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Outline of the talk

1 Motivation & Introduction
QCD is the theory of strong interactions

2 UA(1) anomaly
η′-mass
lattice checks of the Witten–Veneziano formula

3 θ angle & strong CP problem
axion

4 Low energy effective action
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Motivation & Introduction - I

QCD is supposed to be the theory of strong interactions

Perturbation theory↔ asymptotic freedom for p2 � Λ2
QCD

DIS structure functions moments (anomalous dimensions)
Drell–Yan process

Exact non-perturbative results related to topology & anomalies
UA(1)-anomaly → η′-mass
Flavour anomalies → π0 → γγ

Numerical non-perturbative results from lattice simulations
Spontaneous chiral symmetry breaking → pions as NG-bosons
Hadron spectrum
Pseudoscalar meson decay constants
Form factors: e.m. & semileptonic
Heff

W hadronic matrix elements
Topological susceptibility
QCD at T 6= 0 and/or µ 6= 0
. . .
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Motivation & Introduction - II

At a deeper look we see that we need to

investigate more carefully
the issue of the η′-mass vs. the WV formula ⇐=
the QCD phase diagram

understand/solve the strong CP problem in the SM ⇐=

why θ-angle is small (apparently vanishing)?
experimental bound θ < 10−9 (from the neutron EDM)
is there a “natural” way to have θ = 0?

I’ll try to briefly set the stage as for the two items marked by ⇐=
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QCD
UA(1)-anomaly & η′ mass
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QCD

LQCD = −1
2

Tr(FµνFµν) + ψ̄(iγµ∂µ + gγµAµ + M)ψ

At M = 0, LQCD is formally invariant under the (global) flavour group

G = SUL(Nf )⊗ SUR(Nf )⊗ UA(1)⊗ UV (1)

ψL → ψ′L = ULψL UL ∈ UL(Nf )

ψR → ψ′R = URψR UR ∈ UR(Nf )

ψL =
1− γ5

2
ψ ψ̄L = ψ̄

1 + γ5

2

ψR =
1 + γ5

2
ψ ψ̄R = ψ̄

1− γ5

2

UL/R = exp[i
N2

f −1∑
f =0

αf
L/Rλ

f ] , tr [λf , λg] =
1
2
δfg

GCR (ToV) Topology, in QCD July 1, 2016 6 / 20



The fate of flavour symmetries

SUL(Nf )⊗ SUR(Nf ) softly broken by mass terms (WTIs)
WTIs→ PCVC & PCAC

UA(1) broken by quantum effects Fujikawa
anomalous axial singlet WTIs, at M = 0

〈∂µA0
µ(x)Ô(y)〉 = 2Nf 〈Q(x)Ô(y)〉+ 〈δx

AÔ(y)〉
A0
µ = ψ̄γµγ5ψ singlet axial current

Q =
g2

64π2 ε
µνρσF a

µνF a
ρσ topological charge

UV (1) exact (fermion number conservation)
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Low energy effective action of QCD - ΓQCD
eff

Low energy (< ΛQCD) physics can be encoded in a LEEA

ΓQCD
eff (U,M)=

∫
dx
[F 2

π

4
Tr(∂µU†∂µU)+vTr(UM†+MU†)+ . . .

]
,U = e2iλfπf/Fπ

Formal construction of Γeff (f = 0,1, . . . ,N2
f − 1)

1) eiW (jσ,jπ)≡
∫

Dµexp
∫

dx
[
iLQCD + ψ̄λfψ j fσ + iψ̄λfγ5ψ j fπ

]
2) iΓ(Σf ,Πf ) = min

jσ,jπ

[
iW (jσ, jπ)−

∫
dx(Σf j fσ + Πf j fπ)

]
Legendre

with
δΓ

δΣf (x)
= ij fσ(x)

δΓ

δΠf (x)
= ij fπ(x)

3) assume a non-trivial solution at jσ = jπ = 0↔ SχSS

(Σf ,Πf ) = (0,0) (Σ0,Π0) = (
√

2Nf s0,0), s0 6= 0
Σ + iΠ = hU , Σ− iΠ = U†h , U = e2iπ/Fπ , h = s0e2iσ

4) heavyσf eliminated from δΓ/δσf (x) = 0, light πf NG-bosons, πS?

