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Hadronic light-by-light scattering

e hadronic light-by-light may soon dominate

Standard Model uncertainty in (g — 2),, hadrons
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Hadronic light-by-light scattering

e hadronic light-by-light may soon dominate
Standard Model uncertainty in (g — 2),,

e different contributions estimated (in 10~11):

. K* axials,
scalars

quarks
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99+16 —-19+13 15+7 21+3

— how to control hadronic modelling? Jegerlehner, Nyffeler 2009
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Hadronic light-by-light scattering

e hadronic light-by-light may soon dominate
Standard Model uncertainty in (g — 2),,

e different contributions estimated (in 10~11):

. K* axials, quarks
scalars
1 1 U 0
99+16 —-19+13 1547 2143
— how to control hadronic modelling? Jegerlehner, Nyffeler 2009

e dispersive point of view: analytic structure, cuts and poles
— (on-shell) form factors and scatt. amplitudes from experiment
— expansion in masses of intermediate states, partial waves
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Dispersion relations for pedestrians

t . analyticity & Cauchy’s theorem:
miz

1 T(z)dz
@S T(s) = 211 fg

> Re(z)

AM?

™
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Dispersion relations for pedestrians
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Dispersion relations for pedestrians

analyticity & Cauchy’s theorem:

T(s) = i]{i T(z)dz
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Dispersion relations for pedestrians

analyticity & Cauchy’s theorem:

1

o

T(z)dz

<z — S
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Dispersion relations for pedestrians

A analyticity & Cauchy’s theorem:
Im(z2)
1 T(z)d
T(s) = —]{ (2)d=
L 211 Jaq 2 — S
=== Re(2) N i > discT(z)dz
AM? 2T Jappz 2 S
1 /OO ImT(z)dz
- 7i8 4M7% Z — S
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Dispersion relations for pedestrians

analyticity & Cauchy’s theorem:

T(s) = ié T(z)dz

27 Joq z—s

1 [ discT(z)dz

> Re(z) oy

27'(-@ 4M2 Z — S

1 /OO Im T'(2)dz

T AM?2 Z — S

e discT'(s) = 2iImT(s) calculable by "cutting rules":

e.q. if T'(s) is a mw partial wave —

discT'(s) _ 2qn 2 2
5 =Im7T(s) = % (s —4M2)|T(s)|
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Dispersion relations for pedestrians

analyticity & Cauchy’s theorem:

T(s) = ié T(z)dz

2T Jo9q 2 — S

1 [ discT(z)dz

> Re(z) oy

27'(-@ 4M2 Z — S

1 /OO Im T'(2)dz

T AM?2 Z — S

e discT'(s) = 2iImT(s) calculable by "cutting rules":

inelastic intermediate states (KK, 47)
suppressed at low energies
— will be neglected in the following
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Dispersive analysis of 7% /1 — y*~*

e ISOSpin decomposition: see also following talk by S. Leupold
.FLS(nyqS)'+=Fbs(Q§,Q%)
-FBU(Q%aQS)'+*PES(q§7Q%)

Fwofy*’y* (Q%a q%)

-F%v*v*(Q%aqg)
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Dispersive analysis of 7% /1 — y*~*

e iSOSpin decomposition: see also following talk by S. Leupold
2 2 2 2 2 2
Fﬂ'ofy*fy* (Q17 Q2) — Fvs(Qla Q2) + Fvs(Q27 Q1)

an/*y* (q%, q%) — Fvv(Q%a C]S) + Fss(qg7 Q%)

e analyse the leading hadronic intermediate states:
see also Gorchtein, Guo, Szczepaniak 2012

' /n

> Isovector photon: 2 pions
x pion vector form factor x AT —=>awl/n— Ay
all determined in terms of pion—pion P-wave phase shift
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Dispersive analysis of 7% /1 — y*~*

e iSOSpin decomposition: see also following talk by S. Leupold
2 2 2 2 2 2
Fﬂ'ofy*fy* (Q17 Q2) — Fvs(Qla Q2) + Fvs(Q27 Q1)

an/*y* (q%, q%) — Fvv(Q%a C]S) + Fss(qg7 Q%)

e analyse the leading hadronic intermediate states:
see also Gorchtein, Guo, Szczepaniak 2012

