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The principle of equivalence, which says that gravity couples to the energy-momentum tensor of matter, and
the quantum-mechanical requirement that energy should be positive imply that gravity is always attractive.
This leads to singularities in any reasonable theory of gravitation. A singularity is a place where the classical
concepts of space and time break down as do all the known laws of physics because they are all formulated on
a classical space-time background. In this paper it is claimed that this breakdown is not merely a result of our
ignorance of the correct theory but that it represents a fundamental limitation to our ability to predict the
future, a limitation that is analogous but additional to the limitation imposed by the normal quantum-
mechanical uncertainty principle. The new limitation arises because general relativity allows the causal
structure of space-time to be very different from that of Minkowski space. The interaction region can be
bounded not only by an initial surface on which data are given and a final surface on which measurements are
made but also a "hidden surface" about which the observer has only limited information such as the mass,
angular momentum, and charge. Concerning this hidden surface one has a "principle of ignorance": The
surface emits with equal probability all configurations of particles- compatible with the observers limited
knowledge. It is shown that the ignorance principle holds for the quantum-mechanical evaporation of black
holes: The black hole creates particles in pairs, with one particle always falling into the hole and the other
possibly escaping to infinity. Because part of the information about the state of the system is lost down the
hole, the final situation is represented by a density matrix rather than a pure quantum state. This means there
is no S matrix for the process of black-hole formation and evaporation. Instead one has to introduce a new
operator, called the superscattering operator, which maps density matrices describing the initial situation to
density matrices describing the final situation.

I. INTRODUCTION

Gravity is by far the weakest interaction known
to physics: The ratio of the gravitational to elec-
trical forces between two electrons is about one
part in 104'. In fact, gravity is so weak that it
would not be obsexvable at all were it not distin-
guished from all other interactions by having the
property known as the principle of universality or
equivalence: Gravity affects the trajectories of all
freely moving particles in the same way. This has
been verified experimentally to an accuracy of
about 10 "by RoQ, Krotkov, and Dicker and by
Braginsky and Panov. ' Mathematically, the princi-
ple of equivalence is expressed as saying that
gravity couples to the energy-momentum tensor
of matter. This result and the usual requirement
from quantum theory that the local energy density
should be positive imply that gravity is always at-
tractive. The gravitational fields of all the parti-
cles in large concentrations of matter therefore
add up and can dominate over all other forces. As
predicted by general relativity and verified experi-
mentally, the universality of gravity extends to
light. A sufficiently high concentration of mass can
therefore produce such a strong gravitational field
that no light can escape. By the principle of spe-
cial relativity, nothing else can escape either since
nothing can travel faster than. light. One thus has

a situation in which a certain amount of matter is
trapped in a region whose boundary shrinks to
zero in a finite time. Something obviously goes
badly wrong. In fact, as was shown in a series of
papers by Penrose and this author, ' ' a space-time
singularity is inevitable in such circumstances
provided that general relativity is correct and that
the energy-momentum tensor of matter satisfies
a certain positive-definite inequality.
Singularities are predicted to occur in two areas.

The first is in the past at the beginning of the pres-
ent expansion of the universe. This is thought to be
the "big bang" and is generally regarded as the
beginning of the universe. The second area in
which singularities are predicted is the collapse
of isolated regions of high-mass concentration such
as burnt-out stars.
A singularity can be regarded as a place where

there is a breakdown of the classical concept of
space-time as a manifold with a pseudo-Reiman-
nian metric. Because all known laws of physics
are formulated on a classical space-time back-
ground, they will all break down at a singularity.
This is a great crisis for physics because it means
that one cannot predict the future: One does not
know what will come out of a singularity.
Many physicists are very unwilling to believe

that physics breaks down at singularities. The
following attempts were therefore made in order

14 2460

• Ordinary quantum evolution is unitary: ρfin = SρinS
† with SS† = 1

• Unitary S =⇒ if Trρ2
in = 1 then Trρ2

fin = 1 i.e. purity is eternal

• BH quantum radiance suggests ρin(pure)→ ρfin(mixed) should be possible

• Hawking suggested to replace S with a “superscattering” operator $:
ρfin = $ρin 6= SρinS

