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Time evolution analysis of the electron distribution in Thomson/Compton
back-scattering

V. Petrillo, A. Bacci, C. Curatolo, C. Maroli, L. Serafini, and A. R. Rossia)

INFN-Universit�a degli Studi Milano, Via Celoria, 16 20133 Milano, Italy

(Received 8 May 2013; accepted 11 July 2013; published online 24 July 2013)

We present the time evolution of the energy distribution of a relativistic electron beam after the

Compton back-scattering with a counter-propagating laser field, performed in the framework of the

Quantum Electrodynamics, by means of the code CAIN. As the correct angular distribution of

the spontaneous emission is accounted, the main effect is the formation of few stripes, followed by

the diffusion of the more energetic particles toward lower values in the longitudinal phase space.

The Chapman-Kolmogorov master equation gives results in striking agreement with the numerical ones.

An experiment on the Thomson source at SPARC-LAB is proposed. VC 2013 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4816683]

I. INTRODUCTION

The availability of radiation characterized by short wave-

length, high brilliance, large transverse coherence, monochro-

matic spectrum, and wide tunability opens the way for a new

era in physics, chemistry, and bio-medicine since these pulses

permit to detect objects and to control processes at the atomic

length scale. Many applications in different fields of physics,

as for instance advanced imaging techniques, crystallography,

exploration of matter, plasmas, high energy systems, and nu-

clear photonics, require quasi-monochromatic X and c radia-

tions with large spectral intensity. Besides synchrotrons,1

free-electron lasers,2–5 and high-order harmonic generation

driven by lasers in gases,6 Thomson and Compton sources are

among the most performing devices for producing radiation

with the aforementioned qualities.

Thomson and Compton sources7–10 are based on the

back-scattering between the light pulse of a large intensity

laser and a high brightness, high energy electron beam pro-

duced by a linac.

During the interaction, the exchange of momentum

between the electrons and the laser photons takes place,

causing the emission of Doppler up-shifted X/c rays and, as

a consequence, the deformation of the electron phase space

structure. The time evolution of the electron energy distribu-

tion during and after the scattering process could be an im-

portant characteristic from both fundamental and diagnostic

points of view, because it encodes several detailed informa-

tions about the nature and the feature of the collision.

Furthermore, the possibility of assembling cascaded sources,

driven by the same electron beam at different energy points,

depends upon the degree of deterioration of the electron

phase space after the scattering. In addition, there is also the

possibility that, during the interaction, a cooling of the elec-

tron beam takes place.11,12

Despite these potential important perspectives, no sys-

tematic experimental measurements of the electron

distribution have been so far carried on in Thomson and

Compton sources.

From a theoretical point of view, the time evolution of

the longitudinal phase space of the electrons in the Compton

process has been considered in the old literature as an exam-

ple of random walk,13 where each step corresponds to the

loss of an energy (or longitudinal momentum) quantum in

the scattering event. The phenomenon is considered to

belong to the Poisson’s process ensemble and studied in

Ref. 14 in the para-axial approximation, considering only the

radiation emitted on axis. However, due to the three-

dimensional nature of the Thomson/Compton scattering,

with the well-known energy-angle correlation in the emitted

photon phase space, a simple Poisson’s equation is not suita-

ble to describe the phenomenon. The most accredited model

for the time evolution of the Compton electron energy distri-

bution, in the framework of the quantum statistics, is the

master equation derived from the Chapman-Kolmogorov

equation,15 containing an average on the photon energy. In

the limit of numerous steps, corresponding to long times

and/or emitted photons of limited energy, the master equa-

tion can be simplified in a diffusion equation,16,17 which is

evidence of classical statistical behavior. Within another phi-

losophy, the electron distribution after the scattering can be

studied by means of Monte Carlo codes based on the Klein-

Nishina cross section,10,21 such as CAIN,19,20 which gives

the photon and electron phase spaces under the effect of a re-

alistic laser. Direct calculations of the electron energy,18 per-

formed with CAIN, show the time evolution of the electron

distribution from the initial condition. At short times, the

energy distribution develops a sequence of neat stripes, con-

nected to the fact that the adopted model considers the scat-

tering between an electron and a photon as a two point-

particle collision. These structures have been never observed

or foreseen before in Thomson/Compton sources and are

connected to the point-like nature of the scattering. Later on,

as the electrons undergo more collisions, a regime of contin-

uous diffusion of the more energetic particles toward lower

values of energy establishes.a)Electronic address: petrillo@mi.infn.it
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In this paper, we demonstrate that the master equation

deduced from the Chapman-Kolmogorov model for Markov

processes, with a suitable expression of the photon distribu-

tion, describes the details of the electron distribution during

the Compton scattering process. We compare its solution

with the simulation performed with CAIN showing a striking

agreement. We will show that the master equation foresees

the formation of stripes in energy that are signature of the

point-like nature of the collision and that gradually evolve in

a continuous structure. Then, we will present the realistic

study of an experimental proof of this process at the

Thomson source at SPARC-LAB. Conclusions and com-

ments will end our paper.

