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Perform a measurement of 
an environmental observable  

A  at initial time 

Let the overall system 
 undergo the coupled evolution 

Full – Counting Statistics 

Consider a composite system  
 starting in a product state: 

SYSTEM 

ENVIRONMENT 

Esposito, Harbola, Mukamel, Rev. Mod. Phys. 81, 1665 (2009) 

Detatch S and E and perform 
Another measurement  

of the same observable A 
 at time t 

1 

2 

3 
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Full – Counting Statistics 

The probability distribution  for a change  

 to occur between time 0 and time t is given by 

 where 

Upon introducing the cumulant  generating function 

 the cumulants of Δ𝑎 are obtained by derivation as 



Full – Counting Statistics 

MAIN POINT:  The cumulant generating can be written as 

 where 

 with 

System’s operator 

Modified evolution operator: usual evolution conditioned on a  
two-time measurement of the observable A. 
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Temperature-induced steady heat flow from hot to cold subsystem 

Esposito et al., RMP 81, 1665 (2009); Ren et al., PRL 104, 170601 (2010); C. Uchiyama PRE 89, 052108 (2014) 

Beyond GKSL 



Heat Backflow: occurrence and quantifier 

G. Guarnieri, C. Uchiyama, B. Vacchini, PRA 93, 012118 (2016) 
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The Hamiltonian is  

The two – level system is coupled to an environment consisting of  
an infinite number of bosonic modes.  



Application to the Spin – boson model 

The ME obtained through second – order TCL 
expansion of the generator has the form 

The energy flow per unit of time has the form 

The Hamiltonian is  

The two – level system is coupled to an environment consisting of  
an infinite number of bosonic modes.  



Application to the Spin – boson model 

The ME obtained through second – order TCL 
expansion of the generator has the form 

The energy flow per unit of time has the form 

Environmental correlation function 

The Hamiltonian is  
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Application to the Spin – boson model 

Assuming the spetral density to be of the form 

𝑇𝑆 = 5⍵0 

λ = 0. 1 

Ω = 0. 4 ⍵0 

For every value of λ, Ω and 𝑇𝐸 the heat backflow is maximized by the choice 𝑇𝑆 = 𝑇𝐸 

𝑇𝑆  ≥ 𝑇𝐸  



Application to the Spin – boson model 

G. Guarnieri, C. Uchiyama, B. Vacchini, PRA 93, 012118 (2016) 

Region of max heat backflow 

𝑇𝑆 = 𝑇𝐸  

Region of absent  
heat backflow 
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Application to the QBM 

The Hamiltonian is  

An harmonic oscillator is coupled to an environment  
consisting of an infinite number of bosonic modes.  

Weak coupling regime Strong coupling regime 

Analytic Fokker-Planck master equation  

Analytic solution for the heat flow rate 

Fully numerical simulation with  
finite-number of environmental modes 



Application to the QBM 

𝑇𝑆 = 𝑇𝐸  

G. Guarnieri, J. Nokkala, R. Schmidt, S. Maniscalco, B. Vacchini, PRA 94 (2016) 
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Relationship with the non-Markovanity 

Trace-distance based non-Markovianity measure 

H. – P. Breuer, E. – M. Laine, J- Piilo, PRL 103 210401 (2009) 

It is a contraction under the action of PTP maps 

It is a measure of the distinguishability between quantum states  

Its can be employed to quantify the information flow between S and E  
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Connection with the non-Markovianity in the SB 

Spin – boson model 

 The reduced dynamics is always 
 non-Markovian except on the  
 resonance curve, defined by the 
 condition 

Relationship with the non-Markovanity 

 Locally white-noise spectrum  
 around the system’s transition  
 frequency 



Application to the Spin – boson model 

G. Clos, H. – P. Breuer, PRA 86, 012115 (2012) 

Relationship with the non-Markovanity 



Application to the Spin – boson model 

 The non-Markovianity 
measure is suppressed 

whenever  
 the resonance condition 

strictly holds  
(i.e. on the white line) 

 The heat backflow 
measure is suppressed 

whenever 
 the resonance condition 

approximately holds  
(i.e. on the black region) 

Relationship with the non-Markovanity 



Conclusions 

Explicit applications of this construction is shown for two paradigmatic models, 
the spin-boson, beyond the Born-Markov and RWA approximations, and the 

quantum brownian motion, explicitly showing that energy flow from S to E can 
oscillate in time and can even come back from E to S 

In the framework of non-Markovian open quantum systems we have introduced 
a condition and a quantitative estimator for the occurrence of heat backflow 

between an open quantum system of interest and its environment 

Heat, in an open quantum systems’ scenario, is a delicate concept.  One useful 
way to characterize it is by using the so-called full counting statistics. 

The occurrence of heat backflow represents a stricter condition than non-
Markovianity, in the sense that the latter is required in order to witness the 

former and that, on the contrary, a Markovian dynamics prevents its observation. 
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