† then Trρ2
fin ≤ 1
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Is purity eternal? (continued)

• Ellis, Hagelin, Nanopoulos and Srednicki (Nucl. Phys. B 241, 381 (1984)) studied dynamics
associated to $ represented by a differential equation for ρ

ρ̇ =�Hρ 6= −i [H, ρ]

(EHNS focused on phenomenology for neutral kaon systems and neutron interferometry)

• Banks, Peskin and Susskind (Nucl. Phys. B 244, 125 (1984)) looked for a general form for

�Hρ. Assuming that

I ρ = ρ†

I Trρ = 1

are preserved by time evolution they (re)-discovered the Lindblad equation

ρ̇ = −i [H, ρ]− 1

2
hαβ

(
QαQβρ+ ρQβQα − 2QαρQβ

)
hαβ is a hermitian matrix of constants and Qα form a basis of hermitian matrices
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associated to $ represented by a differential equation for ρ

ρ̇ =�Hρ 6= −i [H, ρ]

(EHNS focused on phenomenology for neutral kaon systems and neutron interferometry)

• Banks, Peskin and Susskind (Nucl. Phys. B 244, 125 (1984)) looked for a general form for
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I ρ = ρ†

I Trρ = 1
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Is purity eternal? (continued)

THIS TALK: show how generalized quantum evolution of Lindblad type
emerges naturally when four-momentum space is a non-abelian Lie group

(MA: 1403.6457; Phys. Rev. D 90, 024016 (2014))

Lie group-valued momenta are associated to deformations of relativistic
symmetries and make their appearance when one couples point particles to

gravity in 2 + 1 dimensions
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Point particles in 3d gravity

General relativity in 2+1 dimensions admits no local d.o.f.

• Particles: point-like defects → conical space

ds2 = −dt2 + dr 2 + (1− 4Gm)2r 2dϕ2 (Deser, Jackiw, ’t Hooft, 1984)

• Euclidean plane with a wedge “cut-out”, with deficit angle α = 8πGm
proportional to the particle’s mass m

(3d Newton’s constat G ∼ 1/MPlanck)

In such topological theory the particle’s mass (rest energy) is described by a
rotation hα ∈ SL(2,R)
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SL(2,R) momentum space: embedding coordinates

Matschull and Welling (Class. Quant. Grav. 15, 2981 (1998)) showed that such
“conical” particle’s phase space is embedded in R2,1 × SL(2,R)

Physical momentum of a moving particle: h = ghαg
−1; g ∈ SL(2,R)

What are the corresponding three-momenta??

Parametrize group: h = u1 + pµ

κ
γµ with κ = (4πG)−1 and γµ traceless matrices

The unit determinant condition u2 + p2/κ2 = 1 =⇒
2992 H-J Matschull and M Welling

Figure 1. The group manifold SL(2), embedded in R4, using the coordinates pA = (pa, u),
with p2 suppressed. The picture to the right shows the two mass shells for m = π/6 (a deficit
angle of 60◦), obtained by intersecting the group manifold with the plane u = cosm, and the
lightcones emerging from 1 and −1 (on the back). The grid lines on the group manifold are the
Euler angles ρ and χ .

is always the same. They split into two subsets, the ‘particle’ and the ‘antiparticle’ mass
shell, consisting of the positive and negative timelike vectors of length sinm.

To visualize these mass shells, let us use the coordinates (pa, u) to embed the group
manifold into R4. The condition (2.17) defines a hyperboloid therein, which is shown in
figure 1. The mass shells are the intersections of this hyperboloid with the plane u = cosm.
We see that there is an upper and a lower mass shell, corresponding to the positive and
negative timelike vectors p, and that they look very similar to those of a relativistic point
particle. But there are also some features that are different.

One essential difference is that the range of m is bounded from below and from above.
We can now see that this is because the momentum u lives on the group manifold SL(2),
and not in flat Minkowski space. If the mass approaches the lower bound m = 0, then the
mass shells approach the ‘lightcones’ emerging from u = 1. They consist of those elements
of the group for which u = 1, so that p is a lightlike vector. But now there is a second pair
of lightcones, emerging from the group element u = −1. There, we have u = −1, and so
p is also lightlike. For m = π , the mass shells coincide with these lightcones.

