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It was shown that operators of flowed fields have no UV divergences nor 
short-distance singularities at t > 0.                                 Lüscher-Weisz (2011) 

GF provides us with a new physical (i.e. non-perturbative) renormalization 
scheme, which is directly calculable on the lattice in the a → 0 limit.

This opened many possibilities to drastically simplify lattice evaluation of physical observables.

=>  Using the finiteness of flowed observables,  H. Suzuki proposed a new 
method to calculate the EMT on the lattice.  EMT is the generator of 
continuous Poincare transf., and thus has not been simple to define/evaluate on 
the lattice.

QCD thermodynamics with gradient flow
Gradient flow Narayanan-Neuberger (2006), Lüscher (2009–)

Imaginary evolution of the system in terms of a fictitious "time" t  preserving gauge sym. etc.:
                     (ex) pure gauge theory original gauge field

We may view the flowed field Bµ as a smeared Aµ 
over a physical range of √(8t).



QCD thermodynamics with gradient flow
Energy-momentum tensor using GF H.Suzuki (2013) 

1) Define EMT in a continuum scheme, using a W-T identity of Poincare inv., as usual.

2) When we flow this EMT to t > 0, because it is finite,  
    it becomes directly calculable on the lattice in the a→0 limit.

    Through the GF evolution, however, higher-d operators can contaminate at t > 0.
3) Remove the unwanted contributions by another extrapolation of t→0.
    Can make this extrapol. smoother using a small-t oper. expansion by Lüscher:
    The mixing coeff's. ci near the t→0 limit can be calculated by PT in AF theories.

To avoid violation of Poincare sym. on the lattice,

Test in quenched QCD

The EOS' from the conventional 
methods reproduced in t→0 and 
a→0.

FlowQCD, PRD94,114512(2016); D90,011501(2014) [E:D92,059902]

basis. The first step along these directions will be reported
in the forthcoming paper [27].

ACKNOWLEDGMENTS

The authors thank E. Itou for discussions in the early stage
of this study. Numerical simulation for this studywas carried
out on IBM System Blue Gene Solution at KEK under its
Large-Scale Simulation Program (No. 13/14-20, No. 14/15-
08, and No. 15/16-15). This work is supported in part by
Japan Society for the Promotion of Science KAKENHI
Grants No. 24340054, No. 25287046, No. 25287066,
No. 25800148, No. 26400272, No. 16H03982 and by
RIKEN iTHES Project.

APPENDIX: LATTICE SPACING
AND Λ PARAMETER

In this Appendix, we summarize our analysis of the
lattice spacing and ΛMS. The numerical data used are those

given in Ref. [18]. A possible error originating from the
topological freezing is also mentioned.

1. Reference scale and lattice spacing

Numerical simulations of the SU(3) Yang-Mills theory
with the Wilson plaquette action were performed on
N4

s ¼ 644–1284 lattices under the periodic boundary con-
dition. The values of β ¼ 6=g20, Ns and the number of
configurations Nconf are summarized in the three left
columns in Table IV.
We adopt the reference scale w0 defined by [29]

t
d
dt

t2hEðtÞij
t¼w2

0

¼ 0.3; ðA1Þ

with the operator EðtÞ constructed by the clover-type
representation of the flowed field Ga

μν at time t. We use
theWilson gauge action SYM for the flow equation in Eq. (2),
and each measurement is separated by 1000 Sweeps. The
values of w0=a with statistical errors are summarized in the
fourth column of Table IV. The lattice spacings in physical
unit estimated byw0 ¼ 0.1670ð10Þ fm [28] are also given in

FIG. 9. Temperature dependences of Δ=T4 and s=T3 (red circles) together with the previous studies based on the integral method
(solid and dashed lines) [1,4]. The error bars of the red circles are smaller than the size of symbols.

TABLE III. Summary of the equation of state with statistical
and systematic errors. The first error is the statistical one, while
the second error shows the systematic error associated with the
choice of the fit range. The last error comes from 1% uncertainties
of ΛMS from possible topological freezing.Δ=T4 at T=Tc ¼ 2.10,
2.31 and 2.69 are not available due to the lack of corresponding
vacuum configurations.

