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The lectures are intended for a broad audience of students
with competences in different fields in particle physics

The goal is to “get you (more) interested” in v physics, by
moving from basic neutrino properties and phenomena to
more advanced topics at the current frontier of the field.

Some exercises are also proposed on v oscill. probabilities.
(see Tutorial pdf file). Others are contained in the slides.

People interested in further reading can usefully browse
the “Neutrino Unbound” website: www.nu.to.infn.it, or just
email me for advice about specific topics: eligio.lisi@ba.infn.it




Outline of lectures:

Lecture |
Pedagogical intro + warm-up case study for oscillations

Lecture ll
Standard 3v oscillations: evolution and current status

Lecture Il
Neutrino absolute masses + open problems in v physics

Feel free to stop me and ask questions at any time!




Pedagogical
Introduction



The neutrino will celebrate its 87" birthday in December!

This particle was invented in 1930 by Wolfgang Pauli as
a “desperate remedy” to explain the continuous p-ray
spectrum via a 3-body decay, e.g., L tw= Ty
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The name “neutrino” (=“little neutral one”, in Italian) was
actually invented by Enrico Fermi, who first proposed in
1933-34 a theory for its dynamics (weak interactions)
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Many decades of research have revealed other properties of the
neutrino. For instance, there are 3 different v “flavors” e u T

) e)0r) 2

and their Fermi interactions are mediated by a charged
vector boson W, with a neutral counterpart, the Z boson
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Such interactions are chiral ( = not mirror-symmetric):

Neutrinos are created in LE@
a left-handed (LH) state V
Anti-nus are created in — m
a right-handed (RH) state 'v M}) >

The handedness is a constant of motion only for massless neutrinos.
It is “almost” constant —at O(m/E)- for ultrarelativistic v with mass m.

We shall “forget” about neutrino handedness and spin for a while,
until mass effects at O(m/E) will be reconsidered in Lecture lll.



Most of the recent progress in v physics has actually been driven by
another kind of effects, at O(m?/E): neutrino flavor oscillations

The starting point is a century-old equation ...

... namely, for p=0: E = \/77’62 + p?

(in natural units)



Our ordinary experience takes D
place in the limit: p < M E ~m A 5
T
: : 2
... while for neutrinos the proper | T
limit is: p>m E >~ pA 2
Energy difference between two AmQ
neutrinos v; e v; with mass m; e m, AE ~ L)
in the same beam (p; =p,; ~ E) : - 9F

PMNS*: neutrinos with f n |
definite mass (v; and v;) Va _ CO.S Sl Vi
might have NO definite Vg —sinfl cosf Vj

flavor (v e VB), e.g.,

*Pontecorvo; Maki, Nakagawa & Sakata
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Analogy with a two-slit interference experiment in vacuum:

o Vi

1% o A(phase factor) = exp (

—1
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2E> Vﬁ

A

%Vj

> QQ

This is the simplest case (only 2v involved, no interactions with matter).
It shows that, if neutrinos are massive and mixed (like quarks),
then flavor is not a good quantum number during propagation.

Indeed, it changes (“oscillates”) significantly over
a distance L (=x=At) dictated by the uncertainty relation:

1 ~ AFEAt ~

2

1

2

L L
2F
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One can easily derive that a neutrino created with flavor a can develop
in vacuum a different flavor B with periodical oscillation probability in L/E:

. 9 2, oo [ AMGL
P(vq — vg) =4sin” fcos” Osin” [ ———
4F
Amplitude / \ Oscillation phase
(vanishes for =0 or /2, (vanishes for degenerate
is maximal for 6=r/4) masses or small L/E)

Note 1 : This is the flavor “appearance” probability. The “disappearance”
probability is the complement to 1.

Note 2: The oscillation effect depends on the difference of (squared) masses,
not on the absolute masses themselves.
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Octant (a)symmetric 2v contours from PDG Review:
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But... patching 2v approximations in different oscillation channels,
in order to get a full 3v picture, is no longer a useful approach:

better to go the other way around, from the full 3v case to 2v limits y



The “standard” 3v oscillation framework

Physics facts and mass notation:

* There are three mass states v,, v,, v with masses m,, m,, mg
m?

