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Introduction: QCD and hadron physics 

Two important quantities: 

hadron structure 
(PDFs) the measurable quantities 

  (cross section, correlations, 
    azimuthal asymmetries, 
    polarizations, ...  ... … ) hadronization 

(FFs) 

theory  

parton distribution function (PDF) hadron structure 
fragmentation function (FF) hadronization 

the Standard Model 

to provide an accurate description of high energy reaction 
to study the properties of QCD 
to test the standard model precisely 
to provide “initial conditions” to search for new physics 
….................... 
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Introduction: Intuitive definition of PDFs 

One-dimensional PDFs: 

Parton model: 

number density of parton in proton,  known as parton distribution function (PDF) fq (x) :
             : fractional  momentum carried by the parton x = k / p

Including spin 

 f1(x,sq;S) = f1(x) + λqλ  g1L(x) +
!
sTq ⋅
!
ST  h1T (x)

helicity distribution transversity 

three-dimensional (or TMD) PDFs: 

 

f (x,k⊥ ,sq; p,S) = f1 (x,k⊥ ) + 1
M
!
ST ⋅ ( p̂ ×

!
k⊥ ) f1T

⊥ (x,k⊥ ) + λqλg1L(x,k⊥ ) + λq
1
M

(
!
ST ⋅
!
k⊥ )g1T

⊥ (x,k⊥ )

           + 1
M
!
s⊥q ⋅ ( p̂ ×

!
k⊥ )h1

⊥ (x,k⊥ ) +
!
s⊥q ⋅
!
STh1T (x,k⊥ ) + 1

M 2 (
!
s⊥q ⋅
!
k⊥ )(
!
ST ⋅
!
k⊥ )h1T

⊥ (x,k⊥ ) + 1
M

(
!
s⊥q ⋅
!
k⊥ )λh1L

⊥ (x,k⊥ )

                           

qfA fast moving proton A beam of partons 

Sivers function 

Boer-Mulders function 

Including transverse momentum 

spin dependent one-dimensional PDFs: 
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Introduction: Leading twist TMD PDFs 
The 8 three-dimensional (or TMD) PDFs 

quark polarization 

In quantum field theory, they are defined via Lorentz decomposition of  
the quark-quark correlator 

 
Φ̂ (0)(k; p, S) = d 4z∫ eikz 〈 p,S |ψ (0)L(0, z)ψ (z) | p,S〉
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TMD PDFs defined via quark-quark correlator 

The quark-quark correlator: 
 
Φ̂ (0)(k; p, S) = d 4z∫ eikz 〈 p,S |ψ (0)L(0, z)ψ (z) | p,S〉

 

Φ̂ (0)(x,k⊥; p, S) = 1
2

 Φ (0)(x,k⊥; p, S)⎡⎣

                              + iγ 5  !Φ (0)(x,k⊥; p,S)
                              + γ α  Φα

(0)(x,k⊥; p,S)

                              + γ 5γ
α  !Φα

(0)(x,k⊥; p,S)

                              + iγ 5σ
αβ  Φαβ

(0)(x,k⊥; p,S)⎤⎦

 

Φα
(0)(x,k⊥; p, S) = 1

2
Tr γ α Φ̂

(0)(x,k⊥; p, S)⎡⎣ ⎤⎦

                         = d 4z∫ eikz 〈 p,S |ψ (0)L(0, z)γ α

2
ψ (z) | p,S〉

scalar 

pseudo-scalar 

vector 

axial vector 
tensor 

e.g.: 

integrate over         : k −

  
Φ̂ (0)(x,k⊥; p, S) = dz −d 2z⊥∫ ei(xp

+z− −
!
k⊥ ⋅
!
z⊥ ) 〈 p,S |ψ (0)L(0, z)ψ (z) | p,S〉

Expansion in terms of the Γ-matrices 
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TMD PDFs defined via quark-quark correlator 

The Lorentz decomposition 

 ΦS
(0)(x,k⊥; p, S) = Me(x,k⊥ ) + ( !k⊥ ⋅ST )eT

⊥ (x,k⊥ )

 

Φα
(0)(x,k⊥; p, S) = p

+

M
nα Mf1(x,k⊥ ) + ( !k⊥ ⋅ST ) f1T

⊥ (x,k⊥ )⎡⎣ ⎤⎦

                      +  k⊥α f
⊥ (x,k⊥ ) + M !STα fT (x,k⊥ ) +

!k⊥α
M

λMfL
⊥ (x,k⊥ ) + (k⊥ ⋅ST ) fT

⊥ (x,k⊥ )⎡⎣ ⎤⎦

                      + M
p+ nα Mf3(x,k⊥ ) + ( !k⊥ ⋅ST ) f3T

⊥ (x,k⊥ )⎡⎣ ⎤⎦

totally 8(twist 2)+16(twist 3)+8(twist 4) components 

twist-2 

twist-3 

twist-4 

See e.g.,  K. Goeke, A. Metz, M. Schlegel, PLB 618, 90 (2005); 
                 P. J. Mulders, lectures in 17th Taiwan nuclear physics summer school, August, 2014. 

 
f1(x,k⊥ ) = dz −∫ d 2z⊥e

ikz 〈 p,S |ψ (0)L(0, z)γ
+

2
ψ (z) | p,S〉E.g.: 

p = p+n + M
2

2p+ n, S = λ p
+

M
n + ST − λ M

2

2p+ n,  
!k⊥α ≡ ε⊥ραk⊥

ρ ≡ ε⊥k⊥α
, A[αBβ ] ≡ AαBβ − AβBα
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Twist-2 TMD PDFs defined via quark-quark correlator 
Leading twist (twist 2) 

f1(x,k⊥ )

f1T
⊥ (x,k⊥ )

h1T
⊥ (x,k⊥ )

g1L(x,k⊥ )

h1T (x,k⊥ )

g1T
⊥ (x,k⊥ )

h1
⊥ (x,k⊥ )

f ,  g,  h : quark un-, longitudinally, transversely polarized 

0

0

q(x)

Δq(x)

δ q(x)

×

×

×

×h1L
⊥ (x,k⊥ )

number density 

Sivers function 

pretzelocity 
worm gear/ 
 longi-transversity 

worm gear/trans-helicity 

helicity distribution 

transversity distribution 

Boer-Mulders function 

quark   nucleon   pictorially  k⊥
 if no  
gauge link    

integrated 
over   name 

U

U

T

L

T
L

T

U

T(//)

T(⊥)

L

TMD PDFs (8)  
polarization 



quark   nucleon   pictorially  

U

U

L

T

L

T

U

T(//)

T(⊥)

L

polarization 

T

L

U
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Twist-3 TMD PDFs defined via quark-quark correlator 
Next to the leading twist (twist-3) 

number density 

Sivers function 

pretzelocity 
worm gear/ 
longi-transversity 

worm gear/trans-helicity 

helicity distribution 

transversity distribution 

Boer-Mulders function 

if no  
gauge link    k⊥

integrated 
over   name TMD PDFs (16)  

hL(x,k⊥ )

hT
⊥'(x,k⊥ )

hT
⊥ (x,k⊥ )

h(x,k⊥ )

e(x,k⊥ ),     f ⊥ (x,k⊥ )

eT
⊥ (x,k⊥ ),

eL(x,k⊥ ),    gL
⊥ (x,k⊥ )

gT (x,k⊥ ),    gT
⊥ (x,k⊥ )

0

0

e(x),  ×

0

×

fT (x)

g'T (x)
×

h(x)

×

×

0
0

0

hL(x)

eL(x),  ×

fT (x,k⊥ ),    fT
⊥ (x,k⊥ )

g1L(x,k⊥ )
x

h1T
⊥ (x,k⊥ )
x

k⊥
2h1L

⊥ (x,k⊥ )
M 2x

g1T (x,k⊥ )
x

0

k⊥
2h1T

⊥ (x,k⊥ )
M 2x

0

fL
⊥ (x,k⊥ ) 0 ×

g⊥ (x,k⊥ ) 0 ×

they are NOT probability distributions but 
include the quantum interference effects. 

e'T
⊥ (x,k⊥ ),

f1(x,k⊥ )
x
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Twist-3 TMD PDFs defined via quark-gluon-quark correlator 

  The quark-gluon-quark correlator involved: 

  
ϕ̂ ρ
(1)(x,k⊥; p, S) = dz −d 2z⊥∫ ei(xp

+z− −
!
k⊥ ⋅
!
z⊥ ) 〈 p,S |ψ (0)L(0, z)Dρ (z)ψ (z) | p,S〉

ϕρα
(1) (x,k⊥; p, S) = p

+nα k⊥ρ fd
⊥ (x,k⊥ ) + Mε⊥ρσST

σ fdT (x,k⊥ )
⎧
⎨
⎩

The Lorentz decompositions, e.g.:   

totally 16 twist-3 TMD PDFs are defined via quark-gluon-quark correlator,  
the same number as those defined via quark-gluon-quark correlator! 

 
!ϕρα
(1) (x,k⊥; p, S) = p

+nα !k⊥ρgd
⊥ (x,k⊥ ) − MSTρgdT (x,k⊥ )

⎧
⎨
⎩

Dρ (z) = −i ∂ρ + gAρ (z)

 
+
!k⊥ρ

M
λMfdL

⊥ (x,k⊥ ) + (k⊥ ⋅ST ) fdT
⊥ (x,k⊥ )⎡⎣ ⎤⎦ + ......

−
k⊥ρ

M
λMgdL

⊥ (x,k⊥ ) + (k⊥ ⋅ST )gdT
⊥ (x,k⊥ )⎡⎣ ⎤⎦ + ......

a subscript “d” to denote that they are  
from  D-type quark-gluon-quark correlator 
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Twist-3 TMD PDFs defined via quark-gluon-quark correlator 

  (continued) However,  they are NOT independent!  

the twist-3 TMD PDFs defined via quark-gluon-quark correlator  
DO NOT appear explicitly in the final expressions of the cross section.   

γ ⋅D(z)ψ (z) = 0

See e.g., Y.K. Song, J.H. Gao, ZTL & X.N. Wang,  PRD (2014); ……. 

QCD equation of motion 

chiral even: fdS
K (x,k⊥ ) + gdS

K (x,k⊥ ) = x fS
K (x,k⊥ ) + igS

K (x,k⊥ )⎡⎣ ⎤⎦

K = null, S = T ;

chiral odd: hdS
K (x,k⊥ ) +

k⊥
2

2M 2 hdS
K '(x,k⊥ ) =

1
2
x hS

K (x,k⊥ ) − ieS
K (x,k⊥ )⎡⎣ ⎤⎦

(K ,K ') = (null, ⊥), S = null or L; (K ,K ') = (⊥ , ⊥ ') or (' ⊥ ,' ⊥ '), S = T .

K =⊥, S = null, L,  or T

Exactly 16 (real) equations! 
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Fragmentation Function v.s. Parton Distribution Function  

     TMDs = TMD PDFs + TMD FFs 

fq

 

DFq

h

Xh

q

X
q→ h+ Xh→ q + X

Parton distribution functions (PDFs)： Fragmentation functions (FFs)： 

 “conjugate” to each other 

a hadron                a beam of partons 

 

Φ̂(k; p, S) = d 4z∫
X
∑ eikz

               × 〈h |ψ (0) | X〉〈X | L(0, z)ψ (z) | h〉  

Ξ̂(kF; p, S) = d 4ξ∫
X
∑ eikFξ

                × 〈0 | L(0,ξ )ψ (ξ ) | hX〉〈hX |ψ (0) | 0〉

 number density of parton in the beam 

a quark               a jet of hadrons 

 number density of hadron in the jet 

Studies on FFs and PDFs should  keep pace with each other. 
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Description of polarization of particles with different spins 

Spin 1/2 hadrons:  

Spin 1 hadrons:  

The spin density matrix is 3x3: 
 

ρ =
ρ11 ρ10 ρ1−1
ρ01 ρ00 ρ0−1
ρ−11 ρ−10 ρ−1−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
= 1
3
(1 + 3

2
!
S ⋅
!
Σ + 3T ijΣ ij )

Vector polarization:  S
µ = (0,

!
ST ,λ )

Tensor polarization: SLT
µ = (0,SLT

x ,SLT
y ,0), STT

xµ = (0,STT
xx ,STT

xy ,0)SLL ,
8 

The spin density matrix is 2x2: 
Vector polarization:  S

µ = (0,
!
ST ,λ )

 

ρ =
ρ++ ρ+−

ρ−+ ρ−−

⎛

⎝
⎜

⎞

⎠
⎟ = 1

2
(1 +
!
S ⋅
!
σ )

 See e.g. A. Bacchetta, & P.J. Mulders, PRD62, 114004 (2000). 

transverse plane 

independent   
components. 

3 
5 
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Measurements of different components of polarization 

dN
dΩ

= 1
4π
(1 +αPcosθ )

Both can be measured.  hyperon (vector) polarization Ph & 
all five components of tensor polarization of vector meson 

dN
dΩ

= 3
8π

2
3
− 2
3
SLL(cos

2θ + cos2θ ) − SLT
x sin2θ cosϕ −⎡

⎣⎢
SLT
y sin2θ sinϕ

²  E.g.:  Λ → pπ −

− STT
xx sin2θ cos2ϕ − STT

xy sin2θ sin2ϕ
⎤

⎦
⎥

(1) production rates are usually much higher than those of hyperons. 
(2) decay contributions are negligible, much less than those of Λ.  

