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Outline

• Motivation: discrepancies with SM in b → c 
semileptonic observables

• b quarks on the lattice  
- Highly Improved Staggered Quarks 
- Non-relativistic QCD

• Bc → J/ψ semileptonic decay, form factors

• Summary and outlook



Motivation
Intro & Motivation

Persistent discrepancy w/ SM in b ! c semileptonic observables

R(B ! D(⇤)) =
B(B ! D(⇤) ⌧⌫)

B(B ! D(⇤) l⌫)
, l = µ, e .

R(D)
0.2 0.3 0.4 0.5 0.6

R
(D

*)

0.2

0.25

0.3

0.35

0.4

0.45

0.5
BaBar, PRL109,101802(2012)
Belle, PRD92,072014(2015)
LHCb, PRL115,111803(2015)
Belle, PRD94,072007(2016)
Belle, arXiv:1608.06391
Average

SM Predictions

 = 1.0 contours2χ∆

R(D)=0.300(8) HPQCD (2015)
R(D)=0.299(11) FNAL/MILC (2015)
R(D*)=0.252(3) S. Fajfer et al. (2012)

HFAG

Summer 2016

) = 70%2χP(

HFAG
Summer 2016

2 / 31

• Persistent discrepancy with SM in 
b → c semileptonic observables 
(in both B → D∗ and Bc → J/ψ)

Reliable SM predictions are needed!

R(B ! D⇤) =
B(B ! D⇤⌧⌫)

B(B ! D⇤`⌫)
, ` = e, µ



Lattice QCD
• Study mesons and their leptonic and 

semileptonic decays using state-of-
the-art computer clusters 
- fully nonperturbative QCD  
  calculation  
- high precision SM predictions



b-quark on the lattice
• Highly Improved Staggered Quarks (HISQ)  

- small discretisation errors, very good for c 
- typically discretisation errors grow with  
  growing quark mass: (ma)2, αs(ma)2, (ma)4 

- need ma<1 to control discretisation effects 
- go up from charm quark mass as high as 
  possible, can almost reach mb on the finest  
  lattices

• Same action for heavy and light quarks

• Small a, physical pions, u/d, s and c quarks in 
the sea, multiple lattice spacings…



b-quark on the lattice

• NRQCD (Non-relativistic effective theory on 
the lattice, perturbative matching to QCD)  
- accurate through  
- the scale of discretisation errors set by  
  internal momenta pa 
- good for heavy quarks like b, can not be 
  used for lighter quarks (e.g. charm)  
- need ma>1 to control coefficients of 
  relativistic corrections

O(�sv
4)

These two approaches are complementary. Ideally 
there is a range of overlap in applicability to check 
the approaches are mutually consistent. 



NRQCD Hamiltonian

3

TABLE I: Details of the ensembles (sets) of gauge field configurations used in this calculation [12, 13]. ⇥ is the bare gauge
coupling, a� is the lattice spacing as determined by the �(2S�1S) splitting in [6], where the three errors are statistics, NRQCD
systematics and experiment. Column 4 gives the corresponding values of �s used in renormalisation factors. This is taken as
�V (nf = 4, q = 2/a) and determined from [17, 18]. aml, ams and amc are the sea quark masses in lattice units. We also give,
in column 8, values for ⇤xsea, the fractional di⇥erence in the sum of the light quark masses from their physical values. ⇤xsea

is defined as (2ml + ms)/(2ml,phys + ms,phys) � 1, using values of ms,phys from [6] and ms/ml = 27.4 [16]. L/a ⇥ T/a gives
the spatial and temporal extent of the lattices and ncfg is the number of configurations in each ensemble. 16 time sources were
used for the valence quark propagators on each configuration for increased statistics. Sets 1, 2 and 3 will be referred to in the
text as “very coarse”, 4, 5 and 6 as “coarse” and 7 as “fine”. Sets 3 and 6 include light sea quarks with their physical masses.