% (*)
/VS/U 7T+: /VU/S
- .0.
7r0/77 T 7r0/77

> Isovector photon: 2 pions
x pion vector form factor x A7 —>an/ln— 7y

all determined in terms of pion—pion P-wave phase shift
> Isoscalar photon: 3 pions
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Dispersive analysis of 71'0/77 — Yy

e iSOSpin decomposition: see also following talk by S. Leupold
Froyeys (47, 3) = Fus(ai, 43) + Fus(43, 47)
2 9 2 9 2 9
Fopryens (91,93) = Fuulai, 5) + Fss(q3,47)

e analyse the leading hadronic intermediate states:

see also Gorchtein, Guo, Szczepaniak 2012
%) (%)

Vs /v i W/1\)/5
W, O
SPAVAVAVA® :

7r0/77 l 7r0/77

> Isovector photon: 2 pions
x pion vector form factor x AT —=>awl/n— Ay
all determined in terms of pion—pion P-wave phase shift
> Isoscalar photon: 3 pions — dominated by narrow w, ¢
< w/¢ transition form factors; very small for the n
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Warm-up: pion form factor from dispersion relations

e just two hadrons: form factor, e.g. ete™ - 77—, 7= — 7 7%,

e
7
e

disc *\./‘\./‘v‘ =

N
N
N

Im F'(s) o« F(s) x phase space x 1" _(s)

— final-state theorem: phase of F'(s) is scattering phase 4 (s)
Watson 1954
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Warm-up: pion form factor from dispersion relations

e just two hadrons: form factor, e.g. ete™ - 77—, 7= — 7 7%,

e
7
e

disc W\/‘ =

N
N

Im F'(s) o« F(s) x phase space x 1" _(s)

— final-state theorem: phase of F'(s) is scattering phase ¢(s)
Watson 1954

e dispersion relations allow to reconstruct form factor from
Imaginary part — elastic scattering phase §(s):

_ _ s [T o)
F(s)=P(s)Qs), Q(s)= exp{ ~ AM% ds T p— }
P(s) polynomial, 2(s) Omnes function Omnés 1958

e today: high-accuracy = phase shifts available
Ananthanarayan et al. 2001, Garcia-Martin et al. 2011
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Pion vector form factor vs. Omn es representation

o divide 7= — 7~ 7'v, form factor by Omnés function:

13—

1.1+

Hanhart et al. 2013
— linear below 1 GeV: FY (s) =~ (14 0.1 GeV~?5)Q(s)

— above: inelastic resonances o/, p”. ..
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Final-state universality: 1, ' — 7T+7T_’Y

e n) — 11—~ driven by the chiral anomaly, =+ 7~ in P-wave
— final-state interactions the same as for vector form factor

e ansatz: F1) = A x P(t) x Qt), Pt)=1+a"t, t = M2

Ty

B. Kubis, Towards a dispersive determination of the 77 and n/ transition form factors — p. 8



Final-state universality: 1, ' — 7T+7T_’7

e n) — 11—~ driven by the chiral anomaly, =+ 7~ in P-wave
— final-state interactions the same as for vector form factor

e ansatz: F1) = A x P(t) x Qt), Pt)=1+a"t, t = M2

T
e divide data by pion form factor — P(t) Stollenwerk et al. 2012
15 3 ‘ ‘ ‘ ‘ !
1.4 H{ v i
’ E /ﬁ%ﬁﬁ [ |
Sk ‘ gég/{ﬁﬂ% 7
E: Hi}j;ﬂ‘} -
236 o
L % # ‘E % i
11/(Wl§ -
10 010 0B 0x _  0m o.iso
t [GeV?]
— exp.: akloe = (1.52+0.06) GeV "~ of. KLOE 2013
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Transition form factor

» 2 “nq2 ~
P%v*v(q ’O)::];+-96W2l“3 e

+ AF=0 (¢%,0) [— VMD]

ny*-y

dso(s)?P(s)

n — Yy

Hanhart et al. 2013

P (s)I°
S — Q2
g
W+
| /W_....
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Transition form factor 177 — y*~y