Advantages to study vector mesons:  

K*→ Kπ²  E.g.:  

Average yields of hadrons 
in e+e-  annihilations  

W. Hoffmann, Ann. Rev. Nucl. 
Part. Sci. 38, 279-322 (1988).  
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TMD FFs defined via quark-quark correlator (for spin-1/2 hadrons) 

The quark-quark correlator 

 

Ξ̂(0)(z,kF⊥; p, S) = Ξ(0)(z,kF⊥; p, S)

                           + iγ 5  !Ξ(0)(z,kF⊥; p,S)
                           + γ α  Ξα

(0)(z,k⊥; p,S)

                           + γ 5γ
α  !Ξα

(0)(z,kF⊥; p,S)
                           + iγ 5σ

αβ  Ξαβ
(0)(z,kF⊥; p,S)

  

Ξα
(0)(z,kF⊥; p, S) = 1

4
Tr γ α Ξ̂

(0)(z,kF⊥; p, S)⎡⎣ ⎤⎦

                         = 1
2π

p+ dξ −d 2ξ⊥∫
X
∑ e− i( p

+ξ − /z−
!
kF⊥ ⋅

!
ζ⊥ ) 〈hX |ψ (ξ )L(ξ ,∞)γ α

4
| 0〉〈0 | L†(0,∞)ψ (0) | hX〉

scalar 
pseudo-scalar 

vector 

axial vector 
tensor 

e.g.: 

integrate over         : kF
−

Expansion in terms of the Γ-matrices 

 
Ξ̂(0)(kF; p, S) =

1
2π

d 4ξ∫
X
∑ e− ikFξ 〈hX |ψ (ξ )L(ξ ,∞) | 0〉〈0 | L†(0,∞)ψ (0) | hX〉

  
Ξ̂(0)(z,kF⊥; p, S) =

1
2π

p+ dξ −d 2ξ⊥∫
X
∑ e− i( p

+ξ − /z−
!
kF⊥ ⋅

!
ξ⊥ ) 〈hX |ψ (ξ )L(ξ ,∞) | 0〉〈0 | L†(0,∞)ψ (0) | hX〉
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TMD FFs defined via quark-quark correlator (for spin-1/2 hadrons) 

The Lorentz decomposition 

 ΞS
(0)(z,kF⊥; p, S) = ME(z,kF⊥ ) + ( !kF⊥ ⋅ST )ET

⊥ (z,kF⊥ )

 

Ξα
(0)(z,kF⊥; p, S) = p

+

M
nα MD1(z,kF⊥ ) + ( !kF⊥ ⋅ST )D1T

⊥ (z,kF⊥ )⎡⎣ ⎤⎦

                      +  kF⊥αD
⊥ (z,kF⊥ ) + M !STαDT (z,kF⊥ ) +

!kF⊥α
M

λMDL
⊥ (z,kF⊥ ) + (kF⊥ ⋅ST )DT

⊥ (z,kF⊥ )⎡⎣ ⎤⎦

                      + M
p+ nα MD3(z,kF⊥ ) + ( !kF⊥ ⋅ST )D3T

⊥ (z,kF⊥ )⎡⎣ ⎤⎦

p = p+n + M
2

2p+ n, S = λ p
+

M
n + ST − λ M

2

2p+ n,

totally 8(twist 2)+16(twist 3)+8(twist 4) components 

twist-2 

twist-3 

twist-4 

E.g.: 
  
D1 (z,kF⊥ ) =

1
2π

dξ −d 2ξ⊥∫
X
∑ e− i( p

+ξ − /z−
!
kF⊥ ⋅

!
ζ⊥ ) 〈hX |ψ (ξ )L(ξ ,∞)γ

+

4
| 0〉〈0 | L†(0,∞)ψ (0) | hX〉

See e.g., K.B. Chen, S.Y. Wei, W.H. Yang, & ZTL, PRD94, 034003 (2016). 

 
!k⊥α ≡ ε⊥ραk⊥

ρ
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Twist-2 TMD FFs defined via quark-quark correlator (spin-1/2) 
Leading twist (twist 2) quark un-, longitudinally, transversely polarized 

quark   hadron    pictorially  
kF⊥integrated over   name 

U

U

T

L

T
L

T

U

T(//)

T(⊥)

L

TMD FFs (8)  
polarization 

number density 

Sivers-type function D1T
⊥ (z,kF⊥ )

H1T
⊥ (z,kF⊥ )

spin transfer (longitudinal) 

spin transfer (transverse) 

G1L(z,kF⊥ )

H1T (z,kF⊥ )

G1T
⊥ (x,k⊥ )

H1
⊥ (z,kF⊥ )

G1L(z)

H1T (z)

×

×

×

×

D1 (z,kF⊥ ) D1 (z)

H1L
⊥ (z,kF⊥ )

D,  G,  H :

Collins function 

See e.g., K.B. Chen, S.Y. Wei, W.H. Yang, & ZTL, PRD94, 034003 (2016). 



quark   hadron   pictorially  

U

U

L

T

L

T

U

T(//)

T(⊥)

L

polarization 

T

L

U
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Twist-3 TMD FFs defined via quark-quark correlator (spin-1/2) 
Next to the leading twist (twist-3) 

TMD FFs (16)  

HL(z,kF⊥ )

HT (z,kF⊥ )

H(z,kF⊥ )

E(z,kF⊥ ),     D⊥ (z,kF⊥ )

EL(z,kF⊥ ),     GL
⊥ (z,kF⊥ )

DL
⊥ (z,kF⊥ )

GT (z,kF⊥ ),     GT
⊥ (z,kF⊥ )

G⊥ (z,kF⊥ )

ET
⊥ (z,kF⊥ ),

E'T
⊥ (z,kF⊥ ),

HT
⊥ (z,kF⊥ )

kF⊥integrated over   

×

×

×

E(z),   ×

DT (z)DT (z,kF⊥ ),   DT
⊥ (z,kF⊥ )

×

EL(z),   ×

GT (z)
H(z)

HL(z)

×

×

name 

number density 

Sivers-type function 

spin transfer (longitudinal) 

spin transfer (transverse) 

Collins function 

they are NOT probability distributions but 
include the quantum interference effects. 
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TMD FFs defined via quark-quark correlator (T-dep. part) 

The Lorentz decomposition 

zΞS
T (0)(z,kF⊥; p, S) = MSLLELL(z,kF⊥ ) + (kF⊥ ⋅SLT )ELT

⊥ (z,kF⊥ ) +
STT
kFkF

M
ETT

⊥ (z,kF⊥ )

zΞα
T (0)(z,kF⊥; p, S) = p

+

M
nα MSLLD1LL(z,kF⊥ ) + (kF⊥ ⋅SLT )D1LT

⊥ (z,kF⊥ )⎡⎣ ⎤⎦

                + MSLTαDLT (z,kF⊥ ) + STTαD'TT
⊥ (z,kF⊥ ) + kF⊥α

M
MSLLDLL

⊥ (z,kF⊥ ) + (kF⊥ ⋅SLT )DLT
⊥ (z,kF⊥ ) + STT

kFkF

M
DTT

⊥ (z,kF⊥ )⎡
⎣⎢

⎤
⎦⎥

                + M
p+ nα MSLLD3LL(z,kF⊥ ) + (kF⊥ ⋅SLT )D3LT

⊥ (z,kF⊥ ) + STT
kFkF

M
D3TT

⊥ (z,kF⊥ )⎡
⎣⎢

⎤
⎦⎥

twist-2 

twist-3 

twist-4 

See e.g., K.B. Chen, S.Y. Wei, W.H. Yang, & ZTL, PRD94, 034003 (2016). 

 
z !ΞS

T (0)(z,kF⊥; p, S) = ( !kF⊥ ⋅SLT )E'LT
⊥ (z,kF⊥ ) +

STT
!kFkF

M
E'TT

⊥ (z,kF⊥ )

totally 10(twist-2)+20(twist-3)+10(twist-4) components 
The tensor polarization dependent part 
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Twist-2 TMD FFs defined via quark-quark correlator (spin-1) 
Quark pol    Hadron pol                      TMD FFs (2+6+10=18)    integrated over           name 

number density 

Sivers-type function D1T
⊥ (z,kF⊥ )

H1T
⊥ (z,kF⊥ )

spin transfer (longitudinal) 

spin transfer (transverse) 

G1L(z,kF⊥ )

H1T (z,kF⊥ )

G1T
⊥ (z,kF⊥ )

H1
⊥ (z,kF⊥ )

G1L(z)

H1T (z)

×

×

×

×

D1 (z,kF⊥ ) D1 (z)

H1L
⊥ (z,kF⊥ )

D1LL(z,kF⊥ )

D1TT
⊥ (z,kF⊥ )

D1LT
⊥ (z,kF⊥ )

G1LT
⊥ (z,kF⊥ )

G1TT
⊥ (z,kF⊥ )

H1LL
⊥ (z,kF⊥ )

H1LT (z,kF⊥ ),   H1LT
⊥ (z,kF⊥ )

H1TT
⊥ (z,kF⊥ ),   H '1TT

⊥ (z,kF⊥ )

U

U

T

LL
LT
TT

L
T

LT
TT

L

T

U
T(//)

LT
TT

T(⊥)

LL

L

Collins function 

spin alignment D1LL(z)

kF⊥

H1LT (z)

×

×

×
×

×

×,  ×

See e.g., K.B. Chen, S.Y. Wei, W.H. Yang, & ZTL, PRD94, 034003 (2016). 
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Twist-3 TMD FFs defined via quark-quark correlator (spin-1) 
Quark pol   Hadron pol             TMD FFs (4+12+20=36)                  integrated over        name 

DL
⊥ (z,kF⊥ )

E(z,kF⊥ ),   D⊥ (z,kF⊥ )

U

U

T

LL
LT
TT

L
T
LL
LT

L

T

U

T(//)

LT
TT

T(⊥)

LL
L

ET
⊥ (z,kF⊥ ),   DT (z,kF⊥ ),   DT

⊥ (z,kF⊥ )
L

number density 
Sivers-type function 

spin transfer (longitudinal) 

spin transfer (transverse) 

Collins function 

spin alignment ELL(z,kF⊥ ),   DLL
⊥ (z,kF⊥ )

ELT
⊥ (z,kF⊥ ),   DLT (z,kF⊥ ),   DLT

⊥ (z,kF⊥ )
ETT

⊥ (z,kF⊥ ),   DTT
⊥ (z,kF⊥ ),   D'TT

⊥ (z,kF⊥ )

U G⊥ (z,kF⊥ )

TT

EL(z,kF⊥ ),    GL
⊥ (z,kF⊥ )

GLL
⊥ (z,kF⊥ )
E'LT

⊥ (z,kF⊥ ),   GLT (z,kF⊥ ),   GLT
⊥ (z,kF⊥ )

E'TT
⊥ (z,kF⊥ ),   GTT

⊥ (z,kF⊥ ),   G'TT
⊥ (z,kF⊥ )

E'T
⊥ (z,kF⊥ ),   GT (z,kF⊥ ),   GT

⊥ (z,kF⊥ )

H(z,kF⊥ )

HL(z,kF⊥ )

HT
⊥ (z,kF⊥ )

H 'T
⊥ (z,kF⊥ )

HLL(z,kF⊥ )
HLT

⊥ (z,kF⊥ ),   H 'LT
⊥ (z,kF⊥ )

HTT
⊥ (z,kF⊥ ),   H 'TT

⊥ (z,kF⊥ )

E(z),   ×

×
×,   DT (z)

ELL(z),   ×
×,   DLT (z)
×,   ×,  ×
×
EL(z),   ×
×,   GT (z)
×
×,   GLT (z)
×,   ×,  ×

H(z)

HL(z)

×
×

HLL(z)
×,   ×
×,   ×

kF⊥



“direct”: 

22 2016年11-12月，INFN 3DPDF-2016 

Twist-2 TMD FFs defined via quark-quark correlator (spin-1) 
Classified according to the polarization of the quark:            

D1 ,  D1T
⊥ ,  D1LL ,  D1LT

⊥ ,  D1TT
⊥

G1L ,  G1T
⊥ ,  G1LT

⊥ ,  G1TT
⊥

H1
⊥ ,  H1T ,  H1T

⊥ ,  H1L
⊥ ,  H1LL

⊥ ,  H1LT ,  H1LT
⊥ ,  H1TT

⊥ ,  H '1TT
⊥

Unpolaried quark 
Longitudinally polarized quark 
Transversely polarized quark 

number density: 
induced polarization: D1T

⊥

G1L; H1T ,  H1T
⊥

G1T
⊥ ; H1L

⊥

D1 ,  H1
⊥

D1LL ,  D1LT
⊥ ,  D1TT

⊥

G1LT
⊥ ,  G1TT

⊥ ; H1LL
⊥ ,  H1LT ,  H1LT

⊥ ,  H1TT
⊥ ,  H '1TT

⊥“worm gear”: 

Classified according to the polarization of the hadron: 

Ξ̂(z,kF⊥; p, S) =  Ξ̂(z,kF⊥; p |Upol) + Ξ̂(z,kF⊥; p |Vpol) + Ξ̂(z,kF⊥; p |Tpol)

Their contributions to the cross section are additive. 

spin transfer 

spin-0 hadron 
spin-1/2 hadron 

spin-1 hadron 
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Twist-3 TMD FFs defined via quark-gluon-quark correlator 

 36 twist-3 TMD FFs for spin-1 hadrons 

γ ⋅D(z)ψ (z) = 0

See e.g., K.B. Chen, S.Y. Wei, W.H. Yang, & ZTL, PRD (2016); S.Y. Wei, K.B. Chen, Y.K. Song,& ZTL, PRD(2015). 