Set ⇥ a� (fm) �V (2/a) aml ams amc ⇤xsea L/a⇥ T/a ncfg

1 5.80 0.1474(5)(14)(2) 0.346 0.013 0.065 0.838 0.323 16⇥48 1020
2 5.80 0.1463(3)(14)(2) 0.344 0.0064 0.064 0.828 0.126 24⇥48 1000
3 5.80 0.1450(3)(14)(2) 0.343 0.00235 0.0647 0.831 0.027 32⇥48 1000
4 6.00 0.1219(2)(9)(2) 0.311 0.0102 0.0509 0.635 0.259 24⇥64 1052
5 6.00 0.1195(3)(9)(2) 0.308 0.00507 0.0507 0.628 0.108 32⇥64 1000
6 6.00 0.1189(2)(9)(2) 0.307 0.00184 0.0507 0.628 -0.004 48⇥64 1000
7 6.30 0.0884(3)(5)(1) 0.267 0.0074 0.0370 0.440 0.327 32⇥96 1008

with
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⇥

�c4
1

2amb
⌅ · B̃+ c5

�(4)

24amb

�c6
(�(2))2

16n(amb)2
. (2)

Here ⌅ is the symmetric lattice derivative and �(2) and
�(4) the lattice discretization of the continuum

⇤
i D

2
i

and
⇤

i D
4
i respectively. amb is the bare b quark mass.

The parameter n has no physical significance, but is in-
cluded for numerical stability of high momentum modes.
We take the value n = 4 here in all cases. Ẽ and B̃
are the chromoelectric and chromomagnetic fields calcu-
lated from an improved clover term [23]. The B̃ and Ẽ
are made anti-hermitian but not explicitly traceless, to
match the perturbative calculations done using this ac-
tion.

The coe⇧cients ci in the action are unity at tree level
but radiative corrections cause them to depend on amb

at higher orders in �s. These were calculated for the
relevant b quark masses using lattice perturbation theory
in [6, 20] and the values used in this paper are given in
Table II. Including the one-loop radiative corrections to
c4 is particularly important here, since this coe⇧cient
controls the hyperfine splitting between the vector and
pseudo-scalar states. We showed in [10] that improving
c4 leads to accurate results for b-light hyperfine splittings
in keeping with the results of [6] for bottomonium. Most
of the correlators we use here for determining the vector
heavy-light meson decay constants come from the same
calculation as that of [10].

TABLE II: The coe⌅cients c1, c5, c4 and c6 used in the
NRQCD action (eq. (2)) for the values of the b quark mass
corresponding to those in III. c2 and c3 are set to 1.0.

Set c1 c5 c4 c6
very coarse 1.36 1.21 1.22 1.36
coarse 1.31 1.16 1.20 1.31
fine 1.21 1.12 1.16 1.21

The tuning of the b quark mass on these ensembles
was discussed in [6]. We use the spin-averaged kinetic
mass of the ⇥ and ⇤b and take the experimental value to
which we tune to be 9.445(2) GeV. This allows for electro-
magnetism and ⇤b annihilation e⇤ects missing from our
calculation [24]. Note that we no longer have to apply a
shift for missing charm quarks in the sea [24]. The values
used in this calculation are the same as those in [5, 10]
and given in table III along with other parameters.

B. HISQ valence quarks

For the u/d, s and c valence quarks in our calculation
we use the same HISQ action as for the sea quarks. The
advantage of using HISQ is that amq discretisation er-
rors are under su⇧cient control that it can be used both
for light and for c quarks [7, 14, 26]. The HISQ action
is also numerically very cheap which means we are able
to perform a very high statistics calculation to combat
the signal to noise ratio problems that arise in simulat-
ing B-mesons. For example, we use 16 time sources for
both NRQCD and HISQ propagators on each configura-
tion, so we are typically generating 16,000 correlators per
ensemble.
The masses used on each ensemble are given in ta-

ble IV. Again these are the same as in [5, 10]. In [6]
accurate strange quark masses were given for each en-
semble, tuned from the mass of the ⇤s meson, a pseu-
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(⇤ · Ẽ � Ẽ ·⇤)� c3

1

8(amb)2
⇥ · (⇤̃ ⇥ Ẽ � Ẽ ⇥ ⇤̃)

� c4
1

2amb
⇥ · B̃ + c5

�(4)

24amb
� c6

(�(2))2

16n(amb)2



Spanning c to b with HISQ: 
meson decay constantSpanning c to b with HISQ
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• Probe mass from mc towards mb and extrapolate