Hanhart et al. 2013

B 2 o0 FV 2
Fen(q?,0) =1+ “nd / dSO'(S)SP(S)’ x (5)
4

9672 F2 [ a2 s — q?
_ o
+ AF20 (¢%,0) [— VMD)] o ;J
| | | | | | 7T+./:/’" ot
. 0 =

— huge statistical advan-
tage of using hadronic input
for n — 77—~ over direct
measurement of n — eTe vy
(rate suppressed by &%ED)

FM, )

figure courtesy of C. Hanhart
data: NA60 2011, A2 2014
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Anomalous decay 1 — 7T+7T_’7

o ay o = (1.5240.06) GeV ™ * large
— implausible to explain through o', p”. ..

e for large t, expect P(t) — const. rather ¥
e 1 — " transition form factor: /Qrf
— dispersion integral covers 7T+,‘"~~...,..;,
larger energy range ' T
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Anomalous decay 1 — 7T+7T_’7

o ay o = (1.5240.06) GeV ™ * large
— implausible to explain through o', p”. ..
e for large t, expect P(t) — const. rather ¥
e 1 — " transition form factor: /Qrf
— dispersion integral covers wt e 2
larger energy range ' L

Intriguing observation:

e naive continuation of 77 = A(1 + «at)$2(t) has zero
att = —1/a ~ —0.66 GeV?
— test this in crossed process yn~ — w7

— "left-hand cuts" in 7mn system? BK, Plenter 2015
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Primakoff reaction ~ymw — 7™

e can be measured in Primakoff

reaction COMPASS -
e 71 S-wave forbidden

P-wave exotic: JP¢ =1—7

D-wave a5 (1320) first resonance
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Primakoff reaction ~ymw — 7™

e can be measured in Primakoff

reaction COMPASS -
e 71 S-wave forbidden

P-wave exotic: JP¢ =1—7

D-wave a5 (1320) first resonance

e include a-, as left-hand cut in decay
couplings fixed from as — 7, 7wy

Ul

> compatible with decay data?
> predictions for vr — 7y cross sections and asymmetries
[—> spares] BK, Plenter 2015
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n, n’ — wrw ™y with a-

15

1.471 H{ - i
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12 ,}Hﬁﬁﬁ : -
o ﬁ%; y
11f ( H -
1o 010 0B 020 . 05 o.iso

t [GeV?]
KLOE 2013

a = 1.5240.06, x?/ndof = 0.94
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n, n’ — wrw ™y with a-

L | L | L i
0.10 0.15 0.20 0.25 0.30

t [GeV?]

1.0 \3 | L |

KLOE 2013
a = 1.5240.06, x?/ndof = 0.94

— a = 1.4240.06, x?/ndof = 0.90
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n, n’ — wrw ™y with a-

o - I I Y Y N
'%.O 01 02 03 04 05 . 07 08 09 10

t [G26v2]
KLOE 2013
a = 1.52+0.06, x*/ndof = 0.94

— a = 1.4240.06, x*/ndof = 0.90

e equally good—why care? sum rule for » — ~*~ transition form
factor slope reduced by 7 — 8% cf. Hanhart et al. 2013
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n, n’ — wrw ™y with a-

20—
1.8;i —
1o 00 0B . [Oé)e\/2] 0% o.;30 06~ 0z 04 l Geo.\e/2] — 08
KLOE 2013 Crystal Barrel 1997
a = 1.52+0.06, x*/ndof = 0.94 o' =0.6+0.2, x*/ndof = 1.2

— a = 1.4240.06, x?/ndof = 0.90

e equally good—why care? sum rule for » — ~*~ transition form
factor slope reduced by 7 — 8% cf. Hanhart et al. 2013
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n, n’ — wrw ™y with a-

L | L | L i
0.10 0.15 0.20 0.25 0.30

1.0 \3 | L |

t [GeV?]
KLOE 2013 Crystal Barrel 1997
a = 1.52+0.06, x*/ndof = 0.94 o = 0.6+ 0.2, x*/ndof = 1.2

— a = 1.4240.06, x*/ndof =090 — o’ =1.4+£04, xy?*/ndof =14

e equally good—why care? sum rule for » — ~*~ transition form
factor slope reduced by 7 — 8% cf. Hanhart et al. 2013

e o~ o (large-N,.) better fulfilled including a- BK, Plenter 2015
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New dataon 7/ — wtmw ™~