Between these two pairs of lightcones, there is only a finite range of u, which coincides
with the range of the cosine in the mass-shell condition. The whole range of timelike
momenta u is covered by 0 < m < π , and on both sides of this interval the momentum
becomes lightlike. Using the conventional terminology, we can say that the particle is
‘massless’ for m = 0 as well as for m = π . This is what we already mentioned in the
beginning. It is the reason why the description of the particle in its own rest frame fails for
these values of m.

To see what goes wrong if we take the limit m → 0 or m → π in the rest frame of the
particle, consider the dreibein (2.2) and the spin connection (2.3). The momentum is then
given by

ū = emγ0 = cosm1+ sinmγ0. (2.19)

In the limits m → 0 and m → π , we have ū → ±1 and therefore p̄ → 0. The same
happens for a relativistic point particle if we take the limit m → 0 in the rest frame. The
momentum does not end up on the lightcone, but vanishes. To get a proper description
of lightlike particles, we have to exclude the special solutions ū = ±1 of the mass-shell

pµ are embedding coordinates on AdS space
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Basic quantum theory

Elementary one-particle Hilbert space H: irreps of Poincaré group

• basis of H given by eigenstates of the translation generators

Pµ|k〉 = kµ|k〉

• action on 〈k| ∈ H∗, dual space: Pµ〈k| = −kµ〈k| = 〈k|(−kµ) ≡ 〈k|S(Pµ)

• action on composite system H⊗H:

Pµ(|k1〉 ⊗ |k2〉) = Pµ|k1〉 ⊗ |k2〉+ |k1〉 ⊗ Pµ|k2〉 ≡ ∆Pµ|k1〉 ⊗ |k2〉

“Antipode”: S(Pµ) = −Pµ , “Co-product”: ∆Pµ = Pµ ⊗ 1 + 1⊗ Pµ

Hopf algebra notions “built in” in everyday quantum theory..

• these notions suffice to derive action of Pµ on operators...take e.g. πk = |k〉〈k|

Pµ(πk ) = Pµ(|k〉〈k|) =

= Pµ(|k〉)〈k|+ |k〉Pµ(〈k|) = Pµ|k〉〈k| − |k〉〈k|Pµ = [Pµ, πk ]

i.e. just the familiar adjoint action... Note: Using the spectral theorem any operator
can be written in terms of a combination of projectors |k〉〈k|
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Deformed quantum theory

Deformation of symmetry generators provide a generalization of these basic notions

• |π〉 labelled by coordinates on a non-abelian Lie group

Pµ|π〉 = Pµ(π)|π〉 = πµ|π〉

• for action on bras the non-trivial structure of momentum space comes into play

Pµ〈π| = Pµ(π−1)〈π| ≡ 〈π|S(Pµ)

• action on multi-particle states also non-trivial

Pµ(|π1〉 ⊗ |π2〉) = Pµ(π1 · π2)|π1〉 ⊗ |π2〉 ≡ ∆Pµ|π1〉 ⊗ |π2〉

• composition rule of momentum eigenvalues is deformed

Pµ(π1 · π2) ≡ Pµ(π1)⊕ Pµ(π2) 6= Pµ(π2 · π1) , Pµ(π)⊕ Pµ(π−1) = Pµ(1) = 0

In Hopf algebraic lingo: co-product ∆Pµ and antipode of S(Pµ) non-trivial

Key point: the action on operators will be deformed accordingly
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Deformed translations and Lindblad evolution in three dimensions

For the deformed translation generators associated to SL(2,R) momentum space:

∆Pµ = Pµ ⊗ 1 + 1⊗ Pµ +
1

κ
εµνσP

ν ⊗ Pσ +O
(

1

κ2

)
, S(Pµ) = −Pµ .

∆P0 and S(P0) determine the action of time transl. generator P0 on an operator ρ

adP0 (ρ) = [P0, ρ]− 1

κ
ε0ijP

iρP j

which leads to a Lindlblad equation

ρ̇ = −i [P0, ρ]− 1

2
hij

(
P iP jρ+ ρP jP i − 2P jρP i

)
with “decoherence” matrix given by

h =
i

κ

0 0 0
0 0 1
0 −1 0
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Deformed translation in four dimensions

Can the picture be generalized to the four-dimensional case?