Charm physics with HISQ [1008.4018, 1208.2855]
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J/ψ mass and decay constant

Charm physics with HISQ [1008.4018, 1208.2855]
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• Tune the charm quark mass accurately

• Use multiple lattice spacings, extrapolate to a=0

• Look at mass difference MJ/ψ-Mη instead of MJ/ψ



Semileptonic decays
• Study of Bc → ηc, Bc → J/ψ decay matrix elements

• We work in the frame where the Bc is at rest 

• Matrix elements are determined by simultaneous 
fitting of three-point and two-point functions

⌫

`

Bc
Vcb

J/ 

Bc Bc

t

J

Bc J/ 

T



Bc → J/ψ form factors

The form factors which parametrise the matrix 
elements are functions of q2, where q is the four-
momentum transferred to the leptons 
-                              , zero recoil of decay hadron 
-         , maximum recoil of decay hadron

hJ/ (p0, ✏)|V µ �Aµ|Bc(p)i =
2i✏µ⌫⇢�

MBc +MJ/ 
✏⇤⌫p

0
⇢p�V (q2)

� (MBc +MJ/ )✏
⇤µA1(q

2) +
✏⇤ · q

MBc +MJ/ 
(p0 + p)µA2(q

2)

+ 2MJ/ 
✏⇤ · q
q2

qµA3(q
2)� 2MJ/ 

✏⇤ · q
q2

qµA0(q
2),

where A3(q
2) =

MBc +MJ/ 

2MJ/ 
A1(q

2)�
MBc �MJ/ 

2MJ/ 
A2(q

2)

and A3(0) = A0(0)

q2 = (MBc �MJ/ )
2

q2 = 0



NRQCD Bc → J/ψ form factors
NRQCD Bc ! J/ form factors
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• Cover the full q2 range

• Physical b quark mass



Bc → J/ψ form factors: A1(q2max)
A1(q2
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Bc → J/ψ form factors: A1(q2=0)

3 4 5 6 7 8 9 10
M⌘h

[GeV]

0.4

0.5

0.6

0.7

0.8

0.9

1.0

A
1
(q

2
=

0)

HPQCD Preliminary

HISQ a ⇡ 0.09 fm

HISQ a ⇡ 0.06 fm

HISQ a ⇡ 0.045 fm

NRQCD a ⇡ 0.09 fm



Comparisons Bc → J/ψ
Comparisons Bc ! J/ [hep-ph/0007169,0211021,0306306]
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(relativistic quark model, QCD sum rules)



R-ratios

• Test lepton flavour universality 

• There are persistent few-sigma anomalies in 
the ratios R(B → D∗) and R(B → D) 
involving the same b → c transition 

• The current work will provide reliable SM 
determination for R(Bc → J/ψ), to be 
compared with recent measurement by 
LHCb 

R(Bc ! J/ ) =
B(Bc ! J/ ⌧⌫)

B(Bc ! J/ `⌫)
, ` = e, µ



Summary

• A promising approach to study of b → c 
transitions:  
- Lattice NRQCD with HISQ quarks, plus  
- Fully relativistic formulation, extrapolate  
  mh to mb

• Proof-of-principle demonstrated for Bc 
semileptonic decay  
- Controlled calculation over full q2 range 
- Good agreement seen with NRQCD  
  results



Outlook

• Bc → J/ψ  - new possible determination  
of |Vcb|

• Reliable SM prediction for R(Bc → J/ψ) 

• Improved understanding of NRQCD 
currents feeds into additional calculations  
(B → D, B → D∗, …)

• Expand relativistic formalism e.g. to  
Bs → Ds∗ at zero recoil



Thank you!