> 30000 I I | I I I I | I I I I | I I I I I I I I I I I I
§ [ o= 0.992 + 0.039 il
L 25000~ 3 =-0.5229 + 0.039 7
& - 8= 0.1990 + 0.0056 .
"q:'; 20000 %2 ndf=1.3 _
iT

BESIII preliminary, Fang 2015
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New dataon 7/ — wtmw ™~

6 T T T T T

D o1
I I

Events X 10°/5 MeV
w
[

2+ _
1- _
| | | | | | | |
8.4 0.5 0.6 0.7 0.8 0.9
mm[GeV/cz]
fit to pseudodata after BESIII preliminary
: K
o fit form A(l + at + Bt7) + x Q(t)

m2 —t —imyly,
— curvature o 3t? essential (smaller than a, prediction)
— even p—w mixing clearly visible
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Prediction for 7" transition form factor

e isovector: combine high-precision data v*
onny - rtn yandete — 7tn~ /J

e Isoscalar: VMD, couplings fixed from , ¥ _
n — wyand ¢ — n'y ! Wv
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Prediction for 7" transition form factor

e isovector: combine high-precision data v*
onny - rtn yandete — 7tn~ /QJJ
+ %
i i i T T,
e isoscalar: VMD, couplings fixed from ,
U T
n — wyand ¢ — n'y §
12:’ [ e  BESIII (2015) ]
L - Dispersive
10+
8 == VMD
_ 8
<
> 6F
Ll; L
.
2
07 I . . . I . . . I . . . I . . . I
0.0 0.2 0.4 0.6 0.8
s/ GeV® S. Holz, BSc thesis 2016
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How to go doubly virtual? — etTe™ — nmwtw™

e Idea (again): beat o%ED suppression Y
of ete™ — nete™ by measuring
ete” — prtm instead
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How to go doubly virtual? — etTe™ — nmwtw™

e Idea (again): beat o%ED suppression v
of ete™ — nete™ by measuring - {fQ
ete” — nr T instead mt .

7
oM ‘T
n

e test factorisation hypothesisin ete™ — nrtn—:

I?
FT}T(?T"Y* (571'777 Q%) — FT}7T7T"}/(S7T7T) X Fn'y’y* (Q%)
> allow same form for F .~ (Sxr) @SN — mrm~y
> fit subtractions to 7"« ~ distributioninete™ — nrtT
— are they compatible to the ones inn — 77— ~?
> parametrise F,..-(Q3) by sum of Breit-Wigners (p, p’)

Xiao et al. (preliminary)
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How to go doubly virtual? — etTe™ — nmwtw™

200 — T

150

100

do/dy/szx [arb. units]

50

1.0 15 2.0 2.5 3.0
V@3 [GeV]
2
— O

Xiao et al. (preliminary); data: BaBar 2007

e do/d\/s., integrated over 1GeV < /Q3 < 4.5GeV

e factorisation seems to work only if a5 contribution retained
e more differential/binned data highly desirable!
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How to go doubly virtual? — ' — wtw @ w

e prediction of " — 47 branching ratios based on ChPT + VMD:

— By =»rta atrT) = (10£3) x 107°  Guo, BK, Wirzba 2012
exp: B —ata ratrT) = (854+0.7£0.6) x 107° BESII 2014
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How to go doubly virtual? — ' — wtw @ w

e prediction of n” — 47 branching ratios based on ChPT + VMD:

— By =»rta atrT) = (10£3) x 107°  Guo, BK, Wirzba 2012
exp: By —wrntr atrT) = (85£0.74£0.6) x 107° BESII 2014
e start analysis of doubly virtual n’ transition form factor from here?

