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Overview
1. All-order calculations 1n perturbative QCD
2. A case study: “Jet Vetoing”

3. A general algorithm



Factorization allows us to make predictions

do = Z/d$1d$2 filxr, pr) fij(xe, pr) doi; (Q, R, r)
,J

fi is a universal function

() = a large invariant mass.

Collins, Soper, Sterman
Nucl. Phys B308 (1988) 833.
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Many observables are (often by construction) sensitive
to multi-particle production in the final state.

The production of many particles 1s typically not

rare: the rate 1s enhanced by large logarithmic terms

in the perturbation series. Fixed order calculations not
always sufficient.
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A classic example: Drell-Yan

b;[_. kl. dO- d O[SCF 2
2 = _ L
de de (O-O 2P < 2T

pr = transverse momentum of the Z particle

L =n(Q*/p7)

e Fixed order in oy fails if L > 1.
e Accounts for all terms ~ o L?",

e Simple interpretation as a non-emission probability.

br do (87 CF
d/ — s L2
[ e =ovemn (<255 12)

= rate of producing Z particles with transverse momentum below pp
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Beyond the simplest approximation: systematic resummation
of the large logarithms 1s possible.

O=1+as(L*+L+1)+a2(L* +L*+L*+L+1)+---

For many (“global’’) observables:

O = C(as) exp [LgiL (asL) +gnie (asL) + asgunie (asL) + -

Clas) =1+asCynrp + -

Can match the resummed result with the fixed order result.

Progress in automated resummation

e*e” at NLL: Banfi, Salam, Zanderighi hep-ph//0407286

e*e at NNLL: Banfi, McAslan, Monni, Zanderighi arXiv:1412.2126
Gerwick, Schumann, H6che, Marzani arXiv: 1411.7325
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Banfi, Dasgupta, Marzani and Tomlinson, arXiv:1205.4760
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The large logarithms of infra-red origin are
a result of:

1. Soft gluon emission

2. Collinear parton branching

\

- &)

Goal 1s to systematically sum up all enhanced terms, either
on a case-by-case basis or more generally.



SOFT GLUONS

i b- 9
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as dFE dS?

do,41 = dop

2 B 2w i Pi-qpj-q

* Only have to consider soft gluons off the external legs of a hard
subprocess.

e Colour factor is the “problem”.




COLLINEAR EMISSIONS

b
Colour structure 1s easier. It 1s as 1f z
emission 1s off the parton to which it 1s .
collinear.
2
ag dq
dO‘n_l_l — dO‘n > dz Pba(z)
21T q

Simulation codes exploit the fact that in the “large N_.” approximation
both wide-angle soft and collinear emissions can be included via a
classical branching algorithm, i.e. quantum interference included by
clever re-arrangement of the interference terms = the HERWIG project.

This beautiful physics is also a serious drawback.



Not all observables are affected by soft and/or collinear
enhancements

Intuitive: inclusive observables do not care that the outgoing partons may
subsequently radiate additional soft and/or collinear particles.

Bloch-Nordsieck Theorem

PN
>®f ®< T /@\{f /§% Real & Yirtual graphs .canc.el

exactly in soft approximation
if the real emissions are

\ integrated over without
+ @ /&Y {Q — O restriction.

Weighting the real emissions induces a miscancellation and a logarithm,

e.g. I /Qdﬁ_l /M%ZI IDQ
S0/1kT “Jo o kr T

Virtual loop

Real emission phase-space if
emissions forbidden above u



Case study: JET VETOING & “Gaps between jets”

b4

."-@; o IR
o §/ ;,.:lr%
\ Q

\):h \on,
2,

Jets produced with pr = Q > Qo

Observable restricts emission only in the gap region therefore expect

ag log"(Q/Qo)

i.e. do not expect collinear enhancement since we sum inclusively over the
collinear regions of the incoming and outgoing partons.



Real emissions are forbidden in the phase-space region
-Y/2<y<Y/2
kT > Qo

“By BlochNordsieck, all other real emissions cancel and we therefore only
need to compute thartual soft gluon corrections to the primary hard scattering

ete” — qq case is very simple:

Ogap = 00 €XP (—CF%Yln (%))

The virtual gluon is
integrated over “in gap”

. ——— momenta, 1.e. the region

where real emissions are
forbidden.



