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Introduction

Motivation

Recent progress in accelerators and lasers technology opens new perspectives in terms
of particle-photon colliders luminosity: low cross section processes can be therefore uti-
lized to create secondary beams with specific values of brightness, brilliance, emittance
and energy spread.

We present a detailed study of the interaction between relativistic electron beams and
high intensity laser pulses aimed at the production, through Inverse Compton scatter-
ing, of high brilliance γ rays. In particular, we focus on the simulations of the emitted
photon beams for the Extreme Light Infrastructure Nuclear Physics Gamma Beam Sys-
tem. The machine, presently under construction, is designed to deliver γ ray photon
beams of high monochromaticity (bandwidth lower than 0.5%), peak brilliance larger
than 1019 photons/(s·0.1%· mm2·mrad2), large tunability, fully controlled polarization,
spectral density larger than 5 · 103 photons/(s·eV) and focused down to micron-scale
spot sizes.

The possibility to generate low emittance TeV-class energy pion and muon beams
via photo-production in a highly relativistic Lorentz boosted frame is discussed in the
second part of the dissertation. The kinematics of all the events given by the proton-
photon beams interaction have been studied: pion photo-production and further decay
into muon and neutrino, lepton pair photo-production (electron/positron and muon
pairs) and Inverse Compton scattering. We analyze the secondary beams brightness
achievable by the coupling of advanced high efficiency high repetition rate FEL pulses
and Large Hadron Collider or Future Circular Collider proton beams.

xv
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Dissertation overview

This Thesis consists of two Parts, for a total of seven Chapters.

Part I presents the high brilliance γ beam production through Inverse Compton scat-
tering, with particular focus on the ELI-NP Gamma Beam System emission simulations.
In Chapter 1 we introduce the Inverse Compton scattering and the ELI-NP-GBS: the
main characteristics of the machine, the primary beams and the expected γ beam param-
eters. Chapter 2 recalls the theoretical aspects of the electron-photon interaction while
Chapter 3 considers the beam-beam collision. Some analytical formulas and the simu-
lation codes are presented. In Chapter 4 an example of ELI-NP γ beam simulation is
reported together with the study of the polarization and of the possible machine error
and jitters impact on the emitted radiation.

In Part II the proton-photon collision is considered. Chapter 5 introduces the idea of
a Hadron-Photon Collider for the production of low emittance pion and muon beams.
Chapter 6 describes the kinematic of all the possible events generated by the proton-
photon interaction. The phase spaces of the secondary beams are produced by means of
a home-made event-generator and the beams characteristics such as emittance and en-
ergy spread are benchmarked against analytical formulas. The luminosity and the flux
considerations are reported in Chapter 7.

At last we draw the conclusions for both Parts.
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High brilliance γ beams
production through

Inverse Compton scattering





CHAPTER 1

High brilliance γ beams production
through Inverse Compton Scattering

1.1 Introduction

The Inverse Compton effect describes, in a QED theoretical frame, the process occur-
ring when a relativistic electron interacts with a low energy photon. The same process
studied with a classical approach is called Thomson scattering: in this case the quantum
effects are disregarded. Depending on the features of the incoming particles, the correct
method has to be chosen. In both cases, if an electron in the MeV-GeV energy range and
an optical photon are considered, the main result of the scattering is a Döppler up-shift
of the photon energy by a factor approximately 4γ2

i where γi is the Lorentz factor of the
electron: the emitted radiation is in the X/γ range.

The idea of producing high energy photons in accelerators through Inverse Compton
Scattering (ICS) has been proposed by H. Motz [1] and K. Landecker [2] in 1951-52 and
it was developed by R. Milburn [3] in 1963 and independently by F. Arutyunian and V.
Tumanian [4] later on. The laser and accelerator techniques at those times did not allow
to consider that proposal from a practical point of view due to the very low value of the
Compton scattering cross section (the maximum value is given by the Thomson cross
section σT = 0.67 barn). In 1978 the first Compton X/γ-ray facility, the LADON beam,
started to work in Frascati [5,6] and the outcoming flux was useful for the study of pho-
tonuclear reactions.

The recent advances in accelerators and lasers technology give the opportunity to
conceive compact Compton sources producing high brilliance X and γ-ray beams. Such
a new generation of γ photon beams opens the way to applications at the frontier of sci-
ence, allowing us to deepen the fundamental knowledge and understanding of the prop-
erties of materials and living systems by probing the matter on microscopic-to-nuclear
scales in space and time. They will permit the Nuclear Resonance Fluorescence tech-
nique: nuclear waste remote sensing and diagnosis, special nuclear material recognition
for national security and non-proliferation related issues, isotope sensitive imaging for

3



4 1.1 Introduction

medical and cultural heritage investigations are among the most appealing and high
social impact applications that will be made feasible by such advanced gamma photon
beams. Not to mention several research fields in nuclear physics dealing with funda-
mental nuclear structure studies about giant resonances and astro-physical open prob-
lems in star nucleo-synthesis that will greatly benefit from the availability of these new
probes [7–9].

Compton sources are among the most performing devices in producing radiation
with short wavelength, high power, ultra-short time duration, large transverse coher-
ence and tunability. To produce radiation at a given photon energy, the required energy
of the electron beam for a Compton light source is significantly lower than that of a syn-
chrotron light source, consequently the costs and the dimensions are much more con-
tained. Compared with a Bremsstrahlung beam with a broad band spectrum, the typical
energy-angle kinematic dependence of the photons emitted by ICS makes it possible to
obtain a quasi-monochromatic X/γ-ray beams using a collimation system. In addition,
the energy of the Compton beam is completely tunable and it can be extended to cover
a wide energy range from soft x-ray to very high energy gamma-ray. Furthermore, a
Compton photon beam is highly polarized, and its polarization is controlled by the po-
larization of the incident photon beam.

In the existing Compton devices with emitted photon energies below 100 keV [10–15,
15–17], the emission is generally provided by the collision between a high energy laser
and a high brightness electron beam generated by Linacs or storage rings [14], while
more sophisticated schemes and interaction mechanisms are rapidly becoming a reality.
The most usual configuration is the head-on scattering, with the collision angle between
the interaction beams α = 180o, but also geometries with α = 165o or α = 90o have been
tested [15]. The mean photon energy actually measured in the various sources ranges be-
tween 7 and 70 keV, each device presenting a wide tunability. Experiments on the source
characterization [13, 18–20], on the transmission, dark field and phase contrast imaging,
computed microtomography, K-edge techniques on phantom [21], biological [14,22], an-
imal [23] and human [15] samples have been then successfully performed. As regards
existing Compton sources emitting in the MeV range [24–35], the facility HIγS [36–40],
which represents the state of the art up to now, relies on the emission produced by the
scattering of an electron beam and its Free-Electron Laser (FEL) radiation. The total
gamma-ray intensities (energy between 2 and 100 MeV with linear and circular polar-
izations) can reach over 109 photons per second with few percent energy resolution.

At the Nuclear Physics Pillar of the European laser facility Extreme Light Infrastruc-
ture (ELI) [41–44] an advanced Gamma Beam System is foreseen as a major component
of the infrastructure, aiming at producing extreme gamma ray beams for nuclear physics
and nuclear photonics experiments characterized by unprecedented performances in
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terms of monochromaticity, brilliance, spectral density, tunability and polarization.

1.2 Extreme Light Infrastructure - Nuclear Physics Gamma Beam Sys-
tem

The Extreme Light Infrastructure - Nuclear Physics Gamma Beam System (ELI-NP-GBS)
is presently under construction close to Bucharest, in Magurele (Romania). The conceive-
ment and the design of the machine has been performed by the European collaboration
EuroGammaS starting in 2011.

The ELI-NP-GBS is a linear machine based on the collision of an intense high power
Yb:Yag J-class laser and a high brightness electron beam with a tunable energy up to 750

MeV. The main specifications of the Compton Source are: photon energy tunable in the
0.2 − 19.5 MeV energy range, rms relative bandwidth smaller than 0.5% and spectral
density lager than 5 · 103 photons/s·eV, with source spot sizes smaller than 100 µm and
linear polarization of the gamma-ray beam larger than 95%. Moreover the peak bril-
liance of the γ beam is expected to be larger than 1019 photons/(s·mm2·mrad2·0.1%).

In order to achieve these very challenging specifications, the luminosity L of the
source must be larger than 1035 s−1cm−2, as specified by

L =
NeNLr

4πσ2
0

(1.1)

where NL are the photons carried by the laser pulse at collision, Ne the electrons carried
in the bunch, σ0 the spot size at the Interaction Point (IP) and r the repetition rate of the
collisions (assuming ideal overlap in space and time of the two colliding pulses, as well
as negligible diffraction of the two beams over the interaction distance). Using ELI-NP-
GBS nominal values for the colliding beams (0.4 J for the laser pulse energy, 250 pC the
electron bunch charge, focused down to about 20 µm with an effective repetition rate of
3.2 kHz obtained by a recirculated laser pulse coupled to a multi-bunch electron beam
time structure, delivering 32 electron bunches every RF pulse at a repetition rate of 100

Hz) we find L = 1.2 · 1035 s−1cm−2. The total number of back-scattered photons per
second, all over the spectrum and solid angle, is given by the luminosity multiplied by
the total cross section N = Lσtot, in our case N = 7 · 1010 photons/s.

Any Compton source is a polychromatic source of back-scattered photons: in order
to produce a monochromatic photon beam one needs to select a narrow cone around
the electron beam propagation axis by means of special collimators, which become quite
challenging at photon energies above 1 MeV [45]. So what really matters for experiments
and applications of the collimated photon beams, is the number of photons N bw carried
by the back-scattered radiation pulse within such a small angle, and the rms bandwidth
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associated with it ∆νp - that is the concept of spectral luminosity and spectral density,
which are the real figure of merit for Nuclear Physics and Photonics applications. The
Spectral Density, defined as

SD =
N bwr√
2π∆νp

(1.2)

is typically expressed in units of photons/s· eV. Various generations of γ-ray sources
have improved this figure of merit, from values of the order of 1 for bremsstrahlung
sources, to about 100 for the present HIγS facility [38], toward the 104 range which is the
goal of ELI-NP-GBS.

The strategy to achieve such an impressive upgrade in the performances is to adopt
a multi-bunch operation mode for the electron Linac and to recirculate the laser pulse
as many times as possible at the IP. In this way we will combine the capability of a
RF Linac driven by high brightness photo-injector to provide outstanding peak electron
beam quality in the single bunch with a higher repetition rate than the one typical of
such Linacs (100 Hz). Since the laser pulse carries about 1018 photons at the IP, but only
107 photons maximum are back-scattered at each collision (in other words the electron
beam is almost transparent to the laser pulse), then we can conceive to re-use the laser
pulse and bring it back to a new collision at the same IP with a new fresh incoming elec-
tron bunch. This requires a Linac able to operate in multi-bunch mode and an optical
device able to recirculate the laser pulse.

Such an advanced and innovative laser re-circulator is under test by the EuroGam-
maS collaboration and will be integrated in the ELI-NP-GBS installation phase starting
end of this year 2015, for a full description of this new optical device see Refs. [46, 47].
Due to several constraints to fulfill in its design, concerning mirror quality, damage
threshold, alignment and synchronization of the 2 parabolic mirrors and the 32 plane
mirror pairs (a challenging 20 µm and 20 µrad alignment tolerance is required), the focal
length of the parabolic mirrors has been set at 1.2 m, implying a round-trip time for the
laser pulse of about 16 ns. A total of 32 round-trips have been designed and carefully
simulated with a physical laser transport simulation code in order to asses the quality
of the laser pulse at the IP at any round-trip. The expected performance is quite close to
100% in the total accumulated spectral density over the 32 pulses as far as the 32 electron
bunches will collide at the IP with same constant beam quality over the multi-bunch
train. The time structure of the generated γ-ray pulses will be therefore made of 32 pulse
long trains repeating at 100 Hz (10 ms far apart), consisting of 32 micro-pulses separated
by 16 ns (each micro-pulse with rms pulse length of 0.7− 1 ps).

In order to generate the high brightness electron beam requested, ELI-NP-GBS adopts
an S band photo-injector coupled to a C-band high gradient RF Linac capable to bring
the electron beam up to a maximum energy of 750 MeV with outstanding beam qual-
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ity [48]. An innovative C-band High Order Mode damped RF cavity has been conceived
and designed in order to avoid emittance and energy spread degradation due to the
Beam Break-Up (BBU) instability along the Linac over the 32 multi-bunch train. The low
level RF tests successfully conducted at INFN-LNF were followed by successful high
power tests with achievement of the nominal 33 MeV/m accelerating gradient in the
accelerating structures with the requested rejection level of high order RF modes which
are potentially dangerous for BBU [49].

Thanks to these advanced components and to many other devices developed specif-
ically for the ELI-NP-GBS (like the collimator-characterization stage for the γ photon
beam), the expected performances are at least two orders of magnitude higher than the
present state of the art, in terms of bandwidth, brilliance and spectral density. These are
summarized in the Table 1.1.

The lay-out of the machine is shown in Fig. 1.1. Downstream the photo-injector, a
first Linac section brings the electron beam energy up to 350 MeV and a first dogleg de-
livers the beam to the low energy IP. The second part of the Linac raises the beam energy
up to 750 MeV delivering the beam to the high energy IP through a second dogleg. The
total length of the machine is about 90 m.

The completion of ELI-NP-GBS by EuroGammaS is foreseen by the end of 2018.
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Table 1.1: ELI-NP-GBS expected performances: ranges for electron beam, laser pulse and γ-ray
photon beam parameters are listed.

Electron beam parameters
32 bunches per RF pulse, 16 ns separation bunch-to-bunch, 100 Hz rep rate

Mean energy [MeV] 75− 750

Bunch charge [pC] 25− 250

Bunch length [µm] rms 200− 300

Total projected rms transverse emittance x,y [mm·mrad] 0.3− 0.5

Relative rms energy spread [%] 0.05− 0.1

Focal spot size x,y [µm] rms 15− 18

Laser parameters
100 Hz repetition rate

Laser pulse energy [J] 0.2− 0.4

Laser wavelength [nm] 515

Laser photon energy [eV] 2.4

Laser pulse length [ps] rms 1.5

Laser focal spot size w0 [µm] 28

Laser rms bandwidth < 0.1

Laser M2 < 1.2

Laser parameter a0 0.02− 0.04

Collision angle α [o] 172

Laser repetition rate [Hz] 100

Recirculator rate per laser pulse 32

γ-ray Photon beam parameters

Mean energy [MeV] 0.2− 19.5

Spectral density [ph/s·eV] 0.5− 2 · 104

Relative rms bandwidth [‰] 2− 5

Collimation angle [µrad] 60− 400

Number photons per shot within collimation angle 1.1− 3.5 · 105

Number photons per second within collimation angle 0.3− 1.1 · 109

Source size x,y [µm] rms 10− 20

Peak brilliance [ph/s·mm2·mrad2·0.1%] 2 · 1019 − 4 · 1021

Radiation pulse length [ps] 0.7− 1
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Figure 1.1: ELI-NP-GBS schematic layout.





CHAPTER 2

Inverse Compton scattering of an electron and a photon

2.1 Kinematics of the interaction

Let us consider the scattering between an electron and a photon both moving in the
laboratory frame (LAB). Without loss of generality we can set the incoming electron
momentum p

i
along the z direction as in Fig. 2.1. The incoming photon momentum ~ki

draws the angle α close to 180o with the electron’s direction and the interaction occurs
at the origin of the axis. After the interaction the photon is scattered with momentum
~kf and angle θ, while the electron has momentum p

f
. In the following we will consider

laser photons with energy in the range of eV and electrons of MeV-GeV energy.

Figure 2.1: Geometry of the scattering. (x, y, z) is laboratory frame (LAB). The incoming electron
moves along z while the incoming photon along ek. The angle between their directions is α. The
emitted photon has direction n which draws an angle θ with the z axis and η with ek.

11
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This process is an elastic scattering (the incoming and emitted particles are the same)
and the total 4-momentum conservation before and after the scattering holds

Pi +Ki = Pf +Kf (2.1)

where

Pi =

(
Ee
c
, p
i

)
= (γimc, γiβimc)

and

Pf =

(
Es
c
, p
f

)
= (γfmc, γfβfmc)

are the incoming and emitted electrons 4-momenta, while

Ki =

(
hν0

c
, ~ki

)
=

(
hν0

c
,
hν0

c
ek

)
and

Kf =

(
hνp
c
, ~kf

)
=

(
hνp
c
,
hνp
c
n

)
are the ones of the photons before and after interaction respectively. ν0 is the frequency
of the incident laser photon, ek the unit vector of its direction, n is the direction of the
scattered photon, h the Planck constant, m = 511 keV/c2 the electron rest mass, β

i
and

γi the normalized velocity and the Lorentz factor of each electron.

By squaring both sides of eq. (2.1), after some manipulations we obtain the frequency
of the emitted photon:

νp = ν0

1− ek · βi
1− n · β

i
+ hν0

γimc2
(1− ek · n)

(2.2)

This formula describes the frequency-angle correlation, which is a typical feature of
this kind of sources, and that permits to rule the bandwidth: the highest frequency of
the emitted radiation is at θ = 0 and decreases as shown in Fig. 2.2.
The maximum energy value corresponds to νp ' 4γ2

i ν0 in the Thomson approximation
on axis, this means that the incoming photon is boosted by a factor 4γ2

i by the relativistic
electron, therefore the emitted radiation is in the X/γ range.
If the electron and the photon are both moving along z in opposite direction, equation
(2.2) becomes

νp = ν0
1 + βi

1− βi + hν0

γimc2
(1− cos η)

(2.3)

which is independent from the azimuthal angle. This means that at a given angle from
the axis of propagation of the incoming electron, the energy is the same for every φ an-
gle, i.e. the energy decreases in circles around z (see Fig. 2.3).
The last term of (2.2) in the denominator is related to the quantum red shift and gains
importance as the electron energy goes into the GeV range, when the desired bandwidth



Inverse Compton scattering of an electron and a photon 13

is very thin or when the laser energy is extremely high.

For example, the head-on collision of a 400 MeV electron a 515 nm (equivalent to
2.4047 eV) photon gives in the Thomson regime hνmaxp = 4γ2

i hν0 = 5.9 MeV, while in
the Compton approximation (by taking into account the electron recoil through the en-
ergy conservation) gives hνmaxp = 5.8147 MeV.

Figure 2.2: Photon energy hνp [MeV] as a function of the angle θ [rad] result of the scattering of
an electron with 400 MeV energy and a laser of 515 nm wavelength.

The distributions of the radiation total energy a) and the intensity of the emitted ra-
diation b) as a function of the normalized photon frequency ν = νp/(4ν0γ

2
i ) are shown

in Fig. 2.4. We notice that the spectrum of the radiation is very broad, but the energy
angle correlation permits to obtain an almost monochromatic spectrum by selecting the
part of the radiation in a narrow θ angle.

It is also interesting to express eq. (2.2) in terms of wavelength:

λp = λ0

1− n · β
i

1− ek · βi
+

h

γimc

1− ek · n
1− ek · βi

. (2.4)

The first term on the right side of eq. (2.4) represents the classical Thomson effect, while
the second part describes the shift due to the electron recoil after the scattering.
We can also write eq. (2.4) in terms of the angles (see Fig. 2.1) as

λp = λ0

(
1− βi cos θ

1− βi cosα

)
+

h

γimc

(
1− cos η

1− βi cosα

)
.

The wavelength shift λp of the emitted photon is minimum (maximum energy gain)
when the incoming electron and photon are perfectly counter-propagating, i.e. α = π.
Under this hypothesis, the radiation emitted along the incoming electron direction (at
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Figure 2.3: Photon energy hνp distribution on a screen perpendicular to the z axis at 10 m down-
stream the interaction point, result of the scattering of an electron with 400 MeV energy and a laser
of 515 nm wavelength.

Figure 2.4: Photon energy a) and photon number b) distributions as function of the normalized
photon frequency.
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θ = 0) in the relativistic limit of βi → 1 is

λp = λ0
1− β2

i

(1 + βi)2
+

h

γimc

2

1 + βi
' λ0

4γ2
i

+
h

γimc
= λT + λR. (2.5)

The recoil, quantum effect, term λR goes to zero slower than the classical one λT as
γi grows, and at high values of γi it is even dominant as shown in graph a) of Fig.
2.5. In our range of interest (up to 1 GeV) the Thomson effect is definitely the domi-
nant effect (see graph b)) and the recoil effect, as reported in graph c), is of the order of
λR/λp ' 0.01− 0.03.

Calculating eq. (2.5) for some ELI-NP typical values, γi = 700, 1500 and λ0 = 515

nm, we obtain the values reported in the Table 2.1.

Table 2.1: Values of λT , λR and λp [m], for γi = 700, 1500 and λ0 = 515 nm.