T=Tc Δ=T4 s=T3

0.93 0.066ð32Þðþ3
−2 Þð0Þ 0.082ð33Þðþ3

−6 Þð0Þ
1.02 1.945ð57Þðþ8

−7 Þð0Þ 2.104ð63Þðþ16
−2 Þð8Þ

1.12 2.560ð33Þðþ12
−8 Þð0Þ 3.603ð46Þðþ39

−0 Þð13Þ
1.40 1.777ð24Þðþ14

−3 Þð0Þ 4.706ð35Þðþ49
−0 Þð17Þ

1.68 1.201ð19Þðþ10
−0 Þð0Þ 5.285ð35Þðþ44

−0 Þð18Þ
2.10 — 5.617ð34Þðþ66

−0 Þð18Þ
2.31 — 5.657ð55Þðþ82

−15 Þð18Þ
2.69 — 5.914ð32Þðþ70

−0 Þð18Þ

TABLE IV. Simulation parameters for scale setting, β ¼ 6=g20,
the lattice size Ns, and the number of configurations Nconf , as
well as the numerical results of w0=a. The lattice spacing a and
the physical length Nsa in the physical unit determined from
w0 ¼ 0.1670ð10Þ fm [28] are also shown.

β Ns Nconf w0=a a [fm] Nsa [fm]

6.3 64 30 2.877(5) 0.058(4) 3.72(22)
6.4 64 100 3.317(4) 0.050(3) 3.22(19)
6.5 64 49 3.797(8) 0.044(3) 2.81(17)
6.6 64 100 4.356(9) 0.038(2) 2.45(15)
6.7 64 30 4.980(23) 0.034(2) 2.15(13)
6.8 64 100 5.652(17) 0.030(2) 1.89(11)
7.0 96 60 7.297(18) 0.023(1) 2.20(13)
7.2 96 53 9.348(66) 0.018(1) 1.71(10)
7.4 128 40 12.084(61) 0.014(1) 1.77(11)
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(2+1)-flavor QCD thermodynamics with GF
Our project:  Application to (2+1)-flavor QCD

GF with quarks :                       Lüscher, JHEP 1304, 123 (2013)
      *   We can adopt pure gauge actions for GF,
      *   at the price of a non-trivial field renormalization of quarks.
Full QCD EMT by GF :            Makino-Suzuki, PTEP 2014, 063B02 (2014)

Chiral condensate by GF :       Hieda-Suzuki, Mod.Phys.Lett. A31, 1650214 (2016)

Topological charge / susceptibility,  etc. etc.

1st step:
➤ Heavy ud quarks with ≈physical s quark (mPS/mV ≈0.63).
➤ Fine lattice (a≈0.07fm) with the fixed-scale approach.
➤ Compare with the results of the conventional methods.

Tpc ≈190 MeV

Nt= Nf=2+1 QCD,  Iwasaki gauge + NP-clover 
CP-PACS+JLQCD's T = 0 config.  (ß=2.05, 283x56, a≈0.07fm)
T > 0 by fixed-scale approach, (323xNt,  Nt = 4, 6, ... , 14, 16): 
T≈174--697MeV
EoS by T-integration method available (WHOT-QCD, PRD85)
gauge meas. at every config.,  quark meas. every 10 config's.

100 200 300 400 500

16 14 12 10 8 6

14 10 8 612 579
(β=1.90)

(β=2.05) T[MeV]

mπ/mρ~0.6

physical point



Gauge and Quark Flows
Lüscher,  JHEP 1008, 071 ('10); 1304, 123 ('13)

Gauge flow:  standard Wilson flow original gauge field at t = 0

Quark flow:  as suggested by Lüscher original quark field at t = 0

only gauge fields involved

We adopt the simplest one suggested by Lüscher.