QCD equation of motion 

chiral even: DdSK (z,kF⊥ ) +GdSK (z,kF⊥ ) =
1
z
DS
K (z,kF⊥ ) + iGS

K (z,kF⊥ )⎡⎣ ⎤⎦

K = null, S = T  or LT ;

chiral odd: HdS
K (z,kF⊥ ) +

k⊥
2

2M 2 HdS
K '(z,kF⊥ ) =

1
2z

HS
K (z,kF⊥ ) − iES

K (z,kF⊥ )⎡⎣ ⎤⎦

(K ,K ') = (null, ⊥), S = null, L, or LL;
(K ,K ') = (⊥ , ⊥ ') or (' ⊥ ,' ⊥ '), S = T ,   LT  or TT .

K =⊥, S = null, L,  T ,  LL,  LT ,  or TT .

totally 36 (real) equations. 

K = '⊥, S = TT ;
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IV. Summary and outlook 

II. General kinematic analysis for   e+e− →VπX

e+e− →VπX

Ø  The basic Lorentz tensors for the hadronic tensor 
Ø  Spin and angular dependences and structure functions 
Ø  Azimuthal asymmetries and polarizations 

Ø  The hadronic tensor and structure functions up to twist-3 
Ø  Azimuthal asymmetries and polarizations 
Ø  Numerical estimation of Lambda polarization and spin alignment of K* 

  Transverse momentum dependent fragmentation functions (TMD FFs) 
defined via quark-quark correlator 
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Access TMDs via semi-inclusive high energy reactions 
Semi-inclusive high energy reactions 

−e
−e

N
φ

σ̂

D

 e + N → e + h + X

SiDIS: 

PDFs: 

PDFs: 

FFs: 

BNL
JPARCFNAL

FFs: 
  f1, f1T

⊥ , g1L , h1, h1L
⊥ , h1T

⊥ ...

  D1, D1T
⊥ ,G1L ,G1T

⊥ , H1
⊥ , ...

h1 + h2 → h + X

p

p

l

lφ

φ

σ̂

p + p→ l + l + X

Inclusive hadron production in hadron-hadron collisions 

Drell-Yan: 

EIC 

  f1, f1T
⊥ , g1L , h1, h1L

⊥ , h1T
⊥ ...

PDFs: 
FFs: 

  f1, f1T
⊥ , g1L , h1, h1L

⊥ , h1T
⊥ ...

p

p

 hφ

φ

σ̂
D

−e

 e+

  γ * / Z

  h1

  h2

e−e+ → h1h2X

pp→ hX

BNL
JPARCFNAL

  D1, D1T
⊥ ,G1L ,G1T

⊥ , H1
⊥ , ...

  D1, D1T
⊥ ,G1L ,G1T

⊥ , H1
⊥ , ...

e−e+
annihilation: 
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Quark polarization in   

At the Z-pole: 

e+e− → qq

  
dσ̂ ZZ

dΩ
= α 2

4s
χ c1

ec1
q (1 + cos2θ ) + 2c3

ec3
q cosθ⎡⎣ ⎤⎦

 e
+e− → Z → qq

The cross section: 

At any energy:   e
+e− → γ * / Z → qq

  
dσ̂
dΩ

= dσ̂ ZZ

dΩ
+ dσ̂ Zγ

dΩ
+ dσ̂ γγ

dΩ

  
Pq = −

χc1
ec3

q + χ int
q cV

e cA
q

eq
2 + χc1

ec1
q + χ int

q cV
e cV

q ,

We can study FFs of 

e+

e− q

q

Z

Longitudinal polarization of      or      :  q  q

Correlation of transverse polarizations of    and     :  q  q
  
Pq

ZZ = −
c3

q

c1
q

  
cnn

qZZ =
c2

q

2c1
q

  
cnn

q =
eq

2 + χc1
ec2

q + χ int
q cV

e cV
q

2(eq
2 + χc1

ec1
q + χ int

q cV
e cV

q )

unpolarized  
longitudinally polarized quark in singly “polarized” process   e

−e+ → h1(↑) + h2 + X

transversely polarized quark in doubly “polarized” process   e
−e+ → h1(↑) + h2(↑) + X
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Access polarization dependent FFs in singly polarized    

e−e+ → Z→ VπX

2E1E2
d 3p1d

3p2
= α 2

sQ4
χLµν (l1, l2 )W

µν (q, p1,S, p2 )

Lµν (l1, l2 ) = c1
e l1µ l2ν + l1ν l2µ − (l1 ⋅ l2 )gµν⎡⎣ ⎤⎦ + ic3

eε µνρσ l1
ρl2

σ

 
= Wσ i

S  hσ i
Sµν

σ ,i
∑ + !Wσ j

S  !hσ j
Sµν

σ , j
∑

 
+i Wσ i

A  hσ i
Aµν

σ ,i
∑ + i !Wσ j

A  !hσ j
Aµν

σ , j
∑

: the best place to study tensor polarization dependent FFs 

the basic Lorentz tensors (BLTs): 

Constraints： W µν* =Wνµ qµW
µν = qνW

µν = 0(hermiticity), (current conservation) 

Wµν (q, p1,S, p2 ) =W
Sµν (the Symmetric part) +iW Aµν (the Anti-symmetric part) 

space reflection P-even: 
space reflection P-odd: 

    P̂
!hµν = − !hµν

   P̂ hµν = hµν  hσ i
Sµν = hσ i

Sνµ ,   hσ i
Aµν = −hσ i

Aνµ

   
!hσ i

Sµν = !hσ i
Sνµ ,   !hσ i

Aµν = − !hσ i
Aνµ

polarization 
  σ =U ,V , SLL , SLT , STT

The hadronic tensor: 

e− (l1 )

e+ (l2 )

V(p1,S)
π (p2 )

X(pX )

Z0 (q)

e−e+ → h1πX

The general kinematic analysis 

See: D. Pitonyak, M. Schlegel, and A. Metz, PRD 89, 054032 (2014) (spin-1/2);   
         K.B. Chen, S.Y. Wei, W.H. Yang, & ZTL, PRD95, 034003 (2016) (spin-1). 
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General kinematic analysis for  

The basic Lorentz tensors (BLTs) for the hadronic tensor 

  
hUi

Sµν = g µν − qµqν

q2 ,   p1q
µ p1q

ν ,   p2q
µ p2q

ν ,   p1q
{µ p2q

ν }⎧
⎨
⎩

⎫
⎬
⎭

   
!hUi

Sµν = ε {µqp1 p2 ( p1q
ν },   p2q

ν } ){ }
  hU

Aµν = p1q
[µ p2q

ν ]

   
!hUi

Aµν = ε µνqp1 ,   ε µνqp2{ }

unpolarized part: 5+4=9 

e+e− →VπX

   
hVi

Sµν = (q ⋅ S),  ( p2 ⋅ S)⎡⎣ ⎤⎦ !hUi
Sµν ,   ε Sqp1 p2 hUj

Sµν{ }

   
!hVi

Sµν = (q ⋅ S),  ( p2 ⋅ S)⎡⎣ ⎤⎦hUi
Sµν ,   ε Sqp1 p2 !hUj

Sµν{ }

   
hVi

Aµν = (q ⋅ S),  ( p2 ⋅ S)⎡⎣ ⎤⎦ !hUi
Aµν ,   ε Sqp1 p2 hU

Aµν{ }

Vector polarization S-dependent part: 13+14=27 

   
!hVi

Aµν = (q ⋅ S),  ( p2 ⋅ S)⎡⎣ ⎤⎦hU
Aµν ,   ε Sqp1 p2 !hUj

Aµν{ }

  

hLi
Sµν

!hLi
Sµν

hLi
Aµν

!hLi
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

= λ

!hUi
Sµν

hUi
Sµν

!hUi
Aµν

hU
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

The regularity: 

   

hTi
Sµν

!hTi
Sµν

hTi
Aµν

!hTi
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

= ( p2 ⋅ S)

!hUi
Sµν

hUi
Sµν

!hUi
Aµν

hU
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

, ε Sqp1 p2

hUi
Sµν

!hUi
Sµν

hU
Aµν

!hUi
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

⎫

⎬

⎪
⎪⎪

⎭

⎪
⎪
⎪

longitudinal polarization  transverse polarization  

  

hUi
Sµν

!hUi
Sµν

hUi
Aµν

!hUi
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

unpolarized 

  
pq ≡ p − p ⋅q

q2 q
  ε

µνα p ≡ ε µναβ pβ ,  ε⊥
µν ≡ ε µναβnα nβ

  ( pq ⋅q = 0)

polarization dependent 
Lorentz tensor set 

polarization dependent 
Lorentz (pseudo)scalar  the unpolarized set = ×
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General kinematic analysis for  

The basic Lorentz tensors (BLTs) for the hadronic tensor (continued) 

e+e− →VπX

SLL-dependent part: 5+4=9 

SLT-dependent part: 9+9=18 

STT-dependent part: 9+9=18 

  p1 ⋅ SLT = 0,   q ⋅ SLT = 0

  SLT = (0, SLT
x , SLT

y , 0)

  STT
p1β = STT

α p1 = 0

  

STT =

0 0 0 0
0 STT

xx STT
xy 0

0 STT
xy −STT

xx 0
0 0 0 0

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

  STT
qβ = STT

αq = 0

 STT
pβ ≡ pα STT

αβ

   

hLTi
Sµν

!hLTi
Sµν

hLTi
Aµν

!hLTi
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

= ( p2 ⋅ SLT )

hUi
Sµν

!hUi
Sµν

hU
Aµν

!hUi
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

, ε SLT qp1 p2

!hUi
Sµν

hUi
Sµν

!hUi
Aµν

hU
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

⎫

⎬

⎪
⎪⎪

⎭

⎪
⎪
⎪

   

hTTi
Sµν

!hTTi
Sµν

hTTi
Aµν

!hTTi
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

= STT
p2 p2

hUi
Sµν

!hUi
Sµν

hU
Aµν

!hUi
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

, ε STT
p2qp1 p2

!hUi
Sµν

hUi
Sµν

!hUi
Aµν

hU
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

⎫

⎬

⎪
⎪⎪

⎭

⎪
⎪
⎪

  SLTµ
P = SLT

µ

  STTµν
P = STT

µν

  SLL
P = SLL

  

hLLi
Sµν

!hLLi
Sµν

hLLi
Aµν

!hLLi
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

= SLL

hUi
Sµν

!hUi
Sµν

hU
Aµν

!hUi
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

 ε
abcd ≡ εαβγδaαbβcγ dδ

See K.B. Chen, S.Y. Wei, W.H. Yang, & ZTL, PRD95, 034003 (2016). 
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General kinematic analysis for  

The cross section in terms of “structure functions” (the Lorentz invariant form) 

e+e− →VπX

    

2E1E2dσ
U

d 3 p1d
3 p2

= α 2

s2 χ (FU + !FU )

   FU = FU
0 + y1FU

1 + y2FU
2 + y1

2FU
11 + y2

2FU
22 + y1 y2 FU

12

    
!FU = !y( !FU

0 + y1
!FU

1 + y2
!FU

2 )

          are combinations of       
 with coefficients such as   
  FU

i 's   WUi 's

  ci
e 's

    

2E1E2dσ
V

d 3 p1d
3 p2

= α 2

s2 χ (q ⋅ S)(FV 1 + !FV 1 ) + ( p2 ⋅ S)(FV 2 + !FV 2 ) + ε Sqp1 p2 (FV 3 + !FV 3 )⎡⎣ ⎤⎦

    

2E1E2dσ
LL

d 3 p1d
3 p2

= α 2

s2 χSLL(FLL + !FLL )

    

2E1E2dσ
LT

d 3 p1d
3 p2

= α 2

s2 χ ( p2 ⋅ SLT )(FLT 1 + !FLT 1 ) + ε SLT qp1 p2 (FLT 2 + !FLT 2 )⎡⎣ ⎤⎦

    

2E1E2dσ
TT

d 3 p1d
3 p2

= α 2

s2 χ STT
p2 p2 (FTT 1 + !FTT 1 ) + ε STT

p2qp1 p2 (FTT 2 + !FTT 2 )⎡
⎣

⎤
⎦

All others have the same form: 

The unpolarized part: 

 
y1 =

2l1 ⋅ p1

Q2 ,   y2 =
2l1 ⋅ p2

Q2 ,   !y = ε l1qp1p2

Q4

  FU ↔ Fσ

   
!FU ↔ !Fσ
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General kinematic analysis for  