Backup slides



• Generic HQET-inspired fit form given by  
 
 
 
 

• Continuum result evaluated at mh = mb:

Continuum extrapolation

F (q2,M⌘h , a
2) = A(q2)
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Normalising the currents

• Look at the pseudoscalar semileptonic decay and the 
scalar current (no normalisation factor needed)  
 
 
and fix the vector current normalisation at q2max  
 
 
 

• Normalise the axial current using PCAC relation

h⌘c(p0)|V µ|Bc(p)i =f+
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pµ + p0µ �

M2
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�
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Bc decay constant 11
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FIG. 3: Results for the decay constant of the Bc meson (mul-
tiplied by the square root of its mass) obtained with NRQCD
b quarks and HISQ c quarks for ensembles at di�erent values
of the lattice spacing as described in the text. The errors
on the points include uncertainties in the value of the lattice
spacing and statistical/fitting errors. Blue filled squares give
results at sea light quark mass ml/ms = 0.2 and red filled
squares at ml/ms = 0.1. The grey shaded band gives the
physical result including all systematic errors discussed in the
text. For comparison we include as the green burst the phys-
ical result obtained from using the HISQ formalism for both
b and c quarks [8].

that do not include valence light quarks [10, 24]. We thus
include ensembles at two di⇥erent values of the sea u/d
quark mass for very coarse and coarse sets rather than
three. The meson correlation functions are fit simultane-
ously so that correlations between them can be included
in the determination of the ratio of amplitudes needed
for the ratio of decay constants.

The results for the matrix elements, �, of the lead-
ing, J (0), and subleading, J (1), pieces of the temporal
axial and spatial vector currents are given in Table X.
We first discuss combining the results for the temporal
axial current into a value for the decay constant of the
pseudoscalar Bc meson. We will a formula [5] which is
somewhat more accurate than that used in eq. (9):

fBc

⇤
MBc = (1 + zA0,c�s) �

�
�(0)

Bc
+ �(1)

Bc
(17)

+ z1�s�
(1)
Bc

+ z2�s�
(2)
Bc

⇥
.

z1�s is an additional radiative correction to the sub-
leading current J (1). z2�s multiplies an additional sub-
leading current which has the same matrix element as
J (1) and so does not need to be separately calculated.
The z coe⌅cients now have to be calculated for massive
HISQ quarks with a mass in lattice units corresponding
to our values for amc on the di⇥erent ensembles. This has
been done for zA0,c and the values are given in Table XI.
They di⇥er slightly from those for massless HISQ quarks
in Table VII but are still very much less than 1. The z1
and z2 coe⌅cients have only been calculated for massless
HISQ quarks and these are also given in Table XI. There

is then a systematic error in our formula of eq. (17) as
a result of using the massless z1 and z2 coe⌅cients and
we will allow for that in our error budget along with sys-
tematic errors from unknown higher order terms in the
overall renormalisation factor.

The results obtained from applying eq. (17) are plotted
in Figure 3 as a function of lattice spacing. We see, as ex-
pected, very little change between ensembles with similar
lattice spacings but di⇥erent sea u/d quark masses. To
determine a physical value for the decay constant we fit
the results to a functional form that includes allowance
for systematic errors in the lattice QCD calculation.

The systematic errors have the same sources as those
discussed for Rs in section IIIA and we will use the same
fit form as that given in eq. (13) and we reproduce that
below as eq. (18) with the modifications appropriate here.
As in section IIIA, the major source of uncertainty here
comes from missing higher order terms in the matching
of the NRQCD-HISQ current to continuum QCD. This is
taken account of in eq. (18), as before, by the term F2(�s)
which includes an �2

s term with coe⌅cient c in the overall
renormalisation factor and a term with coe⌅cient d that
allows for systematic errors in the �s corrections to the
J (1) current contribution included in eq. (17) from the
fact that z1 and z2 are taken for massless HISQ quarks.
Given the values we have for zA0,c and the dependence on
amc seen in that coe⌅cient, we do not expect coe⌅cients
c and d to be large and we take priors on their fit values
of 0.0(2).

From Fig. 3 we see significant lattice spacing depen-
dence in the results and we must allow both for regu-
lar lattice spacing dependence and that coming from the
NRQCD action. This dependence is included in factor
F1. The regular lattice spacing coming the HISQ action
can have a scale set by mc in this case and we expect
that to dominate. We take mc to be 1 GeV here. The
analysis of discretisation errors for c quarks in the HISQ
action [7] shows that the dependence comes from terms
suppressed by powers of the velocity of the c quark. Since
v2c ⇥ 0.5 in a Bc [37] we include a factor of 0.5 in front of
the terms allowing for discretisation errors. We must also
allow for dependence on the u/d quark mass in the sea,
as before, and for mistuning of the b quark mass. For
mistuning of the b quark mass we allow a conservative
factor of 0.3 based on the variation in decay constants
between heavyonium mesons (see Fig. 8).