Quark field renormalizattion

No more renormalization needed for any composite op's. VEV (T=0)

Makino-Suzuki ('14)



Nf=2+1 QCD EMT by GF
EMT in full QCD

Makino-Suzuki,  PTEP 2014, 063B02 (2014)

At a≠0,  additional mixing with unwanted operators

Singular terms at t = 0 due to mixing with D=4 ops.
   =>  should be handled properly in the t→0 extrapolation.

Physics extracted by t→0 extrapolation.

using coefficients by Makino-Suzuki evaluated in one-loop PT.

Quark field renormalization

VEV-subtraction
(T = 0 subtraction)Operators on the lattice

Note: lattice artifacts of NP-clover is O(a2).



Nf=2+1 heavy QCD EoS by GF
1st step:
➤ Heavy ud quarks with ≈physical s quark (mPS/mV ≈0.63), but on a fine lattice 

(a≈0.07fm) with the fixed-scale approach.

➤ Preliminary results presented at xQCD 2016, Plymouth:

a2/t-like behavior close to t = 0.

Linear behavior within meaningful range of t.    <=  √(8t/a2) ≤ min(Ns/2, Nt/2) to avoid oversmearing.

a2/t term looks negligible in the "linear windows" =>  Linear fit using the windows.

At T ≈ 697 MeV (Nt=4),  no linear windows found.
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Nf=2+1 heavy QCD EoS by GF
1st step:
➤ After XQCD 2016,  we made a series of additional anlyses

to confirm the linear extrapolation procedure at a>0
to estimate systematic error due to the fit ansatz

nonlinear fit,  inspired from a2/t as well as next-leading t corrections.

linear+log fit,  inspired from higher order PT corrections in the one-
loop Suzuki coeff's. ci.
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FIG. 1. Entropy density (ϵ+p)/T 4 as a function of the flow time. From the top-left to the bottom:

T ≃ 174, 199, 232, 279, 348, 464, 697MeV (Nt = 16, 14, 12, 10, 8, 6 and 4, respectively). The

pair of dashed vertical lines indicates the window used for the fit at each T . Black solid lines are

the fit results with the linear fit ansatz (43), and the big open circles at t = 0 are the entropy

density extracted from the fits. Blue and green dashed curves together with blue upward triangles

and green diamonds at t ∼ 0 are the fit results with the nonlinear ansatz (44) and linear+log

ansatz (45), respectively. Errors are statistical only.
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FIG. 2. The same as Fig. 1 but for the trace anomaly (ϵ− 3p)/T 4.
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In most cases, all the 
fits are consistent with 
each other using the 
same window.

Take the deviations as 
an estimate of 
systematic error due 
to the fit ansatz.



Nf=2+1 heavy QCD EoS / chiral transition by GF
1st step:  Results                                                      to be published in Phys.Rev.D

➤ EoS
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Errors include statical as well as systematical ones due to fit ansatz etc.

➤ Chiral cond. / disconnected susceptibility

EoS by GF agrees with 
conventional method at T≤300 
MeV (Nt ≥10).  Suggest a≈0.07fm 
close to the cont. limit.

Disagreement at T≥350 MeV due 
to O((aT)2 =1/Nt2) lattice artifact 
at Nt < 8.

Crossover suggested around 
Tpc≈190 MeV,  consistent with 
previous study.  

Peak higher with decreasing mq, as 
expected.

Physically expected results even 
with Wilson-type quarks.  GF 
method powerful to extract 
physical properties.MS scheme at µ=2 GeV

~



Nf=2+1 heavy QCD thermodynamics by GF
1st step:  Topological charge / susceptibility                  Phys.Rev.D95, 054502 (2017)

➤ Gluonic definition vs. fermonic definition

Gluonic and fermionic definitions agree 
well with each other at T/Tpc ≤ 1.5,  
even with Wilson-type quarks!

Power-low behavior consistent with the 
dilute instant gas approximation (DIGA) 
which predicts the exponent to be –8.

➤ Topological susceptibility by GF

Lüscher(’10), Consonni-Engel-Giusti(’15)

Guisti-Rossi-Testa(’04)

using chiral W-T identities
Equivalence shown with GW quarks, but large discrepancy found with non-chiral quarks.  