Real emissions are forbidden in the phase-space region
-Y/2<y<Y/2
kT > Qo

“By BlochNordsieck, all other real emissions cancel and we therefore only
need to compute thartual soft gluon corrections to the primary hard scattering

P P, % ps=P,Q Py P, Ps
k§ < > % The virtual gluon is
integrated over “in gap”
K = - ) )
P Pt Pe=pQ Pe p#Q+k  |Ps momenta, i.e. the region
— where real emissions are
forbidden.
P, p,—Qk P P, p,-Qk 3
P, p,+Q-k Py Jo P,k P,

But this is over an over simplification: we cannot get rid of the real emissions
so easily....



Dasgupta & Salam 2001
hep-ph/0104277

This observable i1s non-global

Real & virtual
corrections cancel for
“out of gap” gluons.

But these do not if

the gluon marked with
a red blob 1s in the
forbidden region:

the 274 cut is not
allowed.

The observable is sensitive to “out of gap” gluons.

The real emissions no longer cancel once we start to evolve emissions (such as
those denoted by the blue blob in the above) which lie outside of the gap
region and which have k; > Q,.

If b+ < Qo then subsequent evolution also has
k1 < Qo and cancellation works.



* The observable is sensitive to gluon emissions outside of the gap, even though
it sums inclusively over that region.

* Not a surprise: emissions outside of the gap can radiate back into the gap.

* Must include any number of emissioatside of the gap and their subsequent
evolution.

* Colour structure now becomes much more complicated.




Kidonakis, Oderda & Sterman

The amplitude can be projected onto a colour basis, hep-ph/0803241

e.g. for quark-quark scattering:

&) = (T9a(T);
Akl (1) (l) (8) ~(8) Cuiki ( ?
(_:\f),z']‘ =M C  + M CZJII c, = sudy.
, MW ;
ie. M = 1/(8) and c=M'SyM

N2 0
(7 8)
0 N 4 1

[terating the insertion of soft virtual gluons builds up the resummed
amplitude:

Q
2t [ dk
M=exp | — a/ ) My
™ k’T
Qo

where the evolution matrix is

N2 ’ -
F ) :\4;’\71 (Y‘ Ay) ‘;\ 21 ZT—
- — i+ 5Y + Stp(Y, Ay)

Ay = distance between jet centres Y = size of gap




Further real emissions introduce new ingredients:

1) How to add a real gluon to the four-quark amplitude

MR:DM b‘Lﬂ"Jﬁ®

2) How to evolve the resulting 5-parton amplitude

kT
20v ¢ IL'
Mp(Qy) = exp | =22 / VLA Mp(kr)

A/

Qo

v
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Has been extended to all five parton amplitudes:

e.g. gg 2 ggg
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Very soon we need to keep track of very large matrices.




The general algorithm

cr:i/danFn

n=0

doy = <M<°> V&QVO,Q‘NI(O)> dIl,

dol - <A/I(0) VIIIT?QD{F V$:QITV0 Dll‘VqlT’Q

M(O)> dIl,dIl,

aqr

doy = <A/I(O) V;T,QDI#VEQTafhnguV:g,quVO,qzngvthr,qwD‘1‘V¢I1T=Q NI(O)> dIodII; dIT;
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T qri 27

Aim 1s to test the correctness of

VO,QlTDillV‘IlT:Q and VO,Q2TDI2JV Dlllvthr,Q‘

qar.q1T




René Angeles-Martinez: PhD thesis
Angeles-Martinez , JRF, Seymour: arXiv:1510.07998
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.o 1T > 427
Double emission case 1 1

e Limit 1: Both emissions are at wide angle but one gluon is much softer than the other,
ie. (qf: ~ qT) > (q2:E ~ qor). Specifically, we take g — Ag2 and keep the leading

term for small A.

e Limit 2: One emission (g2) collinear with p; by virtue of its small transverse mo-
mentum and the other (q;) at a wide angle, i.e. g5 > qor and ¢ ~ qi7 > qor.
Specifically, we take g2 — (g3 ,A%q3r/(2g3 ), Aqar) and keep the leading term for
small A.

e Limit 3: One emission (g ) collinear with p; by virtue of its high energy and the other
(q2) at a wide angle, i.e. g > qir and 1T > gor ~ q5 . Specifically, we take®
q1 = (g /A Ag3r/(2¢7), qur) and g2 — Ao, and keep the leading term for small .