II. THE MODEL EQUATION

The evolution equation which rules the probability of

making a number m of transitions in a Poisson’s phenom-

enon is

@PmðtÞ
@t

¼ aðPm�1ðtÞ � PmðtÞÞ; (1)

where a is the collision rate. The solutions of (1) are the

well-known Poisson’s functions

PmðatÞ ¼ ðatÞme�at

m!
: (2)

An equation that has been proposed14,22 for modeling the

energy distribution during the Compton process, assuming

the momentum to be exchanged in fixed quanta b, is

@Nðp; tÞ
@t

¼ aðNðpþ b; tÞ � Nðp; tÞÞ; (3)

where a, independent of time, is the rate of photon

production.

Equation (3) can be solved by applying the Fourier

transform with respect to p, and, by using the Anger-Jakobi

expansion and the Bessel function properties, one can relate

the momentum distribution at time t to the initial condition

Nðp; tÞ ¼
X

l¼0;1
GlðatÞNðpþ lb; t ¼ 0Þ; (4)

where the functions

GlðatÞ ¼ e�at
X

m¼�1;1
Il�mðatÞJmðatÞ; (5)

where Jm and Im are Bessel and modified Bessel functions,

which can be demonstrated to be equal to the Poisson’s func-

tions PlðatÞ defined in (2).

The use of Eq. (3) and the prevision of a neat momen-

tum grouping that persists at long times14,22 have been the

object of discussion.17,18,23,24 The criticisms to Refs. 14 and

22 were based on the fact that, in the Thomson/Compton

scattering, the quantum b does not have a fixed value, being

distributed over a range between two values bmin and bmax,

determined by the momentum-angle correlation typical of

the process.

The photon and the related emitted energy angle-

integrated distribution functions, derived from the Klein-

Nishina cross section, as a function of the momentum are

shown in Fig. 1. The probability density of the photon emis-

sion at momentum p during the scattering can be modeled

as25

Wðp; pminÞ ¼
3

Dp
p� pmin

Dp

� �2

� p� pmin

Dp
þ 1

2

" #

� Hðpmax � pÞHðp� pminÞ; (6)

where Dp ¼ pmax � pmin, H(x) are step-like Heaviside func-

tions, and

pmin ¼ �hxL=c;

pmax ¼
ð1þ beÞ�hxL=c

1� be þ 2�hxL=ðcem0c2Þ

are, respectively, the momenta of the photons emitted for-

ward and backward on axis, with be ¼ ve=c the normalized

velocity of the electron, m0 the rest mass, ce the Lorentz fac-

tor, and �hxL=c the laser photon momentum quantum.

The generalization of Eq. (3) to the case of a photon mo-

mentum distribution is derived in Refs. 15 and 26 from the

Chapman-Kolmogorov equation for Markov phenomena and

leads to the following expression:

@Pðp; tÞ
@t

¼ a
ð

dp�Wðp; p�ÞPðp�; tÞ � Pðp; tÞ
� �

; (7)

where P is the probability of an electron being in a state with

momentum p at a time t and W is the transition probability

per unit time from p� to p, which depends upon the physics

of the phenomenon.

In the case of the Thomson/Compton scattering, W can

be approximated by Eq. (6), where p ¼ p and

pmin ¼ p�;

FIG. 1. Photon distribution dN=dEðMeV�1Þ vs energy E in MeV. On the

left axis: navy columns: distribution of the emitted photons. On the right

axis: green line: energy distribution of the radiation in arbitrary units. Red

line: approximate expression of the photon distribution.
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pmax ¼ p� � ð1þ beÞ�hxL=c

1� be þ 2�hxL=ðm0cec2Þ :