E.g.  Petreczky et al.(1606.03145): factor ≈24 different χ at Nt=12 with HISQ.

GeV4

P

0 =

Z
d

4
x ̄(x)�5 (x)

P

a =

Z
d

4
x ̄(x)T a

�5 (x)



Next Steps

Continuum extrapolation by adding a points
Available CP-PACS+JLQCD T=0 configurations have slightly different mPS/mV etc.
To fine-tune on the same line of constant physics, we have decided to generate a 
new T=0 configuration near the CP-PACS+JLQCD simulation point.  => on-going

➤ Look fine,  in spite of the use of  Wilson-type quarks with explicit chiral violation!

➤ But, mπ ~ 400 MeV and a≠0 yet.   A definite conclusion possible only after continuum 
extrapolation and at the physical point.  

➤ Our good results suggests that our lattice is already close to the cont. limit,  while the 
lattice artifact of O((aT)2=1/Nt2) visible at Nt ≤ 8.

Physical point
T=0 configuration available from PACS-CS;  T>0 configurations 
also in part available from WHOT-QCD's on-going project.

Application to other physical quantities
Tµv correlation functions (towards specific heat, shear/bulk viscosities, ...)

=>   Yusuke Taniguchi   

this talk



(2+1)-flavor phys.pt. QCD thermodynamics with GF
Nf=2+1 QCD,  Iwasaki gauge + NP-clover 
T=0 configs. of PACS-CS (ß=1.9, 323x64, a≈0.09fm) [Phys.Rev.D79, 034503 (2009)] 80 configs. @ILDG/JLDG

    Fine-tuned to the phys.pt. by reweighting.  [Phys.Rev.D81, 074503 (2010)] using mπ, mK, m𝝮 inputs.
T>0 by fixed-scale approach, (323xNt,  Nt = 4, 5, ... , 14): T≈157--549MeV,   on-going

    Odd Nt too, to have a finer T-resolution. 
    Generated directly at the phys.pt. w/o reweighting.
                                                         ß=1.9, Kud=0.13779625, Ks=0.13663377 

Gauge meas. every 5 tau,  quark meas. every 50 tau.

Where is Tpc for physical mq?   Expect Tpcphys < 190 MeV. 
Lattice slightly coarser than the heavy case:  a≈0.09fm > 0.07fm.
May have the lattice artifact of O((aT)2=1/Nt2) at Nt < 8.

Polyakov loopNt=4

Nt=5

Nt=6

Nt=7

Nt=8-14

tau

Tpc ≈190 MeV

Tpc ?

100 200 300 400 500

16 14 12 10 8 6

14 10 8 612 579
(β=1.90)

(β=2.05) T[MeV]

mπ/mρ~0.6

physical point

But we have some configurations.  Let us try!



GF with reweighting
T=0 configs. of PACS-CS (ß=1.9, 323x64, a≈0.09fm)

    Fine-tuned to the phys.pt. by reweighting.
                 Simulation:  ß=1.9,  Kud=0.137785,     Ks=0.136600
               =>  Phys.pt.:  ß=1.9,  Kud=0.13779625, Ks=0.13663377

In this talk,  errors from the reweighing factors not estimated yet.

Reweighting factors provided for each of 80 configs. 

Because GF is introduced to define renormalized observables, we compute 
flowed fields/observables on each config. as usual,  and average them over 
configurations using the provided reweighting factors, 

i.e.,  we do not treat the reweighting factors as a part of observables.

T>0 by fixed-scale approach (323xNt,  Nt = 4, 5, ..., 13, 14)
    Generated directly at the phys.pt. w/o reweighting.