Decay constant 
vs heavy quark 

mass

Spanning c to b with HISQ [1110.4510]

13 / 39• covering the mass 
range from mc to mb 

• comparing  
relativistic (HISQ) 
and non-relativistic 
(NRQCD) formalism

From b to c. [1302.2644], [1008.4018]
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FIG. 2. Results for Rl/Rs, the SU(3)-breaking ratio of the
ratio of vector to pseudoscalar decay constants (multiplied by
the square root of the mass) plotted against the light quark
mass (the average of u and d) in units of the physical s quark
mass. The filled blue squares gives results on very coarse lat-
tices, red filled circles, on coarse and filled green triangles, on
fine. The errors on the data points include statistical/fitting
errors. The grey shaded band gives the physical result in-
cluding all systematic errors discussed in the text. The black
dashed line shows the physical value of ml/ms,phys and the
blue dotted line indicates the value 1.0.

B�
l /Bl are very similar, not surprisingly, to those for Bs

and B�
s . The statistical errors are significantly larger,

however, as is expected when the light quark mass is re-
duced [26]. The renormalisation factor (eq. (10)) for Rl

is the same as that for Rs (since mass e⇤ects for light
quarks are negligible in the matching) and so the renor-
malisation cancels in the ratio Rl/Rs. We can therefore
simply determine Rl/Rs from the ratio of the first two
columns in Table VIII:

Rl

Rs
=

�

⇤
⇥(0)

B�
l
+ ⇥(1)

B�
l

⇥(0)
Bl

+ ⇥(1)
Bl

⇥

⌅

�

⇤⇥(0)
Bs

+ ⇥(1)
Bs

⇥(0)
B�

s
+ ⇥(1)

B�
s

⇥

⌅ . (15)

Figure 2 shows our results for Rl/Rs on each ensem-
ble, plotted against the light quark mass in units of the
physical s quark mass taken from [6]. The results are
very close to the value 1.0, but show a small downward
trend as the light quark mass falls towards its physical
value. There is no significant dependence on the lattice
spacing.

To fit the dependence of Rl/Rs and extract a physical
result, we use much of the same fit function as that given
for Rs in eq. (13). The two key di⇤erences are that the
overall renormalisation factor now cancels, so that we can
drop the factor c�2

s from F2, and that we now want to
include a fitted dependence on ml. We can also use the
known similarity of Bl and Bs to constrain the fit further.
For example, we know that decay constants for heavy-
light and heavy-strange mesons di⇤er by about 20% [5,
14]. This is in fact a very strong result, still true even
when the light/strange quark is accompanied by a light
or strange quark (see, for example, [28] for ⇤, K and

TABLE X. Amplitudes for J(0) and J(1) for temporal axial
and vector currents between the vacuum and the Bc and B�

c

mesons respectively, extracted from correlator fits and mul-
tiplied by

�
2 in accordance with eq. (9). Results are in lat-

tice units and the errors given are statistical/fit errors only.
The ground-state energies determined from the fits agree with
those given in [10] and we do not repeat them here.

Set a3/2�(0)
Bc

a3/2�(1)
Bc

a3/2�(0)
B�

c
a3/2�(1)

B�
c

1 0.83048(86) -0.04792(5) 0.8022(11) 0.01541(3)
2 0.82001(45) -0.04779(3) 0.7904(6) 0.01532(2)
4 0.58564(17) -0.04068(2) 0.54496(22) 0.01267(1)
5 0.57350(11) -0.04055(1) 0.53195(14) 0.01260(1)
7 0.36166(9) -0.03158(1) 0.31990(11) 0.00941(1)