γi λT [m] λR [m] λp [m]

700 2.958 · 10−13 3.726 · 10−15 2.995 · 10−13

1500 5.945 · 10−14 1.670 · 10−15 6.112 · 10−14

We notice that to neglect the recoil effect causes some percent shift in the wavelength
value, which is not a small shift compared to the relative bandwidth of 0.5% or even less
desired for the ELI-NP experiment.

2.2 Scattering cross section

Once a certain reaction is observed or predicted by the theory, the major concern is to
establish the probability of it to happen given the initial particles energies and momenta
(total cross section) and more into details, the probability that the particles are emitted at
specific angles (differential cross section). By integrating over the solid angle the latter
one we obtain the total cross section.

The first attempt of writing the electron-photon cross section was performed by Klein
and Nishina [52]: starting from the Dirac equation and assuming an interaction Hamilto-
nian based on a classical electromagnetic potential, they deduced the cross section in the
electron rest frame. This cross section σKN describes the Compton effect observed in the
first experiments [53] performed by illuminating with a Röntgen produced X radiation
a graphite thin target, in which the electrons are considered at rest.
A similar calculation is performed in Ref. [54] with the potential written as the sum of a
finite number of monochromatic plane waves. The time integration of the plane waves
leads to a Dirac delta in the matrix elements. The passage to the transition probability
involves the squaring of the delta function, which is problematic procedure under the
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Figure 2.5: Wavelength of the emitted photon λp [m] as a function of γi, for λ0 = 0.515µm. The
contributes of the Thomson effect only λT and of the electron recoil λR [m] are also shown.
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mathematical point of view.
The analysis of scattering experiments between electron and photon beams, requires the
use of the scattering cross section for electron-photon particles both in motion. Since the
theory is relativistic, the result expressed by the Klein and Nishina formula is supposed
to be generalized to the case p

i
6= 0 with an appropriate Lorentz transformation. This

transformation acts on the photon’s 4-momentum K and polarization vectors ελ(k) with
λ = 0, 1, 2, 3, which are related to the plane waves of the electromagnetic field potential
Aµ(x, t). In each inertial frame, only the vectors whose index is λ = 1, 2 correspond to
physical photons. This choice is not covariant: for this reason the Lorentz transformation
has to be associated to a gauge transformation or it is necessary to consider the transfor-
mation law of the electromagnetic field’s tensor and to write the electric field through
the vectors ελ(k).
Such dissertation is reported in Jauch-Roerlich [55] following the Feynman-Dyson dia-
grams method.
An alternative method is presented in Ref. [56], where the Klein and Nishina expression
is transformed to laboratory frame where both particles are moving by using the Lorentz
transformations.
The [59] approach is similar to the latter one, except the fact that the Lorentz transfor-
mations are applied to the electric field instead that to the vector potential, avoiding the
necessity of a gauge transformation (see B).
In the following we resume the results of the [60] method based on Dyson-Feynman di-
agrams and Mandelstam invariants, which constitutes the theoretical framework of the
Monte Carlo code CAIN [61, 62] we use for our simulations.
In appendix A, we present a rigorous method to obtain the inverse Compton cross sec-
tion in the general case of not null initial momentum of the electrons from a pure QED
calculation, avoiding the usual approaches based on the derivation of this cross section
either from the Klein and Nishina formula and the Lorentz transformations or through
Dyson-Feynman diagrams and Mandelstam invariants.

2.2.1 Unpolarized differential cross section

The differential cross section for an unpolarized photon by an unpolarized electron,
without regard to their polarization after the scattering is given by [60]

dσ = 8πr2
e

(mc)2dt

(s− (mc)2)2

[(
(mc)2

s− (mc)2
+

(mc)2

u− (mc)2

)2

+(
(mc)2

s− (mc)2
+

(mc)2

u− (mc)2

)
− 1

4

(
s− (mc)2

u− (mc)2
+
u− (mc)2

s− (mc)2

)]
(2.6)

where s, t, u are the Lorentz invariant quantities called Mandelstam invariants de-
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fined as 

s = (Pi +Ki)
2 = (Pf +Kf )2 = (mc)2 + 2PiKi = (mc)2 + 2PfKf

t = (Pi − Pf )2 = (Kf −Ki)
2 = 2((mc)2 − PiPf ) = −2KiKf

u = (Pi −Kf )2 = (Pf −Ki)
2 = (mc)2 − 2PiKf = (mc)2 − 2PfKi

s+ t+ u = 2(mc)2

(2.7)

with Pi, Ki, Pf and Kf the 4-momenta satisfying eq. (2.1).
This equation expresses the cross section in terms of invariant quantities, allowing

therefore to write it easily in terms of the collision parameters in any reference frame.

In the laboratory frame in which the electron is at rest before the collision (ERF),
Pi = (mc, 0, 0, 0), the Mandelstam invariants are

s− (mc)2 = 2mhν′0 u− (mc)2 = −2mhν′p t = −
2h2ν′0ν

′
p

c2
(1− cos θ′) (2.8)

and eq. (2.2) gives in this frame (β
i

= 0, γi = 1)

ν′p = ν′0
1

1 +
hν′0
mc2 (1− cos θ′)

(2.9)

where ν′0 and ν′p are the photon frequencies before and after scattering in ERF and θ′ the
angle between their directions (see Fig. 2.6).

Figure 2.6: Scattering geometry in ERF: the incoming photon of frequency ν′0 hits the electron at
rest, the electron is scattered and the emitted photon has frequency ν′p and its direction forms an
angle θ′ with the incoming photon one.

By using eq. (2.9) we obtain

dt = −
2h2ν′p

2

c2
d cos θ′ =

2h2ν′p
2

c2
sin θ′dθ′.
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If we plug all of these equations in (2.6) we obtain the Klein-Nishina differential cross
section [52]

dσ

dΩ′
=
r2
e

2

(
ν′p
ν′0

)2(
ν′0
ν′p

+
ν′p
ν′0
− sin2 θ′

)
(2.10)

with dΩ′ = sinθ′dθ′dφ′. Since eq. (2.9) sets a biunivocal correspondence between fre-
quency and angle in ERF, the cross section can be expressed in terms of θ′ as

dσ

dθ′dφ′
= r2

e

(
2

2 + ∆(1− cosθ′)

)2(
1 + cos2θ′

2

)
·(

1 +
∆2(1− cosθ′)2

2(1 + cos2θ′)(2 + ∆(1− cosθ′))

)
sinθ′ (2.11)

where

∆ = 2hν′0/mc
2 (2.12)

is the parameter describing the effect of the recoil of the electron on the emitted radiation
frequency value. Equation (2.9) also determines the limit values for the energy of the
emitted photon in ERF:

hν′p
max

= hν′0 for θ′ = 0

hν′p
min

=
hν′0

1 + ∆
for θ′ = π.

(2.13)

If the energy of the incoming photon is much smaller than the electron rest mass,
i.e. hν′0 � mc2 or ∆ � 1, then hν′p ≈ hν′0 and (2.10) turns into the classical Thomson
formula.

The total cross section can be obtained from eq. (2.11) by integrating over θ′ and φ′

σtot = 2πr2
e

1

∆

[(
1− 4

∆
− 8

∆2

)
log(1 + ∆) +

1

2
+

8

∆
− 1

2(1 + ∆)2

]
(2.14)

and 
lim

∆→0
σtot =

8πr2
e

3
(1−∆) = σT (1−∆) non-relativistic case

lim
∆→∞

σtot =
2πr2

e

∆

(
log ∆ +

1

2

)
ultra-relativistic case.

(2.15)

For example, the recoil parameter ∆ associated with the head-on scattering of an
electron at Ee = 400 MeV and a photon with hν0 = 2.4047 eV (these energies are in LAB)
is given by

∆ =
2hν′0
mc2

=
4γihν0

mc2
= 7.37 · 10−3
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Figure 2.7: Total Compton cross section normalized by the total Thomson cross section as a func-
tion of the recoil parameter ∆.

since the relativistic Döppler effect rules the transformation of the photon energy from
LAB to ERF by means of the formula

hν′0 = hν0γi(1− βi · ek). (2.16)

The differential cross section shape as a function of the angle θ′ in ERF, which is the
angle between the incoming and the emitted photon directions, is reported in Fig. 2.8
for different values of the recoil parameter ∆.

Figure 2.8: Differential Compton cross section dσ/dΩ′ in ERF normalized by r2
e as a function of θ′

[rad] for different values of ∆: 7.37 · 10−4 a), 7.37 · 10−3 b), 7.37 · 10−2 c), 0.737 d).
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2.2.2 Polarized differential cross section

The Lorentz invariant form for the differential cross section for an unpolarized electron
with a polarized photon is [60]

dσ

dY dφ
=

2r2
e

X2

{(
1

X
− 1

Y

)2

+
1

X
− 1

Y
+

1

4

(
X

Y
+
Y

X

)
−

(Si3 + S̃3)

[(
1

X
− 1

Y

)2

+
1

X
− 1

Y

]
+ Si1S̃1

(
1

X
− 1

Y
+

1

2

)
+

Si2S̃2
1

4

(
X

Y
+
Y

X

)(
1 +

2

X
− 2

Y

)
+ Si3S̃3

[(
1

X
− 1

Y

)2

+
1

X
− 1

Y
+

1

2

]}
(2.17)

where X and Y are the Lorentz invariant quantities defined as

X =
s− (mc)2

(mc)2
Y =

u− (mc)2

(mc)2
(2.18)

and Si, S̃ are the Stokes parameters described in the following.

Si = (Si1, S
i
2, S

i
3) are the Stokes parameters of the incoming photon defined in the

coordinate system given by the right-handed orthonormal basis (e1, e2, ek). ek is the
direction of the incoming photon, e1 the versor perpendicular to the scattering plane

e1 =
ki × kf
|ki × kf |

(2.19)

and the versor e2 is given by

e2 =
ki × e1

|ki × e1|
. (2.20)

The polarization vector ε of the incoming photon, lies in the plane orthogonal to ek and
can therefore be written as

ε = (ε · e1)e1 + (ε · e2)e2 = ε1e1 + ε2e2. (2.21)

The Stokes parameters Si are defined by the following relation with the photon den-
sity matrix [67]

ρ =

(
ε21 ε1ε

∗
2

ε2ε
∗
1 ε22

)
=

1

2

(
1 + Si3 Si1 − iSi2
Si1 + iSi2 1− Si3

)
. (2.22)

Each parameter has value between 1 and −1 and they represent

• Si1 = ε1ε
∗
2 + ε2ε

∗
1 → linear polarization along the direction e1+e2√

2
or e1−e2√

2
;

• Si2 = i(ε1ε
∗
2 − ε2ε∗1)→ circular polarization clockwise or counterclockwise;
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• Si3 = ε21 − ε22→ linear polarization along the direction e1 or e2.

S̃ are the Stokes parameters describing which would be the polarization of the emit-
ted photon if it was measured by a detector, not the final polarization of the photon itself.
S̃ are defined in the coordinate system given by the right-handed orthonormal basis (ẽ1,
ẽ2, n).
The final polarization of the emitted photon will be discussed in the next section and it
will be described by the Stokes parameters S.

If we disregard the polarization of the emitted photon, by averaging and summing
over the emitted photon polarizations (setting S̃1,2,3 = 0 in eq. (2.17) and multiplying by
2 the result), the cross section becomes

dσ

dY dφ
=

4r2
e

X2

{
(1− Si3)

[(
1

X
− 1

Y

)2

+
1

X
− 1

Y

]
+

1

4

(
X

Y
+
Y

X

)}
. (2.23)

and it only depends on Si3.

As we said, Si3 is defined with respect to a coordinate system defined by the scat-
tering plane. If we consider the head-on scattering of a photon and an electron propa-
gating along z, any possible scattering plane is univocally defined by the z axis and the
azimuthal angle φ calculated counter-clockwise starting from the x axis (see Fig. refs-
cattplane).

Figure 2.9: Geometry of the interaction. The incoming electron moves along ez while the incoming
photon is characterized by ek = −ez . The emitted photon has direction n which, together with ek,
defines the scattering plane. The angle between the scattering plane and the x axis is the azimuthal
angle φ.
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Since the polarization 3-vector ε is orthogonal to the photon momentum direction
ek = −ez , if the incoming photon is linearly polarized, ε can be expressed in the labora-
tory frame as

ε = cos τex + sin τey (2.24)

in terms of the azimuthal angle τ of the polarization vector calculated counter-clockwise
starting from the x axis as shown in Fig. 2.10.

Figure 2.10: Scattering geometry in the transverse plane x, y (the z axis exits the page). The angle
between the x axis and polarization vector ε calculated counter-clockwise is τ .

By inserting eq. (2.24) into eq. (2.21) we obtain

ε1 = − sin(τ − φ) ε2 = − cos(τ − φ). (2.25)

and we can therefore express the Stokes parameters Si in terms of the LAB reference
frame versors (ex, ey , ez):

Si1 = Pl sin(2τ − 2φ), Si2 = Pc, Si3 = −Pl cos(2τ − 2φ) (2.26)

where Pl and Pc are the degrees of linear and circular polarization of the incident pho-
ton.

Plugging eq. (2.26) in eq. (2.23) we obtain
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(2.27)
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We can notice that the differential cross section has different behaviors depending on the
polarization of the incoming photon: if the incoming photon is linearly polarized, i.e.
Pl 6= 0, the differential cross section depends on the azimuthal angle and it is therefore
asymmetric in φ; otherwise (for unpolarized or circular polarized incoming photon) it is
symmetric in φ. In Fig. 2.11 is reported the intensity of the radiation on a screen at 10 m
from IP produced by the scattering of a 400 MeV electron colliding head-on with a laser
circularly polarized (left) and linearly polarized in y (τ = π/2) direction (right).

Figure 2.11: Intensity of the emitted radiation on a screen at 10 m from the IP due to the interaction
between a 400 MeV electron and 515 nm wavelength photon beam with circular polarization (left)
and linear polarization along y (right). The units for x and y are mm.

2.3 Polarization of the emitted photon

The polarization of the emitted photons can be obtained by using a quantum model with
the same approach adopted in the precedent section (an alternative quantum approach
leading to the same results is reported in Appendix B). We also report a classical model.

2.3.1 Quantum model

The differential cross section (2.17) can be rewritten as

dσ

dY dφ
=

2r2
e

X2

(
F0 +

3∑
i=1

FiS̃i

)
(2.28)

S̃ are the Stokes parameters describing which would be the polarization of the emitted
photon if it was measured by a detector, they depend on the detectors setup. The term∑3
i=1 FiS̃i means that if one observes the polarization s, the probability to be found in a
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state ±s is given by [60, 62]
2r2
e

X2

(
F0 +

3∑
i=1

Fisi

)
.

The final polarization of the emitted photon, ones the energy hνp and the azimuthal
angle φ are defined, is

S =
Fi(hνp, φ)

F0(hνp, φ)
. (2.29)

Let us consider again the head-on scattering depicted in Fig. 2.24. If we also take into
account the fact that the θ angle is small in the relativistic case, especially for the most
energetic photons, we can write [38] the Stokes parameters S̃i as a function of Ŝi which
are the same parameters expressed in the (ex, ey , ez) frame (basically it is a rotation
around z):

S̃1 ≈ −Ŝ1 cos 2φ+ Ŝ3 sin 2φ

S̃2 ≈ Ŝ2

S̃3 ≈ −Ŝ1 sin 2φ− Ŝ3 cos 2φ

(2.30)

By substituting eq. (2.26) and (2.30) in (2.28) we have
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(2.32)

Finally, the emitted photon final polarization expressed through the Stokes parame-
ters in the LAB frame is given by

S =
Φi(hνp, φ)

Φ0(hνp, φ)
. (2.33)
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Figure 2.12: Stoke parameter 〈S3〉. Laser polarization: τ = π/2 and Pl = 1 (S = (0, 0,−1)).
Transverse distribution on a screen at 10 m from the IP. x, y coordinates expressed in mm.

2.3.2 Classical model

In the classical model [63], the electric field of the radiation in the far field approximation
is given by:

E =
e

c

[
n× ((n− β

i
)×

.

β
i
)

(1− β
i
· n)3R

]
ret

(2.34)

where n = (sinθcosφ, sinθsinφ, cosθ) is the direction of the observer at distanceR, β
i

and
β̇
i

are respectively the velocity and the acceleration of the electron, and the expression is
calculated at the retarded time.

The motion equation can be cast in the form:

β̇
i

= − e

mcγi

[
EL

(
1− β

i
· ek
)

+ β
i
· EL(ek − βi)

]
whereEL is the laser electric field. If the laser propagation direction is along z (ek = −ez)
and its polarization linear and directed along y, the acceleration is proportional to the
vector

λ = ey(1 + βz) + βy(−ez − βi).

Supposing for the sake of simplicity β
i

= βzez , in the linear limit (the velocity is consid-
ered not altered by the scattering) we obtain:

n× ((n− β
i
)× λ) =

(1 + βz)
[
ey(−n2

x − nz(nz − βz)) + exnxny + eznx(nz − βz)
]
.

(2.35)
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Figure 2.13: Distribution of the radiation intensity along x (red) and y (blue).

The asymmetry of the radiation spot can therefore be deduced directly from (2.35),
because:

|E|2(x, y = 0) =
4e4E2

L

m2c4γ2
i (1− βz zR )6R2

(
− 1

2γ2
i

+
y2

R2

)2

(2.36)

while:

|E|2(x = 0, y) =
e4E2

L

m2c4γ6
i (1− βz zR )6R2

. (2.37)

In Fig. 2.13 the profiles of the radiation along x and y are shown.
The relevant Stokes parameter S3 is therefore:

S3 =
|Ex|2 − |Ey|2

|E|2
=
− 1
γ4
i
− 2

γ2
i
sin2θcos2φ− sin4θcos4φ

1
γ4
i

+ 2
γ2
i
sin2θcos2φ+ sin4θ

(2.38)

and it vanishes at z = R along the four curves:

y = ±x±

√
2x2 +

R2

γ2
i

(2.39)

Formula 2.38 can be analyzed in the limit θ � 1/γi (γisinθ � 1) giving:

S3 = −
[
1− 3γ4

i sin
4θ(1− cos4φ)

]
(2.40)

while, if θ ≥ 1/γi (γisinθ � 1)

S3 = −
[
cos4φ−+

cos2φ

γ2
i sin

2θ
(1− cos4φ)

]
(2.41)
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Figure 2.14: Stokes parameter S3 and level lines of radiation intensity in the plane (x/R, y/R) (R
being the distance between the source and the observation plane), a) Ee = 5.3 MeV, b) Ee = 53

MeV c) Ee = 530 MeV d) Ee = 2000 MeV . Classical treatment. In white, the circle 1/γi. The
dashed curves are the solution of equation 2.39.
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showing the typical structure of a double cross. The central part of the pulse, within
the 1/γi circle, has almost the same polarization of the laser beam. At the border and out-
side this circle, the polarization changes, forming optical vortexes. Along the diagonals,
polarization along x is dominant. Fig. 2.14 represents the Stokes parameter for linear
polarization as given by a classical Thomson code [65] on a screen, with electron beams
with energies of 5MeV , 53MeV , 530MeV and 2GeV . The portion of the screen shown
in the figures scales as 1/γi. With increasing γi, the polarization presents an almost com-
plete similarity. Instead, the intensity, with increasing γi, develops a more pronounced
dipolar structure and higher wings.

For a circular polarization, the Stokes parameter:

S2 =
|Er|2 − |El|2

|Er|2 + |El|2
(2.42)

withEr andEl clockwise and counterclockwise components of the electric field, van-
ishes on the circle θ = 1/γi and the profiles along ξ = x, y are given by:

|Er|2 =
2eE2

L

m2c4γ2
i (1− βz zR )6

ξ4

R6
. (2.43)

In the linear approximation, the radiation intensity (2.36), (2.37) and (2.43) are pro-
portional to the laser intensity |EL|2, while the Stokes parameters (2.38) and (2.42) turn
out to be independent of it.





CHAPTER 3

Inverse Compton scattering of beams

The features of the emitted γ beam are determined by the characteristics of the incoming
beams, therefore accurate simulations of the electron beam and laser pulse interaction
are needed in order to obtain reliable predictions. The particle-particle scattering has to
be applied to all the elements constituting the primary beams with the aim of describing
the beam-beam interaction. After some general considerations about the beam-beam
scattering and some scaling laws, we introduce the code CAIN, which is the main code
used for our simulations. A simulation performed with ideal beams is reported and
discussed.

3.1 Beam-beam scattering

An electron beam and a laser pulse with distributions fe(r, p, t) and fL(r, k, t) respec-
tively, are moving in opposite directions in the laboratory. The number of emitted pho-
tons per unit time dt and phase space volume dp dk dV generated in the interaction is
defined as

dN(r, p, k) = σtot(p, k)c(1− β
i
· ek)Nefe(r, p, t)NLfL(r, k, t)dp dk dV dt (3.1)

where σtot is the total Compton cross section (2.14) which depends only on the momenta
of the incoming electron and photon, Ne and NL are the total number electrons and
photons and c(1− β

i
· ek) is the relative velocity of the two beams. The total number of

scattered photons can be obtained by integrating eq. (3.1) on time, volume and momenta.

