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Abstract – We analyze the energy distribution of a relativistic electron beam after the Compton
back-scattering by a counterpropagating laser field. The analysis is performed for parameters in
the range of realistic X-γ sources, in the framework of the Quantum Electrodynamics, by means
of the code CAIN. The results lead to the conclusion that, in the regime considered, the main
effect is the initial formation of stripes, followed by the diffusion of the most energetic particles
toward lower values in the longitudinal phase space, with a final increase of the electron energy
bandwidth.

Copyright c© EPLA, 2013

The distribution in the phase space of the electrons
after the Thomson/Compton back-scattering by a laser
pulse has been object of recent discussions. In refs. [1,2],
the authors revisited the theoretical model that provides
the electron energy distribution evolution during the
emission of radiation by relativistic electrons entering
an undulating field. They claimed that a drift-diffusion
approach, such as that proposed in [3,4], is not sufficient
to describe the phenomenon over the entire range of the
parameters and that a previously unknown quantum
effect occurs and persists in time when the parameter
ǫ=Nw�ω/(γmc

2) is of the order of or larger than unity,
where Nw is the number of undulator field periods for the
case of undulator radiation or the number of oscillations
of the laser field for the case of Thomson/Compton
scattering, � is the reduced Planck constant, ω is the
photon frequency, γ the relativistic Lorentz factor, m
the electron rest mass and c the speed of light. They
proposed to adopt a finite-difference equation with
a fix momentum exchange for modeling the electron
distribution. The results should be a relevant deforma-
tion of the electron energy distribution associated with
spontaneous emission in long undulators, that should
present a sequence of regular lines, which reveal discrete
momentum groups in accord with a Poisson distribution.

(a)E-mail: petrillo@mi.infn.it

It should be noted that the previous model neglects
the angle-frequency correlation of the spontaneously
emitted radiation and, as a consequence, underestimates
the natural bandwidth, because it assumes the emission
of photons wiht a well-defined momentum �k, a radiation
linewidth given by Δω/ω∼ 1/Nw, and a corresponding
uncertainty in the photon momentum �Δk∼ �kNw.
A strong objection has been formulated in [5,6] where

the authors argued that the angular distribution of the
radiation was completely disregarded in ref. [1], the model
being one-dimensional and the spontaneous emission being
considered only on axis, i.e., for an emission angle much
smaller than 1/γ. Neglecting angular and inhomogeneous
effects, the overall relative bandwidth results to be due
only to the length of the undulating field, i.e., of the
order of 1/Nw. On the contrary, the electron recoil and, in
turn, the electron distribution after the collision, depend
on the entire angular distribution of the radiation, which is
a fundamental feature of the Compton/Thomson effects.
When the angular distribution of the radiation is properly
accounted for, the overall angle-integrated relative band-
width results to be independent of the number of undu-
lator periods and is dominated by the acceptance, as well
as the by the emittance and energy spread of the electron
beam, the frequency bandwidth and diffraction of the laser
across the interaction focal area. The conclusions exposed
in refs. [5,6] are that a three-dimensional drift-diffusion
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model is valid for large times (i.e., for Nw≫ 1) and
when the parameter ζ = �ω/(γmc2), which is a factor Nw
smaller than ǫ, is much smaller than unity. A Fokker-
Planck approach covers, therefore, all cases of practical
interest. Similar conclusions are presented in [7], where
continuous electron distributions, which are the solution of
a master equation derived from the Chapman-Kolmogorov
equation for Markov phenomena with the Compton tran-
sition probability [8], are shown.
Our contribution to the debate is based on a different

philosophy. We present in fact numerical calculations
of the head-on Thomson/Compton inverse scattering
performed with the well-known code CAIN [9,10],
obtained by using ideal and simulated beams with para-
meters covering the range of realistic X and γ sources,
as for instance PlasmonX [11] at SparcLab [12] and ELI-
NP [13]. We will show in this letter that the time evolution
of the electron energy distribution during a Compton
back-scattering, as far as the kinematics of the interaction
is described by electron-photon collisions, presents an
initial phase with a gradual population of stripes at lower
energies, with a subsequent drain, followed by a regime
of standard diffusion. We will show, furthermore, that
the rearrangement of the electrons in the phase space
is ascribable to a random walk with non-uniform step,
similar to that described in ref. [14], that the initial,
non-classical phase is merely due to the two-bodies model
adopted for the kinematic of the collision and to the
relativistic resonant character of the cross-section, and
that the diffusion regime is achieved when ζ≪ 1 and the
average number of emitted photons per electron during
the whole interaction is larger than one. We can conclude
therefore that the Thomson/Compton scattering does
not lead to the formation of quantum lines and that, in
the initial phase, there is trace of the quantum nature of
the phenomenon in the occurrence of the stripes, while at
long times, the establishment of a diffusive regime can be
observed, according to what reported in refs. [5,7].
The code CAIN, used in the simulations, is based