The Helicity-Gottfried-Jackson (Helicity-GJ) frame 

e+e− →VπX

l  c.m. frame of e+e- 

l  p1 in z-direction 
l  lepton-hadron plane = oxz plane 
     (e--V-plane) 

independent variables 
s = q2 = Q2

ξ1 = 2q ⋅ p1 /Q
2

ξ2 = 2q ⋅ p2 /Q
2

θ   or  y = 2l2 ⋅ p1 /Q2

 p2T ≡|
!
p2T | ,   ϕ

V :   p1 = (E1,  0,  0,  p1z )

 π :   p2 = (E2 ,  |
!
p2T | cosϕ ,  |

!
p2T | sinϕ ,  p2 z )

e− :   l1 = Q(1,  sinθ ,  0,  cosθ ) / 2
e+ :   l2 = Q(1,  -sinθ ,  0,  -cosθ ) / 2

Z :   q = l1 + l2 = Q(1,  0,  0,  0)
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General kinematic analysis for  

The cross section in Helicity-GJ-frame: unpolarized and longitudinally polarized parts 

e+e− →VπX

    

2E1E2dσ
U

d 3 p1d
3 p2

= α 2

s2 χ (FU + !FU )

   

FU = (1 + cos2θ )F1U + sin2θF2U + cosθF3U

     + cosϕ[sinθF1U
cosϕ + sin2θF2U

cosϕ ]

     + cos2ϕ sin2θFU
cos2ϕ

    

!FU = sinϕ[sinθ !F1U
sinϕ + sin2θ !F2U

sinϕ ]

     + sin2ϕ sin2θ !FU
sin2ϕ

    

2E1E2dσ
L

d 3 p1d
3 p2

= α 2

s2 χλ(FL + !FL )

    

!FL = (1 + cos2θ ) !F1L + sin2θ !F2 L + cosθ !F3 L

     + cosϕ[sinθ !F1L
cosϕ + sin2θ !F2 L

cosϕ ]

     + cos2ϕ sin2θ !FL
cos2ϕ   

FL = sinϕ[sinθF1L
sinϕ + sin2θF2 L

sinϕ ]

     + sin2ϕ sin2θFL
sin2ϕ

   
FjL

xxx ↔ !FjU
xxx ,     !FjL

xxx ↔ FjU
xxx

   
FjLL

xxx ↔ FjU
xxx ,     !FjLL

xxx ↔ !FjU
xxx

 

1
cosϕ
cos2ϕ

 

sinϕ
sin2ϕ

    FL ↔ !FU ,    !FL ↔ FU

    FLL ↔ FU ,    !FLL ↔ !FU

    

2E1E2dσ
LL

d 3 p1d
3 p2

= α 2

s2 χSLL(FLL + !FLL )

   

FLL = (1 + cos2θ )F1LL + sin2θF2 LL + cosθF3 LL

      + cosϕ[sinθF1LL
cosϕ + sin2θF2 LL

cosϕ ]

      + cos2ϕ sin2θFLL
cos2ϕ     

!FLL = sinϕ[sinθ !F1LL
sinϕ + sin2θ !F2 LL

sinϕ ]

      + sin2ϕ sin2θ !FLL
sin2ϕ

The structure functions:     Fjxx
yy = Fjxx

yy (s,ξ1,ξ2 , p2T )

   
!Fjxx

yy = !Fjxx
yy (s,ξ1,ξ2 , p2T )



33 2016年11-12月，INFN 3DPDF-2016 

General kinematic analysis for  

The cross section in Helicity-GJ-frame: transverse polarization dependent parts 

e+e− →VπX

    

2E1E2dσ
T

d 3 p1d
3 p2

= α 2

s2 χ |
!
ST | (FT + "FT )

   

FT = sinϕ S[sinθF1T
sinϕS + sin2θF2T

sinϕS ]

     + sin(ϕ S +ϕ )sin2θFT
sin(ϕS +ϕ )

     + sin(ϕ S −ϕ )[(1 + cos2θ )F1T
sin(ϕS −ϕ ) + sin2θF2T

sin(ϕS −ϕ ) + cosθF3T
sin(ϕS −ϕ ) ]

     + sin(ϕ S − 2ϕ )[sinθF1T
sin(ϕS −2ϕ ) + sin2θF2T

sin(ϕS −2ϕ ) ]

     + sin(ϕ S − 3ϕ )sin2θFT
sin(ϕS −3ϕ )

    

!FT = cosϕ S[sinθ !F1T
cosϕS + sin2θ !F2T

cosϕS ]

     + cos(ϕ S +ϕ )sin2θ !FT
cos(ϕS +ϕ )

     + cos(ϕ S −ϕ )[(1 + cos2θ ) !F1T
cos(ϕS −ϕ ) + sin2θ !F2T

cos(ϕS −ϕ ) + cosθ !F3T
cos(ϕS −ϕ ) ]

     + cos(ϕ S − 2ϕ )[sinθ !F1T
cos(ϕS −2ϕ ) + sin2θ !F2T

cos(ϕS −2ϕ ) ]

     + cos(ϕ S − 3ϕ )sin2θ !FT
cos(ϕS −3ϕ )

   |
!
ST |2= (ST

x )2 + (ST
y )2

  tanϕ S = ST
x / ST

y

  

cosϕ S

cos(ϕ S +ϕ )

cos(ϕ S −ϕ )

cos(ϕ S − 2ϕ )

cos(ϕ S − 3ϕ )

  

sinϕ S

sin(ϕ S +ϕ )
sin(ϕ S −ϕ )
sin(ϕ S − 2ϕ )
sin(ϕ S − 3ϕ )
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General kinematic analysis for  

The cross section in Helicity-GJ-frame: transverse polarization dependent parts 

e+e− →VπX

    

2E1E2dσ
T

d 3 p1d
3 p2

= α 2

s2 χ |
!
ST | (FT + "FT )

   

FT = sinϕ S[sinθF1T
sinϕS + sin2θF2T

sinϕS ]

     + sin(ϕ S +ϕ )sin2θFT
sin(ϕS +ϕ )

     + sin(ϕ S −ϕ )[(1 + cos2θ )F1T
sin(ϕS −ϕ ) + sin2θF2T

sin(ϕS −ϕ ) + cosθF3T
sin(ϕS −ϕ ) ]

     + sin(ϕ S − 2ϕ )[sinθF1T
sin(ϕS −2ϕ ) + sin2θF2T

sin(ϕS −2ϕ ) ]

     + sin(ϕ S − 3ϕ )sin2θFT
sin(ϕS −3ϕ )

    

!FT = cosϕ S[sinθ !F1T
cosϕS + sin2θ !F2T

cosϕS ]

     + cos(ϕ S +ϕ )sin2θ !FT
cos(ϕS +ϕ )

     + cos(ϕ S −ϕ )[(1 + cos2θ ) !F1T
cos(ϕS −ϕ ) + sin2θ !F2T

cos(ϕS −ϕ ) + cosθ !F3T
cos(ϕS −ϕ ) ]

     + cos(ϕ S − 2ϕ )[sinθ !F1T
cos(ϕS −2ϕ ) + sin2θ !F2T

cos(ϕS −2ϕ ) ]

     + cos(ϕ S − 3ϕ )sin2θ !FT
cos(ϕS −3ϕ )

   |
!
ST |2= (ST

x )2 + (ST
y )2 ,

  tanϕ S = ST
x / ST

y

    

2E1E2dσ
TT

d 3 p1d
3 p2

= α 2

s2 χ |
!
STT | (FTT + "FTT )    |

!
STT |2= (STT

xx )2 + (STT
xy )2 ,

  tan2ϕTT = STT
xx / STT

xy    (2ϕTT −ϕ ) ↔ϕ LT ;  

   

FTT = cos2ϕTT sin2θFTT
cos2ϕTT

     + cos(2ϕTT −ϕ )[sinθF1TT
cos(2ϕTT −ϕ ) + sin2θF2TT

cos(2ϕTT −ϕ ) ]

     + cos(2ϕTT − 2ϕ )[(1 + cos2θ )F1TT
cos(2ϕTT −2ϕ ) + sin2θF2TT

cos(2ϕTT −2ϕ ) + cosθF3TT
cos(2ϕTT −2ϕ ) ]

     + cos(2ϕTT − 3ϕ )[sinθF1TT
cos(2ϕTT −3ϕ ) + sin2θF2TT

cos(2ϕTT −3ϕ ) ]

     + cos(2ϕTT − 4ϕ )sin2θFTT
cos(2ϕTT −4ϕ )

    

!FTT = sin2ϕTT sin2θ !FTT
sin2ϕTT

     + sin(2ϕTT −ϕ )[sinθ !F1TT
sin(2ϕTT −ϕ ) + sin2θ !F2TT

sin(2ϕTT −ϕ ) ]

     + sin(2ϕTT − 2ϕ )[(1 + cos2θ ) !F1TT
sin(2ϕTT −2ϕ ) + sin2θ !F2TT

sin(2ϕTT −2ϕ ) + cosθ !F3TT
sin(2ϕTT −2ϕ ) ]

     + sin(2ϕTT − 3ϕ )[sinθ !F1TT
sin(2ϕTT −3ϕ ) + sin2θ !F2TT

sin(2ϕTT −3ϕ ) ]

     + sin(2ϕTT − 4ϕ )sin2θ !FTT
sin(2ϕTT −4ϕ )

    

2E1E2dσ
LT

d 3 p1d
3 p2

= α 2

s2 χ |
!
SLT | (FLT + "FLT )    |

!
SLT |2= (SLT

x )2 + (SLT
y )2 ,

  tanϕ LT = SLT
x / SLT

y

    

 FT ↔ !FLT ,  !FT ↔ FLT

 FjT
xxx ↔ !FjLT

xxx ,  !FjT
xxx ↔ FjLT

xxx

   

FLT = cosϕ LT[sinθF1LT
cosϕLT + sin2θF2 LT

cosϕLT ]

     + cos(ϕ LT +ϕ )sin2θFLT
cos(ϕLT +ϕ )

     + cos(ϕ LT −ϕ )[(1 + cos2θ )F1LT
cos(ϕLT −ϕ ) + sin2θF2 LT

cos(ϕLT −ϕ ) + cosθF3 LT
cos(ϕLT −ϕ ) ]

     + cos(ϕ LT − 2ϕ )[sinθF1LT
cos(ϕLT −2ϕ ) + sin2θF2 LT

cos(ϕLT −2ϕ ) ]

     + cos(ϕ LT − 3ϕ )sin2θFLT
cos(ϕLT −3ϕ )

    

!FLT = sinϕ LT[sinθ !F1LT
sinϕLT + sin2θ !F2 LT

sinϕLT ]

     + sin(ϕ LT +ϕ )sin2θFLT
sin(ϕLT +ϕ )

     + sin(ϕ LT −ϕ )[(1 + cos2θ ) !F1LT
sin(ϕLT −ϕ ) + sin2θ !F2 LT

sin(ϕLT −ϕ ) + cosθ !F3 LT
sin(ϕLT −ϕ ) ]

     + sin(ϕ LT − 2ϕ )[sinθ !F1LT
sin(ϕLT −2ϕ ) + sin2θ !F2 LT

sin(ϕLT −2ϕ ) ]

     + sin(ϕ LT − 3ϕ )sin2θ !FLT
sin(ϕLT −3ϕ )

    

 FTT ↔ FLT ,  !FTT ↔ !FLT

FjTT
xxx ↔ FjLT

xxx ,  FjTT
xxx ↔ FjLT

xxx

   ϕ S ↔ϕ LT ;
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General kinematic analysis for  

Integrated over   

e+e− →VπX

ϕ inclusive e+e− →VX
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General kinematic analysis for  

Azimuthal asymmetries in the unpolarized case 

e+e− →VπX

  

〈cosϕ 〉U = [sinθF1U
cosϕ + sin2θF2U

cosϕ ] / 2FUt

〈cos2ϕ 〉U = sin2θFU
cos2ϕ / 2FUt

   

〈sinϕ 〉U = [sinθ !F1U
sinϕ + sin2θ !F2U

sinϕ ] / 2FUt

〈sin2ϕ 〉U = sin2θ !FU
sin2ϕ / 2FUt

    
FUt =

dϕ
2π∫ (FU + !FU ) = (1 + cos2θ )F1U + sin2θF2U + cosθF3U

parity conserved: 

parity violated: 

Hadron polarizations  

E.g.: 

In practice, often integrated over the azimuthal angle φ 

   
λave =

FL + !FL

FU + !FU     
SLL,ave =

1
2

FLL + !FLL

FU + !FU     
SLT ,ave

i = 2
3

FLT
i + !FLT

i

FU + !FU
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General kinematic analysis for  

Integrated over the azimuthal angle φ   

e+e− →VπX

   〈FU 〉 = (1 + cos2θ )F1U + sin2θF2U + cosθF3U

    〈
!FU 〉 = 0

   〈FL 〉 = 0

    〈
!FL 〉 = (1 + cos2θ ) !F1L + sin2θ !F2 L + cosθ !F3 L

   〈FT 〉 = sinϕ S (sinθF1T
sinϕS + sin2θF2T

sinϕS )

    〈
!FT 〉 = cosϕ S (sinθ !F1T

cosϕS + sin2θ !F2T
cosϕS )

   〈FLT 〉 = cosϕ LT (sinθF1LT
cosϕLT + sin2θF2 LT

cosϕLT )

    〈
!FLT 〉 = sinϕ LT (sinθ !F1LT

sinϕLT + sin2θ !F2 LT
sinϕLT )

   〈FLL 〉 = (1 + cos2θ )F1LL + sin2θF2 LL + cosθF3 LL

    〈
!FLL 〉 = 0

   〈FTT 〉 = cos2ϕTT sin2θFTT
cos2ϕTT

    〈
!FTT 〉 = sin2ϕTT sin2θ !FTT

sin2ϕTT

P-even,  T-even 

P-odd,    T-odd 

P-even,  T-odd 

P-odd,    T-even 

P-even,  T-even 

P-odd,    T-odd 

P-even,  T-odd 

P-odd,    T-even 

P-even,  T-even 

P-odd,    T-odd 

P-even,  T-even 

P-odd,    T-odd 

19 “structure functions” left, 11 parity conserved, 8 parity violated. 