In the simplest case of an head-on collision occurring at waists of both beams, the
number of photons per shot can be approximated by

N = Lsσtot '
NeNLσtot

2πΣi
(3.2)

where

Σi =

√
σ2
x +

w2
0

4

√
σ2
y +

w2
0

4
, (3.3)
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Ls is the single collision luminosity, σx and σy are the transverse rms sizes of the electron
beam and w0 the laser focal spot size. Equation (3.2) is valid whenever we can neglect
the diffraction of both the electron beam and the laser beam across the interaction (focal)
plane.
This formula shows in first approximation the main ingredients needed to maximize the
number of γ scattered photons: a high density of both electron and laser beams is neces-
sary to compensate the low value of the Compton cross section which is of the order of
one barn; it is also essential a precise space overlap and synchronization of the beams,
correctly focalized at the interaction point.

In terms of operative quantities eq. (3.2) can be calculated as

N ' 4.12 · 108 EL[J ]Q[pC]

hν0[eV ]Σi[µm2]
(3.4)

with EL laser pulse energy, Q electron bunch charge, hν0 laser photon energy and Σi as
in eq. (3.3).

Since N represents the total number of scattered photons per shot over the entire
solid angle and the entire energy spectrum (from the minimum energy up to the maxi-
mum one, at the Compton edge), we should instead consider the beam of photons which
is emitted within a small solid angle. It is in fact by selecting the part of the beam close
to the emission axis (where the most energetic photons are emitted) that we create a high
energy and quasi-monochromatic γ beam. The monochromaticity is measured in terms
of relative bandwidth ∆νp/νp, defined as the ratio between the rms and the mean fre-
quency values. From the computational point of view, the bandwidth is calculated on
the photons emitted inside a cone defined by a maximum angle θmax around the mean
direction of the electrons (usually the z axis).

The value of the bandwidth can be expressed in terms of the laser and the electron
beam parameters as shown by the following formula 1:

∆νp
νp
'

√(
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√
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+ 2
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(
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+

(
M2λ0
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)4

+

(
a2

0/3

1 + a2
0/2

)2

. (3.5)

Ψ = γθmax is the acceptance angle, σx and εn are the rms spot size at interaction point
and the normalized projected emittance of the electron beam (the electron beam is sup-
posed symmetric for simplicity) and ∆γ/γ is the electron beam energy spread. ∆ν0/ν0

is the laser bandwidth, M2 the laser quality factor, λ0 the laser wavelength, w0 the laser
focal spot size and a0 = 4.3(λ0

√
EL/σzL)/w0 (dimensionless amplitude of the vector

potential associated to the laser e.m. wave) with EL the energy of the laser and σzL the
rms laser pulse length. This formula has been obtained by both analytical calculations

1This is the updated version of the bandwidth value estimation formula reported in Ref. [59].



Inverse Compton scattering of beams 33

and simulations on various kind of beams. The different contributions to the bandwidth
increase are summed quadratically. In particular, the link between the bandwidth and
the emittance of the electron beam is difficult to define, since the emittance and the ac-
ceptance angle are correlated in the contribution to the bandwidth spread. Formula
(3.5) holds in small θ angle approximation and it shows a very good agreement with
the simulations in the ELI-NP-GBS range of parameters (some examples are reported in
the next chapter). The last term represents the non-linear effects due to the laser inten-
sity: when the laser parameter a0 is not much smaller than 1, multi-photon absorption
starts being effective and the radiation spectrum is significantly modified in shape and
frequency distribution [71]. Narrow bandwidth ICS, as those for Nuclear Physics and
Photonics, must minimize these non-linear effects by using laser pulses characterized by
small value of a0. In case of ELI-NP-GBS we have, at maximum, a0 = 0.04.

3.2 Simulation Codes

The simulations for the ELI-NP Gamma Beam System are mainly performed by means
of the Monte Carlo code CAIN [62].
The CAIN results have been also compared to ones given by the classical nonlinear code
TSST [65] and by a semi-analytical quantum code (see [59] for a detailed dissertation).
In the following we present the structure of the code CAIN and an example of simula-
tion performed using ideal electron beams.
We have also developed a Monte Carlo event-generator code (Compton Monte Carlo
Code - CMCC): a brief description and comparison with CAIN results is reported in Ap-
pendix B.

3.2.1 CAIN code

CAIN is a well known and benchmarked [38] Monte Carlo code developed by K. Yokoya
[61]. For the particle-particle scattering it follows the QED Landau-Lifshitz approach
that we resumed in the previous chapter. The extension to real beams interaction is
based on the Monte Carlo probabilistic method. This code takes into account all the lin-
ear Compton scattering features comprise the scattering angle α, the multiple scattering
and the emitted photons polarization.

The electron beam can be generated by the code according to the parameters given
in the input file, or it can be inserted from the user by an external file. We usually apply
the latter option. The laser beam has a Gaussian distribution defined by the parameters
given in the input file and it is supposed to be transform limited. The laser beam is de-
fined in its own coordinate systems (xL, yL, zL) as shown in Fig. 3.1.
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Figure 3.1: Beam-beam scattering geometry. The beams interact at their waists. α is the collision
angle between the directions of the two beams. The laser proper coordinate system is (xL, yL, zL).

The particles inside the two beams are clustered into macroparticles during the sim-
ulation. Each macroparticle is constituted by a certain number of real particles (the total
number of particles in the beam divided by the number of macroparticles used in the
simulation) with the same position, momentum and energy values. Also the emitted
photons are expressed in terms of macroparticles: the number of real photons is calcu-
lated only at the end of the process using the so called ”weight” of the macrophotons.

Let us briefly describe the algorithm.

• The simulation starts at t = 0 and it is divided in time steps. Each macroelectron is
tracked separately.

• The tracking of the i-th macroparticle starts: the position of the macroparticle and
the local vector of the laser are calculated.

• The Compton scattering event is sampled with a rejection method which compares
a random number r1 ∈ (0, 1) with the normalized to 1 value of σtot(p, k), which is
the total Compton cross section (2.14). σtot(p, k) depends only on the momenta of
the incoming electron and photon and is proportional to the probability of a photon
being emitted. Only the Lorentz transformation (2.16) of the laser frequency to the
ERF is needed at this step. If r1 ≥ σtot the event is rejected and the code moves to
the next macroparticle, otherwise a photon is generated.

• If a photon is generated, the code moves to the macroelectron’s rest frame ERF.
Here the differential cross section (2.27) integrated over the azimuthal angle φ is
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used to sample the emitted photon energy. A random value e of the photon en-
ergy is generated and plugged in dσ/dY . Another random number r2 ∈ (0, 1) is
generated. If r2 ≥ dσ(e)/dY , the energy value is rejected and the energy sample
repeated, otherwise the emitted photon energy is decided.

• The azimuthal angle is sampled by using the differential cross section (2.27).

• The polarization of the emitted photon, as described in Section 2.3.1, and the fea-
tures of the scattered electron are calculated.

• The code by Lorentz transforming all the involved quantities moves back to LAB
frame and the next macroparticle is considered.

• When all the macroparticles are considered, the code moves to the next time step.

Any further information is contained in the CAIN manual [62].

Remark. The CAIN version we use is the Unix one. The Windows version contains a bug: the
transverse momenta of the emitted photons are slightly underestimated. This doesn’t affect the
total number of photons, but creates problems in the bandwidth computation.

3.2.2 Example of simulation with ideal beams

An ideal electron beam has been built by adding one by one the typical characteristics
of its phase space distribution: by means of the following simulations the link between
the electron beam features and the emitted photon beam is shown. We will see how the
spectrum, the bandwidth and the number of photons change while the electron beam
changes. At first we consider a completely monochromatic beam, beam A: in this case
the interaction can be seen as a single electron-laser interaction. In beams B and C we
add the transverse dimensions σx, σy (supposing σx = σy) and the energy spread. Beam
D is obtained by removing σx, σy and by adding the transverse momenta (px = py). The
final beam (E) is comprehensive of all the mentioned features.

Table 3.1 reports the varying parameters of the five sample electrons beams. The
common values are the charge of 250 pC and the length of the beams, σz = 280 µm.
The electrons collide with a 515 nm wavelength laser with w0 = 28 µm, energy 0.4 J,
length 1.5 ps and linear polarization along the y axis (horizontal direction). The collima-
tion angle θmax is fixed at 160 µrad, while the collision angle is α = π (head-on collision).

The electron beam E features are presented in details in Fig. 3.2: transverse distribu-
tion in x, transverse momentum distribution px and the graph of x vs px. In the bottom
line the longitudinal space and momentum distributions are reported.

The total number of photons obtained by the collision of beam A is N = 8.6 · 107 and
as we can see in graph a) of Fig. 3.3 the spectrum is very broad, ranging between 4 eV
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Table 3.1: Ideal beam features used in the simulations.

Beam σx [µm] ∆γ/γ σpx [keV/c] εn [mm·mrad]

A 0 0 0 0

B 18 0 0 0

C 18 8.25 · 10−4 0 0

D 0 8.25 · 10−4 15 0

E 18 8.25 · 10−4 15 0.53

Figure 3.2: Ideal electron beam E features: px [MeV/c] as a function of x [µm] x [µm] and distri-
butions of x [µm], px [MeV/c], z [µm], Ee [MeV].
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and 5.81 MeV. The thin and highly monochromatic part of the beam selected by the col-
limation angle is presented in terms of spectrum in graph b) and in red in the transverse
plane in window c).

Figure 3.3: Result of the beam A simulation: emitted photons spectrum dN/dhνp [arb. units] as
a function of energy hνp [MeV] and transverse distribution at the IP [µm]. Total beam in black,
collimated beam in red.

We are interested in the value of bandwidth and in the number of corresponding pho-
tons N bw: the results of the simulations are reported in Table 3.2. Since CAIN takes into
account the possibility that an electron undergoes more than one collision by passing
through the laser beam (multiple scattering), we distinguish between the first genera-
tion emitted photons and the next generations (in this case up to the third). The second
and third generations emitted photons contribute to the presence of lower energy pho-
tons within the collimation angle: they create a long tail (see Fig. 3.4) in the collimated
spectrum which affects the calculation of the rms bandwidth. Table 3.2 shows that this
effect is important for the more ideal beams, while tends to vanish in cases D and E. In
Fig. 3.5 the particles which constitute the tails in the collimated spectra (especially for
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beams A, B, C) are clearly visible.

Table 3.2: Results of the simulations performed using the electron beams described in Table 3.1.
The values of bandwidth and corresponding number of photons are reported considering all the
photons (columns 2-3) and only the first generation photons (columns 4-5).

All photons I gen photons only

Beam ∆νp/νp [‰] N bw ∆νp/νp [‰] N bw

A 5.19 1.94 · 106 4.43 1.89 · 106

B 4.91 7.39 · 105 4.43 7.27 · 105

C 5.17 7.39 · 105 4.70 7.27 · 105

D 7.46 1.93 · 106 6.90 1.88 · 106

E 7.26 7.28 · 105 6.90 7.16 · 105

Beams A and B exhibit the same collimated spectra shape (Fig. 3.4) and a very similar
value of bandwidth, but N bw in case B is much lower. This is due to the fact that in case
B the electrons do not interact any more with the most intense part of the laser only (the
laser transverse distribution is also a Gaussian).

Figure 3.4: Spectrum of the emitted photons dN/dhνp [arb. units] in the collimation angle as a
function of energy hνp [MeV] obtained by the interaction of the electron beams reported in Table
3.1. The spectra colors are related to the electron beam as follows: A black, B dark cyan, C blue, D
red, E magenta.

In case C we notice a slight bandwidth enlargement: even though the electrons are
still moving parallel to the z axis, the energy spread causes a degradation of the spec-
trum. N bw is not affected.
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By removing the transverse distribution as in case D, the N bw returns to case A value
(only the central part of the laser is involved). On the other hand, the transverse mo-
menta, even if their value is contained, cause a strong enlargement of the bandwidth.
The final beam E couples the bandwidth and N bw degradation, while the shape of the
spectrum is the same as case D.

This simulation is just an example: the correlations between the various parameters
are very complicated, especially when dealing with realistic beams. It is therefore nec-
essary to simulate each interaction in order to obtain reliable previsions on the emitted
photons features.
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Figure 3.5: Energy of the emitted photons hνp [MeV] in the collimation angle as a function of θ
[µrad] for the five electron beams simulations.



CHAPTER 4

ELI-NP γ beam simulations

The general electron and laser beams parameters of the ELI-NP Gamma Beam System
are reported in the introductive Table 1.1. Our simulations are performed on several
working points. The electron beams we insert in CAIN are generated and tracked by
means of the codes ASTRA, TStep and elegant [72–75] from the cathode to the interaction
point [48], while the laser beam is generated by CAIN itself. In the following, an example
of full simulation of the 3.5 MeV γ beam is reported. The chapter continues with a
dissertation about the emitted photon beam polarization for 6 main working points (the
electron and laser beam energies are reported in Table 4.4), which correspond to the
emitted photons energies of 1, 2, 3.5 MeV for the low energy line and 10, 13, 19.5 MeV
for the high energy line. The analysis of the possible misalignments and jitters of both
the electron beam and the laser conclude the chapter.

4.1 Example of full simulation

The data of the incoming beams are collected in Tables 4.1 and 4.2.

Table 4.1: Incoming electron beam parameters.

Electron beam parameters

Mean energy [MeV] 311.65

Bunch charge [pC] 250

Bunch length [µm] rms 278.74

Transvese emittance x,y [mm·mrad] 0.50, 0.48

Relative energy spread [%] 7.25 · 10−2

Focal spot size x,y [µm] rms 19.62, 19.65

The electron beam features are presented in Fig. 4.1: graph a) shows a simil-Gaussian
space distribution in both x and y coordinates. The x and y distributions are symmetric
and centered in 0, on the opposite there is no symmetry in the longitudinal coordinate

41
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(graph c)). The transverse momenta present symmetric distributions (graph b)) and the
transverse phase space distributions are reported in graphs d) and e). The pz distribution
and pz as a function of z are given in graphs f) and g).

Table 4.2: Laser parameters.

Laser parameters

Laser pulse energy [J] 0.2

Laser wavelength [nm] 515

Laser photon energy [eV] 2.4

Laser pulse length [ps] rms 1.5

Laser focal spot size w0 [µm] 28

Laser parameter a0 0.02

Laser polarization (0, 0, −1)

Collision angle α [o] 172

Laser repetition rate [Hz] 100

Laser recirculator round trips 32

This working point at 311 MeV belongs to the low energy line, therefore the laser
energy is 0.2 J. The collision angle α = π − 8o in our geometry is placed in the x − z

plane as shown in Fig. 4.2. Even though the collision angle is very small, the difference
with the head-on collision is not negligible especially in terms of the emitted photons
number. The comparison between the α = 172o and the α = π cases is reported in Table
4.3. The laser is linearly polarized along the y axis: in terms of the Stokes parameters,
S = (0, 0,−1).

In Table 4.3 the emitted photons characteristics are reported for both the real collision
angle α = 172o and the ideal head-on collision (α = 180o).
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Figure 4.1: Incoming electron beam features: distributions of x [µm], y [µm], z [µm], px [MeV/c],
py [MeV/c], pz [MeV/c]. px [MeV/c] as a function of x [µm], py [MeV/c] as a function of y [µm]
and pz [MeV/c] as a function of z [µm].
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Figure 4.2: Interaction geometry: the incoming electron beam propagates along the z axis. The
laser direction forms an angle α with the electrons direction in the x− z plane.

Table 4.3: Emitted photons resulting from the collision of the electron and the laser beams de-
scribed respectively in Table 4.1 and 4.2: parameters in the two cases of α = 172o and α = 180o.

Emitted γ Photons parameters

α = 172o α = 180o

Mean energy [MeV] (〈hνp〉) 3.50 3.52

Peak energy [MeV] (hνpeakp ) 3.51 3.53

Collimation angle [µrad] (θmax) 165 165

Bandwidth [keV] rms (∆νp) 17.68 18.12

Relative bandwidth [‰] rms (∆νp/〈νp〉) 5.04 5.15

Number photons per shot (N ) 7.86 · 106 1.41 · 107

Number photons per shot in collimation angle (N bw) 1.15 · 105 2.07 · 105

Number photons per shot within rms (Ñ ) 4.95 · 104 8.68 · 104

Spectral density [ph/s·eV] (SD) 8.96 · 103 1.53 · 104

Source size x, y [µm] rms (σγx , σγy ) 18.42, 11.62 11.50, 12.17

Source divergence x,y [µrad] rms (σγx′ , σ
γ
y′ ) 73.24, 73.10 70.35, 70.49

Source divergence [µrad] rms (Div) 39.11 39.12

Radiation pulse length [ps] rms (σγt ) 0.82 0.83

Peak brilliance [ph/s·mm2·mrad2·0.1%] (Bpeak) 1.05 · 1020 3.17 · 1020

Average brilliance [ph/s·mm2·mrad2·0.1%] (Bave) 6.93 · 1011 1.97 · 1012

Spot size at 10 meters x,y [mm] rms 0.83, 0.82 0.83, 0.82
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Legend of Table 4.3:

• Source divergence:

Div = θrms =
√
〈θ2〉 − 〈θ〉2 where θ = arctan


√
k2
x + k2

y

kz

 (4.1)

is calculated on the collimated beam, i.e. by taking into account the photons with
0 < θ < θmax being θmax the collimation angle.

• Spectral density:

SD =
Ñ · r
∆νp

where Ñ =

∫ νpeakp +
∆νp

2

νpeakp −∆νp
2

dN

dνp
(ν′p) dν

′
p. (4.2)

dN/dνp is the spectrum of the collimated beam, ∆νp is the rms value of the colli-
mated photons frequency, r is the number of shots per second (product of the laser
repetition rate 100 Hz and the recirculator rate 32).

• Peak brilliance:

Bpeak =
Ñ

(2π)
5
2σγxσ

γ
yσ

γ
x′σ

γ
y′σ

γ
t

∆νp
〈νp〉

(4.3)

with Ñ as above, ∆νp/〈νp〉 the rms relative bandwidth in units of [0.1%] calculated
on the photons in the collimation angle.
σγ· are the x, y, x′, y′ and t rms values of the emitted γ photons with frequency in
the range [−∆νp/2,+∆νp/2] around the frequency peak value.

• Average brilliance:

Bave =
Ñ · r

4π2σγxσ
γ
yσ

γ
x′σ

γ
y′

∆νp
〈νp〉

(4.4)

represents the average brilliance calculated on one second.

The collimation angle θmax = 165 µrad has been chosen in order to have a relative
bandwidth value of 0.005 as shown in window a) of Fig. 4.3. In the graph the simulated
bandwidth value (magenta) is compared to the values calculated by means of formula
(3.5): the results are in perfect agreement. The number of photons in the collimation
angle as a function of the angle is reported in window b) of Fig. 4.3.

The spectrum of the 7.86 · 106 emitted photons is reported in graph a) of Fig. 4.4: the
typical Compton shape extends from 7.7 eV to 3.53 MeV. The photons in the collimation
angle θmax = 165 µrad are highly monochromatic, the spectrum is reported in graphs
b) and c). The multiple scattering has been considered in the simulation: the collimated
spectrum of graphs b) and c) is comprehensive of the emitted photons up to the fourth
generation (the highest reached in this specific case). Window d) shows that the more
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Figure 4.3: Window a): simulated relative bandwidth (magenta) and expected relative bandwidth
value from formula (3.5) (black) as a function of the collimation angle θmax [µrad]. Window b):
simulated number of photons in the collimation angle as a function of the collimation angle θmax
[µrad].

energetic photons are concentrated within a tiny angle around the z axis. In the last win-
dow the energy of the collimated beam is presented as a function θ.

Fig. 4.5 represents the transverse features of the gamma beam at the IP. We notice an
asymmetry in the x and y coordinates due mainly to the collision angle which is in the x−
z plane. The transverse momenta distribution plotted in graph b) is determined by the
laser pulse linear polarization in the y direction. This transverse momenta distribution
leads to the oblong shape of the γ beam transverse distribution shown in Fig. 2.11. From
the values reported in Table 4.3, we notice that the rms spot size of the emitted beam is
smaller compared to the incoming beam spot sizes (the effect is even more evident in the
α = 180o case): assuming an ideal Gaussian shape for both electron and laser beams, the
emitted beam spot size is given by the product of the two Gaussian distributions. If we
consider for example the x component, the spot size of the emitted beams is

σoutx '

√
σ2
xeσ

2
xL

σ2
xe + σ2

xL

, (4.5)

which in our simulation gives σoutx ' 11.4 µm (σxe = 19.62 µm and σxL = 14 µm).
As shown in Fig. 4.6, the linear polarization Stoke parameter mean value 〈S3〉 is very

close to −1 on beams collimated within small collimation angles. This means that the
most energetic photons (the ones emitted close to the z axis) retain the laser polarization.
The emitted full beam has been propagated and snapshots of 〈S3〉 and of the transverse
space distribution on a screen perpendicular to the z axis at 0.0001, 0.001, 0.01, 0.1 m
from the IP are presented in Fig. 4.7. The typical S3 double cross shape starts appearing
at some distance from the IP.
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Figure 4.4: Emitted photons characteristics: full beam (black) and beam in the collimation angle
θmax = 165 µrad (red). Number of photons as a function of the photon energy hνp [MeV] a), b)
and c). Energy of the photons hνp [MeV] as a function of θ [rad] d) and [µrad] e).
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Figure 4.5: Gamma beam: snapshot of the transverse space coordinates x vs y and of the transverse
momenta px vs py at the IP.