2p

e For ultrarelativistic v in vacuum, E = \/ml2 + P2 ~Pp+

* Neutrino oscillations probe the differences AE Amizj

2

5, say, dm? and Am?

e 3 neutrinos 2 two independent Am

« Experimentally, very different scales: 5m2/Am2 ~1/30
Difficult to observe both! Current expts sensitive to a dominant one.

5m2 ~ 7.5 X 10_5 eV2 < “small” or “solar” splitting

Am2 ~ 2.5 X 10_3 e\/2 < “large” or “atmospheric” splitting

15



Two possible mass orderings (or hierarchies)
A

] .
]
m2
.
. ]
i normal (NH) inverted (IH)
07? Absolute mass scale still unknown,

but upper limits exist: < 0(0.1-1) eV?
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PDG convention for 3v masses:

(v4,vo) = “close” states, with m,>m, in NH and IH
v = “lone” state, with mz>m, , (<m, ,) in NH (IH)

_\/3 _VZ
_\/1

I \/2
]
I \,1 V3

Our notation for splittings: Define as independent ones
fm? =m3 —m? >0
Am? = 2(Am3, + Am3,) >0 (NH)
<0 (IH)

See also the tutorial
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PDG convention for 3v mixing:

Three Euler rotations, one being complex

— 1. a=e, T

Voo = UiV i=1.92 3
1 0 0 C13 0 si3e”® ci2  Ss12 0
U=[0 3 s 0 1 0 —s12 c1a 0
0 —S93 (923 —81367’(S 0 C13 0 0 1

This ordering happens to be particularly useful for phenomenologically interesting limits

_i5
U Ue Ue C12€13 812€13 s13e °cr
_ 6 iS5
Un Uue Uus | = | —s12¢23 — €12823813€°CP  ¢19Co3 — 812893 813€"°CP 823C13
i5cp i5cp
Un Urn Us 812823 — €12C23813€"°CP  —C12823 — 812C23813€"°C} C23C13

Ci; — COS Oij S5 — Sl (9@]'
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3v can explain o > B oscillations seen in vacuum and matter...
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Data from various types of neutrino experiments: (a) solar, (b) long-baseline
reactor, (c) atmospheric, (d) long-baseline accelerator, (e) short-baseline reactor,

(f,g) long baseline accelerator (and, in part, atmospheric).

(a) KamLAND [plot]; (b) Borexino [plot], Homestake, Super-K, SAGE, GALLEX/GNO,
SNO; (c) Super-K atmosph. [plot], DeepCore, MACRO, MINOS etc.; (d) T2K (plot),

MINOS, K2K; (e) Daya Bay [plot], RENO, Double Chooz; (f) T2K [plot], MINOS, NOVA;
(g) OPERA [plot], Super-K atmospheric.




...with dominant 3v parameters:
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Preprints with #neutrino# in title (from InSpires)

UHE vV,
2000 CPV hints?
Cosmology,
dm?, 0,, Osc. patterns / (reac:)
solar (accel react.) acce
Am?, 92 f ( )
1500 (atmosph.)

Ga solar /
SN 1987A, experim.
1000 /

MSW effect I
11 IIIllIII
AR EEEEEEEEERER

500 5

0
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> P P o P o I N N L.
NN N N N N N R\ M\ '\9 '\9 A A0 '\9 '\9 A

... the future is yours!
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Present 3v knowledge in one slide (with 1-digit accuracy)

T
Abs.scale Normal ordering... or... Inverted ordering mass? split
| — "
+Am?
2 mm Vo — 2 |
m2, v . om? :
| Vs —— !
We have seen: We would like to see: + Physics
?
sm2 ~7x10%eV2| |5 (CP) beyond 3v
Am?2 ~2x103eV? sign(Am?) = ordering _
sin20,,~ 0.3 octant(,;) (anomalies,
sin%0,; ~ 0.5 absolute mass scale new states or
sin%0,; ~ 0.02 Dirac/Majorana nature interactions)




We shall now look into neutrino flavor evolution

in more detail, both in vacuum and in matter.