    

dϕ
2π

2E1E2d
6σ

d 3 p1d
3 p2

∫ = α 2

s2 χ 〈FU 〉 + 〈 !FU 〉( ) + λ 〈FL 〉 + 〈 !FL 〉( )⎧
⎨
⎩

    
+SLL 〈FLL 〉 + 〈 !FLL 〉( ) + |

"
ST | 〈FT 〉 + 〈 !FT 〉( )

    
+ |
!
SLT | 〈FLT 〉 + 〈 "FLT 〉( ) + |

!
STT | 〈FTT 〉 + 〈 "FTT 〉( )⎫⎬

⎭

inclusive e+e− →VX

   FU ,in = (1 + cos2θ )F1U ,in + sin2θF2U ,in + cosθF3U ,in

    
!FU ,in = 0

   FL,in = 0

    
!FL,in = (1 + cos2θ ) !F1L,in + sin2θ !F2 L,in + cosθ !F3 L,in

   FT ,in = sinϕ S (sinθF1T ,in
sinϕS + sin2θF2T ,in

sinϕS )

    
!FT ,in = cosϕ S (sinθ !F1T ,in

cosϕS + sin2θ !F2T ,in
cosϕS )

   FLT ,in = cosϕ LT (sinθF1LT ,in
cosϕLT + sin2θF2 LT ,in

cosϕLT )

    
!FLT ,in = sinϕ LT (sinθ !F1LT ,in

sinϕLT + sin2θ !F2 LT ,in
sinϕLT )

   FLL,in = (1 + cos2θ )F1LL,in + sin2θF2 LL,in + cosθF3 LL,in

    
!FLL,in = 0

   FTT ,in = cos2ϕTT sin2θFTT ,in
cos2ϕTT

    
!FTT ,in = sin2ϕTT sin2θ !FTT ,in

sin2ϕTT

    

2E1d
3σ in

d 3 p1

= α 2

s2 χ FU ,in + !FU ,in( ) + λ FL,in + !FL,in( )⎧
⎨
⎩

    
+SLL FLL,in + !FLL,in( ) + |

"
ST | FT ,in + !FT ,in( )

    
+ |
!
SLT | FLT ,in + "FLT ,in( ) + |

!
STT | FTT ,in + "FTT ,in( )⎫⎬

⎭

  
Fxxx ,in

yy =
dp2T

2 dp2z

2E2
∫ Fxxx

yy
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General kinematic analysis for  

Hadron polarizations averaged over the azimuthal angle φ 

e+e− →VπX

Longitudinal components 

Transversal components 

w.r.t. the hadron-hadron plane 

   
〈λ 〉 = 2

3FUt

[(1 + cos2θ ) !F1L + sin2θ !F2 L + cosθ !F3 L]

  
〈SLL 〉 =

1
2FUt

[(1 + cos2θ )F1LL + sin2θF2 LL + cosθF3 LL]

  
〈ST

n 〉 = 2
3FUt

[(1 + cos2θ )F1T
sin(ϕS −ϕ ) + sin2θF2T

sin(ϕS −ϕ ) + cosθF3T
sin(ϕS −ϕ ) ]

   
〈ST

t 〉 = 2
3FUt

[(1 + cos2θ ) !F1T
cos(ϕS −ϕ ) + sin2θ !F2T

cos(ϕS −ϕ ) + cosθ !F3T
cos(ϕS −ϕ ) ]

   
〈SLT

n 〉 = 2
3FUt

[(1 + cos2θ ) !F1LT
sin(ϕLT −ϕ ) + sin2θ !F2 LT

sin(ϕLT −ϕ ) + cosθ !F3 LT
sin(ϕLT −ϕ ) ]

  
〈SLT

t 〉 = 2
3FUt

[(1 + cos2θ )F1LT
cos(ϕLT −ϕ ) + sin2θF2 LT

cos(ϕLT −ϕ ) + cosθF3 LT
cos(ϕLT −ϕ ) ]

   
〈STT

nt 〉 = 2
3FUt

[(1 + cos2θ ) !F1TT
sin(2ϕTT −2ϕ ) + sin2θ !F2TT

sin(2ϕTT −2ϕ ) + cosθ !F3TT
sin(2ϕTT −2ϕ ) ]

  
〈STT

nn 〉 = 2
3FUt

[(1 + cos2θ )F1TT
cos(2ϕTT −2ϕ ) + sin2θF2TT

cos(2ϕTT −2ϕ ) + cosθF3TT
cos(2ϕTT −2ϕ ) ]

parity conserved 

parity violated 

w.r.t. the lepton-hadron plane 

   
〈ST

x 〉 = 2
3FUt

[sinθ !F1T
cosϕS + sin2θ !F2T

cosϕS ]

  
〈ST

y 〉 = 2
3FUt

[sinθF1T
sinϕS + sin2θF2T

sinϕS ]

  
〈SLT

x 〉 = 2
3FUt

[sinθF1LT
cosϕLT + sin2θF2 LT

cosϕLT ]

   
〈SLT

y 〉 = 2
3FUt

[sinθ !F1LT
sinϕLT + sin2θ !F2 LT

sinϕLT ]

  
〈STT

xx 〉 = 2
3FUt

sin2θF1TT
cos2ϕTT

   
〈STT

xy 〉 = 2
3FUt

sin2θ !F1TT
sin2ϕTT
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General kinematic analysis for  

Hadron polarizations averaged over the azimuthal angle φ 

e+e− →VπX

Longitudinal components 

Transversal components 

   
〈λ 〉 = 2

3FUt

[(1 + cos2θ ) !F1L + sin2θ !F2 L + cosθ !F3 L]

  
〈SLL 〉 =

1
2FUt

[(1 + cos2θ )F1LL + sin2θF2 LL + cosθF3 LL]

w.r.t. the lepton-hadron plane 

   
〈ST

x 〉 = 2
3FUt

[sinθ !F1T
cosϕS + sin2θ !F2T

cosϕS ]

  
〈ST

y 〉 = 2
3FUt

[sinθF1T
sinϕS + sin2θF2T

sinϕS ]

  
〈SLT

x 〉 = 2
3FUt

[sinθF1LT
cosϕLT + sin2θF2 LT

cosϕLT ]

   
〈SLT

y 〉 = 2
3FUt

[sinθ !F1LT
sinϕLT + sin2θ !F2 LT

sinϕLT ]

  
〈STT

xx 〉 = 2
3FUt

sin2θF1TT
cos2ϕTT

   
〈STT

xy 〉 = 2
3FUt

sin2θ !F1TT
sin2ϕTT

 e
+e− →VX

Longitudinal components 

Transversal components 

   
〈λ 〉 in = 2

3FUt ,in

[(1 + cos2θ ) !F1L,in + sin2θ !F2 L,in + cosθ !F3 L,in]

  
〈SLL 〉 in = 1

2FUt ,in

[(1 + cos2θ )F1LL,in + sin2θF2 LL,in + cosθF3 LL,in]

w.r.t. the lepton-hadron plane 

   
〈ST

x 〉 in = 2
3FUt ,in

[sinθ !F1T ,in
cosϕS + sin2θ !F2T ,in

cosϕS ]

  
〈ST

y 〉 in = 2
3FUt ,in

[sinθF1T ,in
sinϕS + sin2θF2T ,in

sinϕS ]

  
〈SLT

x 〉 in = 2
3FUt ,in

[sinθF1LT ,in
cosϕLT + sin2θF2 LT ,in

cosϕLT ]

   
〈SLT

y 〉 in = 2
3FUt ,in

[sinθ !F1LT ,in
sinϕLT + sin2θ !F2 LT ,in

sinϕLT ]

  
〈STT

xx 〉 in = 2
3FUt ,in

sin2θF1TT ,in
cos2ϕTT

   
〈STT

xy 〉 in = 2
3FUt ,in

sin2θ !F1TT ,in
sin2ϕTT

For the inclusive process  e
+e− →Vπ XFor the semi-inclusive process 
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General kinematic analysis for  

Further integrated over the polar angle θ   

e+e− →VπX

inclusive e+e− →VX

   FU = (4F1U + 2F2U ) / 3

    
!FU = 0

   FL = 0

    
!FLT = π sinϕ LT

!F1LT
sinϕLT / 4

    
!FLL = 0

   FTT = 2cos2ϕTT FTT
cos2ϕTT / 3

    
!FTT = 2sin2ϕTT

!FTT
sin2ϕTT / 3

   FU ,in = (4F1U ,in + 2F2U ,in ) / 3

    
!FU ,in = 0

   FL,in = 0

    
!FL,in = (4 !F1L,in + 2 !F2 L,in ) / 3

   FT ,in = π sinϕ SF1T ,in
sinϕS / 4

    
!FT ,in = π cosϕ S

!F1T ,in
cosϕS / 4

   FLT ,in = π cosϕ LT F1LT ,in
cosϕLT / 4

    
!FLT ,in = π sinϕ LT

!F1LT ,in
sinϕLT / 4

   FLL,in = (4F1LL,in + 2F2 LL,in ) / 3

    
!FLL,in = 0

   FTT ,in = 2cos2ϕTT FTT ,in
cos2ϕTT / 3

    
!FTT ,in = 2sin2ϕTT

!FTT ,in
sin2ϕTT / 3

P-even,  T-even 

P-odd,    T-odd 

P-even,  T-odd 

P-odd,    T-even 

P-even,  T-even 

P-odd,    T-odd 

P-even,  T-odd 

P-odd,    T-even 

P-even,  T-even 

P-odd,    T-odd 

P-even,  T-even 

P-odd,    T-odd 

12 “structure functions” left, 7 parity conserved, 5 parity violated. 

    

dΩ
4π

2E1E2d
6σ

d 3 p1d
3 p2

∫ = α 2

s2 χ FU + !FU( ) + λ FL + !FL( )⎧
⎨
⎩

    
+SLL FLL + !FLL( ) + |

"
ST | FT + !FT( )

    
+ |
!
SLT | FLT + "FLT( ) + |

!
STT | FTT + "FTT( )⎫⎬

⎭

    

2E1d
3σ in

d 3 p1

= α 2

s2 χ FU ,in + !FU ,in( ) + λ FL,in + !FL,in( )⎧
⎨
⎩

    
+SLL FLL,in + !FLL,in( ) + |

"
ST | FT ,in + !FT ,in( )

    
+ |
!
SLT | FLT ,in + "FLT ,in( ) + |

!
STT | FTT ,in + "FTT ,in( )⎫⎬

⎭

    
!FL = (4 !F1L + 2 !F2 L ) / 3

   FLL = (4F1LL + 2F2 LL ) / 3

   FLT = π cosϕ LT F1LT
cosϕLT / 4

    
!FT = π cosϕ S

!F1T
cosϕS / 4

   FT = π sinϕ SF1T
sinϕS / 4
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General kinematic analysis for  

Hadron polarizations averaged over the azimuthal angle φ and the polar angle θ  

e+e− →VπX

Longitudinal components 

w.r.t. the lepton-hadron plane 
Transversal components 

w.r.t. the hadron-hadron plane 

    λ = 4(2 !F1L + !F2 L ) / 9FU

   SLL = (2F1LL + F2 LL ) / 3FU

   ST
n = 4(2F1T

sin(ϕS −ϕ ) + F2T
sin(ϕS −ϕ ) ) / 9FU     ST

x = π !F1T
cosϕS / 6FU

   ST
y = πF1T

sinϕS / 6FU

   SLT
x = πF1LT

cosϕLT / 6FU

    SLT
y = π !F1LT

sinϕLT / 6FU

   STT
xx = 4F1TT

cos2ϕTT / 9FU

    STT
xy = 4 !F1TT

sin2ϕTT / 9FU

    ST
t = 4(2 !F1T

cos(ϕS −ϕ ) + !F2T
cos(ϕS −ϕ ) ) / 9FU

    SLT
n = 4(2 !F1LT

sin(ϕLT −ϕ ) + !F2 LT
sin(ϕLT −ϕ ) ) / 9FU

   SLT
t = 4(2F1LT

cos(ϕLT −ϕ ) + F2 LT
cos(ϕLT −ϕ ) ) / 9FU

    STT
nt = 4(2 !F1TT

sin(2ϕTT −2ϕ ) + !F2TT
sin(2ϕTT −2ϕ ) ) / 9FU

   STT
nn = 4(2F1TT

cos(2ϕTT −2ϕ ) + F2TT
cos(2ϕTT −2ϕ ) ) / 9FU

 e
+e− →Vπ X  e

+e− →VX

w.r.t. the lepton-hadron plane 

    λin = 4(2 !F1L,in + !F2 L,in ) / 9FU ,in

    
ST ,in

x = π !F1T ,in
cosϕS / 6FU ,in

   ST ,in
y = πF1T ,in

sinϕS / 6FU ,in

   
SLT ,in

x = πF1LT ,in
cosϕLT / 6FU ,in

    SLT ,in
y = π !F1LT ,in

sinϕLT / 6FU ,in

   
STT ,in

xx = 4F1TT ,in
cos2ϕTT / 9FU ,in

    
STT ,in

xy = 4 !F1TT ,in
sin2ϕTT / 9FU ,in

   SLL,in = (2F1LL,in + F2 LL,in ) / 3FU ,in
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General kinematic analysis for  