⇥s results). The d�s term in eq. (13) takes account of
missing radiative corrections to the sub-leading currents,
J (1). We retain that term here but multiply its coe⇧cient
by 0.2 to allow for strange/light di⇤erences in the matrix
element for J (1). We reduce the coe⇧cient 0.2 (allowed
for the size of �/mb) in front of discretisation errors and
mb tuning terms by a further factor of 0.2 for the same
reason. Finally, we include an additional term in the fit
to allow for dependence on the light valence mass, since
we have results for a variety of ml values. For this we
include a term in F1 of the form h(ml/(10ms,phys)). The
factor of 10 once again is used to convert ms into the
chiral scale of 1 GeV. The prior on h is taken as 0.0(1.0).
Since this term is already largely covered by including a
term to allow for sea quark mass dependence, it has very
little impact.
The fit has a ⇧2/dof of 0.23 and gives a physical re-

sult for Rl/Rs of 0.987(13). Since Rl/Rs measures both
SU(3)-breaking and spin-breaking e⇤ects in heavy-light
meson decay constants we expect a result very close to
1.0, but our value enables us to constrain any di⇤erence
from 1.0 to a few percent. It also indicates a tendency
for the vector to pseudoscalar decay ratio to be smaller
for B�/B than for B�

s/Bs, i.e. for the ratio to increase
with increasing mass, mq, in the Bq meson. We will re-
turn to this in section IIID when comparing results for
Bc mesons. A full error budget for Rl/Rs is given in
Table IX.
Combining our result for Rl/Rs with our earlier result

for Rs gives Rl = 0.945(26). Combining with the experi-
mental value for the square root of the ratio of the meson
masses, 1.0043 [2], we obtain

fB�
l

fBl

= 0.941(26) (16)

which is more than 2⌅ below 1.

D. fBc and fB�
c

Bc and B�
c meson correlation functions are calculated

from NRQCD b and HISQ c propagators in exactly the

12

suppressed by powers of the velocity of the c quark. Since
v2c ⇥ 0.5 in a Bc [37] we include a factor of 0.5 in front of
the terms allowing for discretisation errors. We must also
allow for dependence on the u/d quark mass in the sea,
as before, and for mistuning of the b quark mass. For
mistuning of the b quark mass we allow a conservative
factor of 0.3 based on the variation in decay constants
between heavyonium mesons (see Fig. 8).

Our fit function is:

fBc

⌅
MBc(a,m) =

�
fBc

⌅
MBc

⇥

phys
(18)

� F1(a,m)/F2(�s);

F2(�s) = (1 + c�2
s + 0.08d�s)

F1(a,m) = 1 + 0.5
⇤

j

ej(mca)
2j

+ 0.3f
⇥mb

mb,phys
+ g

⇥msea

10msea,phys

c = c1 � (1 + c2⇥xm + c3(⇥xm)2)

d = d1 � (1 + d2⇥xm + d3(⇥xm)2)

e1 = e11 � (1 + e12⇥xm + e13(⇥xm)2)

We take prior values on all coe⇥cients to be 0.0(1.0) ex-
cept for the physical value on which we take 1.0(2), c
and d, on which we take 0.0(2) and e1 on which we take
0.0(3) (since it is O(�s)). The error on the plotted values
in Figure 3 is dominated by the uncertainty in the value
of the lattice spacing (given in Table I). In doing the fit
we allow for half of this error to be correlated between
ensembles (since it comes from systematic uncertainties
from the NRQCD calculation used to fix the lattice spac-
ing [6]) and half to be uncorrelated.

The fit gives a ⇤2/dof of 0.11 and a physical value for
f
⌅
M for the Bc of 1.087(37) (GeV)3/2. The 3.4% un-

certainty is split between 1.2% from matching and 3.2%
from other sources, dominated by lattice spacing uncer-
tainties and discretisation errors. We have checked that
missing out z1 and z2 from eq. (17) and allowing a larger
prior of 0.0(1.0) on the coe⇥cient d in eq. (18) gives a
physical result with almost the same central value and
uncertainty.