The presence of two small parameters,

dm2/Am?2 ~3 x 102

sin%0,; ~ 2x102

will often simplify formalism & understanding.
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Neutrino flavor evolution

* Itis m; << E in almost all cases of phenomenological interest
*Wecanthenset S =v/c~1, x~1t, Oy~ 0

* Chirality flips LH->RH of amplitude O(m,/E) can be ignored

* For propagation purposes, neutrinos akin to “scalar” states |v>

d A
» State evolution governed by Hamiltonian: i&\m = Hlv)

A

* Formal solution (evolution operator): |v(x)) = S(x, 0)|v(0))

. S[Sa components in flavor basis = amplitudes for v, 2> Vg
* Flavor evolution probabilities: Pa[& =P(vy 2 VB) = ISBa |2
* a=f: flavor disappearance channel, P, <1

* a=p: flavor appearance channel, Paﬁ >0
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Three-neutrino flavor evolution in vacuum

The hamiltonian is exceedingly simple in the mass basis (v4, v,, v3)':

E1 1 1 m%
+ ms

mass

T
|
5
k
ie,

(and even simpler than that, since terms proportional to unity decouple)

In flavor basis (v, v,, v,)" it becomes nondiagonal (> flavor not conserved):

Hﬂavor = U Hmass UT

Let us work out (tutorials) and discuss (slides)
some implications of this simple hamiltonian 2>
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3v oscillations in vacuum: general case

Prowe that
- = — A,
POus ") = &g = 4 Z Re Ta st ( VW_J.__>
— 2 ?i Im 3& Sﬂn J)
)
where
AW\Z.J - Wﬁ'—m?}'

:Lx'lg, = [ ay LJI; Ux’j- Ug;

A0 _ 4267 <A_V"‘,?.L) (f’f- (ﬁ"_%\_/
4E en? L E

< Jarlskog
invariant

(See tutorials)
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In general, P g is not an observable...

R@N (I)Oé@PaB@OB@G@

Observable Source flux Propagation Interaction
event rate (production) (flavor change) and detection

- need to take into account detailed phenomenology

Many open research problems for each of these
ingredients, in all subfields of neutrino physics.
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Warm-up case study
for oscillation phenomenology:

Short-baseline (SBL) reactors
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Production

Reactors: Intense sources of anti- v _ (~6x102%s/reactor)

Typically, 6 neutron ~200 MeV per fission / 6 decays:
decays to reach stable Typical available neutrino energy
matter from fission: E~ few MeV

@ + @ 1LE+11
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1.E+09
F N 241Pu
2 1.E+08

239Ku X\

bl
(o)
;U-b
o
< @
Neutrino Generation (/s/MeV/W)

9 1.E+07

235U

Ve Ve
e . 1£406 —
o 1 2 3 4 5 & 7 8 9 10

Enerev (MeV)
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Detection

Reaction Process: inverse B-decay

Scintillator

v,+p—oe +n

n+p-od+y

Scintillator is target and detector

* Distinct two-step signature:

* prompt event: positron -  ~210ps
E,~E . +038MeV

* delayed event: neutron capture
after ~210us

- 2.2 MeV gamma
Delayed coincidence: good background rejection

< This reaction allowed experimental
v discovery in 1956 (Reines & Cowan)




{ gg_awuwcnsm zusncu

oy ‘
‘ﬁno WAL > =
IVE ARE HAPPY. TO INFORM YOU THAT WE MAVE DEFUNITELY DETECTED L
‘,u: uluos Fnou FISSION FRAGMENYS BY OZSERVING INVERSE BETA DECAY,
J .m ﬁs OBSERVED CROSS SECTION AGREES WELL WITH EXPECTED 5 1%
TIMES TEN TO MINUS FORTY FOUR SQUARE CENTIMEVERS = g

| . FREDERICK REINES AND CLYDE COWM
IBOX 1663 LOS | ALANOS NEW MEXICO

Reply by telegram:

"Thanks for message. Everything comes
to him who knows how to wait. Pauli.”
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Propagation

Exeruse: 3¥Y = 2v redumchon -for S8L reactor expfg.

Shork- baselime reactor exberiments leok —}%P Yo 0scillaHous

ot x=L~0O(Mkwm) amel E~few MeV. At Hipse emergies, CC reackious
I the ,?:/wal shfe. Com FY‘OJO(MCL et but le'/M* or 'C+)' -[-he,refom, OM(’;—
P(¥>W) fs observable (olA"%Jppr‘aMce) but not P(%- vin) or P(ve~ )
(appearamc ) . Moreover, it is SwPlL/46 « 4, while Aw2L/4€~ O(1).