2
2 2 k,—-—":/

—

Limit 1 Limit 2 Limit 3
Relevant for SLL



“EKikonal” cuts

e.g. Istrow of graphs
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“Soft gluon” cuts

(ab) 29 @pa q app
v =

PP IPED -5
R
Boo R R B | R
> F

o p;c el Pi - €1 pPj -2 1 2q2 - q1pj - q2 . .
wla sl s e (e
™ |Pj-q1 Pi-q1 pj - € q -p; K4

B [pz"é‘Q QI-&?Q] [—l+ln (2(12 QP - qz)]Td pded; beQaTa}}Mo>

Pi - q2 q1 - q2 € q1-pPi K
(2(12 qQp;- qz) 1 <q2T(il)
e = In 5
q1 - Pz# H

2 q?
ln( 9@ Pj- QZ) ln( 2T(2] ))
q1 - pJ,u H

)

2
2 .
ln( 2T> +In (qf;q;f) + 11 — Y2,

u
@ 2q1 - @2
In{=-)+1n + Y2 — U1,

K qQTq2T

. 2
i cleay ; feoean _l 121 2q1 ‘q2 ajas 7(0)
{ gzl M [ € HD(# )+ln(<11qu'r)]} - (QI’QZ)IM >




e.g. the

P
*
%
* .

oak
-
ook
¥y

IT pj €141 E

872 pi-q1q1-q2

terms in limit 1

3 /PN-’ dg 3 /QMQ di3
2 Jprar B 2Jo B

-3
.

sunl = —

2q91-q2 dl%

12’
2q1-q2 dl2

+1/
Z 2/

(g5'7)? dl%

2
0 lT

Pi®2 2

12'

G2e

B Yaad
1), &

3 [2are i3
ST

7 /2<h~q:> d12 /Pi'QQ dl%
l2
Pi-q1 T

(52 d12
sum = /



Limit 2 7
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Only graphs Goe and Gop are leading.
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Limit 3 ¢ collinear with p;

The leading contributions to the second colour structure cancel.

The first colour structure receives leading contributions to the following two

Lorentz structures:

8 log &g oy & J ; ﬂ

Only graph Gie contributes to the first and it gives

2
Br |2 ,
_ [P ds
E
0 T j

)3
Graphs {G1a, G1p, G1c, G1d, G1e, Gii } contribute to the second. |+ % +

The contributions of graphs G4, G1p cancel whilst ;

G {3(%‘)2 + 3005 + 2(q2_)2} /qI % Q21 /pi @ra) g2
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0 p
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The sum of these three contributions is

/qu d|% B ey /QI a2 ﬁ
o 15 2 +g)2l N7

Finally, the four-gluon vertex graph Gi; exactly cancels the second term of this
expression.




q, A more physical derivation of the same result

Sum over physical polarizations

M / 4" kr 1 (iA*) Z 3 € £ 5 (iB#)
— — 1! LEq!I 7p! Z ol : ! 2!#;p! y
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ng:u d kr N * Ak A~ ¥
M = Q72 / k%(27r)d—4 A 51' p, E2uipl, | €175p) AE1;p, E2/5py Ayp, -

piDPs

Gluon 1: momentum and polarization unchanged by the Coulomb scattering.
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4271 (i1) qZT(il)
kTu = ]{JT Sin¢81M;J_ + kT COS¢€1N§||

In four dimensions, the ¢ integral yields an exact ©-function:

;2 271 Jk 205 - .

v T 2 42 - Q1 Pi - G2
M= | A"eT . €5, s —_—. Q21(i1) = l
HiP1 Vvip2 47T 0 kT ql . pz

The kp of the Coulomb gluon is exactly limited by the transverse momentum
of the softer of the two gluons it is exchanged between, as measured in the rest
frame of harder of the two gluons and the parent of the softer gluon.




Has been generalized to hard processes with any number of hard partons
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Angeles Martinez , JRF, Seymour: arXiv:1602.00623




The general algorithm
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Confirmed at least at low orders in perturbation theory — with a surprising
statement on how it can be extended to include (almost?) all of the sub-
leading contribution computed in the eikonal approximation.




Summary

All order effects in QCD are crucial to describe many features of the final
state in collider physics.

Colour-mixing, Coulomb gluons and other sub-leading N, terms can be
included in an amplitude-level shower via evolution in dipole transverse
momentum (= work underway with Simon Plitzer, Mike Seymour,
Matthew de Angelis and René Angeles Martinez).

General algorithm should contain a lot of physics because of the remarkable
accuracy of “dipole transverse momentum” evolution.