Our physical result is plotted as a grey band in Fig-
ure 3. It agrees very well with our result of 1.070(15)
GeV 3/2 [8] based on using the HISQ action for a heavy
quark combined with a HISQ c quark and working at
a range of heavy quark masses between c and b on lat-
tices with a range of lattice spacings from 0.15 fm down
to 0.045 fm. The HISQ-HISQ result has an uncertainty
a factor of 2 smaller than the NRQCD-HISQ result we
give here. This is because the HISQ-HISQ current is
absolutely normalised in the calculation of pseudoscalar
decay constants and the calculation is done over a wider
range of values of the lattice spacing for better control
of discretisation errors. Good agreement between the
HISQ-HISQ result and NRQCD-HISQ result was already
seen for the Bs in [5, 38] and this further test increases
further our confidence in our handling of lattice QCD

TABLE XII. Column 2 gives the Coe⇤cient zVi,c needed for
the one-loop renormalisation factor for the vector decay con-
stant B�

c . zVi,c is constructed from results given for the appro-
priate NRQCD bare masses and massive HISQ quarks with
the appropriate values of mca in [31] as zc = ⇤0 � ⌅10. Col-
umn 3 gives ⇥zc, which is the di�erence between zVi,c and
zA0,c from Table XI. Column 4 gives the di�erence between
⇥zc and the corresponding value ⇥z for massless HISQ quarks
(from Table VII). The values of �s used with these z coef-
ficients are given in Table I. Column 5 gives the unrenor-
malised ratio of vector to pseudoscalar amplitudes (see text)
determined from the simultaneous fit to B�

c and Bc meson
correlators. Results from columns 4 and 5 are used in the
determination of Rc/Rs.

Set zVi,c ⇥zc ⇥zc � ⇥z Runren.
c

1 -0.166(5) -0.055(7) 0.047(8) 1.0447(14)
2 -0.160(5) -0.055(7) 0.044(8) 1.0434(8)
4 -0.073(5) -0.027(7) 0.052(8) 1.02324(27)
5 -0.068(5) -0.027(7) 0.046(8) 1.02175(17)
7 -0.013(5) 0.021(7) 0.058(8) 0.99766(22)
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FIG. 4. Results for the ratio of Rc to Rs plotted against
the square of the lattice spacing. Rc is the ratio of vector
to pseudoscalar decay constants (f

⇥
M) for the B�

c and Bc

and Rs is the corresponding ratio for the B�
s/Bs. Filled blue

squares are results on ensembles with ml/ms = 0.2 and filled
red circles results on ensembles with ml/ms = 0.1. The errors
on the points are statistical errors only (including those from
(⇥zc � ⇥z)). The grey shaded band gives the physical result
including all systematic errors as discussed in the text. The
black dashed line marks the value 1.0.

errors.
Using the experimental value of the Bc meson mass of

6.276(1) GeV [39] we can convert our value for f
⌅
M into

a result for the decay constant:

fBc = 0.434(15)GeV. (19)

Again this agrees with our earlier result using HISQ
quarks of 0.427(6) GeV [8].
The vector to pseudoscalar decay constant ratio, Rc,

is obtained in an analogous way to that for the Bs and
B�

s mesons described in Section IIIA. The formula we

Rc

Rs
⌘
 
fB⇤

c

p
MB⇤

c

fBc

p
MBc

! 
fBs

p
MBs

fB⇤
s

p
MB⇤

s

!

SU(3) 
breaking 

ratio

B⇤
c , Bc



Other decays involving vector 
mesons

Figs. by G. Donald, HPQCD, 
arXiv:1311.6669 and 1208.2855
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Ds→ϕℓυ angular 
distributions
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Experimental data from BaBar, PRD 78, 051101(R) (2008)
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Ds→ϕℓυ differential decay rate

H0(q2) =
1

2m�

p
q2

"
(M2 �m2

� � q2)(M + m�)A1(q2)� 4
M2p2

�

M + m�
A2(q2)

#

H±(q2) = (M + m�)A1(q2)⌥ 2Mp�

M + m�
V (q2)

where the helicity amplitudes are

d�(P ! V `⌫, V ! P1P2)

dq2
dcos ✓V dcos ✓`d�
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4
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FIG. 9. A summary of values for decay constants of mesons that are narrow and so well-characterised in experiment. Experi-
mental values are given as blue or grey bands and are taken from average weak or electromagnetic annihilation rates [2] using,
for weak decays, average values of the appropriate CKM matrix element. For full lattice QCD results, green open squares
(postdictions) or red open circles (predictions), we take world’s best values. The lattice result for f�+ is marked with a cross
to indicate that it is used to set the scale in some analyses (although not here). The result for the K+ is from [28], the B+

and Bs from [5], the D+ and Ds from [16], the ⇥ from [9], the D�
s from [40], the �c from [26], the J/⇤ from [41], the Bc and

�b from [8], the � and �⇥ from [47] and the B�, B�
s and B�

c from this paper.

doscalar decay constants are:

fB�

fB
= 0.941(26) (27)

fB�
s

fBs

= 0.953(23)

fB�
c

fBc

= 0.988(27).