Prove that, i the Uuwub szgO, eflechive 2y osullaMouns occup

P(Ve—)VQ) Qe '1 oo SiV\129|3 S\'V\Z(Amzl—> !

4E
osallahon Ozgzi%ah'
WMPM Fade. ,{lach'pw

Try 4o get am intwikive \Amdwsf’w\w\/wﬁ of the dependence oun B3 only.
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Solubon . From e provious exercise [with U=U¥), the only vouzero

oscillaving Terws —}ov\ xp=ee omd Su=wii-wi 2O are wulkplied by:
Joe = ey Ues Uk Ue,

T (e )=0 = Im (3{?) omd

P(Ve »ve) = A4~ 4(‘Uellleeslz+ |Uee[*1Ue3 | *) Sin? (A%)

= A - 4 1Ues|* (4~ |Uesl?) S"“l(AW‘ZL

2

= <[Ues| = 5123

= 4 — siu2643 Siu* Awﬂ_)
4€

Ivd’w{HvelAé t fwo of the three miximng  rotations eve ~ o Q{Led—
(;//li > = (23) (4 3 > (42) ( ;:) — @w&é (13) %—»Wgs«u&[
1% - /{\ ’ 73

Wmixes ‘
wobservable rxv/v(;(izgz/‘/\e/m*@
{(o\vovs (Vi vr ) Shtes (7, 72)

Note thrak, in Huis case , & (s umobservable , as well as sign (-i:AWIZ),
omd P("V@%’Ve) = ?(Ve, -’Ve,)~

| Ue|?| Ues|® omd Jo® = | Uez |2|Ues|?. Them:
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Geveric cvpen‘mzwfal constraints in 2y approxim.

® Experimeuts measure sowe "averaged Po(F ~ SN 20 <sm A\M. %>>

® Cuvrve o{-
50~ Pra
= Tag Am‘iJ-

= sin?20

® Possible eoxph comshraints:
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(need 22 expls or spechnal daf im 4 expt)
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The short-baseline reactor experiment CHOOZ (1998+)

L~1km~->

I P Y ?PP?PPPTPPRPY
\low activity gravel shielding |
[ I I I I ]

Probably (one of) the most cited negative results ever!

First data: Phys. Lett. B 466, 415 (1999) >1700 cites
Final data: Eur. Phys. J. C 27, 331 (2003) >1200 cites
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CHOOZ reactor results (1998-2003)

Expected spectrum (no oscill.): CHOOZ: no oscillations
within few % error

The v.energy spectrum

Reactor v, spectrum (a.u.)| | Observed spectrum (a.u )l
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Interpretation

One mass scale dominance:
P.. =1-5sin%(20,;) sin’ (Am?L/4E,)

For any value of Am? in the range
allowed by atmospheric data (next
Lect.), get stringent upper bound on 8,

sin2 0, < few %
(depending on Am?) T

... Nobody could know at that time, but
6,5 was just behind the corner (less than
a factor of two in sensitivity!)

In any case, it was clear that, to reach
higher 6,5 sensitivity, need to use a
second (close) detector to reduce
systematics by far/near comparison 2>

CHOOZ exclusion plot

analysis A

analysis B
analysis C

90% CL Kamiokande (multi-GeV)

0.2 03 04 0.5 0.6 0.7 0.8 0.9



Current SBL reactor expts with near & far detectors (ND & FD)

|
I o . @ Reaclor |
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Double Chooz

Running with FD,
+ND this year

Running with

ND & FD ND & FD

E.g, for
Daya Bay:

< ND

FD >
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2012: discovery of 6,5,>0 ! (sin20,,~0.022 at ~fixed Am?)

[.15

3
3
2oL
3
g
3
Z 1.05
|
0.95
EH3
0.9F DayaBay FD
lllllllllllllllllllll
0 02 04 06 08 I 1.2 14 16 18 2

Weighted Baseline [km]

Daya Bay (& RENO): disappearance at FD w.r.t. “unoscillated at ND
Double Chooz results (FD only) were also consistent with Daya Bay & RENO.