5) chiral symmetry constrains the form of ΓQCD
eff (U,M)
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The Witten–Veneziano formula - Theory

A simplified argument (ignoring renormalization subtleties)
Anomalous singlet axial WTI, taking O = Q, reads

i
∫

eipxpµ〈Â0
µ(x)Q̂(0)〉 = 2Nf

∫
eipx〈Q̂(x)Q̂(0)〉

In the limit u = Nf/Nc → 0, m2
η′ → 0 (see back-up), then

i
2Nf

∫
eipxpµ〈Â0

µ(x)Q̂(0)〉
∣∣∣
u=0

= lim
u→0

m2
η′F

2
η′

2Nf

p2

p2 + m2
η′

+ O(p2) =

=
m2
η′F

2
η′

2Nf

∣∣∣
u=0

+ O(p2)

•
m2
η′F

2
η′

2Nf

∣∣∣
u=0

= lim
p→0

lim
u→0

∫
eipx〈Q̂(x)Q̂(0)〉 =

∫
〈Q̂(x)Q̂(0)〉

∣∣∣
YM

The issue is how to define finite operators and correlators
Di Vecchia Fabricius Rossi Veneziano; Di Giacomo ...; Giusti Testa ...
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The Witten–Veneziano formula - Numerics

taking m2
S ∼ m2

η′ + m2
η − 2m2

K
as the mass of the singlet in the chiral limit,
the WV formula m2

S = 2ANf/F 2
π yields

the phenomenological estimate A = (180 MeV)4 Veneziano

first lattice simulation (1981) Di Vecchia Fabricius Rossi Veneziano
wrong by a missed renormalization factor Di Giacomo et al.

the lastest estimate (2015) gives A = (180 MeV)4

Cé Consonni Engel Giusti

an impressive agreement between theory and phenomenology
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θ-angle, strong CP problem
& the axion
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QCD and the θ-angle

• Z (θ) =

∫
Dµexp i

∫
dx LQCD(θ)

• LQCD(θ) = −1
2

Tr(FµνFµν) + ψ̄(iγµ∂µ+ gγµAµ+ M)ψ +
g2

16π2 θTr(F̃µνFµν)

• Z (θ) = Z (θ + 2π) ↔ Z (θ) =
n=∞∑

n=−∞
eiθnZn

• n =

∫
dx Q =

g2

16π2

∫
dx Tr(F̃µνFµν) ,aka “winding” or Pontryagin number

Notes
θ = 0 means summing over all Pontryagin numbers
Tr(F̃µνFµν) = ∂µKµ →

∫
dx Q = 0 in PT

Z (θ) actually only depends upon θ̄ = θ + Arg det M
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The QCD LEEA in the presence of a θ-angle

Γeff (U,M; θ) =

∫
dx
[F 2

π

4
Tr(∂µU†∂µU) + vTr(UM† + MU†) +

−A
2

(
θ − i

2
Tr log(U/U†)

)2
+ . . .

]
Di Vecchia, Veneziano, Witten

U = exp
[ 2i

Fπ
(

N2
f −1∑
f =1

ξfλf +
1√
2Nf

η0)
]
, 2v = F 2

πm2
π/(mu + md )

It incorporates the key features of the theory
the θ-dependence only on upon θ̄ = θ + Arg det M
the η′-mass formula

∂2Γeff
∂θ2

∣∣∣
θ=0

= A =
∫

dx 〈Q(x)Q(0)〉
∣∣∣
YM

= m2
η′

F 2
π

2Nf

pseudoscalar mass spectrum (expand U up to quadratic terms)
Γeff is seen to be θ independent, if one of the quark is massless
Γeff + baryons allows computing the neutron EDM
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The strong CP problem

In χPT from Γeff + baryons, one finds the (almost model
independent) result |Dn| ∼ 10−16θ
Crewther, Di Vecchia, Veneziano, Witten
experimentally one gets the bound |Dn| < 10−25 Dress et al. 1977
from which one derives θ < 10−9

then the strong CP problem can be formulated as follows
CP is not a symmetry of the SM
then why θ is so small?
or (á la ’t Hooft) is there a symmetry that is recovered at θ = 0?