Number of independent structure functions 

e+e− →VπX

    

dΩ
4π

2E1E2d
6σ

d 3 p1d
3 p2

∫

= α 2

s2 χ FU + !FU( ) + λ FL + !FL( )⎧
⎨
⎩

    
+SLL FLL + !FLL( ) + |

"
ST | FT + !FT( )

    
+ |
!
SLT | FLT + "FLT( ) + |

!
STT | FTT + "FTT( )⎫⎬

⎭

81 
(41,40) 

19 
(11,8) 

12 
(7,5) 

integrated over  
the azimuthal angle φ  

further integrated over  
the polar angle θ   

    

dϕ
2π

2E1E2d
6σ

d 3 p1d
3 p2

∫

= α 2

s2 χ 〈FU 〉 + 〈 !FU 〉( ) + λ 〈FL 〉 + 〈 !FL 〉( )⎧
⎨
⎩

    
+SLL 〈FLL 〉 + 〈 !FLL 〉( ) + |

"
ST | 〈FT 〉 + 〈 !FT 〉( )

    
+ |
!
SLT | 〈FLT 〉 + 〈 "FLT 〉( ) + |

!
STT | 〈FTT 〉 + 〈 "FTT 〉( )⎫⎬

⎭

    

2E1E2d
6σ

d 3 p1d
3 p2

= α 2

s2 χ FU + !FU( ) + λ FL + !FL( )⎧
⎨
⎩

    
+SLL FLL + !FLL( ) + |

"
ST | FT + !FT( )

    
+ |
!
SLT | FLT + "FLT( ) + |

!
STT | FTT + "FTT( )⎫⎬

⎭
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IV. Summary and outlook 

II. General kinematic analysis for   e+e− →VπX

e+e− →VπX

Ø  The basic Lorentz tensors for the hadronic tensor 
Ø  Spin and angular dependences and structure functions 
Ø  Azimuthal asymmetries and polarizations 

Ø  The hadronic tensor and structure functions up to twist-3 
Ø  Azimuthal asymmetries and polarizations 
Ø  Numerical estimation of Lambda polarization and spin alignment of K* 

  Transverse momentum dependent fragmentation functions (TMD FFs) 
defined via quark-quark correlator 
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Parton model results for  

Up to twist-3 (LO pQCD): 

e+e− → Z→VπX

  
Wµν

(0) = 1
p1
+ p2

−

d 2k⊥

(2π )2∫
d 2k⊥

'

(2π )2 δ
2(k⊥ + k⊥

' − q⊥ )Tr[Ξ(0) (z1, k⊥ , p1, S)Γ µΞ
(0) (z2 , k⊥

' , p2 )Γν ]

  
Wµν

(1L) = −1
2Qp1

+ p2
−

d 2k⊥

(2π )2∫
d 2k⊥

'

(2π )2 δ
2(k⊥ + k⊥

' − q⊥ )Tr[γ ρ /nΓνΞ
(1)ρ (z1, k⊥ , p1, S)Γ µΞ

(0) (z2 , k⊥
' , p2 )]

See D. Boer, R. Jakob, and P. J. Mulders, Nucl. Phys. B504, 345 (1997) (spin-1/2).  
        K.B. Chen, S.Y. Wei, W.H. Yang, & ZTL, PRD94, 034003 (2016) (spin-1). 



45 2016年11-12月，INFN 3DPDF-2016 

Parton model results for  

Structure functions at twist-2: 

e+e− → Z→VπX

   

F1U 1 = 2c1
ec1

qC [D1D1]

F3U 1 = 4c3
ec3

qC [D1D1]

FU 1
cos2ϕ = −8c1

ec2
qC [whhH1

⊥H1
⊥ ]

    

!F1L1 = −2c1
ec3

qC [G1LD1]
!F3 L1 = −4c3

ec1
qC [G1LD1]

FL1
sin2ϕ = −8c1

ec2
qC [whhH1L

⊥ H1
⊥ ]

   

F1LL1 = 2c1
ec1

qC [D1LLD1]

F3 LL1 = 4c3
ec3

qC [D1LLD1]

FLL1
cos2ϕ = −8c1

ec2
qC [whhH1LL

⊥ H1
⊥ ]

(hadron) unpolarized SLL-dependent: 

longitudinal polarization dependent: 

   
C [wD1 D1 ]≡ 1

z1z2

d 2k⊥

(2π )2∫
d 2k⊥

'

(2π )2 δ
2(k⊥ + k⊥

' − q⊥ )w(k⊥ , k⊥
' )D1(z1, k⊥ )D1(z2 , k⊥

' )

  q →VX ,  q →π Xonly part 

from unpolarized quark 
parity conserved  

from longitudinally polarized quark  
parity violated 

from transversely polarized quark  
parity conserved totally 27 non-zeros at twist-2  
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Parton model results for  

Structure functions at twist-2: 

e+e− → Z→VπX

Transverse polarization ST dependent: 

    

F1T 1
sin(ϕS −ϕ ) = 2c1

ec1
qC [w1D1T

⊥ D1 ]

F3T 1
sin(ϕS −ϕ ) = 4c3

ec3
qC [w1D1T

⊥ D1 ]
!F1T 1

cos(ϕS −ϕ ) = 2c1
ec3

qC [w1G1T
⊥ D1 ]

!F3T 1
cos(ϕS −ϕ ) = 4c3

ec1
qC [w1G1T

⊥ D1 ]

FT 1
sin(ϕS +ϕ ) = −8c1

ec2
qC [w1H1T

⊥ H1
⊥ ]

FT 1
sin(ϕS −3ϕ ) = −8c1

ec2
qC [whh

t H1T
⊥ H1 ]

    

F1LT 1
cos(ϕLT −ϕ ) = −2c1

ec1
qC [w1D1LT

⊥ D1 ]

F3 LT 1
cos(ϕLT −ϕ ) = −4c3

ec3
qC [w1D1LT

⊥ D1 ]
!F1LT 1

sin(ϕLT −ϕ ) = −2c1
ec3

qC [w1G1LT
⊥ D1 ]

!F3 LT 1
sin(ϕLT −ϕ ) = −4c3

ec1
qC [w1G1LT

⊥ D1 ]

FLT 1
cos(ϕLT +ϕ ) = −8c1

ec2
qC [w1H1LT

⊥ H1
⊥ ]

FLT 1
cos(ϕLT −3ϕ ) = 8c1

ec2
qC [whh

t H1LT
⊥ H1

⊥ ]

    

F1TT 1
cos(2ϕTT −2ϕ ) = 2c1

ec1
qC [wdd

tt D1TT
⊥ D1 ]

F3TT 1
cos(2ϕTT −2ϕ ) = 4c3

ec3
qC [wdd

tt D1TT
⊥ D1 ]

!F1TT 1
sin(2ϕTT −2ϕ ) = 2c1

ec3
qC [wdd

tt G1TT
⊥ D1 ]

!F3TT 1
sin(2ϕTT −2ϕ ) = 4c3

ec1
qC [wdd

tt G1TT
⊥ D1 ]

FTT 1
cos2ϕTT = 8c1

ec2
qC [w2H1TT

⊥' H1
⊥ ]

FTT 1
cos(2ϕTT −4ϕ ) = −4c1

ec2
qC [whh

tt H1TT
⊥ H1

⊥ ]

SLT dependent: 

STT dependent: 

  q →VX ,  q →π Xonly part 

from unpolarized quark 
parity conserved  

from longitudinally polarized quark  
parity violated 

from transversely polarized quark  
parity conserved 
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Parton model results for  

Up to twist-3: 

e+e− → Z→VπX
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Parton model results for  

Understanding the twist-2 results: 

e+e− → Z→VπX

  
dσ̂
dΩ

= α 2

4s
χ c1

ec1
q (1 + cos2θ ) + 2c3

ec3
q cosθ⎡⎣ ⎤⎦

  
Pq (θ ) = −

c1
ec3

q (1 + cos2θ ) + 2c3
ec1

q cosθ
c1

ec1
q (1 + cos2θ ) + 2c3

ec3
q cosθ

  
cnn

q (θ ) =
c1

ec2
q sin2θ

c1
ec1

q (1 + cos2θ ) + 2c3
ec3

q cosθ

 e
+e− → Z → qq

   

F1U 1 = 2c1
ec1

qC [D1D1]

F3U 1 = 4c3
ec3

qC [D1D1]

    

!F1L1 = −2c1
ec3

qC [G1LD1]
!F3 L1 = −4c3

ec1
qC [G1LD1]

   

F1LL1 = 2c1
ec1

qC [D1LLD1]

F3 LL1 = 4c3
ec3

qC [D1LLD1]    

F1T 1
sin(ϕS −ϕ ) = 2c1

ec1
qC [w1D1T

⊥ D1 ]

F3T 1
sin(ϕS −ϕ ) = 4c3

ec3
qC [w1D1T

⊥ D1 ]

   

F1LT 1
cos(ϕLT −ϕ ) = −2c1

ec1
qC [w1D1LT

⊥ D1 ]

F3 LT 1
cos(ϕLT −ϕ ) = −4c3

ec3
qC [w1D1LT

⊥ D1 ]    

F1TT 1
cos(2ϕTT −2ϕ ) = 2c1

ec1
qC [wdd

tt D1TT
⊥ D1 ]

F3TT 1
cos(2ϕTT −2ϕ ) = 4c3

ec3
qC [wdd

tt D1TT
⊥ D1 ]

   FLL1
cos2ϕ = −8c1

ec2
qC [whhH1LL

⊥ H1
⊥ ]

    

!F1T 1
cos(ϕS −ϕ ) = 2c1

ec3
qC [w1G1T

⊥ D1 ]
!F3T 1

cos(ϕS −ϕ ) = 4c3
ec1

qC [w1G1T
⊥ D1 ]

    

!F1LT 1
sin(ϕLT −ϕ ) = −2c1

ec3
qC [w1G1LT

⊥ D1 ]
!F3 LT 1

sin(ϕLT −ϕ ) = −4c3
ec1

qC [w1G1LT
⊥ D1 ]     

!F1TT 1
sin(2ϕTT −2ϕ ) = 2c1

ec3
qC [wdd

tt G1TT
⊥ D1 ]

!F3TT 1
sin(2ϕTT −2ϕ ) = 4c3

ec1
qC [wdd

tt G1TT
⊥ D1 ]

   FU 1
cos2ϕ = −8c1

ec2
qC [whhH1

⊥H1
⊥ ]

   FL1
sin2ϕ = −8c1

ec2
qC [whhH1L

⊥ H1
⊥ ]

   

FT 1
sin(ϕS +ϕ ) = −8c1

ec2
qC [w1H1T

⊥ H1
⊥ ]

FT 1
sin(ϕS −3ϕ ) = −8c1

ec2
qC [whh

t H1T
⊥ H1 ]    

FTT 1
cos2ϕTT = 8c1

ec2
qC [w2H1TT

⊥' H1
⊥ ]

FTT 1
cos(2ϕTT −4ϕ ) = −4c1

ec2
qC [whh

tt H1TT
⊥ H1

⊥ ]

  q →VX ,  q →π Xonly part 

 e
+e− → Z → qq →Vπ X

unpolarized quark 

longitudinally polarized quark 

transversally polarized quark    

FLT 1
cos(ϕLT +ϕ ) = −8c1

ec2
qC [w1H1LT

⊥ H1
⊥ ]

FLT 1
cos(ϕLT −3ϕ ) = 8c1

ec2
qC [whh

t H1LT
⊥ H1

⊥ ]
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Parton model results for  

Azimuthal asymmetries up to twist-3: 

e+e− → Z→VπX

unpolarized, twist-2: 

unpolarized, twist-3: 

polarized, twist-2: 
(academic) 

Collins asymmetry 

similar to Cahn effect in SiDIS 

parity violating 

   
〈cos2ϕ 〉U

(0) = −
C( y) c1

ec1
qC [whhH1

⊥H1
⊥ ]

q∑
T0

q ( y)C [D1 D1 ]
q∑

   
〈cosϕ 〉U

(1) = − 2D( y)
z1z2Q

M1 T2
q ( y)C [w1D⊥z2D1 ]+T4

q ( y)C [w1Hz2H1
⊥ ]+ ...

q∑ ...