Interestingly, approximate value of 0,5 was previously hinted from other data:
weaker signals were also coming from other experiments before 2012 (see Lec. Il).
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2013: more data -> spectral analys. 2> 2 osc. cycle in L/E!

- o o j
o = S E 1 ------------------------------------------------------------------------
g E——  — —+ EH1
H - 1 3
TR - i —— EH?
1~ - —— EH3
1 > .
E T — Best it l
E o 095
| P
E ot B
{0
oo 3 i
$ o 0.9
3 -
’ B P:ommﬂeoons?rumsdEnergg[MeV] 10 12 0 0-2 0-4 0.6 0-8

L,/ E, [km/MeV]

(Above: Daya Bay data. 1/2 cycle also observed in RENO, with less statistics)
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More recent Daya Bay results (Neutrino 2016, London)

(see also RENO and Double Chooz
results at the same Conference)

Current accuracy requires to go
beyond the 2v approximation
(see exercises in tutorial): \l,

x10°%

eV?

2
ee'

Am

26.05

10

0.06 0.07 008 009 010 011  0.12
sin® 2643

, 1.267Am2, L
E

P =1-cos 013 sin? 26,5 sin

1.267Am?2 L
_ gin? 20,4 sin? 1207 Emee .

A EH1
EH2
EH3

Best fit

¢

P(Ve — Ve)
o
&

ooz 04 o8 08
L.,/ (E,) [km/MeV]

™

Precise measurement of
both Am? (“mass”) and 0,3 (“mixing”)
oscill. parameters in v,2>v_ channel

Position of oscillation dip in L/E
determines Am?, while depth fixes 0,5
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Some open problems in this field... (1)

—
N

-

v

Data / Prediction
o
T N
— e
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[.7] 1-0 Flux Unc.

0.6 a1 N N —a a1 M M —aa a1

10 107 10°
Distance (m)

o
(o)
I I
L —

Absolute flux normalization somewhat below expectations:
overestimated flux, or fast disappearance into a new v state?

(“reactor v anomaly” and oscillations into “sterile neutrinos”)
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Some open problems in this field... (2)

— —~
Flux spectrum shape S0 ® - mmm Data
somewhat different 2 e = [JJFuntuncertainty
. K~ B = .
from expectations: g [ 3 reactor uncertainty
~5 MeV “bump” g 40000 "=
'E - == m:_._
(@ 20000__ mmm Integrated
i o
Incomplete — | | | T
o < __ —
nuclear physics i
Y 5 @ 11—
description of 83 1
. + ’OOOO\I A S 59 ¢SSP TTTTRIFES ALY S
decay chains? g5
. . . o8 0.9¢
Miscalibrations? S (oF
T 1
N L s
3~ “F ‘ _ 102§
(probably unrelated £ :: """"""""""""""" A A W :3413?
to oscillations, but o LE eV windoy 4 1057
i - ' ' : 10°¢
affects systematics) 2 oromptEnergy Mev) © 8
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Some open problems in this field... (3)

Can one reach the accuracy needed to observe also the
oscillations driven by dm?, as well as the interference
between dm? and *Am? - mass ordering effects?

Daya Bay KamLAND
14F &Reno&DC 53 km T
Ne n Site JUNO
Not only a problem 1.2 Far %m
of accuracy but also 1.0k _& IR I
of L/E > L~50 km o *# IH; t./ ,
(“medium baselines”) 2 03 . mo V\/\/\/\
needed to observe 2 % Savannah River
both oscillations at z 951 o Bugy
the same time within 04+ >.< 22;2;n
the reactor spectrum A Krasnoyark
band width in energy e - T i .
0.0__1 I L | |
2> JUNO (RENO-507) | > 3 4 5
10 10 10 10 10

Distance to Reactor (m)
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] e — Non oscillation

—— 0, oscillation
Normal hierarchy
Inverted hierarchy

From JUNO proposal, 0
arXiv:1507.05613v2, p. 36: 04

Arbitrary unit

0.3

Hierarchy effects > advancement
or retardation of “phase” +( for the
fast-oscillating component

0.1

0...I....I....I....I.....