Figure 4.6: 〈S3〉 Stoke parameter mean value calculated on the emitted γ beam as a function of the
collimation angle [µrad].
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Figure 4.7: Stoke parameter mean value 〈S3〉 (left column) and space distribution (right column)
of the emitted photons on a screen perpendicular to the z axis at 0.0001, 0.001, 0.01, 0.1 m from
the IP. The x and y coordinates are expressed in µm.
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4.2 Polarization of the emitted photons

The characteristics of the emitted photons’ polarization of the ELI-NP-GBS 6 main work-
ing points above mentioned are discussed in the following. The reference electron beams
and the nominal laser parameters and interaction conditions have been used. In partic-
ular, in our calculations, the laser is considered 100% polarized. Since, however, the
expected laser polarization at ELI-NP-GBS is higher than 98% [46], the effective polar-
ization figures reported in graphs and tables should be normalized by a factor 0.98.

The average values of flux and of the Stokes parameters 〈|S2|〉 and 〈|S3|〉 for circular
and linear laser polarization respectively for the 6 main working points, calculated in the
typical ELI-NP-GBS bandwidth value of 0.005 and for a larger acceptance, correspond-
ing to a bandwidth of 0.2 are listed in Table 4.4.

Table 4.4: Average values of flux and of the Stokes parameters 〈|S2|〉 and 〈|S3|〉 for circular and
linear laser polarization respectively for the main working points, in the bandwidth 0.005 and for
a larger acceptance, corresponding to a bandwidth of 0.2. Laser energy at 0.2 J . In the cases with
star, the laser energy is 0.4 J .

Ee hνp N0.005 〈|S3|〉0.005 〈|S2|〉0.005 N0.2 〈|S3|〉0.2 〈|S2|〉0.2

[MeV] [MeV] ×105 ×106

165 1 1.48 > 0.999 > 0.999 4 0.85 0.65
234 2 1.35 > 0.999 > 0.999 4 0.85 0.68
311 3.5 1.15 > 0.999 > 0.999 3.9 0.85 0.68
*529 10 2.97 > 0.999 > 0.999 10 0.86 0.72
*605 13 2.67 > 0.999 > 0.999 9.5 0.86 0.71
*750 19.5 2.37 > 0.999 > 0.999 10 0.87 0.7

The polarization degree is connected to the momentum distribution of the photons,
so the polarization shape appears with the propagation of the photons (see Fig. 4.7). Fig.
4.8 gives the distribution of the Stokes parameter and of the photon intensity on a screen
perpendicular to the z axis at a distanceR from the IP, with photons at 10MeV for linear
and circular laser polarization.

Fig. 4.9 gives the photon number, the relative bandwidth and the average values of
S3 and S2 as a function of the acceptance angle θmax for the working points at 2 MeV
and 10 MeV. A synthetic view of both intensity and polarization is shown in Fig. 4.10.

As predicted by the formulas in Chapter 2, the central part of the emitted beam re-
tains the same laser polarization: the results show that, while for the cases at bandwidth
0.005 the degree of linear or circular polarization is always close to 1, the depolariza-
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tion increases with the bandwidth, reaching 15% at 0.2 in the case of linear polarization
and also more than 30% for circular polarization, a situation which appears to be quite
critical for users requiring tight control of the polarization of the source.

Figure 4.8: Stokes parameter S3 a) and S2 c) and photon distribution b) and d) for linear (left) and
circular (right) laser polarization along y, with emitted photon energy 10 MeV.



52 4.2 Polarization of the emitted photons

Figure 4.9: Nbw number of photons in θmax a), relative bandwidth b) and Stokes parameters 〈S2〉
and 〈S3〉 c) for gamma rays at 2 MeV (left column) and 10 MeV (right column), linear and circular
laser polarizations.
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Figure 4.10: Intensity-polarization graphs for photons at 2 and 10 MeV, with linear and circular
laser polarization.
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4.3 Errors and jitters effects on radiation

In this section, the effects on the emitted photons of errors and jitters of both the elec-
tron and the laser beams are discussed together with the possible collimation system
displacements.

4.3.1 Spatial misalignments

We start with a general simulation considering a wide range of spatial misalignments
at the IP: the electron beam axis coincide with the collimator one and the laser beam is
misaligned. The incoming beams features are reported in Table 4.5 and the interaction
geometry is shown in Fig. 4.2. The collimation angle θmax has the fixed value of 192

µrad.

Table 4.5: Electron and laser beams parameters.

Electron beam parameters

Mean energy [MeV] 280.28

Bunch charge [pC] 250

Bunch length [µm] rms 280

Transverse emittance x,y [mm·mrad] 0.46, 0.44

Relative energy spread [%] 8.43 · 10−2

Focal spot size x,y [µm] rms 20.22, 18.5

Laser parameters

Laser pulse energy [J] 0.2

Laser wavelength [nm] 515

Laser pulse length [ps] rms 1.5

Laser focal spot size w0 [µm] 28

Laser parameter a0 0.02

Laser polarization (0, 0, −1)

Collision angle α [o] 172

In the simulations we consider the laser spatial misalignments reported in Table 4.6.

In Figs. 4.11 and 4.13 the simulated total number of photons per shot N values are
compared to the values given by the formula [76] for the estimation of N in presence of
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Table 4.6: Laser pulse misalignment values ∆x, ∆y , ∆z considered for the three space coordinates
(in µm).

Laser misalignment values [µm]

∆x 0 10 20 30 40 60 80 100

∆y 0 10 20 30 40 60 80 100

∆z −500 −400 −300 −200 −100 −50 0

50 100 200 300 400 500

spatial misalignment:
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(4.6)

where ∆x, ∆y , ∆z are the misalignment values in the three coordinates and α0 = π − α.
The agreement between eq. (4.6) and the simulated values is striking.

Figure 4.11: Total number of emitted photons as a function of the transverse misalignments ∆x

and ∆y in red and blue respectively, in comparison with the value of N given by formula (4.6)
represented in black.

Fig. 4.12 shows the decrease of the photon number caused by the increase of the mis-
alignments in the x or in the y coordinates. The asymmetry in the two directions is due
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to the collision angle: the angle (in the x − z plane) smooths the ∆x effect. In the ELI-
NP configuration, the laser recirculator causes a continuous variation of the focal plane,
therefore the asymmetry is visible on the single shot but not on the flux per second. We
notice that the transverse misalignments affect the flux but they have no consequences
on the relative bandwidth value (the fluctuations are given by the statistics and the lower
values to the low number of photons) neither on the polarization.

The longitudinal misalignment in the considered range have lower impact on the
photon flux with respect to the transverse ones (see Fig. 4.13). ∆z has no effects on the
bandwidth (the small value differences in the bottom-left panel are due to the statistical
fluctuations) and the polarization and it can be compensated by the synchronization.

Figure 4.12: N , Nbw, ∆νp/νp [‰] and 〈S3〉 as a function of ∆x (red) and ∆y (blue) [µm].

Let us now evaluate the impact of the spatial misalignments of the collimator on the
emitted radiation, supposing a perfect laser and electron beam alignment. The collima-
tor in our simulations is placed at 10 m from the IP, the collimator aperture is 1.92 mm
(radius) (in order to have 0.005 bandwidth without misalignments) and the misalign-
ments values are summarized in Table 4.7.
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Figure 4.13: N , Nbw, ∆νp/νp [‰] and 〈S3〉 as a function of ∆z (magenta) [µm]. The simulated N
is compared to the values given by eq. (4.6) (black).

Table 4.7: Collimation system misalignment values Cx, Cy considered for the transverse space
coordinates (in µm).

Collimator misalignment values [µm]

Cx 0 50 100 150 200 300 500 700

Cy 0 50 100 150 200 300 500 700
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Fig. 4.14 shows that even at large misalignment values (500 − 700 µm), the number
of collimated photons remains constant (except for small numerical fluctuations). On
the other hand the bandwidth value is affected by the displacements starting at 300 µm.
No particular asymmetries in the two coordinates is visible at the misalignment values
considered. A significant N bw decrease can be noticed at Cx or Cy of some millimeters
together with a x, y asymmetric behavior (see Fig. 4.15) given by the laser linear polar-
ization.

Figure 4.14: Nbw and ∆νp/νp [‰] as a function of Cx (green) and Cy (grey) [µm].

Figure 4.15: Nbw as a function ofCx (green) andCy (grey) [mm] on the left. Transverse distribution
of the total beam on a screen at 10 m from the IP in black, photons through the collimator for
Cx = 10 (Cy = 10) mm in green (grey) on the right. The x and y coordinates are expressed in mm.

4.3.2 Errors and jitters on the electron beam line

The analysis of the photon flux and spectrum, taking into account all the possible errors
and jitter of the electron beamline, is currently under study. We give here an example
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of simulation performed on a collection of 352 electron bunches provided by A. Bacci,
A. Giribono and C. Vaccarezza [77]. The beams, constituted by 30000 macroparticles
each, represent 352 machine settings affected by different random errors both on align-
ment and voltage of magnetic elements and accelerating structures of the beamline. The
objective of our simulation is to evaluate the influence of all possible errors in the instal-
lations and in the productions of the accelerating structures and magnetic elements of
the accelerator on the emitted radiation.

The errors in the position and in the operation of the magnetic elements and the
accelerating structures, the misalignments and the jitters in the photoinjector system and
the misalignlignments between the modules in the Linac beamline have been taken into
account to produce the electron beams (see [78] for further informations). The main
features of the 352 different electron beams are reported in Fig. 4.16.

The interaction simulations have been performed with the same laser parameters re-
ported in Table 4.5 and the acceptance angle is θmax = 192 µrad.

Fig. 4.17 shows the distribution of the 352 individual emitted photon beams char-
acteristics: the mean energy, the relative bandwidth and the number of photons in the
collimation angle.

The minimum, maximum and mean values of the above mentioned features are re-
ported in Table 4.8. The last column, having title ”opt”, reports the values obtained
by the simulation performed in the previous section (whose parameters are reported in
Table 4.5) in the case of no misalignments.

Table 4.8: Minimum, maximum, mean and optimized (electron beam without errors and jitters
reported in Table 4.5) values of mean energy 〈hνp〉 [MeV], bandwidth ∆νp [‰] and number of
photons in the collimation angle Nbw.

min max mean opt

〈hνp〉 [MeV] 2.81 2.84 2.83 2.83

∆νp [‰] 5.06 6.03 5.47 5.13

N bw 9.04 · 104 1.22 · 105 1.05 · 105 1.32 · 105

Fig. 4.18 represents the collimated spectrum and total photons in the collimation an-
gle, produced by the 10560000 electrons in the 352 beams.

The direction of the 352 electron beams at the IP is parallel to the z axis, therefore in
this simulation the electron beam angular displacements are not considered. We perform
in the following a specific simulation to evaluate the electron beam displacement effects
on the emitted radiation.
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Figure 4.16: 352 electron beams characteristics: distribution of σx [µm], σy [µm], εx [mm·mrad],
εy [mm·mrad] and energy Ee [MeV].
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Figure 4.17: Features of the emitted photon beams for each incoming electron beam, i.e. for each
experiment: value vs experiment (left column) and distribution (right column). From the top to
the bottom: number of photons in the collimation angle, relative bandwidth [‰] and mean energy
〈hνp〉 [MeV].
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Figure 4.18: Collimated total spectrum and total photons in the collimation angle as a function of
the angle θ [µrad].

We consider once again the incoming beams values in Table 4.5. The angular electron
beam displacements are simulated by adding the transverse momentum values reported
in Table 4.9 (there is no variation of the emittance value).

Table 4.9: Electron beam angular displacement values ∆px and ∆py (in keV).

El. angular displ. values [keV]

∆px 0 7 14 21 28 56 70

∆py 0 7 14 21 28 56 70

The angular displacements, at the opposite respect to the spatial misalignments, have
almost no impact on the flux but they strongly affects the bandwidth value. Fig. 4.19
shows the small fluctuations of N and N bw and the steep increase of the relative band-
width value as ∆px or ∆py increase. An asymmetry between the x and y coordinates
is still present but it does not change significantly the results. We notice that also the
polarization is slightly affected by the angular displacement. ∆px and ∆py have been
expressed in terms of angles calculated as the ratio between the transverse momentum
value and the longitudinal one.

Fig. 4.20 displays the effect of a ∆px = 100 µrad angular displacement on a screen
perpendicular to z at 10 m from the IP: the center of the beam is at 2 mm (in x) from the
center on of the screen.
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Figure 4.19: N , Nbw, ∆νp/νp [‰] and 〈S3〉 as a function of ∆px (orange) and ∆py (blue) [µrad].

Figure 4.20: Stoke parameter mean value 〈S3〉 (left) and space distribution (right) of the emitted
photons on a screen perpendicular to the z axis at 10 m from the IP for ∆px = 100 µrad.
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4.3.3 Laser position and orientation misalignments

The ELI-NP Linac will be operated in multibunch mode with a repetition rate of 100 Hz.
To optimize the γ beam quality and to increase the laser beam power at IP, a passive
optical recirculator has been designed [46]. The same laser pulse collides with the 32

bunches in the train. We analyze the data concerning the possible position and orienta-
tion misalignments of the laser pulse at the IP. The aim of the simulations is to evaluate
the effects given by the production and installation errors of the laser on the emitted ra-
diation. In our analysis we considered 1200 simulations, provided by K. Dupraz and F.
Zomer [79], corresponding to as many experimental layouts. Each simulation produces
the coordinates and the propagation direction of the laser pulse for the 32 passes at the IP.

Let us consider the interaction point for electron beam and laser pulse placed at (x, y,
z) =(0, 0, 0). Fig. 4.21 presents the transverse misalignments of the laser pulse from the
(x, y) = (0, 0) position for the 1200 simulated experiments.

Figure 4.21: Top line: transverse displacement in x (y) on the right (left) of the laser pulse for the
1200 simulated experiments over the 32 passes at the IP. Bottom line: distribution of the mean
value of x (right) and y (left) coordinate over the 32 passes for the 1200 experiments.
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The mean value of the x, y coordinates is largely different for each experimental lay-
out, and therefore the mean position distribution is spread on a wide range. However,
the possible position displacements can be taken into account in the installation phase
of the optical system. As we can see in Fig. 4.22, once the correction is performed by
subtracting for each experiment the mean position value, the shifts of the x and y coor-
dinates from the central point (0, 0, 0) is in the small range -10 µm ≤ ∆x, ∆y ≤ 10 µm
with a mean value of 5.2 µm and a 0.75 µm standard deviation as reported in Fig. 4.22.

Figure 4.22: Top line: transverse displacement in x (y) on the right (left) of the laser pulse for the
1200 simulated experiments over the 32 passes at the IP after the mean value subtraction for each
experiment. Bottom line: distribution of the mean value of x (right) and y (left) coordinate over
the 32 passes for the 1200 experiments after the mean value subtraction for each experiment.

We chose randomly three of these corrected misalignment values and we perform
the scattering simulation. The characteristics of the electron beam are: charge Q = 250

pC, transverse dimensions σx = 10.4 µm and σy = 10.1 µm, longitudinal dimension
σz = 0.27 mm, energy Ee = 720 MeV, relative energy spread 5.60 · 10−4 and emittance
0.4 mm·mrad. The laser pulse is characterized by a wavelength of λ = 515 nm, pulse
energy EL = 0.2 J, waist w0 = 28 µm and pulse length 1.5 ps.
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Figure 4.23: Spectrum of the emitted photons obtained by the collision of a 720 MeV electron
beam and a 515 nm wavelength laser. Three space misalignments between the 1200 have been
considered. Left: full solid angle. Right: spectrum in the acceptance angle 48 µrad (corresponding
to a 5 ‰relative bandwidth).

The emitted photon total spectrum and the collimated spectrum within an acceptance
angle of 48 µrad are shown in Fig. 4.23. As can be seen, the transverse misalignments
produce a slight decrease in the photon number accounted on the whole solid angle,
while on the collimated case no appreciable effects in terms of flux and bandwidth can
be observed.

Concerning the angular displacements, Fig. 4.24 presents the distribution of the angle
α0 around the central value of 7.5o obtained for all the 1200 simulations. The standard
deviation of the distribution around the mean value of 7.5o is 0.005 degrees.

Figure 4.24: Angular displacement distribution of the 1200 simulated set up.
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Another simulation with the same laser and electron beam parameters above men-
tioned have been performed on a set of three random chosen angular displacement val-
ues within the 1200. Fig. 4.25 shows that the considered angular displacements have no
relevant effect on the flux and the bandwidth of the emitted radiation.

Figure 4.25: Spectrum of the emitted photons obtained by the collision of a 720 MeV electron
beam and a 515 nm wavelength laser. Three angular displacements between the 1200 have been
considered. Left: full solid angle. Right: spectrum in the acceptance angle 48 µrad (corresponding
to a 5 ‰relative bandwidth).

In Fig. 4.26, the combined effect of transverse and angular laser misalignment is
presented. The total flux decrease is about 6%, while the collimated spectrum and the
bandwidth value are not affected.

After a more recent study of the laser recirculator [47], the EuroGammaS collabo-
ration decided to set the optimal value for the α0 angle at 8o. The rms value of the
displacements from this new value of α0 are of the same order as the one reported in
the set of simulations we just presented. From the general analysis we performed on the
laser misalignments and the displacements impact on the emitted radiation, we can say
that these contained values have a very slight impact on the emitted radiation properties.

At last we show the results of a simulation performed on the primary beams values
reported in Table 4.5 for α0 = 0o, 2o, 4o, 8o and 16o. Fig. 4.27 reports the variation of
the number of photons, the bandwidth and the emitted photon beam spectrum given
by different values of the collision angle. A 8o collision angle causes a 50% loss on the
number of photons. α0 has no impact on the bandwidth value but it originates a down-
shift of the peak value of the emitted photons.
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Figure 4.26: Spectrum of the emitted photons obtained by the collision of a 720 MeV electron beam
and a 515 nm wavelength laser. A combination of three space misalignments and three angular
displacements between the 1200 have been considered. Left: full solid angle. Right: spectrum in
the acceptance angle 48 µrad (corresponding to a 5 ‰relative bandwidth).

Figure 4.27: α0 variation 0o (black), 2o (red), 4o (green), 8o (blue) and 16o (cyan). N , Nbw and
∆νp/νp [‰] as a function of α0 expressed in [rad].
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CHAPTER 5

Hadron-Photon Collider

Present availability of high brilliance photon beams as those produced by X-ray Free
Electron Lasers in combination with intense TeV proton beams typical of the Large
Hadron Collider (LHC) makes it possible to conceive the generation of pion and muon
beams via photo-production in a highly relativistic Lorentz boosted frame: the main
advantage is the low emittance attainable and a TeV-class energy for the generated par-
ticles, that may be an interesting option for the production of low emittance muon and
neutrino beams. In the following we will describe the kinematics of all the events given
by the proton-photon beams interaction: the pion photo-production, the lepton pair
photo-production (electron/positron and muon pairs) and Compton scattering. Based
on the phase space distributions of the pion and muon beams we will analyze the beams
brightness achievable in three examples, based on advanced high efficiency high repeti-
tion rate FELs coupled to LHC or Future Circular Collider (FCC) proton beams, together
with the study of a possible small scale demonstrator based on a Compton Source cou-
pled to a Super Proton Synchrotron (SPS) proton beam.

Muon colliders, as Higgs factories, represent a promising way to achieve the highest
lepton-antilepton collision energies and precision measurements of the Higgs boson and
for further study of its properties. Moreover, muons are ideal sources for neutrino beams
of unprecedented quality and precision through their purely leptonic decay [81,82]. One
of the main challenges of present muon collider design studies is the capture and cool-
ing stage of muons after generation by intense GeV-class proton beams impinging on
solid targets: this mechanism produces pions further decaying into muons and neutri-
nos. As extensively analyzed in Refs. [83, 84], the large emittance of the generated pion
beams, which is mapped into the muon beam, is mainly given by the mm-size beam
source at the target (i.e. the proton beam focal spot size) and by Coulomb scattering of
protons and pions propagating through the target itself, inducing large transverse mo-
menta which in turns dilute the phase space area. Recently the option to use hundreds
of MeVs photons to make muon pairs via photo-production in a solid target was ana-
lyzed in Ref. [85], with the aim of getting a smaller source spot size, avoiding as well the
proton beam scattering effects. This scheme is promising in terms of low emittance of
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the muon beams at the source, but unfortunately it turns out that the low energy of the
generated muons and the transport process into the high field solenoid system induces
an irreversible emittance growth. Therefore the small source emittance of muons pro-
duced in the Bethe-Heitler process does not compensate its very low efficiency [86].

