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Charge in a constant electric field

We have introduced the generalized momentum definedas P = mv + ¢A

The relativistic Hamiltonian of a charged particle is H = \/m?)c‘l + 2P — qA|? + q¢

From the Hamiltonian it is possible to derive the equations of motion

p
qj = 8_H where q; are the generalized coordinates
OP,
9 (remember that the generalized coordinates
p. — _(9_H are independent from the constraints)
\ ! aqﬂ'
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Charge in a constant electric field

Let us suppose a charged particle g in a constant electric field E,i
along a fixed direction (example x): E = E, i
® >
X

At t = 0 the charge is at rest in the origin of the coordinate
system (x, =0 v, = 0)

Since the magnetic field is zero, also the vector potential is zero, so that

<—
{q ! H = \/m%c‘* + c?ps + q¢
P = P < Dg
. OH 262D,
€Tr = _— 4
Opz  2y/mict + c2p?
oH 96
p i Pa(t) = q
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Charge in a constant electric field

c2qE,t qlb,t
\/mOC4 CQE t mo\/1_|_ cqEy t>

mo c2

moc?

cqb,

V—C

t=t"=

v(x) (m/sec)

stica” sotto ’azione di un campo elettrico F,, ossia v(t) = qfft'

2. relativistico (t = t*): la carica intorno al tempo t* si allontana dall’an- |
damento lineare;

3. ultra relativistico (t > t*): la velocita della carica tende a quella della
luce c.

1. classico (t < t*): e 'andamento lineare di una carica ¢ “non relativi- | i

t=t* t (sec)
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Charge in a constant electric field

x(t) =

1 Moc? cql,t 2 moc?
2 4 2 — r t) =
p x\/moc + (cqE,t)? 4 cost JE. \/1 + (moc2> + cost o x(t) o

1 (qF,
se tKtt = x(t)—§<q )t2

se t>t" = x(t)=ct
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Charge in a constant magnetic field

Let us suppose a charged particle g in a constant magnetic field along a fixed direction

(example z): B = B,k
V4

At t = 0 the charge has an initial velocity along y v(0) = v,))

i 3 R
A, A, A, v ’ y
The scalar potential is zero and ~
(1 —— vl
X
< g2 <Y
P +— P, -
H=\/m204+czl(P—qA )2+ (P, —qA ]
PP : . — 947 + (B, — g4,)
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Charge in a constant magnetic field

(v = pe)

H = \/m(z)c“ + c? [(Px —qAy)? + (P, — qu)z] = \/m%c‘* + méc?y?v? =

— 2 4 4 24,202 —
P, qA, = p, = myv. | Jmoc mgcty?p
P, — qA, = p, = moyy, = moc?y1+y2B% = ymyc?
l B*y?=y* -1

o om |(Pe—qA)(—ae) (B - aA) (a5 L T oA, oA,
Po=——=-— P, =q vxa——kvya—
X X

Ox mo7y » -
: 0A 0A, |

z 0Ay — I Y

o (P —ad)(—a%e) + (P —ad) ()| Pi=ajugt tu gt

0y mo~y
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Charge in a constant magnetic field

0A,
vya—; dA, 0A, N 0A, dx N 0A, dy 0A,
sy — (Y
G4 dt ot Or dt Oy dt 7 Oy
— vya—y /
Y. =0 because the magnetic field is constant with time
==
remember that P =mv+¢A mmp P, — qd:;x = dix = quy (a(;;y — aa';x)=qu80
By - (2 24)
x Y
o _ dAy : dA, dp,
Similarly, using " P, —q el qu. By
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Charge in a constant magnetic field

.. B
The final equations are then Dx = qUyBg Ugp = — (%) Uy
: — .. 2
py = —qvxBo Uy = — (%) Uy
V(1) = —vg sin(§2t B
The solutions are (harmonic oscillator) ( ) ° ( ) 0 = 420
vy (1) = vg cos(€2) , m

and by integrating we finally get

J:z:(t) = & cos(§)) vo Mg
= 20 _ Mo
(y(t) = g sin(£2t) v b &
NB: (m = ym,)
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