10 15 20 25 30
L/E (km/MeV)

JUNO is designed to resolve the neutrino MH using precision spectral measurements of reactor
antineutrino oscillations. Before giving the quantitative calculation of the MH sensitivity, we shall
briefly review the principle of this method. The electron antineutrino survival probability in vacuum
can be written as [69,79,94]:

Py, = 1— sin? 2013(cos2 615 sin? Agy + sin? 6y sin® Agg) — cos® 013 sin? 2615 sin? Ag; (2.1)
1
= 1-— 3 sin? 26013 [1 — /1 —sin2 2019 sin? Aoy cos(2|Ae] — cos? 013 sin® 2019 sin® Agy,

where A;; = Am?jL /AE, in which L is the baseline, F' is the antineutrino energy,

2o sin(2s5%5Aa1) — 575 sin(2¢35 A1)
V1 — sin? 20,5 sin® Ao

2 2 A 2 2 A
c3o cos(2s —+ 875 COS 2c
, COS ¢ _ 12 ( 12 21) 12 ( 12 21) ’

sing =
/1 — sin? 26,5 sin? Ay,

and [95, 96]

Am?,_ = cos® 615Am3; + sin® 0;0Am2, . (2.2)

(see also tutorial). Very challenging goal, at the frontier of the field!
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1st lecture summary: Intro + ...
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Next lecture:

u>u (Am?, 6,;)

e
08|

0.6 -

urvival Probability

04l

S
+ |

02

|- — 3-V best-fit oscillation —e— Data- BG - Geo V,

L(/Ev_ (km/MeV)

[ ) S B 1 1 | | | ot
20 30 40 50 60 70 80 90 100

=1.8
S F
216}

S 14l

0
=
N

eoop
oN MO ®

Data/Prediction (null os

2ual PRI 2. PEPEIRETY |
10 o

=TT T

1 o
L/E (km/GeV)

3. P ry

e>e (0m2,0,,)

E PP pep
= e’ + ‘Be
L oo . %
& oo

.

2

E

°|o’

0’
Energy (keV)

= MCBestfi

—_— tn

=
o
T

oscillations

u>u (Am?, 6;;)

I

5

Reconstructed v Energy (GeV)

om? |[Am?| 0,, 0,3 043

+ 3v unknowns: sign(Am2), sign(0,;-1t/4), 0
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1 1
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o CouveuHous albout wass shates
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Convenhions aboul mixi'u:] mateix O
I'WCQS*.

Ye Yy e, Uez Uleg 2 ol = tavor
(%)Z U (Vz): (LJ/W ij, U/@)(VZ) [%(:udi vy J !‘=£v1ass

vt i Uzs Uzz Ut3 V3

o I—{: WMM@M% v shites in wokure , U s m\hzj o UU =1
o For omtineulawos: UJ- Bl (see vxt ?ﬁe)

e Povrkde Doln C\NMF couvomh e —%JV‘ L)
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1= O3 T5 O3 T5 O < with T5-diag (4,4, € )
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Convenhions abeut” wixiugs U vs U™

e The PMNS malnix U achwally counech quomtum fells 1 Pu CC jau
WL = Zf Uxi Vi, - Buf; r%)rufﬁdd l{l, Hﬁ s "CF (or i’f) that creates L;Em /
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(1/’;) ( o) i<t veckr o% Covmponemnts QJ} o pfuwa v > shafe iy -f-buv v basis.

o)



Conventions abeut wass shifes
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2

0 S’quawed MO S S SFUMW&s: AWRU = Wi -wy
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AME L0 v IH
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Convenkions about {-'lowor inolices

° Fixing couvenhoms aboul Llavor indox ovolering s necemary smce,
M AMmomyy CLases (o(,P) 15 wol @ﬂwva\wh Fo ({a, ). Our couveuhom s ffo\bow.
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Exercise : 3y oscillakons in Vacuum -—3en¢ml Case

0 C\ivw e howmilbomam T vacumw

E o 2,' o
HW\MS = ( E, ) = P&J N KZM'E S'J
Hoo k- =2
F]"O\m, :
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~ 925 Im 3'0( siu Avmzllx)
14)