If the momentum of the laser photon can be considered neg-

ligible and the electron velocity is close to c (i.e., ce � 1),

thus the quantity ð1þ beÞ=ð1� beÞ is about 4c2
e , the transi-

tion probability per unit time can be further simplified in

Wðp; p�Þ ¼ 3

4
�hxL

c

p�2

m2
0c2

 ! p� � p

4
�hxL

c

p�2

m2
0c2

0
B@

1
CA

2
2
664

� p� � p

4
�hxL

c

p�2

m2
0c2

þ 1

2

3
7775� H p� � p� �hxL

c

� �

�H p� p� þ 4
�hxL

c

p�2

m2
0c2

 !
: (8)

Assuming that the solution of Eq. (7) is a linear combi-

nation of Poisson’s functions

Pðp; p0; tÞ ¼
X

cnðp; p0ÞPn; (9)

choosing

c0ðp; p0Þ ¼ dðp� p0Þ;

the coefficients cnðp; p0Þ satisfy the recurrence relation

cnþ1ðp; p0Þ ¼
ð

dp�Wðp; p�Þcnðp�; p0Þ: (10)

The generic term

cmðp; p0Þ ¼
ð

dpm�1::dpn::dp1Wðp; pm�1Þ

�Wðpnþ1; pnÞ::Wðp2; p1ÞWðp1; p0Þ (11)

is the probability per unit time of making the transition from

p0 to p in a number m of collisions, integrated over all the

possible paths. The whole probability of reaching p starting

from p0 is then the sum over all the number of steps compati-

ble with the jump. The time evolution of the electron distri-

bution Nðp; tÞ is obtained by a convolution of Pðp; p0; tÞ with

the initial condition Nðp0; t ¼ 0Þ.
Equation (7) has been solved numerically by means of a

standard finite difference method or by means of Eqs.

(9)–(11) and the results compared to the data provided by the

Monte Carlo code CAIN,19,20 a well-known code based on

the Klein-Nishina cross section and widely validated in the

case of Compton scattering by comparisons with experimen-

tal data10 and analytical models.10,21

Figure 2 presents the results of this comparison for three

different time values, showing a striking agreement. The

energy of the electrons changes during the radiation emission

due to the whole photon spectrum described by the function

W. In the early stage of the emission (panels (a), (b)), trace

of the quantum nature of the interaction is revealed by the

gradual population of a number of stripes with energy lower

than the initial one that rapidly merge in a diffusion structure

(panel (c)). Most of the electrons do not undergo collisions

and remain in their initial state at 150 MeV, while the peaks

at 149.5 MeV and 149 MeV are due to electrons that have

participated to one or two collisions. The stripe regime is

due to the fact that the scattering is considered as the colli-

sion between two point-like particles, and the evolution of

the phase space resembles a process of random walk.13,18

The diffusion regime can be obtained by developing P
for small D ¼ p� p� under the sign of integral in (7). The

diffusion equation

@Pðp; tÞ
@t

¼ @ðaPðp; tÞÞ
@p

þ 1

2

@2ðbPðp; tÞÞ
@p2

; (12)

with a ¼
Ð

dDDWðp;DÞ and b ¼
Ð

dDD2Wðp;DÞ (Ref. 26),

has been solved in the limit of constant a and b, evaluated at

the initial point p ¼ p0, and the result superimposed to the

others in Fig. 2, panel (c). The comparison between the

effective result by CAIN and the solution of (12) shows that

the classical regime is not yet completely achieved.

III. ANALYSIS OF A POSSIBLE EXPERIMENT

In this paragraph, we present the analysis of an experi-

ment aimed at exploring the point-like nature of the collision

FIG. 2. Electron distribution function (in arbitrary units) vs energy (MeV) at

different times (a) t ¼ 0:083 ps, (b) t ¼ 1:66 ps, (c) t ¼ 6:66 ps and initial

electron energy Eðt ¼ 0Þ ¼ 150 MeV. (a) and (b) Logarithmic scale, (c) lin-

ear scale. Red curves obtained by CAIN, blue curves from the integration of

Eq. (7), green curve solution of Eq. (12).
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and the transition between a quantum statistical behavior

associated to the presence of the stripe regime and the classi-

cal one, where the electron distribution tends to become a

Gaussian function.

The results shown in Sec. II have been obtained in an

ideal context with an electron initial distribution described

by delta-like functions interacting with a laser without

diffraction.

The presence of energy spread and emittance in the ini-

tial electron distribution, as well as a less simplified laser

model, must be taken into account in the study of a possible

experiment. The energy spread effect can be analyzed by

solving Eq. (7) with a given initial condition. Fig. 3 shows

the results obtained by imposing a Gaussian initial condition

with increasing rms width.

