributes comparably. With increased MC data the
systematic uncertainties could be reduced to the level
of the statistical uncertainties and be dominated by the
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FIG. 13 (color online). Differential cross sections for πþπ− (black circles), πþπþ (blue squares), πþK− (green triangles), πþKþ

(purple diamonds),KþK− (red crosses) and KþKþ (violet downward triangles) pairs in the same topology (including T > 0.8 selection)
as a function of z2 for the indicated z1 bins. The error boxes represent the systematic uncertainties. The vertical, dashed green line
represents the z1 þ z2 ¼ 1 limit in each panel.
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decays needed to produce pions and kaons. The distribu-
tions for other dipion topologies are similar except that the
additional thrust requirement removes nearly all ϒð4SÞ
decays. For same-sign dipions, the τ contribution is
substantially smaller as the single-prong decays of oppo-
sitely charged τ’s create predominantly oppositely charged
pions. For same-hemisphere dipions, the single-prong τ
decays cannot contribute and consequently the relative τ
contributions are below 10%–20% everywhere.
For kaon-related dihadron combinations, the overall non-

qq̄ contributions are as small as for dipions, but eess̄
and eecc̄ are more important. In addition, the τ decays do
not play a substantial role due to the suppressed kaonic
decays. Charm decays generally produce more Cabibbo-
Kobayashi-Maskawa (CKM)-favored [55] kaons than
CKM-suppressed pions. This results in a generally larger
fraction of charm events contributing to the pion-kaon and
kaon-kaon cross sections: up to 60% for kaon pairs at the
lowest z, with a similar falloff as for pion pairs. Similarly,
ϒð4SÞ decays favor kaons over pions and thus their
fractions are as high as 20% (summed), rapidly disappear-
ing at higher z.
Assuming that the non-qq̄ and ϒ MC simulations

reliably describe the data, the background contributions
are directly subtracted from the data distributions. In this

way, we avoid introducing further uncertainties due to the
shape of the udscMC. As all these processes are QED and
ϒð4SÞ processes, they are very well understood at the
theory level. The yield uncertainty is 1.4% for the eþe− →
τþτ− process [49] but is substantially larger for the two-
photon processes due to associated production, which is not
taken into account in the current two-photon simulations. A
factor of 4 relative to the nominal yield has been assumed
for the latter [56]. For the systematic uncertainties due to
the non-qq̄ background correction, these overall uncertain-
ties, as well as the statistical uncertainties in the non-qq̄MC
simulations, are taken into account.

E. Preselection and acceptance correction

The preselection and acceptance correction is divided
into three separate terms, motivated by the different
sources of corrections and to better expose their indi-
vidual effects. The first takes into account the effect on
the reconstruction within the specified acceptance selec-
tion, mostly due to the preselection criteria and decays
in flight; the second treats the losses outside the barrel
acceptance; and the third takes into account potential
losses as jcos θj approaches unity, which are not properly
described in the generic MC simulations.
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FIG. 6 (color online). Fraction of hadron pairs in any topology as a function of ðz1; z2Þ originating from various subprocesses. The
individual relative contributions are displayed from top to bottom for uds (red filled area), charm (blue, dotted area), mixed
[ϒð4SÞ → B0B̄0, dark-green, hatched area] and charged [ϒð4SÞ → BþB−, violet, horizontally hatched area], τ pair (light green, scaled
area), eeuū (purple, starred area), eess̄ (light blue, dotted area) and eecc̄ (orange hatched area) events. Also, for comparison, the
continuum (green, solid lines) and on-resonance (orange, dotted lines) data are shown. For brevity, only diagonal (z1 ¼ z2) entries in
each two-dimensional matrix are shown.
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FIG. 16. MC decomposition of the same-sign pion pairs as a function of m⇡⇡ in bins of z for various resonance, partial

resonant and non-resonant parents, displayed in linear scale (top) and as a relative fraction of the total cross section (bottom).
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FIG. 17. MC decomposition of the unlike-sign pion-kaon pairs as a function of mK⇡ in bins of z for various resonance, partial

resonant and non-resonant parents, displayed in linear scale (top) and as a relative fraction of the total cross section (bottom).
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FIG. 18. MC decomposition of the same-sign pion-kaon pairs as a function of mK⇡ in bins of z for various resonance, partial

resonant and non-resonant parents, displayed in linear scale (top) and as a relative fraction of the total cross section (bottom).
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FIG. 19. MC decomposition of the unlike-sign kaon pairs as a function of mKK in bins of z for various resonance, partial

resonant and non-resonant parents, displayed in linear scale (top) and as a relative fraction of the total cross section (bottom).
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FIG. 20. MC decomposition of the like-sign kaon pairs as a function of mKK in bins of z for various resonance, partial resonant

and non-resonant parents, displayed in linear scale (top) and as a relative fraction of the total cross section (bottom).