(2+1)-flavor phys.pt. QCD EoS with GF
Preliminary

➤ (e+p)/T4 linear

nonlinear

linear+log
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FIG. 3. Entropy density (ϵ+p)/T 4 as a function of the flow time. From the top-left to the bottom:

T ≃ 174, 199, 232, 279, 348, 464, 697 MeV (Nt = 16, 14, 12, 10, 8, 6 and 4, respectively). The pair

of dashed vertical lines indicates the window used for the fit at each T . Black solid lines are the

fit results with the linear fit ansatz (??), and the big open circles at t = 0 are the entropy density

extracted from the fits. Blue dashed curves together with the blue upward triangles at t ∼ 0 are

the fit results with the nonlinear ansatz (??). Errors are statistical only.
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Results of 1st trial fits:



(2+1)-flavor phys.pt. QCD EoS with GF
Preliminary

➤ (e+p)/T4
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FIG. 3. Entropy density (ϵ+p)/T 4 as a function of the flow time. From the top-left to the bottom:

T ≃ 174, 199, 232, 279, 348, 464, 697 MeV (Nt = 16, 14, 12, 10, 8, 6 and 4, respectively). The pair

of dashed vertical lines indicates the window used for the fit at each T . Black solid lines are the

fit results with the linear fit ansatz (??), and the big open circles at t = 0 are the entropy density

extracted from the fits. Blue dashed curves together with the blue upward triangles at t ∼ 0 are

the fit results with the nonlinear ansatz (??). Errors are statistical only.

6

Linear windows narrower than the 
heavy QCD case. 

<= coarser lattice and/or smaller mq?

Take the difference among fits as an 
estimate of the systematic error due 
to the fit ansatz. 

No linear windows at Nt=4 
(T≈549MeV). like the heavy case.  

<=  t/a2 ≤ t1/2=[min(Ns/2, Nt/2)]2 /√8 
to avoid overlapped smearing.

linear

nonlinear

linear+log
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FIG. 4. The same as Fig. 3 but for the trace anomaly (ϵ− 3p)/T 4.

7

-10

 0

 10

 20

 30

 40

 50

 0  0.2  0.4  0.6  0.8  1  1.2  1.4  1.6

(e
-3

p)
/T

4

t/a2

T=157 MeV (Nt=14)
linear fit

non-linear fit
linear+log fit

-10

 0

 10

 20

 30

 40

 50

 0  0.2  0.4  0.6  0.8  1  1.2  1.4  1.6

(e
-3

p)
/T

4

t/a2

T=169 MeV (Nt=13)
linear fit

non-linear fit
linear+log fit

-10

 0

 10

 20

 30

 40

 50

 0  0.2  0.4  0.6  0.8  1  1.2  1.4  1.6

(e
-3

p)
/T

4

t/a2

T=183 MeV (Nt=12)
linear fit

non-linear fit
linear+log fit

-10

 0

 10

 20

 30

 40

 50

 0  0.2  0.4  0.6  0.8  1  1.2  1.4  1.6

(e
-3

p)
/T

4

t/a2

T=200 MeV (Nt=11)
linear fit

non-linear fit
linear+log fit

-10

 0

 10

 20

 30

 40

 50

 0  0.2  0.4  0.6  0.8  1  1.2  1.4  1.6

(e
-3

p)
/T

4

t/a2

T=219 MeV (Nt=10)
linear fit

non-linear fit
linear+log fit

-10

 0

 10

 20

 30

 40

 50

 0  0.2  0.4  0.6  0.8  1  1.2  1.4  1.6

(e
-3

p)
/T

4

t/a2

T=244 MeV (Nt=9)
linear fit

non-linear fit
linear+log fit

-10

 0

 10

 20

 30

 40

 50

 0  0.2  0.4  0.6  0.8  1  1.2  1.4  1.6

(e
-3

p)
/T

4

t/a2

T=274 MeV (Nt=8)
linear fit

non-linear fit
linear+log fit

-10

 0

 10

 20

 30

 40

 50

 0  0.2  0.4  0.6  0.8  1  1.2  1.4  1.6

(e
-3

p)
/T

4

t/a2

T=314 MeV (Nt=7)
linear fit

non-linear fit
linear+log fit

-10

 0

 10

 20

 30

 40

 50

 0  0.2  0.4  0.6  0.8  1  1.2  1.4  1.6
(e

-3
p)