Figure : Typical diagrams contributing to neutron EDM in the chiral limit

Volume 88B, number 1, 2 PHYSICS LETTERS 3 December 1979 

CHIRAL ESTIMATE OF THE ELECTRIC DIPOLE MOMENT OF THE NEUTRON 
IN QUANTUM CHROMODYNAMICS 
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CERN, Geneva, Switzerland 

and 

E. WITTEN 
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Current algebra for CP violating strong interactions is investigated. In particular, the neutron electric dipole moment Dn 
is shown to behave as Om~ In m~ for small pmn mass m n and CP violating parameter 0. This logarithm is exphcitly calculable: 
it contributes 5.2 × 10-160 cm to D n. This result is somewhat larger than a previous O(m2n) estimate based on the bag model. 

In the last few years, it has been realized [1] that 
the usual lagrangian of  quantum chromodynamics 
(QCD) * 1 

./2 = - ~ F 2 + ~ ~lk(iD - rag) qk ,  ( I )  
k 

can be generalized by including an additional P and CP 
violating interaction: 

-~ Z?QC o = Z ? -  O(g2/327r2)F.F*. (2) 

Despite its being a total divergence, this additional inter- 
action modifies the physics of  strong interactions. 

The purpose o f  this paper is to investigate the cur- 
rent-algebraic consequences of  the CP violating param- 
eter 0 being small but not zero. Using an effective 
lagrangian originally derived by Baluni [2], we will 
show that, to lowest order in chiral symmetry breaking, 
many O-dependent QCD amplitudes can be explicitly 
calculated by means of  current algebra. 

Although we will also consider processes such as CP 

,1 Notation: gauge covariant derivative D .  and field-strength 
, 1 r -  tensor F~uv, dual tensor F/~z, = ~et~vodF°t.a, with eo123 = +1 

and Bjorken-Drell conventions for metric and ~/-matrices, 
topological charge [1] (g2/32,r2)fdaxF.F*, quark fields 
qk (or u, d, s,..) with flavour index k and mass parameters 
mk >O. 

violating meson decays and pion-nucleon couplings, 
our most interesting current algebra theorem concerns 
the electric dipole moment o f  the neutron, since it is 
here that a 0 dependent effect may be observable. 
When the up and down quark masses m u and m d are 
very small (but not zero), the contribution of  0 to the 
neutron electric dipole moment D n can be calculated 
exphcitly, with no undetermined parameters. Instead 
of  being proportional to m~ for small m u and m d , as 
one might expect, D n actually behaves as m 2 In m 2. 
The coefficient of  the logarithmically enhanced term 
is uniquely fixed by current algebra, as in similar 
examples [3] of  non-analytic deioendence on m 2. The 
logarithm comes from the p~r- intermediate states 
shown in fig. 1. 

2 2 Fig. 1. Mechamsm responsible for the 0 (m~r In mlt ) contribution 
to the electric dipole moment of the neutron. The dark blob 
indicates a CP violating ~NN interaction reduced by the param- 
eter 0. 

123 
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The Peccei-Quinn proposal - I

consider an extension of the SM with two Higgses
coupled to up and down quarks, respectively
the relevant terms in the SM read

LYuk = − mu

〈Φu〉
Q̄T

L ΦuuR −
md

〈Φd 〉
Q̄T

L ΦddR + leptons + h.c.