on a Monte Carlo procedure that randomly selects
couples of colliding particles among the electron and
laser beams, the probability of the Thomson/Compton
back-scattering being weighted by the Klein-Nishina
cross-section obtained with a standard QED calcula-
tion. The code has been widely benchmarked for the
electron-photon interaction by experimental data [15]
and by analytical models [15,16]. Starting with the
complete initial phase spaces of both colliding beams in
the interaction point, it provides the whole phase spaces
after the scattering. It works with both the linear and the
non-linear cross-section.
The first case we have analyzed is the X Thomson

source PlasmonX [11] at Sparc-Lab [12], operated at
150MeV. The electron beam, whose parameters are in
table 1, beam A, collides with the Ti:Sapphire Laser
FLAME [17], with wavelength λL = 2πc/ωL = 800 nm and
whose nominal energy EL can reach 5 J.

Table 1: Electron beam and laser pulse main characteristics.

Quantity (A) (B) (C)

Charge (pC) 250 250 250
Energy (MeV) 150 360 360

Energy spread (MeV) – – 0.234
x emittance (mm mrad) 1 0.5 0.65
y emittance (mm mrad) 1 0.5 0.6
Laser wavelength (nm) 800 500 500
Laser energy (J) < 3 1–16 1

Laser r.m.s. time duration (ps) 0.08–10 6–96 5
Maximum photon energy (MeV) 0.5 4.9 4.9
Quantum red shift (keV) 2 6.7 6.7

Fig. 1: (Colour on-line) Photon distribution dN/dE (MeV−1)
vs. energy E in MeV for the parameters of table 1 (A) and
the laser parameter a0 = 0.05. On the left axis: navy columns:
complete spectrum. On the right axis: red line: energy spectrum
of the radiation in arbitrary units.

Photons up to 500 keV of energy are produced,
whose distribution in number and energy is presented
in fig. 1. The radiation emitted in the scattering is
characterized by the broadband spectrum typical of the
Thomson/Compton interaction. As can be seen, the
amount of photons emitted with an energy lower than the
nominal resonance value on axis,

Er = �ω≈
�ωL(1+βz)

(1−βz +2�ωL/mc2γ)
, (1)

is very important, leading to an energy spectrum dW/dE
(fig. 1, red curve) with average value 〈E〉= 372.5 keV,
r.m.s. value Erms =

√

〈(E−〈E〉)2〉= 177.5 keV, and rela-
tive bandwidth larger than 37%. Low laser energy densities
have been considered, in order to avoid non-linear effects
which enlarge the bandwidth towards higher values. A first
criterion for weighting the occurrence of quantum effects
is the importance of the quantum recoil. If the condition
2�ωL/mc

2≪ 1/γ is satisfied, the red shift in (1) due to the
electron recoil can be neglected and the classical regime
is retrieved. In the present case the quantum red shift is
2 keV, a value much lower than the average photon energy.
Radiations with thinner bandwidth, suitable for applica-
tions, can be obtained by inserting irides or collimators
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Fig. 2: (Colour on-line) Electron distribution dNe/dE(MeV
−1)

vs. electron energy in MeV for the case without diffraction
(Rayleigh length LR = 10mm) and for a0 = 0.083. (a) Δt=
0.083 ps, EL = 1J (FX = 0.0145); (b) Δt= 1.66 ps, EL = 20 J
(FX = 0.29); (c) Δt= 6.66 ps, EL = 80 J (FX = 1.16). The curve
in panel (c) represents the Rayleigh distribution function
associated to random walk for N = 4.5.

along the radiation trajectory, taking advantage of the
characteristic angle-frequency correlation, typical of the
Thomson/Compton scattering [18,19].
The energy of the electrons, on the contrary, changes

during the radiation emission due to the whole broadband
spectrum and evolves in the longitudinal phase space in a
way connected with the shape of the energy distribution
of the radiation. The distribution of the electrons after
the scattering is presented in fig. 2 for different values of
the laser time duration at the same peak laser parameter
a0 =

eE0

mcωL
, where E0 is the peak laser field. If the laser

power is supposed to be Gaussian both in the transverse
and in the longitudinal direction with r.m.s. dimensions
given, respectively, by σ and cΔt, the laser parameter can

be written as a0 = 1.5
λL

σ

√

EL (J)
∆t (ps) and, in our case, has

the value a0 = 0.083. The second parameter that rules the
quantum character of the system is the number of emitted
photons per electron, that in the quantum regime has to

be much smaller than one. From a simple definition of the
luminosity of the system [10],