(A VMI\J = WI;' _WFJ’)
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Evercise : “"“’”3‘“5 unifs in vacuum

o Prove that s AW oy (Am’ﬁ-,-) (_?K_)(Ee_\/) (,,\267@_.3- x g_y_\/]
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Exercise ¢ Ro in vacuum , general 3v case
Colowlat B M mcumm v Ha 2V Cope, M Termg 8{ 99' , om?, £ At
ol prove Hoot F 13 wob invariomt  umbler cluqu O'E \M‘emowj L+ AW = — Aml
(Tl/m's fvvtFL{u Hok- Pmu‘a‘w reackor M%w[mwh ey be seuyihve o B ]/M'%Md/\.g)
Sobthon Lot ug cousider twewwmal Wueraedny (+dw?) ffor O(QJ\IMA‘HV\M/)- Thom

.

daf
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T )] )] 2 7 c0 o
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Exarcise s P in vacuum - generl case i adfervakive (fomuwh'm

?‘(UU‘Q Hua b P{zv Com be recash m ,WNMﬁ fwvm;

W 3V 4 2v g : 2
e ~ Ctgpee“gfg-r 2§?3C:;3VPQ'§ wg(&"‘gzx iu{) +=NH)

—= |H
gl ) )
where Peo = 4 —S1ur26,, sint (&.21&)
€

1 2 ?
M’d AW!?C = C“f?AVMBI +§§1A'\M132 = AWtZi_'i(C?z 'sz)g‘ml

withy, Cod W = [ e COS(?S?Z By)) +S€11&03(ZC$242!)J/U Fee.
$ttl/l.\? =1 [ C?m $iwm (ZS?Q dll) "S?{z gqm, (ZC}Q CSZI)’J / U Pegv

Tha's ,Forwml/ah'w of Poa’ sz/vmbalws«'w e phwticel effect ol Hu mun hiciazely,
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Solu khou _
Assume VH r-}Oer&MMAMW (%rr (H, ju/ﬁ“jﬁu]o e rela vve éfaw @¥ AW aund gml) .

STNELD A S
AVW?(’_ = cﬂz AW‘E’I +S%, éw{;z ; Ave = A\mi&x/&éa‘

Ay, = O + 8% Im? = Al om?/2
AWMy, = Al = Chp ot = At —dme/2
At = Al L (cf, -sh) Smt

Thow He Pe” obhuud i ?W@w\ oxentle O be e - writteu as:
2o’ = 4=l (4P ) ~ 5120y [sf{? S (AQ_Q_—~ Az ) + %, ot (Ager 5% dz,)]
= A =8yl Pee” +L ST 2013 [ STa 08 (2206 2%, )+ ¢y o8 (2Been 257 ) - 1
= LR+ 5E w255 [sh oy (2dee -2k Ba) + €y cos (28 ec+ 253 dar) |
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Tt oan werds, we are Sunwmning fwo YwWanen " witd wm*wah/wg }MMM
S%'g\ﬂﬂ/tj OUH-QMQA/LF 2000 , b a “.‘.x‘mstt wart " wikh & el which (s

also shahty olifferwnt fnown 2Aee -



IV\ oroler Fo jtwl.;{—«‘\/[ Hae fF’UZMOAM Qﬁ M (/17( L.m ‘F pwuash be .
532 oy (28¢e) Cos (2¢%, Az)+ Siz su (24¢e Yo (2¢h 84)
+ Yy 0y (280ee) cos (263, Ay) = Chp Sivi(24ee) Sin (25T 221)
= 47 eos (28¢e) Cod (.f) ~ /7 sivt ( 24¢e) Sincf)
O\/le H/\/MS:
CoA (Q&t) [Sh CQ&(ZC?z Au)* ¢, 0‘93(? s%, 421) - /1{ WX(P]
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whmida , Im 3%@«»(, ca bt solved @mlg i Hhe dorms im [---] a bor mwmlm‘w% 3
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sl 4w+ 2shchy [wg (20, € ) cot (24,55, ) = stu(2sh Au) sin (2 )]
wWhie B team im [--] com be Q’Mjb\/ij-wd bté, \/uol'\-'u'/w} Heal -

Sint (82) = siv® (Aur (h+57) = 4 (4 - o3 2 (du(he+sh)))
= —‘?L'-— ‘?L’ ]:ws(?du ¢, ) eos (24w sty - s (284 ¢t ) sim (28 sy ]

- /L(? N S?’L -+ C?z + 4sf, ¢, [-{-— qumu)]

' v
=4 = 4¢h}, ut (b)) = Pee



Tlﬂzre][om ;s alsos
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