Uu(1)×Ud (1) spontaneously broken symmetry, parametrized as

Φu → eiαxu Φu , Φd → eiαxd Φd , uR → eiαxu uR , dR → e−iαxu dR

1) xu = −xd → non anomalous U(1) transformation
the corresponding Goldstone boson is [〈Φu〉Φu − 〈Φd 〉Φd ]〈Φ〉−1

eaten up by the W → M2
W = g2(〈Φu〉2 + 〈Φd 〉2) ≡ g2〈Φ〉2
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The Peccei-Quinn proposal - II

2) UPQ(1) : xu = x , xd = 1/x with x = 〈Φu〉/〈Φd〉
anomalous and spontaneously broken

JPQ
µ = x

2 Φ∗u∂µΦu + 1
2x Φ∗d∂µΦd + x

2 ūγµγ5u + 1
2x d̄γµγ5d =

= 〈Φ〉∂µa + x
2 ūγµγ5u + 1

2x d̄γµγ5d

a = [〈Φd 〉Φu + 〈Φu〉Φd ]〈Φ〉−1 is the associated Goldstone boson

a ⊥ [〈Φu〉Φu − 〈Φd 〉Φd ]〈Φ〉−1

∂µJPQ
µ = cPQQ , cPQ = Nf (x2 + 1)/2x

the axion a gets a mass from the anomaly similarly to the η′
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The LEEA in the presence of a θ-angle and the axion
The LEEA

Γeff (U,M,N; θ) =

∫
dx
{F 2

π

4
Tr(∂µU†∂µU) + vTr(UM† + MU†) +

+
F 2

a

4
∂µN†∂µN +

q2

2A
− θq +

+
iq
2

(
Tr[log U − log U†] + αPQ [log N − log N†]

)}
U = exp

[ 2i
Fπ

(

N2
f −1∑
f =1

ξfλf +
1√
2Nf

η0)
]

N(x) = exp
2ia(x)

Fa

Expanding up to quadratic terms and diagonalizing mass matrix,
one gets Di Vecchia, Veneziano, Sannino

axion mass F 2
a m2

a = 2α2
PQ

(
1
χYM +

∑
i

1
mi |〈q̄q〉i |

)−1
A = χYM

and mixings within the pseudoscalar meson singlet
αPQ is model-dependent, e.g. αPQ = cPQ = Nf (x2 + 1)/2x
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The axion mass as a function of T
Summarizing (recall GMOR relation F 2

πm2
π = 2mq〈ψ̄ψ〉)

F 2
a m2

a

∣∣∣
T

=
2α2

PQ
1
χYM

T
+
∑

i
1

mi |〈q̄q〉i |T

= 2α2
PQ χ

QCD
T (1)

F 2
η′m

2
η′ = 2Nf χ

YM

Since χYM
T =0 6= 0, light mass terms dominate and we get

F 2
a m2

a

∣∣∣
T =0

= 2α2
PQm2

πF 2
π

m1m2

(m1 + m2)2 Weinberg

If at T 6= 0 the topological susceptibility becomes very small
below the deconfinement and χSB temperature, we obtain

F 2
αm2

α

∣∣∣
T

= 2α2
PQ χ

YM
T

Questions are
behaviour of χQCD

T as function of T : who wins in (1)?
validity of the chiral LEEA analysis, based on large N
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Thank you for your attention
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The Witten–Veneziano formula - Theory
Theorem

in the limit u = Nf/Nc → 0, m2
S → 0

A simplified Proof (ignoring renormalization subtleties) Witten
V E(θ) =

∫
Dµexp i

∫
dx LQCD(θ)

E(θ) does not depend on θ, if (at least) one quark is massless
Recall d2E(θ)/dθ2|θ=0 = A =

∫
dx 〈Q(x)Q(0)〉

Define A(k) =
∫

dx eikx〈Q(x)Q(0)〉 = O(N2
c )

A(k = 0) 6= 0 in the absence of quarks (pure YM)
A(k = 0) = 0 in QCD with a massless quark

Quark loop expansion
A(k) = A0(k) + A1(k) + A2(k) + . . .
A(k) = O(N2

c ) + Nf O(Nc) + N2
f O(1) + . . .

The puzzle: how can chiral quark loops make A(k =0)=0, since
A0(k = 0) 6= 0 without quarks
and each quark loop is down by a factor Nf/Nc

The solution
A(k) =

∑
glueballs

N2
c an

k2−M2
n

+
∑

mesons
Nf Ncbn
k2−m2

n
+ . . .

there must be a meson singlet with m2
S = O(Nf/Nc) as Nf/Nc → 0
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