T T
Ly . @Y
{rf T :(,'
,7_-(.-_ - o \\
o’ ) ) ’: /.\/\/\/y*
- _—
factorising non-factorising

— more differential info on  — 77~ 77~ highly desirable!
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Summary / Outlook

Dispersive analyses of n(’) transition form factors:

e high-precision dataonn — 777~ ~ KLOE and ' — 77—~ BESIII
allow for high-precision dispersive predictions of n(") — yv*

e not discussed here: dispersive continuation of
transition form factors to spacelike virtualities  see S. Leupold for 7"
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Summary / Outlook

Dispersive analyses of n(’) transition form factors:

e high-precision dataonn — 777~ ~ KLOE and ' — 77—~ BESIII
allow for high-precision dispersive predictions of n(") — yv*

e not discussed here: dispersive continuation of
transition form factors to spacelike virtualities  see S. Leupold for 7"

Further useful experimental input (mainly for doubly virtu al):
e Primakoff reaction vr — 7 COMPASS
o cte” — nprtx— differential data C.-W. Xiao et al.

e givenn' — mtr v —-canyoudon’ — 77 ete” with precision?

e more detailed dataonn’ — T w7~ ? work in progress

— determine (g — 2),, contributions with controlled uncertainty
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Spares
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What are left-hand cuts?

Example: pion—pion scattering

Im(2)

S ---»

e right-hand cut due to unitarity: s > 412
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What are left-hand cuts?

Example: pion—pion scattering

Im(2)

~--->

e right-hand cut due to unitarity: s > 412

e crossing symmetry: cuts also for ¢, u > 4M?>
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What are left-hand cuts?

Example: pion—pion scattering

A

~--->

e right-hand cut due to unitarity: s > 412
e crossing symmetry: cuts also for ¢, u > 4M?>
e partial-wave projection:  T'(s,t) = 32w > . T;(s)P;(cos )
t(s,cosf) = 1=88 (402 — s)
— cut for t > 4M?2 becomes cut for s < 0 in partial wave

B. Kubis, Towards a dispersive determination of the 77 and 77/ transition form factors — p. 20



Formalism including left-hand cuts

e a- t+ rescattering essential to preserve Watson’s theorem
e formally:

Faen (st u) = F(t) + Guy (8,1, u) + G, (u, 8, 8)
F(t) = Q(t){A(l +at) + v /°° dz sind(z)G(z) }

™ Janz 22 [Qz)|(z — 1)

G: t-channel P-wave projection of a» exchange graphs
e re-fit subtraction constants A, «

B. Kubis, Towards a dispersive determination of the 77 and 77/ transition form factors — p. 21



Total cross section <y — 7N

b
10\
C 0.4
| 0.2
o}
=1
=
o
0.1~
I | | ! | ! | ! | ! | ! | ! |
0.7 0.8 0.9 1.0 11 1.2 1.3 14
Vs [GeV]
blue: t-channel dynamics /"p" only red: full amplitude

e t-channel dynamics dominate below /s ~ 1 GeV

e uncertainty bands: I'(n — 77~ ~), a, as couplings BK, Plenter 2015
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Differential cross sections ~ymw — 7N

e amplitude zero visible in differential cross sections:

0.20 i T " T " T 04 " T " T " T " T " T " T
- /s =0.9GeV, Vs = 1.0GeV, Y /s =1.1GeV
—0.15- —0.3 —
Q I Q Qo.e
3 3 | El
u§).10; ©00.2 V) |
N N N 04
= | = = |
~ ! ~ ~
Q05 ot o
= | e’ =
0095 05 o0 05 10 095 05 00 05 10 Ry 05 0.0 05 10
zs = cos O zs = cos O zs = cos O
blue: t-channel dynamics / "p" only red: full amplitude
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Differential cross sections ~ymw — 7N

e amplitude zero visible in differential cross sections:

T T T T T T 04 T T T T T T T T T T T T
- /s =0.9GeV, Vs = 1.0GeV, Y /s =1.1GeV
—0.15- —0.3 —
Q I Q Qo.e
3 e e
u§).10; ©00.2 V) |
N | N N 04
=S | 3 = |
~ | ~ ~
oS Lo o
= | e’ =
0095 05 o0 05 10 095 05 00 05 10 Ry 05 0.0 05 10
zs = cos O zs = cos O zs = cos O
blue: t-channel dynamics / "p" only red: full amplitude

e strong P-D-wave interference

e can be expressed as forward-
backward asymmetry

o(cosf > 0) — o(cosf < 0)

AFB —
Ototal

_1.07\ . | . | . | . | . | . |

0.7 0.8 0.9 1.0 11 12 13 | 14
Vs [ GeV]
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Summary:. processes and unitarity relations for

7.‘.O s ,7*,7*

process unitarity relations SC1 sSC 2 Colangelo, Hoferichter,
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