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Open quantum systems

HSE = HS ⊗HE

ρSE ∈ S (HSE ) , ρS = TrEρSE

S (H) =
{

T ∈ T (H)|T ≥ 0,Tr T = 1
}

Composite system ρSE

d

dt
ρSE (t) = − i

~
[HSE , ρSE (t)] ⇒ ρSE (t) = USE (t) ρSEU†SE (t)

Open system ρS = TrE ρSE

TrE
{ d

dt
ρSE (t) = − i

~
[HSE , ρSE (t)]

}
d

dt
ρS (t) = − i

~
TrE ([HSE , ρSE (t)]) ⇒ ρS (t) = TrE

[
USE (t) ρSEU†SE

]
→ Φ (t) ρS(0)

[H.-P. Breuer, “The theory of open quantum systems”]
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Properties of Φ

1 Φ ≥ 0

2 Tr Φ [T ] = Tr T

3 Φ linear on T (HS)

But... 1 is not sufficient

⇒ Φ completely positive (CP)

entangled states

non commutativity observables

Φ : T (H)→ T (H) CP ⇐⇒ Φ⊗ In : T (H⊗ Cn)→ T (H⊗ Cn) P ∀n

ρ⊗ σ 7→ Φ [ρ]⊗ σ

Φ,Ψ CP ⇒ Φ ◦Ψ CP
Φ : A→ B if A ∨ B commutative ⇒ CP ≡ P

[Stinespring, Proceedings AMS 1955; Takesaki 2002]
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Factorized initial states: CP dynamics

ρS (t) = TrE
[
USE (t) ρSE (0) U†SE (t)

]
−→

ρS (t)
?
= Φ (t) ρS (0)

⇒ ρS (0)→ ρSE (0)

Assignement map AρE : ρS (0) 7→ ρS (0)⊗ ρE , TrE ◦AρE = IT (HS ), CP

Dynamical map

Φ (t) = TrE ◦ USE (t) ◦ AρE
Φ (0) = IT (HS )

TrE , USE (t) CP⇒ Φ (t) CP
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Factorized initial states: Kraus form

∑
γ |γ〉 〈γ| = IHE

, ρE =
∑
α λα |α〉 〈α|

ρS (t) = Φ (t) ρS (0) = TrE
[
USE (t) ρS (0)⊗ ρE (0) U†SE (t)

]
=
∑
γ

〈γ|USE (t) ρS (0)⊗

(∑
α

λα |α〉 〈α|

)
U†SE (t) |γ〉

=
∑
γ,α

√
λα 〈γ|USE (t) |α〉︸ ︷︷ ︸

Mγ,α(t)

ρS (0)
√
λα 〈α|U†SE (t) |γ〉︸ ︷︷ ︸

M†
γ,α(t)

Kraus theorem (linear maps)

Λ [T ] =
∑

I MITM†I ,
∑

I M†I MI = IT (H) ⇐⇒ Λ CPT

We now introduce initial correlations
Factorized states → Classically correlated states → ...
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Quantum Discord

Classical setting: mutual information

I (pAB) =H (pA) + H (pB)− H (pAB)

J (pAB) =H (pA)− H
(
pA|B

)

Quantum setting pAB → ρAB , pA → TrB ρAB , H → S ,
pA|B ⇒ ρA|B = (Measure on B) [ρAB ]

Quantum Discord
←−
D (ρAB) = I (ρAB)−max{

πj
B

} J (ρAB){
πj
B

}
Classically correlated states

ρAB =
∑
i

piρ
i
A ⊗ Πi

B =
∑
i

(
IA ⊗ Πi

B

)
ρAB

(
IA ⊗ Πi

B

)
⇐⇒

←−
D = 0

Classically correlated ⊂ Separable states ⊂ S (HAB)

CP reduced dynamical maps.. not unique

[H. Ollivier, W. H. Zurek, PRL 88, 017901 (2001)]
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Zero quantum discord initial states: Kraus form

ρSE (0) =
∑

i piΠ
i
S ⊗ ρiE , fixed

{
Πi

S

}
i
, fixed

{
ρiE =

∑
α λ

i
α

∣∣αi
〉 〈
αi
∣∣ }

i
[C.A. Rodr̀ıguez-Rosario et al., J. Phys. A: Math. Theor. 41, 205301 (2008)]

Compatibility domain restriction S (HS)→ C (HS) =
{
ρS =

∑
i piΠ

i
S

}
A1,2{

ρiE

} :
∑

i piΠ
i
S 7→

∑
i piΠ

i
S ⊗ ρiE CP⇒ Φ1,2 = TrE ◦ USE ◦ A1,2{

ρiE

} CP

ρS (t) = Φ (t) ρS (0) = TrE
[
USE (t)

∑
i

→ρS︷︸︸︷
piΠ

i
S ⊗ρiEU†SE (t)

]
Πi

SΠj
S = δijΠ

j
S

Φ1ρS =
∑
γ,α,j M j

γ,αρSM j
γ,α
†

M j
γ,α =

√
λjα 〈γ|USE (t)

∣∣αj
〉

Πj
S

Φ2ρS =
∑
γ,α Mγ,αρSM†γ,α

Mγ,α =
∑

j

√
λjα 〈γ|USE (t)

∣∣αj
〉

Πj
S

∀ρS ∈ C (HS) Φ1 (t) ρS = Φ2 (t) ρS
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γ,α Mγ,αρSM†γ,α

Mγ,α =
∑

j

√
λjα 〈γ|USE (t)

∣∣αj
〉

Πj
S

∀ρS ∈ C (HS) Φ1 (t) ρS = Φ2 (t) ρS



Zero quantum discord initial states: map action extension

Once we have a Kraus form, we can extend its action C (HS)→ T (HS)

⇒ Φ1 6= Φ2

Φ1,2 (t → 0) = IC(HS ) ⇐ TrE ◦ A1,2{
ρiE

} = IC(HS )
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}
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i
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⇓

States with quantum correlations
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CP maps on commutative compatibility domain

ρS (0) ∈ C (HS)→ ρSE (0) ∈ CII (HSE ) P

C (HS) commutative

}
⇒ P ≡ CP

ρS (0)→ ρS (t) = TrE
[
USE ρSE (0)︸ ︷︷ ︸

∈CII (HSE )

U†SE
]

CP

Thanks to the GHJW theorem
[Gisin, Helv. Phys. Acta 1989; Hughston, Jozsa and Wootters PLA 1993]

ρS (0) =
n−1∑
i=1

Πi
SρS (0) Πi

S +
r∑

k=1

dimHS∑
j=n

KjkρS (0) K †jk

And can display a Kraus form

ρS(t) = ΦII (t) ρS(0)

=
n−1∑
i=1

∑
γ,α

M i
γα(t)ρS(0)M i

γα(t)† +
r∑

k=1

dimHS∑
j=n

∑
γ,β

M jk
γβ(t)ρS(0)M jk

γβ(t)†
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Summary

Summing up

Simple approach to obtain CP maps from class of correlated states

Include both zero and non zero quantum discord states

Non uniqueness of definition of the map

Dynamical meaning only on commutativity subset

Many (many!) thanks to

B. Vacchini (Unimi)
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