Thus

• The vector decay constant is smaller than the pseu-
doscalar decay constant for b-light mesons, at the
2� level for B�/B and B�

s/Bs. This is in contrast
to results for c-light mesons where the vector has a
larger decay constant than the pseudoscalar.

• The ratio of vector to pseudoscalar decay constants
shows an ordering so that fB�

c
/fBc > fB�

s
/fBs >

fB�/fB . When correlations between the uncertain-
ties are taken into account using ratios, the first of
these relationships has 3� significance, the second
1�.

Using our earlier world’s best results for fB (0.186(4)
GeV, isospin-averaged), fBs (0.224(5) GeV) [5] and fBc

(0.427(6) GeV) [8] we derive values for the vector decay

constants:

fB� = 0.175(6)GeV (28)

fB�
s
= 0.213(7)GeV

fB�
c
= 0.422(13)GeV.

Finally, in Figure 9 we give a ‘spectrum’ plot for the
decay constants of 15 gold-plated mesons from lattice
QCD, including the new results from this paper. It illus-
trates the coverage and predictive power of lattice QCD
calculations. The decay constants are ordered by value,
something that is only possible with su⇥ciently accurate
results. The range of values is much smaller than that for
meson masses and the ordering of values is not as obvious
because the quark masses do not have the same impact
on the decay constants as they do on the meson masses.
The plot therefore shows up some interesting features in
the ordering, for example that theK and B� mesons have
such similar values and that the ⇥ meson appears so far
up the list. We see that the decay constants for vector-
pseudoscalar pairs are close together everywhere, closer
than for the pairings in which an s quark is substituted
for a light quark in a meson, for example.
Future work will improve the accuracy of lattice QCD

results for the vector-onium states such as the ⇥ (not
strictly gold-plated) [33] and the ⇤⇥ [51], both of which
can be determined accurately from experiment. The is-
sues there are mainly from lattice QCD statistical errors.
For b-light meson decay constants the dominant source of



Lattice QCD  
= fully nonperturbative QCD calculation 

RECIPE

• Generate sets of gluon fields for 
Monte Carlo integration of path 
integral (including effects of u, d, s 
and c sea quarks)

• Calculate averaged “hadron 
correlators” from valence quark 
propagators

• Fit as a function of time to obtain 
masses and simple matrix elements



Lattice QCD RECIPE 
continued

• Determine lattice spacing a and 
fix mq using experimental 
information (often meson masses) 
to get results in physical units 

• extrapolate to a=0, physical u/d 
quark mass for real world 
- lattices with physical mu,d now  
  available: chiral extrapolation  
  becoming a small correction

a



Example parameters for calculations now being done with 
‘staggered’ quarks.

real 
world

mass 
of u,d 
quarks

Volume:

mu,d ⇡ ms/10

mu,d ⇡ ms/27

“2nd generation” 
lattices inc. c 
quarks in sea

m⇡L > 3

HISQ = Highly 
improved 
staggered quarks -
very accurate 
discretisation 
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Hadron correlation functions (‘2-point functions’) give 
masses and decay constants. 

h0|H†(T )H(0)|0i =
X

n

Ane
�mnT

masses of all 
hadrons with 
quantum 
numbers of H|h0|H|ni|2

2mn

decay constant parameterises amplitude to annihilate - a 
property of the meson calculable in QCD. Relate to 
experimental decay rate. 1% accurate experimental info. 

for f  and m for many mesons! 
Need accurate determination 
from lattice QCD to match

QCD HH

=
f2
nmn

2
An =

large! A0e
�m0T
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