L=
NLNe

2π(σ2+σ2e)
, (2)

with NL =EL/(�ωL), Ne the total number of electrons
and σe the transverse dimension of the electron beam, the
number of emitted photons N can be introduced:

N =LσT , (3)

where σT =
8
3r
2
e is the total Thomson cross-section, and

re the classical electron radius. Finally, the number of
emitted photons per electron is

FX =
N

Ne
=

ELσT
2π�ωL(σ2+σ2e)

, (4)

which, for the previous case, assumes values between
1.45 · 10−2 and 1.16.
Starting from the case of shorter laser pulse (fig. 2(a)),

the electron distribution develops a tail which is shaped
in a complementary way with respect to the photon spec-
trum, thus forming a sort of plateau between 150MeV and
149.5MeV (zone (i)), with a flat peak in correspondence
with the latter value (i.e., 149.5 MeV), which is about
500 keV less than the Compton edge, due to this energy
loss by most electrons in their first collision. Another
low plateau appears below this value, down to 149MeV
(zone (ii)). It reveals the occurrence of cascaded emission
from electrons that have already undergone a first scat-
tering and that perform two successive collisions within
Δt= 0.083 ps. Increasing the laser time duration (fig. 2(b)
and (c)), these stripes become more populated, and a third
zone, between 149 and 148.5MeV, fills up by the electrons
(zone (iii)) that participate to three collisions. Increasing
further the time duration of the laser, the first zone begins
to drain, the level of the lower stripes increases, then the
differences between the zones disappear and the distribu-
tion overruns towards left and becomes smoother, similar
to what happens in ref. [7]. In fig. 2(c), the Rayleigh distri-
bution function associated to a diffusive process ruled by
the random walk is also presented:

PR(δE)∝
δE

N
e−

δE
2

2N , (5)

where δE = |E−Ei
Er
|, Ei is the electron energy before the

collision and N is the number of steps. PR begins to
give a good representation of the energy distribution with
a value of N a factor of four larger than FX , apart
from the first stripe. The difference between N and FX ,
besides the fact that the diffusion regime is still at an
early phase, depends on other factors, i.e., the anisotropy
of the random walk, the presence of space-time profiles
in our model, the emittance of the electron beam. As
regards the effect of the energy spread of the electron
beam, values ΔE≪ �ω would permit to observe the
formation of the stripes, corresponding to a relative energy
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Fig. 3: (Colour on-line) 〈γ2〉 vs. Δt for the case without
diffraction (a) and with diffraction (b).

spread ΔE/E≪ 3.3 · 10−3, a value currently achievable at
SPARC. The diffusion velocity in the longitudinal phase
space can be deduced by fig. 3 where the quantity 〈Δγ2〉=
E2rms/(mc

2)2 is reported as a function of Δt, in the absence
and in the presence of laser diffraction.
The slope of the curve d〈γ2〉/d(Δt) can be evaluated,

in the case without diffraction, by means of numerical
evidence and is about 0.27. In the realistic case with the
presence of diffraction, d〈γ2〉/d(Δt) tends to zero.
The parameters of the second calculation were chosen

in the range of those of the European Proposal for the
γ-source ELI-NP [13], and are summarized in table 1,
column (B). The diffraction of the laser beam has been
disregarded.
Despite the fact that the emitted photon energy value is

ten times larger than the preceding case, the phenomenon
is quite similar, as shown in fig. 4. The formation of stripes
can be observed, that first fill up and then release electrons
toward lower energies by cascaded emission of photons.
The distribution slowly evolves toward a smoother and
smoother function, and tends to the Rayleigh distribution
when FX approaches 1.
Finally we will show a calculation made with a realistic

electron and with laser beams simulated with the codes
PARMELA [20] and ELEGANT [21] for the case of
ELI-NP, whose parameters are presented in table 1,
column (C).
The electron beam has been generated from a photo-

injector similar to SPARC [12] and transported along the
ELI linac [13]. A particular care has been attributed to the
control of the energy spread and of the emittance of the
electrons, the beam used being the result of a tight opti-
mization with respect to its brightness. The parameters of
the electron beam at the first interaction point foreseen in
ELI-NP are described in table 1, column (C) together with
those of the laser, which is supposed to be a Nd:Yb oper-
ating at 500 nm. The laser and electron beam are matched
in the interaction area (σe ≈ σ) and the diffraction of the
laser beam has been taken into account.
The energy spread ΔE of the electron beam is rather

low, so it leads to a factor �ω/ΔE ≈ 20, which does not
affect the formation of the stripes.