We propose here a different approach, still based on photon beams, enabled by the
present availability of outstanding TeV-class high intensity proton beams and ultra-high
brilliance X-ray photon beams obtained by advanced X-ray Free Electron Lasers: their
combined capability of producing ultra-high phase space density particle beams is the
base of our strategy for generating low emittance pion, muon and neutrino beams, us-
ing collisions between two counter-propagating beams of highly relativistic protons and
ultra-high intensity photons. The extremely high luminosity achievable by such a col-
lider (1038 cm−2s−1) can compensate, for example, the low efficiency of the pion photo-
production which has a maximum total cross section of ' 220 µbarn, much smaller than
GeV-proton based pion production (' 20 mbarn).

There are two crucial aspects in such a collision scheme. The first is the much higher
energy of the X-ray photons observed by the proton in its own rest frame: this enables
pion photo-production above the threshold with maximum efficiency, despite the keV
energy of the colliding photon. The second deals with the proton carrying almost the
total momentum of the system, which makes it the source of highly Lorentz boosted sec-
ondary beams collimated within a narrow forward angle of the same order of the proton
beam diffraction angle given by its transverse emittance (tens of mm·mrads). In this
sense the mechanism for pion/muon production described in the following represents
sort of a relativistic pion/muon photo-cathode. A similar approach has been proposed
and discussed in Ref. [105] although based on a multi-photon production of pion and
muon pairs, which is a much lower efficiency process.

We considered two examples of TeV proton beams: an upgraded LHC [87, 88] beam
carrying up to 2 · 1011 protons per bunch at 7 TeV energy focused down to 7 µm at the
interaction point with a normalized transverse emittance εnx = 1.4 mm·mrad and an
FCC [89–91] expected beam at the same bunch intensity with 50 TeV energy, a spot size
of 1.6 µm and εnx = 2.2 mm·mrad, both with a repetition rate up to 40 MHz.

Photon beams at energies ranging between 3 and 20 keV and more than 1013 photons
per pulse at MHz repetition rate can be obtained with SuperConductive (SC) Continuous
Wave (CW) Linac based XFELs, in saturation regime for the energies lower than few
keV and in the tapering mode for larger energies. The brilliance of XFEL photon beams
coupled to X-ray optics technology [92, 93] allows focusing the FEL photon beam down
to spot sizes ' 10 µm comparable to LHC proton beam at the interaction point, in order
to maximize the luminosity of proton-photon collider. In Table 5.1, data taken from
Ref. [94, 95] show the status of art of the FEL simulations in these regimes.

Fluxes close or larger than 1013 photons per pulse are achieved for energies smaller
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Table 5.1: FEL performance: mode (tapering or saturation), photon energy hν [keV], electron beam
charge [nC], number of produced photons.

Ref. Mode hν [keV] e-beam [nC] Photon #

[94] Tapering 8.25 0.16 3 · 1013

[95] Saturation < 1.65 1 > 1013

[95] Tapering < 3 > 0.1 1013 ÷ 1014

[95] Tapering < 2 1 > 1014

[95] Tapering 20 > 0.2 2 · 1013

than 1.65 keV in the saturated mode. The tapering allows to maintain the flux value
while enhancing the energy. By applying the FEL scaling laws to the data reported in
Ref. [95] for the case of hundreds femtoseconds long electron bunches allows to envision
the possibility of exceeding 1013 photons at 20 keV.

The 400 GeV beam of SPS [96] carrying 2 · 1012 protons coupled with a Compton
source such as SPARC-LAB [97–99] would be feasible for a demonstrator: the Compton
sources are the only compact devices capable to deliver hundreds keV highly monochro-
matic photon beams. The maximum number of photons per pulse reachable nowadays
(around 108−9) is not sufficient for a full scale experiment.

One of the main characteristics of both the FEL and the Compton sources is the tun-
ability of the radiation wavelength, which allows an easy adjustment of the photon en-
ergy in order to optimize the collision to the desired performances.

In the next chapter we go through the details of all the processes produced by the
head-on collision of the proton and the photon beams, showing the results obtained
by our home made event-generator codes implemented for the pion photo-production
and the further decay into muon and neutrino, the lepton pair photo-production (elec-
tron/positron and muon pairs) and the Inverse Compton scattering. The number of
these events given by the total cross sections and the luminosities are commented and
discussed in the dedicated chapter.





CHAPTER 6

Pion/muon photo-production in a highly Lorentz boosted
frame

Let us consider the collision between a proton and a counter-propagating photon of
energy respectively Ep and hν in the laboratory frame (LAB). The energy hν′ of the
colliding photon in the proton rest frame is given by (relativistic Döppler effect)

hν′ = hνγ(1− β · ek) (6.1)

where β is the velocity of the proton, ek is the direction of propagation of the photon,
γ = Ep/Mp and Mp = 938 MeV/c2. For an ultra-relativistic proton colliding head-
on with a photon, the formula simplifies in hν′ ' 2γhν. At the interaction, from the
kinematic point of view we have one ”particle” with 4-momentum P = {Ep+hν, p

p
+k}.

Since P 2 is Lorentz invariant, the energy ECM (or invariant mass M ) available in the
center of mass CM of the proton-photon system is

ECM = M =
√
P 2 =

√
2Ephν − 2(p

p
· k) +M2

p . (6.2)

Assuming an incident photon with energy much smaller than the proton, i.e. hν << Ep

γCM =
ELABtot

ECM
' Ep + hν√

4Ephν +M2
p

. (6.3)

As an example, if Ep = 7 TeV and hν = 20 keV we have hν′ = 298 MeV, ECM = 1199

MeV and γCM = 5834.
Once we define the parameter representing the recoil of the proton in the collision as

∆p ≡
4γhν

Mp
, (6.4)

we can write ECM 'Mp

√
1 + ∆p and γCM ' γ/

√
1 + ∆p.

The dominant reactions when the photon energy hν′ seen by the proton is in the range
100−300 MeV are pion photo-production, lepton pair photo-production (electron-positrons
and muon pairs) and Inverse Compton scattering. We discuss here the kinematics of
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this hadron-photon collider scenario using TeV protons colliding with keV photons to
produce high energy low emittance pion and muon beams in a highly Lorentz boosted
kinematics. The most promising process for the muon production is the pion produc-
tion and its decay into muon and neutrino, but we will also consider in detail the direct
muon pair production that despite the very low cross section would deliver muon and
antimuon at the same time.
In this chapter we use natural units c = ~ = 1 and denote with ∗ the particles’ momenta
and energies in their center of mass reference frame.

6.1 Muon production through pion production and decay

At first we consider the reaction is

p+ hν → π+ + n.

Once the collision of proton and photon occurs and we have the one ”particle” with mass
M = ECM , the pion and neutron momenta in CM are:

p∗π = p∗n =

√
E4
CM + (M2

π −M2
n)2 − 2E2

CM (M2
π +M2

n)

2ECM
=

1

2

√
M2
p (1 + ∆p) +

(M2
π −M2

n)2

M2
p (1 + ∆p)

− 2(M2
π +M2

n)

(6.5)

where Mπ = 139.6 MeV/c2 and Mn = 939.565 MeV/c2 are pion and neutron invariant
masses. For Ep = 7 TeV and hν = 20 keV, p∗π = p∗n = 195 MeV/c.
Massive particles like pions or muons can be generated only above some threshold due
to kinematics, and they always propagate along the same direction of CM in the labo-
ratory 1, typically very collimated within narrow angles due to the high Lorentz boost
imparted by the ultra-relativistic protons. The reaction threshold is set by p∗π = p∗n = 0,

corresponding to ∆th
p = (Mπ + Mn)2/M2

p − 1 = 0.324 (since EthCM = Mp

√
1 + ∆th

p =

Mπ +Mn) and a photon minimum energy hνth = Mp∆
th
p /4γ ' 76 [MeV] /γ, equivalent

to hν′th = 152 MeV seen by the proton (i.e. hνth ' 10 keV for Ep = 7 TeV and hνth ' 1.4

keV for Ep = 50 TeV).

1The angle at which the produced particles are emitted in the laboratory frame depends on the relation
between the velocity of the particles in CM (β∗) and the velocity of CM in LAB (βCM ):

• if βCM > β∗ the particle is emitted forwards with respect to the direction of CM in the laboratory;

• if βCM < β∗ the particle can be emitted at any angle in the laboratory.

In the scenarios we are going to analyze in the following, the massive particles (pions, neutrons, muons) are
characterized by β∗ always lower than the βCM , while for the lighter particles (electrons, positrons, neutrinos)
and the photons we may have βCM < β∗. Therefore, in the latter case some of the emitted particles (usually
few of them) have a negative longitudinal momentum in LAB.
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If the proton is directed along the z axis and the photon is perfectly counter-propagating,
the momentum components of the pion in LAB are

pπx = p∗π sin θ∗ cosφ∗

pπy = p∗π sin θ∗ sinφ∗

pπz = γCM (βCME
∗
π + p∗π cos θ∗)

(6.6)

where βCM =
√

1− 1
γ2
CM

, E∗π =
√
p∗2π +M2

π and θ∗ and φ∗ are the angles in CM with

respect to β
CM

which in this case is β
CM

= βCMez .

The angle θπ of the pion in the LAB frame with respect to the z axis is

θπ = arctan


√
p2
πx + p2

πy

pπz

 = arctan

 sin θ∗

γCM

(
βCM
β∗ + cos θ∗

)
 (6.7)

where β∗ = p∗π/E
∗
π is the velocity of the pion in CM and

γπ =

√
p2
πx + p2

πy + p2
πz +M2

π

Mπ
. (6.8)

The other reaction product, the neutron, is treated with the same approach as the pion
and it is characterized by E∗n =

√
p∗2n +M2

n.
For example Fig. 6.1 shows the x and z momentum components of a pion and a neutron
emitted in the collision of a proton at Ep = 7 TeV and hν = 20 keV perfectly counter-
propagation along z. In CM (left window) the two particles are emitted in opposite direc-
tions while the pure longitudinal Lorentz boost transforms the momentum components
in the passage to the LAB frame (window on the right): we notice that the transverse
components are invariant while the longitudinal ones are greatly enhanced (the scale
changes from MeV/c to TeV/c).

In order to evaluate the emittance of the generated pion and neutron beams it is
useful to evaluate the first order behavior of the momentum in the CM frame just above
threshold, i.e.

p∗π
th = p∗n

th ' Mp

2

√
1− (M2

π −M2
n)2

(M2
π +M2

n)4

√
∆p −∆th

p ' 315 [MeV]
√

∆p −∆th
p .

As mentioned above the transverse momenta are invariant to Lorentz transformations
along the perpendicular direction from CM to LAB frames, therefore the normalized
transverse emittance of the pion beam at the interaction point is given by

επxn =
σ0√

2

√
〈p2
πx〉 (6.9)

where we use the dimensionless transverse momentum defined as pπx ≡ pπx/Mπ , the
average is performed over the phase space distribution area and σ0 is the proton beam



78 6.1 Muon production through pion production and decay

Figure 6.1: Example of a simulated pion-neutron emission: pion (in green) and neutron (in blue)
momentum components in CM (left) and the transformation to the LAB (right) in the case of a
pure longitudinal boost for Ep = 7 TeV and hν = 20 keV.

spot size at the interaction point. The factor 1/
√

2 represents the emitted beams rms spot
size decrease (see discussion in Chapter 4): in this case we assumed a perfect overlap of
the two Gaussian colliding beams with the same spot size σ0. We can derive the thermal
normalized emittance of the pion beam, due to the collision transverse temperature, as

επxn−cath =
2.25√

3

σ0√
2

√
∆p − 0.324 (6.10)

assuming a uniform distribution of momenta in the transverse phase space of the pion
beam.

Let us recall that the peak in the total cross section for pion photo-production is
reached when the incident photon energy in the laboratory (with protons at rest) is about
300 MeV [107, 111]: in our case hν′ = 300 MeV corresponds to about ∆p = 0.64, which
implies a thermal emittance for the pion beam of about επxn−cath = 0.49 · σ0. We will see
further on that the total pion beam emittance επxn is given by the contribution of the pro-
ton beam emittance εpxn and of the thermal emittance επxn−cath generated by the equivalent
pion photo-cathode effective temperature. Approaching the pion production threshold
(hν′ ' 150 MeV), the total cross section decreases drastically, but if we consider a pho-
ton energy hν′ ' 180 MeV the value of Σπ is around 80 µbarn and for hν′ ' 200 MeV
Σπ ' 100 µbarn (almost half of the peak value) as shown in Fig. 6.2.

Using the expression for CM momentum close to threshold, p∗thπ , and evaluating the
difference between the maximum pion momentum in the laboratory pπz (θ∗ = 0) and the
minimum one pπz (θ∗ = π), we derive the rms energy spread of the pion beam as

∆γ

γ π

= f
√

∆p − 0.324 (6.11)
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Figure 6.2: Total cross section [µbarn] for pion photo-production as a function of the incoming
photon energy [MeV] for a proton at rest. Data from Ref. [107].

with

f =
Mp

2
√

3Mπ

√
1− (M2

π −M2
n)2

(M2
π +M2

n)4
= 1.3 (6.12)

if a uniform longitudinal momentum distribution in phase space is assumed. It is inter-
esting to notice that at the threshold both pions and neutrons travel at the same speed
as the center of mass along the proton propagation axis, in fact pthπz = Mπ

√
γ2
CM − 1 and

Ethπ = MπγCM , while γπ = γn = γCM = γ/
√

1 + 0.324 = 0.87 · γ (Ethπ = 6.5 TeV at
Ep = 50 TeV).

For a pion at rest in the laboratory frame the mean life-time is τπ = 2.6 · 10−8 s to
decay into a muon and a neutrino according to the following reaction:

π+ → µ+ + νµ.

In our case the pion mean life-time is γπ · τπ , which implies pions propagating over long
distances (hundred meters to several kms). In the following we will populate the phase
space volumes of the generated pion and muon beams neglecting effects coming from
this long range pion propagation: the reason for this assumption is to focus the present
analysis on the secondary beam generation process and leaving to a future work the
study about matching the generated beams into a further storage/acceleration stage.

The muon momentum in its center of mass CM (the pion) is

p∗µ =
M2
π −M2

µ

2Mπ
(6.13)

where Mµ = 105.65 MeV/c2. The energy of the muon in CM is E∗µ =
√
p∗2µ +M2

µ and
the momentum is p∗

µ
= (p∗µx , p

∗
µy , p

∗
µz ) = (p∗µ sin θ∗ cosφ∗, p∗µ sin θ∗ sinφ∗, p∗µ cos θ∗) with
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θ∗ and φ∗ angles in CM with respect to β
π

. Since the pion decays while moving in the
direction given by the components of its momentum, in order to define the components
of the muon momentum in the laboratory frame, we use the Lorentz transformations for
a boost in a generic direction with γCM = γπ as follows:

pµx =
E∗µpπx
Mπ

+ p∗µx

(
1 +

p2
πx

(γπ + 1)M2
π

)
+ p∗µy

(
pπxpπy

(γπ + 1)M2
π

)
+ p∗µz

(
pπxpπz

(γπ + 1)M2
π

)
pµy =

E∗µpπy
Mπ

+ p∗µx

(
pπxpπy

(γπ + 1)M2
π

)
+ p∗µy

(
1 +

p2
πy

(γπ + 1)M2
π

)
+ p∗µz

(
pπypπz

(γπ + 1)M2
π

)
pµz =

E∗µpπz
Mπ

+ p∗µx

(
pπxpπz

(γπ + 1)M2
π

)
+ p∗µy

(
pπypπz

(γπ + 1)M2
π

)
+ p∗µz

(
1 +

p2
πz

(γπ + 1)M2
π

)
.

(6.14)
In the case of a pure longitudinal boost, p∗π as given in eq. (6.5) represents the max-

imum value of the pion transverse momentum also in the laboratory frame because of
the invariance of transverse momenta under Lorentz transformations. By applying once
again the example mentioned above and considering the proton beam without emit-
tance (we will refer to it as parallel ‖ beam), we find pπx ≤ 195 MeV/c. The muon is
then emitted and the boost from CM to LAB is along β

π
, therefore a kind of balance

occurs: (pµx)rms ' (pπx)rms. This is very relevant in order to generate a low emittance
secondary beam: for proton beam spot size at IP σ0 ≤ 10 µm we can generate pion and
muon beams with normalized emittances of a few mm·mrads, as discussed below. As
already mentioned the challenge of preserve such a low emittance in the decay of a pion
to generate the muon beam is a matter of a future work.
While the emittance is preserved in the decay, the longitudinal component can be strongly
altered. In the easiest scenario in which the pion travels along z, considering βπ ' 1 and
therefore γπ ' pπz/Mπ we can write

pµz ' pπz
E∗µ
Mπ

(
1 +

p∗µ
E∗µ

cos θ∗
)
. (6.15)

Since from eq. (6.13) we get p∗µ = 29.82 MeV/c and E∗µ = 109.77 MeV, the value of the
emitted muon longitudinal momentum ranges between 0.572 · pπz and pπz .
One of the advantages of this pion photo-cathode scheme lays in the production of
highly relativistic muons that are long lived, in excess of tens of milliseconds, allowing
to conceive a complex and multistaged beam manipulation scheme, aimed at preserving
the emittance and more in general the 6D phase space volume.

We create an event-generator code to simulate the proton-photon beams interaction
and we illustrate in the following the results obtained by the p + hν → π+ + n and
π+ → µ+ + νµ reactions for different parameters: Ep = 7 TeV and hν = 20 keV (case
LHC), Ep = 50 TeV and hν = 3 keV (case FCC) and Ep = 400 GeV and hν = 350 keV
(case SPS).
The photon energy hν is chosen in order to maximize the Lorentz invariant total cross
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section for pion photo-production on protons (as mentioned above ' 220 µbarn corre-
sponding to hν′ = 300 MeV).

In our simulations the protons are distributed in a circle of 10 µm radius (σ0 = 7

µm) and the scattering angle θ in LAB is taken with respect to the mean direction of the
proton beam propagation. The FEL photon beam diffraction has been disregarded and
we supposed an optimal space-time overlap between the two colliding beams at the IP,
i.e. σ0 = σhνx .
The minimum and maximum value of the longitudinal momentum, the maximum value
of px and of θ are reported in Tables 6.1, 6.2 and 6.3 for all the kind of particles involved
in the reaction.

Table 6.1: Particles properties (case LHC). Values of momenta in [GeV/c], angles in [µrad].

Particle pminz [GeV/c] pmaxz [GeV/c] prmsx [GeV/c] θrms [µrad]

Proton ' 7000 7000 0.187 27

Photon 20 keV 20 keV 0 0

Pion 260 2540 0.38 145

Neutron 4450 6740 0.38 27

Muon 149 2500 0.38 147

Neutrino 0 1080 0.16 ≤ 500

Table 6.2: Particles properties (case FCC). Values of momenta in [GeV/c], angles in [µrad].

Particle pminz [GeV/c] pmaxz [GeV/c] prmsx [GeV/c] θrms [µrad]

Proton ' 50000 50000 ‖ beam ‖ beam
Photon 3 keV 3 keV 0 0

Pion 1722 19108 0.21 11

Neutron 30891 48277 0.21 1.45

Muon 986 19108 0.22 11.5

Neutrino 0 8162 0.1 ≤ 500

In graph a) of Fig. 6.3 and 6.7 the angular dependence of the longitudinal compo-
nent of the pion momentum is shown. The more energetic branch comes from pions
co-propagating with the protons in CM (emitted forwards with respect to β

CM
), the

other one from the counter-propagating pions.

The probability of a pion being produced at a certain angle in CM is proportional to
the differential cross section 2 corresponding to the values of the incoming proton and

2See Appendix D for detailed calculations involving differential cross sections.
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Table 6.3: Particles properties (case SPS). Values of momenta in [GeV/c], angles in [µrad].

Particle pminz [GeV/c] pmaxz [GeV/c] prmsx [GeV/c] θrms [µrad]

Proton ' 400 400 ‖ beam ‖ beam
Photon 350 keV 350 keV 0 0

Pion 14.9 145 0.195 1200

Neutron 254 385 0.195 166

Muon 8.5 145 0.2 1300

Neutrino 0 62 0.093 9 mrad

Figure 6.3: Pions and muons longitudinal momentum [GeV/c] as a function of θ [µrad], without
transverse emittance of the incoming proton beam (case LHC).
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photon. In order to simulate the pion emission angle in CM, the code compares a ran-
dom number r ∈ [0, 1) with the value of the differential cross section σ (normalized to
1) evaluated in θ̃∗ ∈ [0, π) (randomly chosen). If r < σ(θ̃∗) the pion is emitted at θ̃∗

otherwise the selection is repeated.