/T
4

t/a2

T=366 MeV (Nt=6)
linear fit

non-linear fit
linear+log fit

-10

 0

 10

 20

 30

 40

 50

 0  0.2  0.4  0.6  0.8  1  1.2  1.4  1.6

(e
-3

p)
/T

4

t/a2

T=439 MeV (Nt=5)
linear fit

non-linear fit
linear+log fit

-10

 0

 10

 20

 30

 40

 50

 0  0.2  0.4  0.6  0.8  1  1.2  1.4  1.6

(e
-3

p)
/T

4

t/a2

T=549 MeV (Nt=4)
linear fit

non-linear fit
linear+log fit

FIG. 4. The same as Fig. 3 but for the trace anomaly (ϵ− 3p)/T 4.
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Figure 15. Continuum estimate for the trace anomaly normalized by T 4 together with the
parametrization of equation (3.1) using the nf = 2 + 1 parameters from table 2.

Figure 16. The normalized trace anomaly for two different values of the light quark masses on
Nt = 8 lattices: the physical mud = mphys

ud and the three degenerate flavor mud = mphys
s case.
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Figure 11. The energy density normalized by T 4 as a function of the temperature on Nt = 6, 8
and 10 lattices. The Stefan-Boltzmann limit ϵSB = 3pSB is indicated by an arrow.

Figure 12. The entropy density normalized by T 3 as a function of the temperature on Nt = 6, 8
and 10 lattices. The Stefan-Boltzmann limit sSB = 4pSB/T is indicated by an arrow.
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Experience with the 
heavy case suggests that  
T>274 MeV may be 
contaminated by the 
O((aT)2 =1/Nt2) lattice 
artifact at Nt < 8.

Results of a 
conventional method on 
the same configurations 
not available yet.

Central from the linear fit.

Errors include statical as well as systematical one due to fit ansatz.

Borsany et al., JHEP 1011, 
077 (2010), stout.

HISQ/asqtad agree.

Definite comparison possible only after continuum extrapolation.
More statistics?   VEV-subtraction with reweighting??   



Chiral Condensate by GF
Hieda-Suzuki,  Mod.Phys.Lett. A31, 1650214 (2016)

At mf > 0,  chiral cond. in usual lattice simulation can have mf /a2 singularity.
With GF,  such divergence is prohibited by the finiteness of flowed operators,  
but mf /t can appear, instead.
In fact,  to the lowest order of PT,  we do encounter such mf /t term.

To remove this obstacle in the t → 0 extrapolation, Hieda-Suzuki suggests a VEV-subtraction.

From axial W-T identity
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FIG. 11. Chiral condensate
〈
{ψ̄fψf}

〉
with VEV subtraction as a function of the flow time. The

vertical axis is in lattice unit. Red open circles and black open triangles are for f = u (or d) and

s, respectively. From the top-left to the bottom: T ≃ 174, 199, 232, 279, 348, 464, and 697 MeV

(Nt = 16, 14, 12, 10, 8, 6, and 4, respectively). The filled symbols at t = 0 are the renormalized

chiral condensate given by taking the t → 0 limit with the linear fit. Green and blue dashed curves

with green and blue open symbols at t ∼ 0 are the results of the nonlinear fit for u and s quark.

Pair of dashed vertical lines shows the window used for the fits. Errors are statistical only.
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FIG. 11. Chiral condensate
〈
{ψ̄fψf}

〉
with VEV subtraction as a function of the flow time. The

vertical axis is in lattice unit. Red open circles and black open triangles are for f = u (or d) and

s, respectively. From the top-left to the bottom: T ≃ 174, 199, 232, 279, 348, 464, and 697 MeV

(Nt = 16, 14, 12, 10, 8, 6, and 4, respectively). The filled symbols at t = 0 are the renormalized

chiral condensate given by taking the t → 0 limit with the linear fit. Green and blue dashed curves

with green and blue open symbols at t ∼ 0 are the results of the nonlinear fit for u and s quark.

Pair of dashed vertical lines shows the window used for the fits. Errors are statistical only.
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Preliminary

Some higher-order fits are not converged yet.