T0
q ( y)C [D1 D1 ]

q∑

   
〈sinϕ 〉U

(1) = 2D( y)
z1z2Q

M1 T3
q ( y)C [w1G

⊥z2D1 ]+ 2c3
ec2

qC [w1Ez2H1
⊥ ]+ ...

q∑ ...

T0
q ( y)C [D1 D1 ]

q∑

   
〈sin2ϕ 〉L

(0) = −
λC( y) c1

ec2
qC [whhH1L

⊥ H1
⊥ ]

q∑
T0

q ( y)C [(D1 − λG1L )D1 ]
q∑

   
〈cos2ϕ 〉LL

(0) = −
C( y) c1

ec2
qC [whh(H1

⊥ + SLLH1LL
⊥ )H1

⊥ ]
q∑
T0

q ( y)C [(D1 + SLLD1LL )D1 ]
q∑
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Parton model results for  

Hadron polarizations at twist-2 (averaged over φ): 
Longitudinal components 

Transverse components w.r.t. hadron-hadron plane 

e+e− → Z→VπX

   
〈λ 〉 (0) = 2

3

Pq ( y)T0
q ( y)C [G1LD1 ]

q∑
T0

q ( y)C [D1 D1 ]
q∑    

〈SLL 〉
(0) = 1

2

T0
q ( y)C [D1LLD1 ]

q∑
T0

q ( y)C [D1 D1 ]
q∑

   
〈ST

n 〉 (0) = 2
3

T0
q ( y)C [w1D1T

⊥ D1 ]
q∑

T0
q ( y)C [D1 D1 ]

q∑

   
〈SLT

t 〉 (0) = − 2
3

T0
q ( y)C [w1D1LT

⊥ D1 ]
q∑

T0
q ( y)C [D1 D1 ]

q∑

   
〈STT

nn 〉 (0) = − 2
3

T0
q ( y)C [wdd

tt D1TT
⊥ D1 ]

q∑
T0

q ( y)C [D1 D1 ]
q∑

spin transfer, parity violated induced polarization, parity conserved 

induced polarization, parity conserved 

   
〈ST

t 〉 (0) = − 2
3

Pq ( y)T0
q ( y)C [w1G1T

⊥ D1 ]
q∑

T0
q ( y)C [D1 D1 ]

q∑

   
〈SLT

n 〉 (0) = 2
3

Pq ( y)T0
q ( y)C [w1G1LT

⊥ D1 ]
q∑

T0
q ( y)C [D1 D1 ]

q∑

   
〈STT

nt 〉 (0) = − 2
3

Pq ( y)T0
q ( y)C [wdd

tt G1TT
⊥ D1 ]

q∑
T0

q ( y)C [D1 D1 ]
q∑

“worm-gear” effects, parity violated 

strong energy dependence weak energy dependence very different 
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Parton model results for  

Twist-3 contributions (averaged over φ): 
Transverse components  
w.r.t. lepton-hadron plane exist at twist-3 For the inclusive e+e− → Z→VX

“single-spin asymmetries” 

e+e− →γ *→VπXFor 

e+e− → Z→VπX

    
〈ST

x 〉 (1) = − 8
3z1Q

M1
!T3

q ( y)C [GT
⊥D1 ]+ ...

q∑ ...

T0
q ( y)C [D1 D1 ]

q∑

    
〈ST

y 〉 (1) = 8
3z1Q

M1
!T2

q ( y)C [DT
⊥D1 ]+ ...

q∑ ...

T0
q ( y)C [D1 D1 ]

q∑

    
〈SLT

x 〉 (1) = − 8
3z1Q

M1
!T2

q ( y)C [DLT
⊥ D1 ]+ ......

q∑
T0

q ( y)C [D1 D1 ]
q∑

    
〈SLT

y 〉 (1) = 8
3z1Q

M1
!T3

q ( y)C [GLT
⊥ D1 ]+ ...

q∑ ...

T0
q ( y)C [D1 D1 ]

q∑

  
〈ST

x 〉 in
(1) = −

8M1D( y)
3z1Q

T3
q ( y)GT (z1 )

q∑
T0

q ( y)D1 (z1 )
q∑

  
〈ST

y 〉 in
(1) =

8M1D( y)
3z1Q

T2
q ( y)DT (z1 )

q∑
T0

q ( y)D1 (z1 )
q∑

  
〈SLT

x 〉 in
(1) = −

8M1D( y)
3z1Q

T2
q ( y)DLT (z1 )

q∑
T0

q ( y)D1 (z1 )
q∑

  
〈SLT

y 〉 in
(1) =

8M1D( y)
3z1Q

T3
q ( y)GLT (z1 )

q∑
T0

q ( y)D1 (z1 )
q∑

    
〈ST

y 〉 (1,em ) =
8M1

!B( y)
3z1QA( y)

eq
2C [DT

⊥D1 ]+ ...
q∑ ...

eq
2C [D1 D1 ]

q∑
   
〈ST

y 〉 in
(1,em ) =

8M1
!B( y)

3z1QA( y)

eq
2DT (z1 )

q∑
eq

2D1 (z1 )
q∑

   
〈SLT

x 〉 in
(1,em ) = −

8M1
!B( y)

3z1QA( y)

eq
2DLT (z1 )

q∑
eq

2D1 (z1 )
q∑

e+e− →γ *→VX

    
〈SLT

x 〉 (1,em ) = −
8M1

!B( y)
3z1QA( y)

eq
2C [DLT

⊥ D1 ]+ ...
q∑ ...

eq
2C [D1 D1 ]

q∑

  〈ST
x 〉 (1,em ) = 〈SLT

y 〉 (1,em ) = 0   〈ST
x 〉 in

(1,em ) = 〈SLT
y 〉 in

(1,em ) = 0
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Parton model results for  

Hadron polarizations at twist-2 (averaged over θ and φ): 
Longitudinal components 

Transverse components w.r.t. hadron-hadron plane 

e+e− → Z→VπX

spin transfer, parity violated induced polarization, parity conserved 

induced polarization, parity conserved “worm-gear” effects, parity violated 

   
λ (0) = 2

3

Pqc1
qC [G1LD1 ]

q∑
c1

qC [D1 D1 ]
q∑    

SLL
(0) = 1

2

c1
qC [D1LLD1 ]

q∑
c1

qC [D1 D1 ]
q∑

   
ST

t (0) = − 2
3

Pqc1
qC [w1G1T

⊥ D1 ]
q∑

c1
qC [D1 D1 ]

q∑

   
SLT

n(0) = 2
3

Pqc1
qC [w1G1LT

⊥ D1 ]
q∑

c1
qC [D1 D1 ]

q∑

   
STT

nt (0) = − 2
3

Pqc1
qC [wdd

tt G1TT
⊥ D1 ]

q∑
c1

qC [D1 D1 ]
q∑

   
ST

n(0) = 2
3

c1
qC [w1D1T

⊥ D1 ]
q∑

c1
qC [D1 D1 ]

q∑

   
SLT

t (0) = − 2
3

c1
qC [w1D1LT

⊥ D1 ]
q∑

c1
qC [D1 D1 ]

q∑

   
STT

nn(0) = − 2
3

c1
qC [wdd

tt D1TT
⊥ D1 ]

q∑
c1

qC [D1 D1 ]
q∑

strong energy dependence weak energy dependence very different 
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Parton model results for  

Twist-3 contributions (averaged over θ and φ): 
Transverse components  
w.r.t. lepton-hadron plane exist at twist-3 For the inclusive e+e− → Z→VX

“single-spin asymmetries” 

e+e− →γ *→VπXFor 

e+e− → Z→VπX

   
ST

x(1) = − π
2z1Q

M1 c3
ec1

qC [GT
⊥D1 ]+ ...

q∑ ...

c1
ec1

qC [D1 D1 ]
q∑

   
ST

y(1) = − π
2z1Q

M1 c3
ec3

qC [DT
⊥D1 ]+ ...

q∑ ...

c1
ec1

qC [D1 D1 ]
q∑

   
SLT

x(1) = π
2z1Q

M1 c3
ec3

qC [DLT
⊥ D1 ]+ ...

q∑ ...

c1
ec1

qC [D1 D1 ]
q∑

   
SLT

y(1) = π
2z1Q

M1 c3
ec1

qC [GLT
⊥ D1 ]+ ...

q∑ ...

c1
ec1

qC [D1 D1 ]
q∑

  
ST ,in

x(1) = −
π M1

2z1Q

c3
ec1

qGT (z1 )
q∑
c1

ec1
q D1 (z1 )

q∑

  
ST ,in

y(1) = −
π M1

2z1Q

c3
ec3

q DT (z1 )
q∑
c1

ec1
q D1 (z1 )

q∑

  
SLT ,in

x(1) =
π M1

2z1Q

c3
ec3

q DLT (z1 )
q∑

c1
ec1

q D1 (z1 )
q∑

  
SLT ,in

y(1) =
π M1

2z1Q

c3
ec1

qGLT (z1 )
q∑

c1
ec1

q D1 (z1 )
q∑

  ST
x(1,em ) = ST

y(1,em ) = 0
  
ST ,in

x(1,em ) = ST ,in
y(1,em ) = 0

  
SLT ,in

x(1,em ) = SLT ,in
y(1,em ) = 0

e+e− →γ *→VX

  SLT
x(1,em ) = SLT

y(1,em ) = 0



54 2016年11-12月，INFN 3DPDF-2016 

Numerical estimations for inclusive processes 

ρ00 =
1
3
(1 − 2SLL )e+e− → Z→ K*0X,

We have some data from LEP on  e+e− → Z→ hX

We can initialize a phenomenological analysis at leading twist with pQCD evolutions of FFs.   

  
PLΛ (z1,Q) = λ (0) (z1,Q) = 2

3

Pq (Q)Wq (Q)G1Lq∑ (z1,Q)

Wq (Q)D1 (z1,Q)
q∑   

SLL
(0) (z1,Q) = 1

2

Wq (Q)D1LL(z1,Q)
q∑

Wq (Q)D1 (z1,Q)
q∑

spin transfer, parity violated, 
strong energy dependence 

induced polarization, parity conserved 
weak energy dependence 

e+e− →γ * /Z→ hXFor at any given energy 

See K.B. Chen, W.H. Yang, Y.J. Zhou, & ZTL, arXiv:1609.07001 [hep-ph] (2016). 

e+e− → Z→ ΛX



55 2016年11-12月，INFN 3DPDF-2016 

Numerical estimations for inclusive processes 
Leading twist and leading order pQCD evolution  

strong  
energy dependence 

weak  
energy dependence 
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Numerical estimations for inclusive processes 
Leading twist and leading order pQCD evolution  

Extend to other processes such as                   and study at RHIC ….........  pp→ hX
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Ø  Numerical estimation of Lambda polarization and spin alignment of K* 

  Transverse momentum dependent fragmentation functions (TMD FFs) 
defined via quark-quark correlator 
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Summary and Outlook 

★ Complete parton model results up to twist-3 at LO pQCD:     

★ A general and complete kinematic analysis: 

Ø  27 non-vanishing structure functions at twist-2, 36 twist-3. 
Ø  Azimuthal asymmetries in the unpolarized case: a twist-2                    (Collins asymmetry), 

a twist-3                 (similar to “Cahn effect”) and a parity violating               . 
Ø  Hadron polarizations (averaged over azimuthal angle φ):                                              

twist-2: 2 “longitudinal” and 6 transverse components w.r.t. the hadron-hadron plane;        
twist-3: 6 transverse components w.r.t. the lepton-hadron plane, also for inclusive reaction. 

〈cos2ϕ〉U
(0)
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(1) 〈sinϕ〉U
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✪ A systematic study of                         , a good place to study spin dependent FFs e+e− →VπX

Ø  There are in total 81 structure functions or basic Lorentz tensors (BLT):  

Ø  4 azimuthal asymmetries in the unpolarized case:  
  8 polarization components: 2 “longitudinal”; 6 “transverse” that can be measured w.r.t.  
the lepton-hadron or hadron-hadron plane, conveniently averaged over φ.   