The transformation of the angle θ∗ in CM to the θπ in LAB is given by eq. (6.7).
If we consider the LHC parameters, we have β∗π = 195.5/240.3 = 0.813 and βCM =

0.9999999853: since βCM > β∗π , the denominator of (6.7) is positive for each θ∗ (0 ≤ θ∗ ≤
π) and consequently 0 ≤ θπ ≤ π/2, i.e. the pion in LAB is emitted always forward with
respect to the CM direction of propagation. Moreover, since θπ = 0 for both θ∗ = 0 and
θ∗ = π, the maximum angle in the LAB corresponds to θ

∗
such that dθπ(θ

∗
)/dθ∗ = 0,

which is θ
∗

= arccos(−β∗/βCM ). The dependence of the angle in LAB as a function of
the one in CM in the LHC case without and with emittance is plotted in Fig. 6.4.

Figure 6.4: Angle in LAB θπ [µrad] as a function of the angle in CM θ∗ [rad], without (red) and
with (black) transverse emittance of the incoming proton beam (case LHC).

In the LHC case we also take into account the effect of the proton beam transverse
emittance, which spreads the protons transverse momentum in phase space according to

equation σppx ≡ Mp

√
〈p2
px〉 = Mpε

px
n /σ0, where σppx is the rms proton beam transverse

momentum. The result of this operation is shown for all of the particles in Fig. 6.5: the
presence of the proton beam transverse emittance causes an enlargement of the angular
spread and a dispersion in momentum both for primary and secondary particles.

Considering εpxn = 1.4 mm·mrad as a typical value of LHC proton beams and σ0 = 7

µm we find σppx = 187 MeV/c (σpx′ = 27 µrad). In Fig. 6.6 is presented the same
example as in Fig. 6.1 of the transformation between CM and LAB of the momentum
components of a pion and neutron, but this time we take into account the transverse
momenta of the incoming proton: the right window shows that px is not invariant (the
same holds for py).

In order to better understand the behavior of the emitted particles we consider some
additional examples of colliding beams energies. The data of the simulation of Ep = 7
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Figure 6.5: Pions a), neutrons b), muons c) and neutrinos d) longitudinal momentum [GeV/c] as
a function of θ [µrad] (case LHC).

Figure 6.6: Example of a simulated pion-neutron emission: pion (in green) and neutron (in blue)
momentum components in CM (left) and transformation to the LAB (right) in the case of Ep = 7

TeV with emittance and hν = 20 keV. The direction of CM is reported in red.
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Figure 6.7: Pion, neutron, muon and neutrino longitudinal momentum [GeV/c] as a function of θ
[µrad] (case SPS).
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TeV and Ep = 50 TeV colliding with photons at hν = 12 keV are reported in Tables
6.4 and 6.5. We can notice that the decrease of hν′ at constant proton energy leads to
an increase of the minimum and to a decrease of the maximum value of pz for all the
particles involved (compare Table 7.2 to 6.4 and 6.2 to 6.5); the minimum and maximum
values of pz coincide at the threshold value of the reaction which is hν′ ' 150 MeV.
Therefore at threshold we would produce two quasi-monochromatic beams of pions and
neutrons, although with a quite low efficiency.

Table 6.4: Particles properties. Values of momenta in [GeV/c], angles in [µrad].

Particle pminz [GeV/c] pmaxz [GeV/c] prmsx [GeV/c] θrms [µrad]

Proton ' 7000 7000 ‖ beam ‖ beam
Photon 12 keV 12 keV 0 0

Pion 520 1509 0.077 26

Neutron 5490 6479 0.077 3.5

Muon 298 1509 0.095 31

Neutrino 0 644 0.05 ≤ 500

Table 6.5: Particles properties. Values of momenta in [GeV/c], angles in [µrad].

Particle pminz [GeV/c] pmaxz [GeV/c] prmsx [GeV/c] θrms [µrad]

Proton ' 50000 50000 ‖ beam ‖ beam
Photon 12 keV 12 keV 0 0

Pion 407 36431 0.652 36

Neutron 13568 49593 0.652 6.7

Muon 233 36431 0.655 37.6

Neutrino 0 15561 0.281 ≤ 500

As a further example we move close to the threshold and we show the transverse
phase spaces and the longitudinal momenta as a function of the emission angle of the
pions produced by the collision of protons at Ep = 50 TeV and photons with hνth = 1.43

keV respectively without (Fig. 6.8) and with (Fig. 6.9) taking into account the proton
beam transverse emittance. In the simulations the photon diffraction is not considered,
the proton beam normalized rms transverse momentum is σppx = 1289.75 MeV/c and
the proton rms spot size is σ0 = 1.6 µm to give a normalized transverse emittance of
εpxn = σppxσ0/Mp = 2.2 mm·mrad. In both cases the relative energy spread is around
5.3%, the mean value of the longitudinal momentum is 6.49 TeV and the rms is 345

GeV. The transverse emittance values of the pion beams are 0.075 and 1.92 mm·mrad
respectively.

As we see in Fig. 6.3, 6.5 and 6.7 at the same angle in the laboratory frame we can find
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Figure 6.8: Pion beam properties at Ep = 50 TeV and hν = 1.43 keV, without considering the
emittance of the incoming proton beam.

Figure 6.9: Pion beam properties at Ep = 50 TeV and hν = 1.43 keV, considering the emittance of
the incoming proton beam.
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the same kind of particle at very different energies, therefore if a selection of the particles
is needed, it has to be performed in the terms of energy. Up to now we considered
the situation in which all the pions decay into muons. In this ideal situation the decay
provides some special bands of longitudinal momentum of pions and muons which are
almost overlapped, or restricted within a common narrow bandwidth: as shown in Fig.
6.10 those bands turn out to be the less and the more energetic ones, where the mean
value of pions and muons longitudinal momentum is almost coincident.

Figure 6.10: Mean value of the longitudinal momentum [GeV/c] of pions (black squares) and
muons (red circles) as a function of the muon energy bands for LHC (top) and SPS (bottom) param-
eters. The energy bands range from the minimum to the maximum value of the muon longitudinal
momentum, with a 200 (top) and 15 (bottom) [GeV/c] binning.

In a more realistic scenario, the produced pions have to run in a storage ring for a
time sufficient to their decay into muons and in the mean time the produced muons
have to remain in the ring, i.e. only the muons produced within the energy acceptance
of the ring survive: this turns out to be a very inefficient operation. For example, let us
consider the pions produced by the collision of Ep = 50 TeV and hν = 2.251 keV and
a ring with the 2% energy spread acceptance. If we divide the pion beam into energy
bands such that the energy spread of each one is of 2%, we see (Fig. 6.11 graph a)) that
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the muon beams obtained by the decay of the pions in the corresponding energy band
have a much higher energy spread: many of the muons would get lost. Graph b) shows
that the efficiency of the process in terms of muons is at maximum around 1%.

Figure 6.11: Graph a): energy spread [%] of the pions (black) and corresponding muons (magenta)
in each energy band. Graph b): percentage of pions (black) and corresponding muons (magenta)
within the 2% energy spread for each energy band on the total number of pion produced by the
interaction of Ep = 50 TeV and hν = 2.251 keV.
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6.2 Direct muon pair production

Let us now consider the direct muon pair production via

p+ hν → p′ + µ−µ+.

As any three body decay, the momentum of the particles is not completely determined
by the 4-momentum conservation 3 since we have more variables than equations, i.e. in
CM {

ECM = E∗p′ + E∗µ− + E∗µ+

0 = p∗
p′

+ p∗
µ−

+ p∗
µ+

(6.16)

where ECM is the invariant mass of the proton-photon system. This more complicated
situation can be studied referring to the two body decay considering the pair as a single
particle with invariant mass

Mpair =
√

(E∗µ− + E∗µ+)2 − (p∗
µ−

+ p∗
µ+)2 (6.17)

which is not constant but it varies within the limits imposed by the 4-momentum con-
servation. The energy of the emitted proton in the CM is given by

E∗p′ =
E2
CM +M2

p −M2
pair

2ECM
(6.18)

with Mpair in the range

2Mµ ≤Mpair ≤ ECM −Mp (6.19)

whose limits correspond to the minimum (proton at rest) and the maximum energy of
the emitted proton. The event generator we coded chooses randomly the value Mpair

in its range (consequently also the emitted proton momentum). The energy available in
CM is shared by the emitted proton and the pair, now we have to divide the pair energy
into µ− and µ+. To this aim we have to define the muons’ angles θ− and θ+ in CM: one
of them is chosen randomly in [0, π) and the other is set by the momentum conservation

{
p∗µ− cos θ− + p∗µ+ cos θ+ = p∗p′

p∗µ− sin θ− = p∗µ+ sin θ+
(6.20)

and the energy conservation. All of the particles’ momenta are defined with respect to
each other in CM. By applying a rotation we break the cylindrical symmetry around the
z axis given by the generation model and we have in CM a generic output of the reaction,
i.e. (p∗p′ , p

∗
µ− , p

∗
µ+). In the ideal case of no emittance proton beam, the transformation to

3It is monoenergetic only if µ+ and µ− have the same energy and therefore the same θ∗ with respect to the
emitted proton direction in CM (once θ∗ is chosen, p∗

µ+ = p∗
µ−

= p∗µ is such that ECM = 2E∗µ + E∗
p′ with

p∗
p′

= −2p∗
µ

cos θ∗), but in general the output is composed by three particles with different energies.
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the laboratory frame is given by
pµ−x = p∗

µ−x

pµ−y = p∗
µ−y

pµ−z = γCM

(
βCME

∗
µ− + p∗

µ−z

)
.

(6.21)

An example of Lorentz transformation of the momenta of the product particles with
boost along the z axis between CM and the laboratory frame is reported in Fig. 6.12.
If the emittance of the incident protons is considered, it is necessary to use the Lorentz

Figure 6.12: Example of a simulated muon pair emission: µ− (in black), µ+ (in red) and p′ (in
green) momentum components in CM (left) and pure longitudinal Lorentz transformation to the
LAB (right) in the case of Ep = 7 TeV and hν = 20 keV.

transformation in the generic direction set by

β
CM

=

(
ppx

Ep + hν
,

ppy
Ep + hν

,
ppz − hν
Ep + hν

)
where p

p
= (ppx, ppy, ppz) is the momentum of the incoming proton (see Fig. 6.13) and

we do not consider the photon beam diffraction.

The normalized transverse emittance at the interaction point of the µ− beam is given
by εn

µ−x
= σ0

√
〈p2
µ−x
〉/
√

2 where σ0 is the proton beam rms spot size at the interaction

point and pµ−x ≡ pµ−x /Mµ is the dimensionless transverse momentum.
We will consider the condition of maximum energy in the CM for the muon pair,

corresponding to a steady proton in the CM after collision: this is equivalent to the well
known condition of photon energy completely transferred to the muon pair. We are
interested in this condition since it will generate an upper limit to the transverse temper-
ature (momentum) of the muon pair beams generated in the collision, therefore allowing
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Figure 6.13: Example of a simulated muon pair emission: µ− (in black), µ+ (in red) and p′ (in
green) momentum components in CM (left) and Lorentz transformation to the LAB (right) in the
case of Ep = 50 TeV with emittance and hν = 5 keV. The direction of CM is reported in blue.

us to set up an upper limit to the thermal emittance of the muon beams 4.
For a steady proton in the CM after collision we have:{

Mµγ
∗
µ− +Mµγ

∗
µ+ +Mp = ECM

p∗
µ−

+ p∗
µ+ = 0

(6.24)

so γ∗µ− = γ∗µ+ = γ∗µ and p∗µ− = p∗µ+ = p∗µ, therefore γ∗µ =
ECM−Mp

2Mµ
=

Mp

2Mµ

(√
1 + ∆p − 1

)
,

which implies

p∗µ = Mµ

√[
Mp

2Mµ

(√
1 + ∆p − 1

)]2

− 1. (6.25)

At threshold, defined by p∗µ = 0 (steady muon pair), we have ∆th
p =

4Mµ

Mp

(
1 +

Mµ

Mp

)
=

0.497 for the minimum proton recoil factor (EthCM = Mp

√
1 + ∆th

p = Mp + 2Mµ) and

4 In case we consider one muon steady in the CM frame, the CM energy is shared by the other muon in the
pair and the proton, such that the conditions hold:Mµγ

∗
µ+ +Mµ +Mpγ

∗ = ECM

p∗
µ+ + p∗

p
= 0

(6.22)

implying p∗
µ+ = p∗p, therefore

γ∗
µ+ =

(
Mp
√

1 + ∆p −Mµ
)2

+M2
p −M2

µ

2Mp
(
Mp
√

1 + ∆p −Mµ
) '

1 +
∆p
2√

1 + ∆p
− 0.02 (6.23)

which is always smaller at any value of ∆p than the other case considered above of steady proton, where
γ∗
µ−

= γ∗
µ+ =

Mp
2Mµ

(√
1 + ∆p − 1

)
and γ∗p =1. Thus confirming that the maximum muon beam emittance

(i.e. CM momentum p∗µ) is given by the case of steady proton in the CM frame, as stated above. When the
proton is steady in the CM, the muon pair absorbs the maximum CM energy/momentum, that is converted
to maximum emittance and energy spread in the laboratory transverse and longitudinal phase space distribu-
tions.
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Figure 6.14: Features of the µ− beam and of the scattered protons p′ at different values of the in-
coming photon energy hν = 2.5 a), 2.3 b), 2.25 c), 2.2053 d) keV, without considering the emittance
of the incoming proton beam at Ep = 50 TeV.
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hνth =
Mp∆th

p

4γ ' 117 [MeV] /γ for the minimum photon energy, equivalent to hν′th =

234 MeV seen by the proton (i.e. hνth = 16 keV for Ep = 7 TeV and hνth = 2.2 keV for
Ep = 50 TeV). The features of the µ− beam and of the scattered protons p′ at different
values of the incoming photon energy hν = 2.5, 2.3, 2.25, 2.2053 keV, without consider-
ing the emittance of the incoming proton beam at Ep = 50 TeV are shown in Figs. 6.14
and 6.15.

Figure 6.15: Spectra of µ− at different values of the incoming photon energy hν = 2.5 a), 2.3 b),
2.25 c), 2.2053 d) keV, without considering the emittance of the incoming proton beam at Ep = 50

TeV.

Recalling the evaluation performed above for the case of pion beams, we can derive
the thermal normalized emittance of the muon beams, due to the collision transverse
temperature (or the excess energy available in the CM above threshold that is converted
into stochastic transverse momentum of the muons), as

εµn−cath ≤
1√
3

σ0√
2

√
M2
p

4M2
µ

(√
1 + ∆p − 1

)2

− 1 (6.26)

where σ0 is the proton beam spot size at the interaction point (assuming a uniform dis-
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tribution of momenta in the transverse phase space of the muon beams). At twice the
threshold photon energy, i.e. at ∆p = 1 or hν′ = 468 MeV, we find εµn−cath = 0.63 · σ0.
As for the pion beam, the total muon beam emittance εµn is given by the contribution of
both the proton beam emittance εpn and the thermal emittance εµn−cath generated by the
equivalent muon photo-cathode effective temperature.
The values of the normalized transverse emittance for the same photon and proton en-
ergies reported in Fig. 6.14 are plotted in Fig. 6.16: the emittance in this cases is purely
thermal (no proton beam emittance), the value of it approaches zero at the muon thresh-
old production energy and shows a square root growth. The simulated values (magenta
dots) are compared to the ones given by Formula (6.26) (black squares): the agreement
is very good especially close to the threshold.

Figure 6.16: Emittance of the µ− beam εµn−cath (magenta) and Formula (6.26) (black) in µrad as a
function of hν in keV, σ0 = 1.6 µm and no emittance of the incoming protons.

In Fig. 6.17 the proton beam emittance has been considered. The total transverse
normalized emittance (magenta dots) grows instead linearly starting from the emitted
proton beam emittance value which is lower than the incoming proton beam one: the
very low diffraction considered for the incoming photon beam (we set it null in the sim-
ulations) induces a cooling of the proton beam (see Fig. 6.18). Fig. 6.17 shows that

ε2 < εµn−cath < ε1 where ε1 =
√

(εµn−cath)2 + (εp
′
n )2 and ε2 = εµn−cath + εp

′

n : the linear sum
of the proton and the thermal emittances gives an upper limit, while the quadratic sum
sets a lower limit to the total muon beam emittance value.

By transforming the momenta values from the center of mass to the laboratory frame
we find a maximum and minimum value for the muon longitudinal momentum given
by: {

pmaxµz = γCM
(
βCME

∗
µ + p∗µ

)
pminµz = γCM

(
βCME

∗
µ − p∗µ

)
.

(6.27)
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Figure 6.17: Simulated emittance of the µ− beam as a function of hν [keV] in magenta, considering
the emittance of the incoming proton beam. ε1 = εµn−cath + εp

′
n (dark cyan) in mm·mrad and

ε2 =
√

(εµn−cath)2 + (εp
′
n )2 (green) in mm·mrad vs hν [keV].

Figure 6.18: Emittance of incoming (black) and scattered (red) proton beams in mm·mrad as a
function of hν in keV.
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At threshold (p∗µ = 0) pmaxµz = pminµz = γCMMµ, therefore γp′ = γµ = γCM = γ/
√

1 + 0.497 =

0.82 · γ (Ethµ = 640 GeV at Ep = 7 TeV and Ethµ = 4.6 TeV at Ep = 50 TeV). We can evalu-
ate the rms energy spread of the muon beams following the procedure above for pions:
we find

∆pµz
〈pµz 〉

=
pmaxµz − pminµz

2
√

3〈pµz 〉
=

γCMp
∗
µ√

3〈pµz 〉
(6.28)

therefore yielding

∆γ

γ µ

=
1√
3

√
M2
p

4M2
µ

(√
1 + ∆p − 1

)2

− 1. (6.29)

While ∆γ
γ µ

clearly tends to zero at the threshold, it reaches a value ∆γ
γ µ

= 5% at

∆p = 1.02 · ∆thµ
p = 0.51. The simulated values of the relative energy spread of the µ−

beam are reported in Fig. 6.19 (blue dots) in comparison to the values of the analytical
espression (6.29) (black squares).

Figure 6.19: Relative energy spread of the µ− beam [%] (blue) and Formula 6.29 (black) vs photon
energy [keV].

The total cross section for the muon pair production is given by the Racah formula
[114]: if k = hν′/Mµ is such that k− 2 . 1, i.e. close to muon pair production threshold,

σ ' αZ2r2
0

2π

3

(
k − 2

k

)3 (
1 +

ε

2

)
(6.30)

where ε = (k − 2)/(k + 2), r0 is the muon radius calculated as re(Me/Mµ) = 2.82 ·
10−15(0.511/105.65) m, α = 1/137 and Z = 1. In Fig. 6.20 we plot the value of the total
cross section as a function of the incoming photon energy in the case of Ep = 50 TeV:
even though the characteristics of the emitted muon beam are outstanding especially
close to the production threshold, the process is very inefficient [86].
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Figure 6.20: Total cross section [nbarn] for the muon pair production as a function of the incoming
photon energy [MeV] for Ep = 50 TeV.

6.3 Electron-positron pair production

The kinematics of the electron-positron pairs production can be derived by substitut-
ing Mµ with Me in the relationships written above for muon pairs. We find ∆e th

p =

4Me/Mp = 0.022, so that the minimum proton recoil factor at threshold is very small, al-
lowing to make useful approximations at threshold, i.e. hνth ' 0.511 [MeV] /γ (hνth =

68 eV for Ep = 7 TeV and hνth = 9.6 eV for Ep = 50 TeV) and γp′ = γe = γCM = γ.
However, in order to generate the muon and anti-muon beams, the hadron-photon
collider must be run close and slightly above the muon production threshold, i.e. at
∆p > ∆µ th

p = 0.497, which implies a large value for the electron-positron momentum in
the CM if ∆p >> ∆e th

p , that is

p∗e = Me

√[
Mp

2Me

(√
1 + ∆p − 1

)]2

− 1 ' Mp

2

(√
1 + ∆p − 1

)
(6.31)

giving p∗e =
√
M2
µ −M2

e ' Mµ at the muon production threshold. By transforming to
the laboratory we find a maximum longitudinal momentum for the electron or positron
in the pair (at energies around the muon production threshold) given by

pmaxez =
2γMµ√
1 + ∆p

pminez = −
Mµ

√
1 + ∆p

2γ
.