Fig. 4: (Colour on-line) Electron distribution dNe/dE (MeV
−1)

vs. electron energy in MeV for a0 = 0.046: (a) Δt= 0.33 ps,
EL = 2J (FX = 0.027); (b) Δt= 3.33 ps, EL = 20 J (FX = 0.27);
(c) Δt= 8.32 ps, EL = 50 J (FX = 0.68). The curve in panel (c)
represents the Rayleigh distribution function associated to
random walk for N = 4.

Figure 5(B) displays, on the other hand, the detail of the
photon energy spectrum near the Compton edge, showing
that no photons are emitted above 4.82MeV.
The effect of a sequence of collimators set on the trajec-

tory of the emitted photons is also presented in this same
figure. They permit to select the radiation after the emis-
sion, intercepting only those photons traveling on axis. As
a consequence of the angular-frequency correlation, only
part of the spectrum is collected, providing radiation with
thin relative bandwidth, of the order of 10−3, a value suit-
able for nuclear physics and applications. The electron
energy distribution after the collision is presented in fig. 6
on two different scales, together with the initial one at the
interaction point. It has to be noted that a realistic length
of the laser of 5 ps, with an energy of 1 J, leads to a rather
low value of the parameter FX ≈ 0.021.
Despite the fact that the principal effect observed is

a slight drift of the peak toward lower values due to
the emission of photons out of axis with energy lower
than the nominal resonance value (fig. 6(A)), the presence
of the tail toward the low-energy side appears visible
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Fig. 5: (Colour on-line) Spectrum of the photons emitted after
the collision for the parameters of table 1. Statistics made
with 2.5 · 106 macro particles (corresponding to 1.56 · 109 real
electrons). Number of macro γ photons generated: 1.41 · 106

(8.847 · 107 γ real photons). (A) On the left axis: navy columns:
complete spectrum without collimators; blue columns: one
collimator; cyan columns: two collimators. On the right axis:
red line: energy spectrum of the radiation. (B) Detail of the
photon energy distribution near the Compton edge, showing
that no photons are emitted with energy larger than 4.82MeV.

when the ordinate is converted to logarithmic scale,
and is shaped as a sequence of degrading plateaus. As
already discussed, the first of them between 368MeV and
364.5MeV has a specular shape with respect to the photon
spectrum, the second below 364MeV begins to present
numerical noise, which becomes dominant below 360MeV.
The electrons with larger initial energy, by scattering
photons of 4.9MeV on axis, create the flat secondary
peak at 365MeV, while the plateau between 369.5MeV
and 365MeV is due to the off-axis emission. The bump
between 365MeV and 360MeV reveals the occurrence of
cascaded emission. Since no photons are emitted with
energy larger than 4.82MeV, as confirmed in fig. 5(B),
this secondary emission is surely due to electrons that
emit two or more photons in sequence. As a consequence
of the diffusion and of the formation of the tail, the r.m.s.
electron energy bandwidth increases from the initial value
of 0.23MeV to 0.4MeV.
In conclusion, the evolution of the phase space has been

studied by means of numerical calculation based on the
code CAIN. The results lead to the conclusion that, in

Fig. 6: (Colour on-line) A) Electron energy spectrum
dN/dE(MeV−1) vs. E (MeV) for the same parameters as in
fig. 5. Curve (a): before the interaction. Curve (b): after the
interaction. (B) Same as (A), but on logarithmic scale, that
permits to see the distribution tail.

the regime considered, the initial effect is the formation
of stripes, due to modeling of the scattering as a two-
point-particle collision between an electron and a photon.
In the following, when the electrons undergo more colli-
sions, a regime of diffusion of the more energetic particles
toward lower values in the longitudinal phase space takes
place. The longitudinal phase space of the electrons does
not obey a simple finite-difference equation as proposed
in [1], but a more general model, based on the master equa-
tion derived from the Chapman-Kolmogorov equation for
Markov phenomena with a suitable transition probability,
must be adopted, as shown in [8]. A measurement of the
electron distribution after the scattering might therefore
help in having insight into the nature of the collision.
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