Yes

• κ-Poincaré: deformation of relativistic symmetries governed by UV-scale κ
(Lukierski, Nowicki and Ruegg, Phys. Lett. B 293, 344 (1992))

• Structural analogies of momentum sector with 3d case only recently appreciated...

κ-momenta: coordinates on Lie group AN(3) obtained form the Iwasawa decom-
position of SO(4, 1) ' SO(3, 1)AN(3), sub-manifold of dS4

−p2
0 + p2

1 + p2
2 + p2

3 + p2
4 = κ2 ; p0 + p4 > 0

with κ ∼ EPlanck

These structures have been advocated as encoding the kinematics of a ”Minkowski-
limit” of quantum gravity...deformed relativistic kinematics at the Planck scale
(see Amelino-Camelia’s talk)

Michele Arzano — Decoherence and discrete symmetries in deformed relativistic kinematics 10/16



Deformed translation in four dimensions

Can the picture be generalized to the four-dimensional case?

Yes
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• κ-Poincaré: deformation of relativistic symmetries governed by UV-scale κ
(Lukierski, Nowicki and Ruegg, Phys. Lett. B 293, 344 (1992))

• Structural analogies of momentum sector with 3d case only recently appreciated...

κ-momenta: coordinates on Lie group AN(3) obtained form the Iwasawa decom-
position of SO(4, 1) ' SO(3, 1)AN(3), sub-manifold of dS4

−p2
0 + p2

1 + p2
2 + p2

3 + p2
4 = κ2 ; p0 + p4 > 0

with κ ∼ EPlanck

These structures have been advocated as encoding the kinematics of a ”Minkowski-
limit” of quantum gravity...deformed relativistic kinematics at the Planck scale
(see Amelino-Camelia’s talk)

Michele Arzano — Decoherence and discrete symmetries in deformed relativistic kinematics 10/16



Deformed translation in four dimensions

Can the picture be generalized to the four-dimensional case?

Yes

• κ-Poincaré: deformation of relativistic symmetries governed by UV-scale κ
(Lukierski, Nowicki and Ruegg, Phys. Lett. B 293, 344 (1992))

• Structural analogies of momentum sector with 3d case only recently appreciated...

κ-momenta: coordinates on Lie group AN(3) obtained form the Iwasawa decom-
position of SO(4, 1) ' SO(3, 1)AN(3), sub-manifold of dS4

−p2
0 + p2

1 + p2
2 + p2

3 + p2
4 = κ2 ; p0 + p4 > 0

with κ ∼ EPlanck

These structures have been advocated as encoding the kinematics of a ”Minkowski-
limit” of quantum gravity...deformed relativistic kinematics at the Planck scale
(see Amelino-Camelia’s talk)

Michele Arzano — Decoherence and discrete symmetries in deformed relativistic kinematics 10/16



dS momentum space without DSR

In parallel with 3d case we consider translation generators Pµ associated to embedding
coordinates pµ on dS4

Their co-products and antipodes at leading order in κ

∆(P0) = P0 ⊗ 1 + 1⊗ P0 +
1

κ
Pm ⊗ Pm ,

∆(Pi ) = Pi ⊗ 1 + 1⊗ Pi +
1

κ
Pi ⊗ P0 ,

S(P0) = −P0 +
1

κ
~P2 ,

S(Pi ) = −Pi +
1

κ
Pi P0 ,

this basis of κ-Poincaré is called “classical” because

• action of Lorentz sector on Pµ in undeformed;

• mass-shell condition undeformed P2
0 − ~P2 = const

In embedding coordinates we have ordinary relativistic kinematics at the
one-particle level...all non-trivial structures confined to “co-algebra” sector
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Deformed Lindblad evolution from κ-translations

A straightforward calculation of adP0 (ρ) leads to a non-symmetric Lindblad equation

ρ̇ = −i [P0, ρ] +
i

κ
PmρPm −

i

κ
ρ ~P2

From a comparison with 3d case we would expect an extra ~P2ρ term...