(6.32)

The negative sign for the minimum longitudinal momentum means that the electron or
the positron in the pair is traveling backward along the propagation axis of the inci-
dent photon (see footnote 1), i.e. pminez = −8.7 keV at Ep = 7 TeV and pminez = −1.2 eV
at Ep = 50 TeV. Fig. 6.21 shows the transverse phase space and the longitudinal mo-
mentum of the emitted electrons at the muon production threshold (Ep = 50 TeV and
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hν = 2.2053 keV), the energy spread is almost 100% and the mean pz is around 4 TeV.

Figure 6.21: Electron-positron pairs properties at Ep = 50 TeV and hν = 2.2053 keV, considering
the emittance of the incoming proton beam.

In this case the total cross section is given by the Heitler-Sauter formula

σ = αZ2r2
e

[
28

9
ln(2k)− 218

27

]
(6.33)

where k = hν′/Me. Fig. 6.22 shows a value around 16 mbarn at the muon pair produc-
tion threshold where the pion production cross section is around a factor 100 lower and
the muon pair cross section is less than a nbarn.

Figure 6.22: Total cross section [mbarn] for the electron-positron pair production as a function of
the incoming photon energy [MeV] for Ep = 50 TeV.

In order to complete the analysis close to muon pair production threshold we show in
Fig. 6.23 and Fig. 6.24 the data concerning the pion production respectively without and
with the proton beam emittance. The energy spread is 44%, the mean energy is 8.7 TeV
and the transverse emittance 0.89 and 2.95 mm·mrad respectively.
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Figure 6.23: π beam properties at Ep = 50 TeV and hν = 2.2053 keV, without considering the
emittance of the incoming proton beam.

Figure 6.24: π beam properties at Ep = 50 TeV and hν = 2.2053 keV, considering the emittance of
the incoming proton beam.
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6.4 Inverse Compton scattering off protons

The Inverse Compton scattering of photons by protons is analogous to the one involving
photons and electrons (widely treated in Part I of this dissertation) except for the total
cross section Σp value, which in the proton case is much lower than the Thomson one
(ΣT = 0.67 barn): Σp = ΣT (Me/Mp)

2 [63].

In the center of mass frame CM the modulus of the momentum of proton and back-
scattered photon, in case of Compton scattering, are:

p∗p = hν∗ =
E2
CM −M2

p

2ECM
=

∆pMp

2
√

1 + ∆p

(6.34)

showing that there is no threshold for this reaction (as expected, it is a scattering) so
that the proton recoil can be arbitrarily small. A Lorentz transformation to the labora-
tory gives the longitudinal momentum of the scattered photon as a function of the CM
scattering angle θ∗:

kz = hν∗γCM (βCM + cos θ∗) (6.35)

which exhibits  kmaxz = kz(θ
∗ = 0) =

4γ2hν

1 + ∆p

kminz = kz(θ
∗ = π) = −hν.

(6.36)

Incidentally, at very small angles in the CM, the corresponding laboratory angle is θ =

θ∗
√

1 + ∆p/2γ, and the photon momentum at small angles around the proton propaga-
tion axis (back-scattering close to the Compton edge) is given by

kz =
4γ2hν

1 + ∆p

(
1− γ2θ2

1 + ∆p

)
(6.37)

as well known from the description of the collimated spectral characteristics of Compton
sources, that are typically operated with relativistic electrons in very small recoil regime
as specified by ∆e− ≡ 4γe−hν/Me− << 1.

At the reaction threshold for pion production, the Compton back-scattered photons
have maximum energy ECγ = hνmaxz = γMp∆

th
p /(1 + ∆th

p ) = 0.24 · Ep (i.e. ECγ = 1.68

TeV for Ep = 7 TeV and ECγ = 12 TeV for Ep = 50 TeV).





CHAPTER 7

Luminosity and flux considerations

At each collision, the number of a certain kind of particle produced can be calculated as

N = L · Σ (7.1)

where Σ is the total cross section for the considered reaction and L is the proton-photon
collider luminosity given by

L =
NpNphr

4πσ2
0

(7.2)

where Np is the number of colliding protons in the bunch, Nph is the number of photons
carried by the radiation pulse, r the repetition rate of the collisions and σ0 the effective
spot size at the IP. Since the interaction does not produce beam-beam effects, due to the
nature of the photon pulse and since the collective effect due to the electromagnetic field
of the XFEL photon beam are very small (the equivalent laser parameter representing
the dimensionless value of its electromagnetic vector potential as seen by the proton
a0 ∝ 10−4(Me/Mp)λFEL[Å]

√
P [TW ]/σhνx [µm] is much smaller than 1), we can assume

that the geometrical luminosity considered in eq. (7.2) is a good assumption as far as the
hour-glass effects are negligible. This is certainly the case for an optimized LHC or FCC
beam at the IP (with a minimum beta function of about 0.1 m, matched to the proton
bunch length to mitigate the hour-glass effect), and it is even more valid for the XFEL
beam, since its geometrical emittance is much smaller than the proton beam one (εpx =

εpxn /γ = 2 · 10−10 mrad for the proton beam at 7 TeV and εhνx = λFEL/4π = 8 · 10−12

mrad for the XFEL photon beam). We should also remark that the FEL photon pulse is
extremely short (' 200 fs) compared to the proton bunch, with a diffraction Rayleigh
range ZR = πw2

0/λFEL longer the 1 m: hour-glass effects are therefore depending only
on the proton beam diffraction at IP.

Concerning the maximum repetition rate achievable in collisions, LHC can be oper-
ated up to 40 MHz and FCC is expected to match it, while XFEL based on SC CW Linacs
are aimed at achieving 1 MHz (LCLS-II [103]), but the upgrade to 10 MHz is considered
feasible by adopting Energy Recovery Linacs (ERL) schemes, which are definitely much
more expensive and challenging but performant in terms of electron beam average cur-
rent (for our case we would need an average current of about 0.2 nC × 10 MHz = 2 mA,
which is certainly in the range of capability of an ERL).

103



104

Eventually, considering ultimate performances for either LHC/FCC beams and XFELs
beams, we adopt the values reported in Table 7.1 and r = 10 MHz for the evaluation of
fluxes and proton beam life-time due to event production.

Table 7.1: Collider performances in various scenarios.

PR source Ep Npr σ0 PH source hν Nph

LHC 7 TeV 2 · 1011 7 µm LCLS-XFEL 20 keV 1013

FCC 50 TeV 1011 1.6 µm LCLS-II 3 keV 1014

SPS 400 GeV 2 · 1012 18 µm SPARC-LAB 350 keV 108−9

So, for example, if we consider the FCC parameters we obtain L = 3.1 ·1038 cm−2s−1.
Therefore the total number of pions Nπ produced per bunch crossing is about 6.5 · 103

assuming a maximum of the total cross section Σπ of about 220 µbarn (6.5 · 1010 pions
per second average flux).

There are small differences in the total cross section for the following reactions:

p+ hν → π+ + n p+ hν → π0 + p (7.3)

so we should expect an almost equivalent production of charged and neutral pions.
These latter are not of interest for a muon collider application since they decay very
rapidly (mean life-time 8.4 · 10−17 s) into a pair of high energy γ photons.
Clearly for a muon-antimuon collider one needs to find other reactions to produce neg-
ative pions π− (e. g. p+ hν → p′ + π+ + π−).

Under the assumption of preservation of the outstanding pion beam emittance, and
considering the long life-times of muons at the TeV level (in excess of tens of millisec-
onds), one can conceive a storage ring accumulating muons, in order to go from the
small number of pions produced at each bunch crossing (about 104) up to the requested
muons per bunch typical of a muon collider. Assuming this latter value and a life-time of
20 ms for the muons (see Fig. 7.1 and 7.2) we would accumulate 109 muons during half
of their life-time, which in turns is enough to achieve an effective muon collider lumi-
nosity of about 1031 s−1cm−2 at a few µm IP spot size, interleaving in time accumulation
and collision of the muon bunches at each muon half life-time. As shown in Fig. 7.1 and
7.2 the concentration of muons has a maximum at low energy and a secondary peak at a
mean energy in both LHC and SPS cases.

There are other reactions possible in the collision between the XFEL photons and
the relativistic proton beam, namely the Compton back-scattering of the photons by the
proton, the electron/positron pair production in the nuclear field of the proton and the
direct muon pair photo-production (so called Bethe-Heitler lepton-pair production pro-
cess, p+ hν → p′ + e+e−, p+ hν → p′ + µ+µ−).
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Figure 7.1: Muons properties (case LHC): muon normalized emittance [mm·mrad] in red, pion
normalized emittance [mm·mrad] in black, relative longitudinal momentum spread [%] in green,
relative number of muon on total [%] in magenta and muon mean life-time [ms] in blue as a
function of the mean longitudinal momentum of the muons [GeV/c].

Figure 7.2: Muons properties (case SPS): muon normalized emittance [mm·mrad] in red, pion
normalized emittance [mm·mrad] in black, relative longitudinal momentum spread [%] in green,
relative number of muon on total [%] in magenta and muon mean life-time [ms] in blue as a
function of the mean longitudinal momentum of the muons [GeV/c].
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The Compton back-scattering is characterized by a total cross section scaling like
ΣT (Me/Mp)

2, so it lays in the range of a fraction of µbarn, quite negligible both for sec-
ondary beam generation and for the budget of events setting the life-time of the proton
beam (ΣT is the Thomson cross section, about 0.67 barn [63]).

The electron/positron pair production in the field of the nucleon is instead the dom-
inant process in the collision proton-photon, since its total cross section Σe+e− in the
range of a few hundreds MeV photons (in the rest frame of the nucleon) is about 15

mbarn (see [112, 114]). So we expect a number of electron/positron pair created at any
bunch crossing of the order of 106. As discussed in the previous chapter, these pairs are
propagating as an intense collimated secondary beam along with the pion beam.

The direct photo-production of muon pairs in the nucleon field by the FEL photon is
on the other side characterized by a very small total cross section, which indeed scales
like Σe+e−(Me/Mµ)2, so it is smaller than a µbarn [86], therefore yielding about 105 muon
pairs per second at 10 MHz repetition rate.

Considering the FCC luminosity L = 3.1 · 1038 cm−2s−1 and taking into account
the total cross sections given in [107] for the pions and in formulas (6.30) and (6.33) for
µ−/µ+ and e−/e+ pairs, we find the number of events per second specified in Table 7.2.

Table 7.2: Number of particles [s−1] at Ep = 50 TeV and hν [keV] values reported in table.

Ep [TeV] hν [keV] Nπ [s−1] Nµ−/µ+ [s−1] Ne−/e+ [s−1]

50 1.43 (πth) 1.86 · 1010 0 4.5 · 1012

50 2.2053 (µ−/µ+th) 3.72 · 1010 1.25 · 104 5 · 1012

50 2.5 4.65 · 1010 9.3 · 104 5.1 · 1012

50 3 6.5 · 1010 4 · 105 5.4 · 1012

The proton beam life-time can be evaluated just rescaling LHC data (beam life-time
of about 40 hours) for p − p events, which are characterized by a total cross section of
about 110 mbarn and a luminosity (present operation) of 1034 s−1cm−2: running the
proton-photon collider at a luminosity of 1038 s−1cm−2 we would get, at a dominant
cross section of 15 mbarn, a beam life-time of the order of a second, which sets up a seri-
ous challenge to the injection chain of the main ring.

We did not evaluate the cascaded interaction of the electron/positron pair with the
counter-propagating FEL colliding photon beam and we did not carried out the genera-
tion of its corresponding phase space distributions. This cascaded interaction is indeed
possible due to the highly collimated behavior of secondary beams in this highly Lorentz
boosted interaction, unlike p − p interactions at LHC IP which occur with a steady CM



reference frame. Since part of the 5 · 105 electron/positron pairs will propagate after be-
ing generated along with the surviving proton beam, they may collide with a fraction of
the incoming 1014 FEL photons giving rise to muon pair production via the reactions

e− + hν → e− + µ+µ− e+ + hν → e+ + µ+µ− (7.4)

As a rough evaluation of the total number of muon pairs produced per bunch crossing
we take as an example 2 TeV electrons or positrons created in the proton-photon collision
(' 5·105 per bunch crossing), and we consider their cascaded collision with FEL photons
at 12 keV. The energy available in the center of mass is about 309 MeV, well above the
threshold of 2Mµ. Following Ref. [114] we use a total cross section for the muon pair
photo-production of about 1.3 nbarn, which gives an upper limit for the muon pairs
produced of about 2 per second (although collimated within an incredibly small forward
angle of about 0.3 µrad). Just as a side comment we notice that the direct muon pair
photo-production in our primary proton-photon collision via Bethe-Heitler process can
give a flux of about a few 105 muon pairs per second as discussed above in this section.





Conclusions





Part I

The ELI-NP Gamma Beam System aims at delivering γ beams with unprecedented char-
acteristics in terms of energy tunability, monochromaticity, spectral density, brilliance
and polarization. The energy of the emitted beams, ranging between 0.2 and 19.5 MeV,
will enable advanced experiments in nuclear physics and nuclear photonics, in material
science and many other fields.

The ELI-NP-GBS operates at the transition between the classical and the quantum
regimes: since the required bandwidth is very narrow the quantum effects cannot be
neglected. In the dissertation we recall the quantum theory of inverse Compton scatter-
ing following the approach [60] used also by the developer [61] of the Monte Carlo code
CAIN [62]. Mainly through this code we simulate the emitted photon beams’ charac-
teristics. The other codes are briefly mentioned together with the theoretical underlying
approaches [58,59]. We can have a very precise picture of the emitted photon beam qual-
ities and we are able to compare the results obtained with different methods.

We run the code CAIN in the linear regime since, as described in [66, 71], in the ELI-
NP parameters range the non-linear effects do not affect the bandwidth value of the
collimated beam and the energy peak red-shift value due to this effect can be neglected.

The polarization of the emitted photons has been studied in details (see also [64]). In
the ELI-NP case, the collimated beam retains the laser polarization (even with unpolar-
ized electron beam), therefore the linear polarization is higher than 98%.

The impact of the possible jitters and errors of the machine on the γ beam quality
is presently under study (some examples are reported in Chapter 4). In particular, the
safety region for the spatial misalignments has been determined: the transverse space
misalignment bewteen the electron and laser beams at IP cannot exceed 20 µm while the
longitudinal one 500 µm; the collimation system transverse space misalignment value
has to be lower than 200 µm for the low energy line and 100 µm for the high energy one.
The sensitivity on the angular displacement of the electron beam is much higher than
the one on the laser pulse: a 50 µrad displacement of the electrons is critical while even
tens of mrad angular error of the laser can be accepted.
Other errors and jitters have to be considered on sets of simulated electron and laser
beams: this step will be very important in the installation and optimization phase of the
Linac [48], the laser [46, 47] and the collimation [45] systems.

The ELI-NP-GBS is under construction: the bunker and the infrastructures are about
to be completed and the machine installation will start in 2016. The full operation is
foreseen by the end of 2018.
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Part II

The combination of two most advanced accelerators, the Large Hadron Collider and the
X-ray Free Electron Laser, although not easy nor inexpensive to be implemented in real-
ity, offers the great opportunity of conceiving a hybrid Hadron-Photon Collider (HPC),
at an unprecedented luminosity exceeding 1038 s−1cm−2. The HPC is actually aimed not
at producing events to study, but to generate secondary beams of unique characteristics,
via a highly boosted Lorentz frame corresponding to a very relativistic moving center of
mass reference frame. The opportunity may become quite strategic in the frame of a new
machine under design and being proposed like Future Circular Collider, since the higher
energy foreseen (100 TeV) greatly simplifies the type of X-ray FEL machine that should
be coupled for implementing a HPC: in fact at FCC the optimal FEL photon energy is
about 3 keV (λFEL = 0.4 nm), easily achievable by a CW SC GeV-class Linac driving the
FEL radiator.

As shown in Chapter 7, the phase space distributions of the secondary beam gen-
erated, in particular pions, have outstanding properties of low transverse emittance (in
the range 3− 5.5 mm·mrad) and are collimated within very narrow forward angles (less
than 150 µrad for a 7 TeV colliding proton beam as for LHC and less 10 µrad for a 50 TeV
proton beam as for FCC) with energies attaining 2.5 TeV and 19.1 TeV respectively for
the two cases (LHC and FCC).

The opportunity consists in conceiving a beam manipulation of charged pions of
both signs, generated in the HPC, capable to let them decay into muons and neutrino
beams of similar characteristics in the phase space: the challenge is the large energy
spread of the pion beams (an energy selection will have to be implemented first) and
the long range distance travelled by them before decay, at this energy. The potentialities
in terms of muon and neutrino beams obtainable are impressive: although the number
of muons and neutrinos per bunch would be low (a few thousands) their phase space
distributions would be extremely high quality thanks to the large Lorentz boost of the
primary proton-photon collision, giving rise to very small divergence angles for these
beams (tens of µrads for muons and hundreds of µrads for neutrinos).
Another possible way to obtain muon beams is the direct muon pair production: de-
spite the very low cross section value, the critical steps represented by the production of
charged pions of both signs and the storage and selection of the pions would be over-
come. Moreover, a possibility to partially compensate for the low efficiency of the pro-
cess would be to collide lead ions. The kinematics is the same as the direct muon pair
production on protons and the cross section would increase by a factor Z2 = 822. Con-
sidering that the lead ion intensity is foreseen to be ∼ 10 times lower than for protons,
there would be a factor∼ 670 gain on the number of produced muons, around 108 muon
pairs per second.



In both scenarios, the long life of the high energy generated muons (in excess of 10 ms)
may offer the opportunity to accumulate them in a storage ring so to achieve muon col-
lider requested bunch intensities.
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APPENDIX A

Inverse Compton cross section revisited

We present a rigorous method to obtain the inverse Compton cross section in the general
case of not null initial momentum of the electrons from a pure QED calculation, avoiding
the usual approaches based on the derivation of this cross section either from the Klein
and Nishina formula and the Lorentz transformations or through Dyson-Feynman dia-
grams and Mandelstam invariants.

A.1 Preliminary definitions

We recall here some preliminary definitions and notations usefull in the following calcu-
lation, for a more detailed treatise see Ref. [69].
Concerning the electrons we introduce the field operator

Ψ̂σ(x) =
√
mec

2∑
r=1

∫
d3p

p0

(
e−

i
~p·x

(2π~)
3
2

vrσ(~p)b̂r(~p) +
e
i
~p·x

(2π~)
3
2

wrσ(~p)d̂r†(~p)

)
(A.1.1)

where b̂r(~p) and d̂r†(~p) are respectively the annihilation operator for particles and the
creation operator for the antiparticles 1, satisfying the Dirac equations(

i
∑
µ

γµ
∂

∂xµ
− mec

~

)
Ψ̂σ(x) = 0⇔ p · p = m2

ec
2 (A.1.2)

1

2
(γνγµ + γµγν) = gµνI where γ0 =

(
I 0

0 −I

)
γi =

(
0 σi

−σi 0

)

and the adjoint field operator Ψ̂σ(x) = Ψ̂†(x)γ0. The operator acting on the photons is
the potential vector

Âµ(x) = ~
√
c√
2

∫
d3p

p0

(
e−

i
~p·x

(2π~)
3
2

3∑
λ=0

eµλ(~p)gλν ĉν(~p) +
e
i
~p·x

(2π~)
3
2

3∑
λ=0

eµλ(~p)gλν ĉ†ν(~p)

)
(A.1.3)

1For these operators anticommutators are null for all cases except[
b̂r(~p), b̂r

′†(~p′)
]
+

= p0δrr′δ3(~p− ~p′)
[
d̂r(~p), d̂r

′†(~p′)
]
+

= p0δrr′δ3(~p− ~p′)
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with ĉν(~p) and ĉ†ν(~p) the annihilation and the creation operator respectively 2 and
gµν ∂2

∂xµ∂xν Â
µ(x) = 0. The physical states are characterized by photons having λ = 1, 2,

the one with transverse polarization, i.e. the states |f〉 and |g〉 solutions of

〈g|∂Â
µ(x)

∂xµ
|f〉 = 0.