(2+1)-flavor phys.pt. QCD chiral cond. with GF
➤ chiral conds. w/ VEV-subtraction

Preliminary

-0.2

-0.15

-0.1

-0.05

 0

 0  100  200  300  400  500  600

su
bt

ra
ct

ed
 c

hi
ra

l c
on

de
ns

at
e

T (MeV)

u quark

-0.2

-0.15

-0.1

-0.05

 0

 0  100  200  300  400  500  600

su
bt

ra
ct

ed
 c

hi
ra

l c
on

de
ns

at
e

T (MeV)

s quark

FIG. 13. Renormalized chiral condensate with the VEV subtraction, −
〈
{ψ̄fψf}

〉
MS

(µ = 2 GeV),

in MS scheme as a function of temperature. Following a convention, the sign is flipped in the

figure. The vertical axis is in unit of GeV3. Red circles are u (or d) quark condensate and black

triangles are that for s quark. Errors include the statistical error and the systematic error from

the perturbative coefficients and fit ansatz, except for the data at T ≃ 464MeV for which the

systematic error due to fit ansatz was not estimated.
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Larger difference between ud and s 
quarks than the heavy case.

Sharper crossover/transition with 
lighter ud quarks.

Experience with the heavy case 
suggests that  T>274 MeV may be 
contaminated by the O((aT)2 =1/Nt2) 
lattice artifact at Nt < 8.

Some higher-order fits are not converged yet.



(2+1)-flavor phys.pt. QCD chiral suscept. with GF
➤ disconnected ud chiral susceptibility

Preliminary

Note:  no VEV-subtraction needed in the susceptibility.
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FIG. 14. The same as Fig. 12 but for the disconnected chiral susceptibility χdisc.
f̄f

(µ = 2 GeV).

From the top-left to the bottom: T ≃ 0, 174, 199, 232, 279, 348, 464, and 697 MeV (Nt = 54, 16,

14, 12, 10, 8, 6, and 4, respectively).
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FIG. 14. The same as Fig. 12 but for the disconnected chiral susceptibility χdisc.
f̄f

(µ = 2 GeV).

From the top-left to the bottom: T ≃ 0, 174, 199, 232, 279, 348, 464, and 697 MeV (Nt = 54, 16,

14, 12, 10, 8, 6, and 4, respectively).
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Some higher-order fits are not converged yet.



(2+1)-flavor phys.pt. QCD chiral transition with GF
➤ disconnected chiral susceptibilities (very preliminary)

Preliminary

Errors are statistical only,  
because nonlinear/linear+log fits sometimes failed to converge yet.
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Tpc < 169 MeV  (around 157 ? or lower?)

need lower T + more statics + more trials of the fits
~

Experience with the heavy case 
suggests that  T>274 MeV may be 
contaminated by the O((aT)2 =1/Nt2) 
lattice artifact at Nt < 8.



Summary

Similar to the heavy case.   The method seems to work.  
However,  . . .
Windows for linear fit narrower.    <=   Coarser lattice and/or lighter quarks?
Tpcphys < 169 MeV (around 157 or lower?)

Definite conclusions possible only after continuum extrapolation. 
Need more work on the fits and the VEV subtraction procedure with reweighting.
Need more statistics at this light mq.  (T=0 also).
Need lower T (larger Nt) too.
Errors due to the reweighting factor not estimated yet.

(2+1)-flavor heavy QCD thermodynamics with GF Phys.Rev.D95, 054502 (2017), and to be published.

➤ Heavy ud (mPS/mV ≈0.63),  fine lattice (a≈0.07fm), 323xNt (Nt=4,6,...,16): T≈174-697MeV
EoS consistent with conventional method.
Chiral suscept. shows peak at expected Tpc~190MeV even with Wilson-type quark.

a≈0.07fm seems to be close to the continuum limit,  but O((aT)2) lattice artifacts at Nt < 8.
The GF method works well.

~

Preliminary results suggest

(2+1)-flavor phys.pt. QCD thermodynamics with GF
➤ Physical point,  slightly coarser lattice (a≈0.09fm), 323xNt (Nt=4,5,...,14): T≈157-549MeV

on-going

~