Then we have studied the effects of the beam emittance

and laser pulse diffraction by means of the code CAIN. The

realistic example is the Thomson source PlasmonX27,28 at

SPARC-LAB,4 operated at 150 MeV. The electron beam,

whose main parameters are summarized in Table I, collides

with the Ti:Sapphire Laser FLAME,29 with wavelength

kL ¼ 2pc=xL ¼ 800 nm. The laser energy EL can reach 5 J

and the pulse can be compressed up to 100 fs. In the proposed

examples, the laser energy varies from 0:25 J to 5 J at fixed

energy density value, with a laser rms time duration ranging

from 0:8 ps to 16 ps. A critical issue for the detection of the

stripe regime is the value of the electron energy spread DE=E.

Fig. 4 shows the effect of DE=E for the interaction with the

laser pulse of variable length. With DE=E ¼ 10�4, the first

two stripes are clearly manifest, even if the second peak has

disappeared. Increasing the initial energy spread of the beam,

the stripes become less evident. For DE=E � 10�3, they can-

not be anymore distinguished and the distribution appears

continuous. This effect can be appreciated in the inner boxes

of Fig. 4, where the distribution is displayed in the x-y plane,

as it could be detected on a monitor after a beam deflector. A

condition on the energy spread for the visibility of the stripes

turns out to be
ffiffiffiffiffiffi
8p
p

DE < h�. The effect of the laser diffrac-

tion is evident for DtL � RL=c and consists in stopping the

emission process and the formation of the stripes.

A qualitative criterion for recognizing the stripe regime

is to individuate electron spectra characterized by a strong

FIG. 3. Comparison between the data

obtained by integrating Eq. (7) by

means of Eqs. (9)–(11) using 6 terms

(blue curve) and the CAIN results (red

curve) with Gaussian initial condition

(black curve) with increasing energy

spread: (a) DE=E ¼ 10�4, (b) DE=E
¼ 5� 10�4, (c) DE=E ¼ 10�3. Other

data: DtL ¼ 2:4 ps with EL ¼ 0:75 J.

TABLE I. Electron beam and laser pulse main characteristics.

Quantity Value

Charge (pC) 250

Energy (MeV) 150

Energy spread (MeV) 10�4�10�3

emittance (mm mrad) 1–2

Twiss b parameter (mm) 0.4

Laser wavelength (nm) 800

Laser energy ELðJÞ 0.25–5

Laser rms time duration DtL ðpsÞ 0.8–16

Laser Rayleigh length RL ðmmÞ 0.5

Maximum photon energy (MeV) 0.5

Quantum red shift (keV) 2

FIG. 4. Electron distribution in arbitrary units as function of the energy E in MeV for different laser time duration, as given by CAIN. Dark blue curve: DtL ¼
0.8 ps with EL¼ 0.25 J, light blue curve: DtL ¼ 2:4 ps with EL¼ 0.75 J, magenta curve: DtL ¼ 4:8 ps with EL¼ 1.5 J, and red curve: DtL ¼ 16 ps with EL¼ 5 J.

(a) DE=E ¼ 10�4; (b) DE=E ¼ 5� 10�4; (c) DE=E ¼ 10�3. In the inner boxes, the electron distribution projected on the x-y plane, as could be seen on a

monitor.
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asymmetry with respect to the core of the beam. A more

quantitative parameter for evaluating the visibility of the

stripes could be defined as

V ¼ ðdN=dEÞmax � ðdN=dEÞmin

ðdN=dEÞmax þ ðdN=dEÞmin

; (13)

where ðdN=dEÞmax is one of the maxima of the curve and

ðdN=dEÞmin is a neighboring minimum. Fig. 5 shows the

trend of V as function of the laser energy for the peak at

150 MeV, constituting the bulk of the electron beam, and for

the secondary peak at 149:5 MeV, corresponding to the elec-

trons that have undergone a first collision. In this last case,

values of the visibility of 15%–25% are reached.

IV. CONCLUSIONS

In conclusion, we think that the point-like nature of the

Compton collision between electron and laser photons is

revealed by the occurrence of stripes in the electron energy

distribution connected to a momentum grouping of the elec-

trons. The master equation derived from the Chapman-

Kolmogorov equation for Markov phenomena (7) is suitable

to describe this process. A comparison between the results of

the master equation and the simulations with the code CAIN

validates this theoretical model. An experiment aimed at

exploring the electron distribution structure after the scatter-

ing is proposed at the PlasmonX source at SPARC-LAB,

permitting to have insight into the nature of the collision.
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