〈cosϕ〉,〈cos2ϕ〉,〈sinϕ〉,〈sin2ϕ〉

★ A rough estimation for PLΛ and        at leading twist with LO pQCD evolution:     ρ00
K*

While PLΛ has a very strong      dependence and vanishes at low     ,       depends weakly on     . s sρ00
K*s

Thank you for your attention! 

polarization dependent 
Lorentz tensor set(s) 

polarization dependent 
Lorentz scalar(s)  the unpolarized set = ×
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General kinematic analysis for  

The basic Lorentz tensors (BLTs) for the hadronic tensor 

  
hUi

Sµν = g µν − qµqν

q2 ,   p1q
µ p1q

ν ,   p2q
µ p2q

ν ,   p1q
{µ p2q

ν }⎧
⎨
⎩

⎫
⎬
⎭

   
!hUi

Sµν = ε {µqp1 p2 ( p1q
ν },   p2q

ν } ){ }
  hU

Aµν = p1q
[µ p2q

ν ]

   
!hUi

Aµν = ε µνqp1 ,   ε µνqp2{ }

unpolarized part: 5+4=9 

e+e− →VπX

   
hVi

Sµν = (q ⋅ S),  ( p2 ⋅ S)⎡⎣ ⎤⎦ !hUi
Sµν ,   ε Sqp1 p2 hUj

Sµν{ }

   
!hVi

Sµν = (q ⋅ S),  ( p2 ⋅ S)⎡⎣ ⎤⎦hUi
Sµν ,   ε Sqp1 p2 !hUj

Sµν{ }
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Aµν = (q ⋅ S),  ( p2 ⋅ S)⎡⎣ ⎤⎦ !hUi
Aµν ,   ε Sqp1 p2 hU

Aµν{ }

Vector polarization S-dependent part: 13+14=27 
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The regularity: 
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longitudinal polarization  transverse polarization  
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unpolarized 

  
pq ≡ p − p ⋅q

q2 q

  A
{µBν } ≡ AµBν + Aν B µ

  A[µBν ] ≡ AµBν − Aν B µ

  ε
µνα p ≡ ε µναβ pβ ,  ε⊥

µν ≡ ε µναβnα nβ

  ( pq ⋅q = 0)

polarization dependent 
Lorentz tensor set(s) 

polarization dependent 
Lorentz scalar(s)  the unpolarized set = ×
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General kinematic analysis for  

The cross section in Helicity-GJ-frame: STT-dependent part 

e+e− →VπX

    

2E1E2dσ
LT

d 3 p1d
3 p2

= α 2

s2 χ |
!
SLT | (FLT + "FLT )

   

FLT = cosϕ LT[sinθF1LT
cosϕLT + sin2θF2 LT

cosϕLT ]

     + cos(ϕ LT +ϕ )sin2θFLT
cos(ϕLT +ϕ )

     + cos(ϕ LT −ϕ )[(1 + cos2θ )F1LT
cos(ϕLT −ϕ ) + sin2θF2 LT

cos(ϕLT −ϕ ) + cosθF3 LT
cos(ϕLT −ϕ ) ]

     + cos(ϕ LT − 2ϕ )[sinθF1LT
cos(ϕLT −2ϕ ) + sin2θF2 LT

cos(ϕLT −2ϕ ) ]

     + cos(ϕ LT − 3ϕ )sin2θFLT
cos(ϕLT −3ϕ )

   |
!
SLT |2= (SLT

x )2 + (SLT
y )2

    

!FLT = sinϕ LT[sinθ !F1LT
sinϕLT + sin2θ !F2 LT

sinϕLT ]

     + sin(ϕ LT +ϕ )sin2θFLT
sin(ϕLT +ϕ )

     + sin(ϕ LT −ϕ )[(1 + cos2θ ) !F1LT
sin(ϕLT −ϕ ) + sin2θ !F2 LT

sin(ϕLT −ϕ ) + cosθ !F3 LT
sin(ϕLT −ϕ ) ]

     + sin(ϕ LT − 2ϕ )[sinθ !F1LT
sin(ϕLT −2ϕ ) + sin2θ !F2 LT

sin(ϕLT −2ϕ ) ]

     + sin(ϕ LT − 3ϕ )sin2θ !FLT
sin(ϕLT −3ϕ )

  tanϕ LT = SLT
x / SLT

y

    

 ϕ S ↔ϕ LT

FT ↔ !FLT ,  !FT ↔ FLT

FjT
xxx ↔ !FjLT

xxx ,  !FjT
xxx ↔ FjLT

xxx
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General kinematic analysis for  

The cross section in Helicity-GJ-frame: STT-dependent part 

e+e− →VπX

    

2E1E2dσ
TT

d 3 p1d
3 p2

= α 2

s2 χ |
!
STT | (FTT + "FTT )

   

FTT = cos2ϕTT sin2θFTT
cos2ϕTT

     + cos(2ϕTT −ϕ )[sinθF1TT
cos(2ϕTT −ϕ ) + sin2θF2TT

cos(2ϕTT −ϕ ) ]

     + cos(2ϕTT − 2ϕ )[(1 + cos2θ )F1TT
cos(2ϕTT −2ϕ ) + sin2θF2TT

cos(2ϕTT −2ϕ ) + cosθF3TT
cos(2ϕTT −2ϕ ) ]

     + cos(2ϕTT − 3ϕ )[sinθF1TT
cos(2ϕTT −3ϕ ) + sin2θF2TT

cos(2ϕTT −3ϕ ) ]

     + cos(2ϕTT − 4ϕ )sin2θFTT
cos(2ϕTT −4ϕ )

   |
!
STT |2= (STT

xx )2 + (STT
xy )2

    

!FTT = sin2ϕTT sin2θ !FTT
sin2ϕTT

     + sin(2ϕTT −ϕ )[sinθ !F1TT
sin(2ϕTT −ϕ ) + sin2θ !F2TT

sin(2ϕTT −ϕ ) ]

     + sin(2ϕTT − 2ϕ )[(1 + cos2θ ) !F1TT
sin(2ϕTT −2ϕ ) + sin2θ !F2TT

sin(2ϕTT −2ϕ ) + cosθ !F3TT
sin(2ϕTT −2ϕ ) ]

     + sin(2ϕTT − 3ϕ )[sinθ !F1TT
sin(2ϕTT −3ϕ ) + sin2θ !F2TT

sin(2ϕTT −3ϕ ) ]

     + sin(2ϕTT − 4ϕ )sin2θ !FTT
sin(2ϕTT −4ϕ )

  tan2ϕTT = STT
xx / STT

xy

    

 (2ϕTT −ϕ ) ↔ϕ LT

FTT ↔ FLT ,  !FTT ↔ !FLT

FjTT
xxx ↔ FjLT

xxx ,  FjTT
xxx ↔ FjLT

xxx
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TMD PDFs defined via quark-quark correlator 

The Lorentz decomposition 

 
!Φ (0)(x,k⊥; p, S) = λMeL(x,k⊥ ) + (k⊥ ⋅ST )eT (x,k⊥ )

 

!Φα
(0)(x,k⊥; p, S) = p

+

M
nα λMg1L(x,k⊥ ) + (k⊥ ⋅ST )g1T

⊥ (x,k⊥ )⎡⎣ ⎤⎦

                      − MSTα gT (x,k⊥ ) − k⊥α
M

λMgL
⊥ (x,k⊥ ) + (k⊥ ⋅ST )gT

⊥ (x,k⊥ )⎡⎣ ⎤⎦ + !k⊥α g
⊥ (x,k⊥ )

                     + M
p+ nα λMg3L(x,k⊥ ) + (k⊥ ⋅ST )g3T

⊥ (x,k⊥ )⎡⎣ ⎤⎦

totally 8(twist 2)+16(twist 3)+8(twist 4) components 

twist-2 

twist-3 

twist-4 

 

Φρα
(0) (x,k⊥; p, S) = p

+

M
n[ρ MSTα ]h1T (x,k⊥ ) +

k⊥α ]

M
λMh1L

⊥ (x,k⊥ ) + (k⊥ ⋅ST )h1T
⊥ (x,k⊥ )⎡⎣ ⎤⎦ + !k⊥α ]h1

⊥ (x,k⊥ )
⎧
⎨
⎩

⎫
⎬
⎭

                        +  ST [ρk⊥α ]hT
⊥'(x,k⊥ ) + Mε⊥ραh(x,k⊥ ) − n[ρnα ] λMhL(x,k⊥ ) − (k⊥ ⋅ST )hT

⊥ (x,k⊥ )⎡⎣ ⎤⎦

                        + M
p+ n[ρ MSTα ]h3T (x,k⊥ ) + k⊥α ] λMh3L

⊥ (x,k⊥ ) + (k⊥ ⋅ST )h3T
⊥ (x,k⊥ )⎡⎣ ⎤⎦ + !k⊥α ]h3

⊥ (x,k⊥ ){ }
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TMD PDFs defined via quark-quark correlator 

Twist-2 TMD PDFs 

Twist-3 TMD PDFs 

quark polarization 
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TMD FFs defined via quark-quark correlator (for spin-1/2 hadrons) 

The Lorentz decomposition 

 z
!Ξ(0)(z,kF⊥; p, S) = λMEL(z,kF⊥ ) + (kF⊥ ⋅ST )ET (z,kF⊥ )

 

z !Ξα
(0)(z,kF⊥; p, S) = p

+

M
nα λMG1L(z,kF⊥ ) + (kF⊥ ⋅ST )G1T

⊥ (z,kF⊥ )⎡⎣ ⎤⎦

                      − MSTαGT (z,kF⊥ ) − kF⊥α
M

λMGL
⊥ (z,kF⊥ ) + (kF⊥ ⋅ST )GT

⊥ (z,kF⊥ )⎡⎣ ⎤⎦ + !kF⊥αG
⊥ (z,kF⊥ )

                      + M
p+ nα λMG3L(z,kF⊥ ) + (kF⊥ ⋅ST )G3T

⊥ (z,kF⊥ )⎡⎣ ⎤⎦

totally 8(twist 2)+16(twist 3)+8(twist 4) components 

twist-2 

twist-3 

twist-4 

 

zΞρα
(0) (z,kF⊥; p, S) = p

+

M
n[ρ MSTα ]H1T (z,kF⊥ ) +

kF⊥α ]

M
λMH1L

⊥ (z,kF⊥ ) + (kF⊥ ⋅ST )H1T
⊥ (z,kF⊥ )⎡⎣ ⎤⎦ + !kF⊥α ]H1

⊥ (z,kF⊥ )
⎧
⎨
⎩

⎫
⎬
⎭

                      +  ST [ρkF⊥α ]HT
⊥'(z,kF⊥ ) + Mε⊥ραH(z,kF⊥ ) − n[ρnα ] λMHL(z,kF⊥ ) − (kF⊥ ⋅ST )HT

⊥ (z,kF⊥ )⎡⎣ ⎤⎦

                     + M
p+ n[ρ MSTα ]H3T (z,kF⊥ ) +

kF⊥α ]

M
λMH3L

⊥ (z,kF⊥ ) + (kF⊥ ⋅ST )H3T
⊥ (z,kF⊥ )⎡⎣ ⎤⎦ + !kF⊥α ]H3

⊥ (z,kF⊥ )⎧
⎨
⎩

⎫
⎬
⎭
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TMD FFs defined via quark-quark correlator (T-dep. part) 

The Lorentz decomposition 

 

z !Ξα
T (0)(z,kF⊥; p, S) = p

+

M
nα ( !kF⊥ ⋅SLT )G1LT

⊥ (z,kF⊥ ) + STT
!kFkF

M
G1TT

⊥ (z,kF⊥ )
⎡

⎣
⎢

⎤

⎦
⎥

                     − M !SLTαGLT (z,kF⊥ ) − !STTα
kF G'TT

⊥ (z,kF⊥ ) − !kF⊥α SLLGLL
⊥ (z,kF⊥ ) + kF⊥ ⋅SLT

M
GLT

⊥ (z,kF⊥ ) + STT
kFkF

M 2 GTT
⊥ (z,kF⊥ )⎡

⎣⎢
⎤
⎦⎥

                     + M
p+ nα ( !kF⊥ ⋅SLT )G3LT

⊥ (z,kF⊥ ) + STT
!kFkF

M
G3TT

⊥ (z,kF⊥ )
⎡

⎣
⎢

⎤

⎦
⎥

totally 10(twist-2)+20(twist-3)+10(twist-4) components 

twist-2 

twist-3 

twist-4 

 

zΞρα
T (0)(z,kF⊥; p, S) = − p

+

M
n[ρ M !SLTα ]H1LT (z,kF⊥ ) + !STTα ]

kF H '1TT
⊥ (z,kF⊥ ) + !kFα ] SLLH1LL

⊥ (z,kF⊥ ) + kF⊥ ⋅SLT
M

H1LT
⊥ (z,kF⊥ ) + STT

kFkF

M
H1TT

⊥ (z,kF⊥ )⎡
⎣⎢

⎤
⎦⎥

⎧
⎨
⎩

⎫
⎬
⎭

                    + ε⊥ρα MSLLHLL(z,kF⊥ ) + (kF⊥ ⋅SLT )HLT
⊥ (z,kF⊥ ) + STT

kFkF

M
HTT

⊥ (z,kF⊥ )⎡
⎣⎢

⎤
⎦⎥
+ n[ρnα ] ( !kF⊥ ⋅SLT )H 'LT

⊥ (z,kF⊥ ) + STT
!kFkF

M
H 'TT

⊥ (z,kF⊥ )
⎡

⎣
⎢

⎤

⎦
⎥

                    − M
p+ n[ρ

!kF⊥α ] SLLH3LL
⊥ (z,kF⊥ ) + kF⊥ ⋅SLT

M
H3LT

⊥ (z,kF⊥ ) + STT
kFkF

M 2 H3TT
⊥ (z,kF⊥ )⎡

⎣⎢
⎤
⎦⎥
+ M !SLTα ]H3LT (z,kF⊥ ) + !SkFTTα ]H '3TT

⊥ (z,kF⊥ )
⎧
⎨
⎩

⎫
⎬
⎭

 
z !ΞS

T (0)(z,kF⊥; p, S) = ( !kF⊥ ⋅SLT )E'LT
⊥ (z,kF⊥ ) +

STT
!kFkF

M
E'TT

⊥ (z,kF⊥ )

The tensor polarization dependent part 