...non-trivial antipode S(P0) leads to deformed notion of hermitian adjoint:
(adP0 (·))† ≡ adS(P0)(·)

While in 3d the Lindblad equation was covariant in “ordinary” sense, here:

• momenta pµ transform as ordinary Lorentz four-vectors and the translation
generators Pµ close undeformed algebra

• the adjoint action of boosts on an operator is deformed:

adNi (ρ) = [Ni , ρ] +
1

κ
[P0, ρ]Ni +

1

κ
εijm[Pj , ρ]Mm

• the adjoint actions of Ni and P0 satisfy

adadNi (P0)(·) = adNi (adP0 )(·)− adP0 (adNi )(·)
in this sense the κ-Lindblad equation follows a deformed notion of covariance
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Testing deformations via precision measurements of neutral kaons

Phenomenology of κ-Lindblad evolution? (Ellis et al.“Search for Violations of Quan-

tum Mechanics,” Nucl. Phys. B 241, 381 (1984)); bounds on κ using precision mea-
surements of neutral kaon systems (KLOE and KLOE-2 experiment)?

• Work in progress: input from κ-Lindblad to derive deformed evolution based on
effective Hamiltonia for K 0-K̄ 0 (with PhD student D. Perricone)

• Besides fundamental decoherence another important test carried out at KLOE is
for violations of CPT...

• Natural question: do the new structures introduced so far affect
discrete symmetries ??

• A first step: use basic physical requirements and algebraic consistency to define
the action of P, T and C on the generators of the κ-Poincaré group.
(MA and J Kowalski-Glikman, Phys. Lett. B 760, 69 (2016))
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κ-deformation of discrete symmetries

• PARITY

I “physical” requirement: total linear momentum of particle + parity
image system must vanish ⇒ P : Pi → S(P)i

I algebraic consistency:

(1) if use antipode for Pi must use it for all symmetry generators;

(2) “correspondence principle”: in the limit κ→∞ recover ordinary P.

P(Pi ) = S(P)i = −Pi +
P0Pi

κ
+ O

(
1

κ2

)
; P(P0) = −S(P)0 = P0 −

P2

κ
+ O

(
1

κ2

)
P(Mi ) = −S(M)i = Mi ; P(Ni ) = S(N)i = −Ni +

1

κ
(−P0Ni + εijk PjMk ) + O

(
1

κ2

)
• TIME REVERSAL: require that in the limit κ→∞, T flips sign of Mi

T(Pi ) = S(P)i , T(P0) = −S(P)0

T(Mi ) = S(M)i , T(Ni ) = −S(N)i .
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κ-deformation of discrete symmetries II

• CHARGE CONJUGATION (a bit more subtle than P and T)

I For a complex scalar field: H one-particle Hilbert space;

I The complex conjugate space H̄ ≡ one-antiparticle space: ordinary
charge conjugation: C : φ(k) ∈ H → φ̄(−k) ∈ H̄

I H̄ is isomorphic to the dual Hilbert space H∗: symmetry generators act
via antipode

I imposing that in the κ→∞ one recovers usual ordinary C we obtain

C(Pi ) = −S(P)i , C(P0) = −S(P)0

C(Mi ) = −S(M)i , C(Ni ) = −S(N)i .
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κ-deformed CPT

Putting all together we obtain the action of the κ-deformed CPT operator

CPT(Pi ) = Pi −
P0Pi

κ
+ O

(
1

κ2

)
, CPT(P0) = −S(P)0 = P0 −

P2

κ
+ O

(
1

κ2

)
CPT(Mi ) = −Mi , CPT(Ni ) = −Ni +

1

κ
(−P0Ni + 3Pi + εijk PjMk ) + O

(
1

κ2

)
.

MAIN MESSAGE: non-trivial antipode ⇒ the action of the CPT operator is deformed
(NOTE: this differs from the usual violation of CPT expected in presence of decoherence (Wald, 1980))

• OPEN QUESTIONS

I We just defined the action of CPT on symmetry generators, action on
general quantum fields and states? a “deformed” CPT-theorem?

I Can we extract sensible phenomenology (possibly involving K 0-K̄ 0

precision measurements) to place bounds on κ?

THANKS FOR THE ATTENTION!
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