Quantum Electrodynamics describes the time evolution of the system constituted by an
electron and a photon colliding at a certain instant non exactly localized in a macroscopic
time interval [t1, t2]:

|Ψinter
t2 〉 = Û inter(t2, t1)|Ψinter

t1 〉 (A.1.4)

where

Û inter(t2, t1) = e
i
~ Ĥ0t2e−

i
~ Ĥ(t2−t1)e−

i
~ Ĥ0t1 . (A.1.5)

The Hamiltonian is

Ĥ = Ĥ0 + Ĥinter
1 with Ĥinter

1 = e

∫
d3x : Ψ̂(x)γµΨ̂(x)Âµ(x) : (A.1.6)

and, being T the chronological ordering operator, the interaction operator has the form

Û inter(t, t1) = T

(
e
− i

~
∫ t
t1
dt′

∫
R3 d

3x′e:Ψ̂(x′)γµΨ̂(x′)Âµ(x′):

)
. (A.1.7)

A.2 Calculation

The electron-photon system is described by an appropriate mixture of the initial states

|Ψt1〉 =

∫∫
d3q′

q′0
d3k′

k′0
e
i
~ (q′0+k′0)ct1

2∑
r′λ′=1

Ψ1e(q
′, r′)Ψ1γ(k′, λ′)b̂r

′†(q′)ĉλ
′†(k′)|0〉 (A.2.1)

with the wave functions peaked respectively at (~qi and ~ki) and displaced inside the
beams. We are interested in the transition from (~qi, ~ki) at t1 to ( ~qf , ~kf ) at the final time
t2 such that Ψ1e(qf , r) = 0, Ψ1γ(kf , λ) = 0, i.e. not belonging to the initial state. The
statistics of these events is obtained by using

Êrλ(M) =

∫∫
M

d3q

q0

d3k

k0
b̂r†(~q)ĉ†λ(~k)|0〉〈0|ĉλ(~k)b̂r(~q) (A.2.2)

normalized in the sense that ∑
rλ

Êrλ(R6) = P̂e,γ (A.2.3)

2For these operators commutators are null for all cases except[
ĉ0(~p), ĉ†0(~p′)

]
−

= −p0δ3(~p−~p′)
[
ĉl(~p), ĉ

†
l′ (
~p′)
]
−

= p0δll′δ3(~p−~p′) for l=1,2,3



Inverse Compton cross section revisited 119

with P̂e,γ projector on the Fock space of one electron and one photon.
In order to calculate the probability ||Êrλ(M)Û inter(t2, t1)Ψt1 ||2 we consider

Πrλ(~q,~k; t2, t1) = |〈Φt2 |T
(
e−

ie
~c

∫ ct2
ct1

dx0
∫
R3 d

3x :Ψ̂(x)γµΨ̂(x)Âµ(x):
)
|Ψt1〉|2

1

k0q0
(A.2.4)

choosing

|Φt2〉 = b̂rf†( ~qf )ĉ†λf ( ~kf )|0〉.

From a second order perturbative approach expansion of the time evolution operator we
obtain

〈Φt2 | − i
( e
~c

)2
∫∫ ct2

ct1

dx0
1dx

0
2

∫∫
R3

d3x1d
3x2Ψ̂

(−)

(x2)γµ2

(
Â(−)
µ2

(x2)SF (x2 − x1)Â(+)
µ1

(x1)

+Â(−)
µ1

(x1)SF (x2 − x1)Â(+)
µ2

(x2)
)
γµ1Ψ̂(+)(x1)|Ψt1〉

(A.2.5)

where (+) e (−) are respectively the annihilation and creation part of the operators and
SF describes the normal order.
To proceed with the calculation of this expression, the most important steps are the fol-
lowing:

• To put in evidence the energy conservation we consider the long time behavior of
the system evolution.

• Since

SF (x) = lim
ε→0+

∫
dk0d3k

e−ikx

(2π)4

kγ + mec
~ I

k2 − m2
ec

2

~2 + iε
(A.2.6)

we integrate on k and develop the calculation of the integral on k0 by using the
complex analysis methods.

• We take into account that the initial wave function are peaked around initial mo-
mentum ~qi for the electron and ~ki for the photon, so that the initial momentum of
the particles is in good approximation ~qi and ~ki.

• The wave function of a single particle describes the momentum of the particle
through its modulus and is related to the position through the phase. The posi-
tion of the photon is hardly determined, so it is necessary to take an average over
the infinite possible choices of ~x0 in a macroscopic space region ω with volume V ,
inside the bunch, symmetric around the origin, where the density of the photons
is constant.



120 A.3 Differential cross section

A.3 Differential cross section

The calculation provides the transition probability, defined as the probability that a pho-
ton characterized by initial polarization and momentum λi,~ki, after the scattering has
polarization and momentum λf , ~kf :

P (λi, λf , ~kf ∈ dΩ) =
dΩ(t2 − t1)e4m2

ec

V (4π~)2

1

|~ki|
1√

m2
ec

2 + |~qi|2

1√
m2
ec

2 + |~qi + ~ki − ~kf |2

|~kf |
(√

m2
ec

2 + |~qi|2 + |~ki| − |~kf |
)

√
m2
ec

2 + |~qi|2 + ki − |~qi + ~ki| cos θ

· TrC4

{[(
/eλf ( ~kf )/ki/eλi(

~ki) + /eλf ( ~kf )qi · eλi(~ki)
) ~

2qi · ki

+
(
/eλi(

~ki)(−/kf )/eλf ( ~kf ) + /eλi(
~ki)qi · eλf ( ~kf )

) ~
−2qi · kf

](
mecI + /qi

4mec

)
·
[(
/eλi(

~ki)/ki/eλf (~kf ) + /eλf ( ~kf )qi · eλi(~ki)
) ~
qi · ki

−
(
/eλf ( ~kf )(−/kf )/eλi(

~ki) + /eλi(
~ki)qi · eλf ( ~kf )

) ~
qi · kf

]
mecI + /qi + /ki − /kf

4mec

}
(A.3.1)

where /a = a ·γ, dΩ = dΩ(θ, φ) is the solid angle and θ is the angle between the directions
of the incoming electron and the emitted photon.
From the transition probability we can extract the geometrical quantity called differential
cross section:

σλi,λf (θ, φ) =
P (λf , λi, ~kf ∈ dΩ(θ, φ))V

dΩ(t2 − t1)
(A.3.2)

In the usual Compton scattering the electron at the initial state is considered at rest,
~qi = 0. In this case, we get the Klein and Nishina formula:

(σλi,λf (θ, φ))~qi=0 =
1

4

(
e2

4πmec2

)2
(

mec

mec+ |~ki|(1− cos θ)

)2

·

[
4(~eλf · ~eλi)2 +

|~ki|2(1− cos θ)2

mec(mec+ |~ki|(1− cos θ))

] (A.3.3)

Since |~ki| � mec, for not polarized photon beam and not observed polarization of the
scattered photons

(σλi,λf (θ, φ))~qi=0 =

(
e2

4πmec2

)2
1

2
(1 + cos2 θ) = r2

0

(1 + cos2 θ)

2
(A.3.4)

which is the classical Thomson cross section.
Considering the inverse Compton scattering we have to analyze the general case of ~qi 6=
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0 and the result is:

σλi,λf (θ, φ) = A ·B (A.3.5)

where
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(A.3.6)

and

B =
1

2

{
ki · kf

[
~qi · ~eλf~eλf · ~ki − ~qi · ~eλi~eλi · ~kf

qi · kiqi · kf
+

1

2

(
1

qi · kf
− 1

qi · ki

)
·
(

1 +
(~qi · ~eλi)2

qi · ki
−

(~qi · ~eλf )2

qi · kf

)]
+

1

2

(~qi · ~eλi)2(~qi · ~eλf )2(qi · ki − qi · kf )2

(qi · ki)2(qi · kf )2

+ 2(~eλi · ~eλf )2 +
(~qi · ~kf~qi · ~eλi~eλf · ~ki + ~qi · ~ki~qi · ~eλf~eλi · ~kf )2

(qi · ki)2(qi · kf )2

+
1

2

(
~qi · ~eλf~eλf · ~ki − ~qi · ~eλi~eλi · ~kf + 5~qi · ~eλi~qi · ~eλf~eλi · ~eλf

)( 1

qi · ki
− 1

qi · kf

)
+

3

2

[
(~qi · ~eλi)2~qi · ~eλf~eλf · ~ki

(
1

(qi · ki)2
− 1

qi · kiqi · kf

)
+~qi · ~eλi(~qi · ~eλf )2~eλi · ~kf

(
1

qi · kiqi · kf
− 1

(qi · kf )2

)]
+ 3~eλi · ~eλf

(
~qi · ~eλi~eλf · ~ki

qi · ki
+
~qi · ~eλf~eλi · ~kf

qi · kf

)

+
1

4

(
(~qi · ~eλi)2

(qi · ki)2
+

(~qi · ~eλf )2

(qi · kf )2

)
(qi · ki − qi · kf )

}
(A.3.7)

This formula keeps into account all the possible polarization of the emitted photons
and it could be useful for the implementation of an ICS simulation code working in the
laboratory frame.





APPENDIX B

Quantum model for ICS and polarization: alternative
calculation

The differential cross section (2.17) can be obtained by applying the Lorentz transforma-
tions to the electric field instead that to the vector potential, avoiding the necessity of a
gauge transformation as in [59].

The cross section in the electron rest frame can be written as

[
dσ

dΩ

]′
=
r2
e

4

(
ν′p
ν′0

)2 [
ν′p
ν′0

+
ν′0
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]
where

ε′0 =
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|E′x0
|
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|E′y0
|
ey +

E′z0
|E′z0 |
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is polarization vector of the electric field.
In the laboratory frame, instead, we have:
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i
· ek)2

(
ν′p
ν′0

)2

X
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In general we have

E0 = γi(E
′
0 + β

i
×B′0)− γi

γi + 1
β
i
(β
i
· E′0)
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Under the hypothesis that the electromagnetic radiation can be model by transverse
plane waves, ki · E

′
0 = 0. Then B′0 = ek × E

′
0 and therefore
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· ek)

+ 2(1− β
i
· ek)β

i
· E′0(E′0 · ek −

γi
γi + 1

E′0 · βi) = |E′0|2(1− β
i
· ek)2

where in the last equality we used E′0 · ek = 0. Then

ε0 =
E′0(1− β

i
· ek) + (β

i
· E′0)(ek −

γi
γi+1βi)

|E′0|(1− βi · ek)
= ε′0 +

β
i
· ε′0(ek −

γi
γi+1βi)

1− β
i
· ek

(B.0.3)

and similarly

εp = ε′p +
β
i
· ε′p

1− β
i
· n

(n− γi
γi + 1

β
i
) (B.0.4)

If we set

d1 = 1− β
i
· ek d2 = 1− β

i
· n d3 = ek · n− 1,

by using the Compton relation

νp = ν0
d1

d2 − hν0

γimec2
d3

(B.0.5)

we finally obtain

ε0 · εp =ε′0 · ε′p +
β
i
· ε′0

1− β
i
· ek

(
ε′p · ek −

γi
γi + 1

ε′p · βi
)

+
β
i
· ε′p

1− β
i
· n

(
ε′0 · n−

γi
γi + 1

ε′0 · βi
)

+
β
i
· ε′0

1− β
i
· ek

β
i
· ε′p

1− β
i
· n

·
[
ek · n−

γi
γi + 1

β
i
(ek + n) +

β2
0γ

2
i

(γi + 1)2

]
=ε′0 · ε′p +

β
i
· ε′0
d1

[
ε′p · (ek +

mec
2γi

hνi
)
]

+
β
i
· ε′p
d2

[
ε′0 · (n−

mec
2γi

hνf
)
]
.

(B.0.6)
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The first three terms of Eq. B.0.1 are not depending on polarization, while the last
one depends on both laser and radiation polarization.

By expressing the radiation polarization versor ε′p through two versors perpendicu-
lar to n, ε′p1 = −sinφex+cosφey , and ε′p2 = cosφcosθex+sinφcosθey−sinθez , the Stokes
parameter S3 is defined as:

S3 =
(ε0 · εp)2

ε′p=ε′p1
− (ε0 · εp)2

ε′p=ε′p2

(ε0 · εp)2
ε′p=ε′p1

+ (ε0 · εp)2
ε′p=ε′p2

+ ν0

2νp

1−β
i
·ek

1−β
i
·n +

νp
2ν0

1−β
i
·n

1−β
i
·ek
− 1

. (B.0.7)

Supposing that, as before, β
i

= βzez , ε′0 = ey , ek = −ez , and that the last three terms
in the denominator are negligible, the direct calculation of the Stokes parameter lead to :

S3 =
− 1
γ4
i
− 2

γ2
i
sin2θcos2φ− sin4θcos4φ

1
γ4
i

+ 2
γ2
i
sin2θcos2φ+ sin4θ

(B.0.8)

expression that is analogous to Eq. 2.38.





APPENDIX C

Compton Monte Carlo Code (CMCC)

In this code the particle-particle interaction is performed in center of mass (CM) refer-
ence frame of the electron-photon system.
To symplify the notations we set in this section ~ = c = 1 and we denote with ∗ the
particles’ momenta and energies in CM.

If the electron and laser photon energies in LAB are respectively Ei and ν0, the CM
of the electron-photon system is characterized by

γCM =
ETOT
ECM

=
Ei + ν0√

2Eiν0 − 2p
i
· k0 +M2

e

(C.0.1)

where Me = 0.511 MeV/c2 and ECM (or
√
s using the Mandelstam notation) is the

invariant mass of the electron-photon system. In case of a relativistic electron colliding
nearly head on with the photon, ECM '

√
4Eiν0 +M2

e . The velocity of the CM is given
by

β
CM

=
p
i
+ k0

pi + k0
. (C.0.2)

The momentum modulus of the scattered electron and photon in CM is

p∗ = k∗ =
E2
CM −M2

e

2ECM
. (C.0.3)

This equation shows that there is no threshold for this reaction (as expected, it is a scat-
tering) so that the electron recoil can be arbitrarily small.

k∗ = (k∗x, k
∗
y , k

∗
z) = (k∗ sin θ∗ cosφ∗, k∗ sin θ∗ sinφ∗, k∗ cos θ∗) (C.0.4)

with θ∗ and φ∗ angles in CM with respect to β
CM

direction. The scattered electron and
the emitted photon in CM have opposite directions and they are distributed on a sphere
of radius p∗ = k∗. The energy of the electron the photon in CM are E∗ =

√
p∗2 +M2

e

and ν∗ = k∗ respectively.
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The differential cross section (2.27) for the scattering process is a function of the in-
variant quantities X and Y , therefore is valid also in the CM frame. In this frame

X =
2ν∗(E∗ + ν∗)

M2
e

and Y =
2ν∗(E∗ + ν∗ cos θ∗)

M2
e

. (C.0.5)

To obtain the momentum components of the emitted particles in the laboratory frame
we have to apply the Lorentz transformations to the momenta values in CM:

ν = γCM (k∗ + k∗xβx + k∗yβy + k∗zβz)

kx = k∗βxγCM + k∗x
1 + γ2

CMβ
2
x

1 + γCM
+ k∗y

γ2
CMβxβy

1 + γCM
+ k∗z

γ2
CMβxβz

1 + γCM

ky = k∗βyγCM + k∗x
γ2
CMβxβy

1 + γCM
+ k∗y

1 + γ2
CMβ

2
y

1 + γCM
+ k∗z

γ2
CMβyβz

1 + γCM

kz = k∗βzγCM + k∗x
γ2
CMβxβz

1 + γCM
+ k∗y

γ2
CMβyβz

1 + γCM
+ k∗z

1 + γ2
CMβ

2
z

1 + γCM

(C.0.6)

where β
CM

= (βx, βy, βz). If the scattering is head-on along the z axis, the above trans-
formations simplify in 

ν = k∗γCM (1 + βCM cos θ∗)

kx = k∗ sin θ∗ cosφ∗

ky = k∗ sin θ∗ sinφ∗

kz = k∗γCM (βCM + cos θ∗) .

(C.0.7)

Event generator algorithm:

• The electron beam is red from an external file. Each electron collides with a photon
with a fixed energy given in input which propagates along the negative z direction.

• The code computes γCM , βCM and p∗ = k∗ using eqs. (C.0.1), (C.0.2) and (C.0.3).

• θ∗ is chosen randomly in [0, π) and plugged in eq. (2.27) integrated over φ and
normalized:

f(θ∗) =
8 sin θ∗

X2

(
ν∗

Me

)2
{[(

1

X
− 1

Y

)2

+
1

X
− 1

Y

]
+

1

4

(
X

Y
+
Y

X

)}
. (C.0.8)

A random number r1 ∈ [0, 1) is compared with f(θ∗): if r1 ≥ f(θ∗) the photon is
not generated and the code moves to the next electron. Otherwise θ∗ is set.

• φ∗ is selected in [0, 2π) and eq. (2.27) is evaluated in (θ∗, φ∗). This value g(θ∗, φ∗)

is compared to another random number r2 ∈ [0, 1). If r2 ≥ g(θ∗, φ∗) the azimuthal
angle is selected again, otherwise both angles are set.

• The momentum components of the emitted photon (and electron) are calculated as
in (C.0.4) and transformed to the LAB using eq. (C.0.6).
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• Once the θmax corresponding to a certain bandwidth ∆νp/νp is defined, the num-
ber of photons in that bandwidth can be deduced by

N bw = N
photons generated in θmax

total generated photons
(C.0.9)

where N is defined in eq. (3.2).

• The polarization of the emitted photon is calculated as described in (Approach 1).

Remark. This code is not tracking the particles, it is not considering the laser intensity varia-
tions and it does not take into account the multiple scattering.

Remark. In Fig. C.1 the differential cross section (2.27) for unpolarized beams in CM is shown
for different values of the recoil parameter ∆. By comparing this graph with the one in Fig. 2.8,
we notice that the shape of the differential cross section in ERF and CM are very similar at low
∆ values, while they strongly differ in the ultrarelativistic regime.

Figure C.1: Differential Compton cross section dσ/dΩ∗ for unpolarized beams in CM normalized
by r2

e as a function of θ∗ [rad] for different values of ∆: 7.37 · 10−4 a), 7.37 · 10−3 b), 7.37 · 10−2 c),
0.737 d).

We repeat with CMCC the same simulations performed by means of CAIN in Chap-
ter 3: the electron beams features are reported in Table 3.1. The values of the relative
bandwidth value and the number of photons in the collimation angle θmax = 160 µrad
are reported in Table C.1.

Fig. C.2 shows the collimated spectra: the spectra obtained by beams A and B are
perfectly superimposed and the same happens for beams D and E. In those two cases
the difference between the emitted beams is given by the number of photons, which is
calculated through the formula (C.0.9).
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Table C.1: Results of the simulations: relative bandwidth value [‰] and number of photons in the
collimation angle.

Beam ∆νp/νp [‰] N bw

A 4.42 1.93 · 106

B 4.42 7.27 · 105

C 4.70 7.28 · 105

D 6.99 1.91 · 106

E 6.99 7.19 · 105

Figure C.2: Spectrum of the emitted photons dN/dhνp [arb. units] in the collimation angle as a
function of energy hνp [MeV] obtained by the interaction of the electron beams reported in Table
3.1. The spectra colors are related to the electron beam as follows: A black, B dark cyan, C blue, D
red, E magenta.
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In Fig. C.3 the resulting photons of bema E collision are presented: the spectrum and
the transverse distribution of the full and collimated beams are shown in black and red
respectively. The results obtained with CMCC are in perfect agreement with the ones
given by CAIN, especially if only the first generation of photons simulated by CAIN is
taken into account.

Figure C.3: Result of the beam E simulation: emitted photons spectrum dN/dhνp [arb. units] as a
function of energy hνp [MeV] and transverse distribution on a screen at 10 m from the IP (x and y
coordinates in [µm]). Total beam in black, collimated beam in red.





APPENDIX D

Pion photo-production differential cross section

The differential cross sections for the pion photo-production we used in our simula-
tions have been found in [106]. The cross sections values reported in this article refer to
fixed target experiments and therefore are related to the proton rest frame. We made the
assumption that at those incoming particle energies the differential cross sections in the
proton rest frame (PRF) and in the CM frame are very similar. To make sure this assump-
tion is valid we compared the spectra obtained by the event generator code we described
in Chapter 6 to another home-made code which samples the pion photo-production in
PRF. The results obtained by the two codes (we will call them codeCM and codePRF) are,
as we expected, in good agreement. For a deeper analysis of the emitted particle beams
the codePRF is more appropriate: codeCM is faster but the differential cross section in
CM has to be implemented in the code in order to have high precision results.

In the following, an example of comparison is reported: the proton beam energy is
Ep = 50 TeV and hν = 2.251 keV. In PRF hν′ = 240 MeV and therefore the differential
cross section is the one reported in Fig. D.1 (from [106]).

Figure D.1: Differential cross section [µbarn] as a function of θ′ in PRF at hν′ = 240 MeV.
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The data relative to the muon beam obtained by the pion decay simulated by codeCM
and codePRF are reported in Table D.1, while Fig. D.2 shows the spectra of pion and
muon beams. Both the data and the spectra are similar for the two simulations.

Table D.1: Muon beam data obtained by the pion beam decay simulated by codeCM and codePRF.

Code ∆pµz/pµz [%] 〈pµz 〉 [TeV/c] prmsµz [TeV/c] εµn [mm·mrad]

codeCM 41.43 7.43 3.08 1.64

codePRF 44.46 6.57 2.92 1.09

Figure D.2: Comparison of the pion dN/dpπz and muon dN/dpµz beams spectra as a function of
pπz and pµz respectively [TeV/c] obtained by using codeCM (top line) and codePRF (bottom line).
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