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Warning
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Lightcone Wave functions

Lightcone quantization : z0 → z+ = z0 + z3

Lightcone-QCD allows decomposition of hadrons in Fock states:

|P, π〉 ∝
∑
β

Ψqq̄
β |qq̄〉+

∑
β

Ψqq̄,qq̄
β |qq̄, qq̄〉+ . . .

|P,N〉 ∝
∑
β

Ψqqq
β |qqq〉+

∑
β

Ψqqq,qq̄
β |qqq, qq̄〉+ . . .

Often restricted to the first term, i.e. Ψqq̄
β and Ψqqq

β .
Schematically (disregarding twist decomposition), the DA ϕ:

ϕ(x) ∝
∫

d2k⊥
(2π)2 Ψ(x , k⊥)
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Evolution

DA are scale dependent objects
They obey evolution equation and can be written as:

ϕπ(x , µ2) = ϕAs
π (x)

1 +
∞∑

j=2,4...

a
( 3
2 )

j (µ2)C
( 3
2 )

j (x)


Efremov and Radyushkin (1980)

Lepage and Brodsky (1980)

At large enough scale, one expects ϕ ' ϕAs

Caveat
What does large enough mean?
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Fock space at high Q2

At large Q2,

F (Q2) '
∫

[dx ][dy ]ϕ∗(y)T (x , y)ϕ(x)

Higher Fock states suppressed by
(
αS (Q2)

Q2

)
per additional constituent.

T can be computed through perturbation theory.
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From DA to Form factors

Pion case:

Q2Fπ(Q2) = 16παS(Q2)fπω2
ϕ for large enough Q2

with

ωϕ =
1
3

∫
dx
ϕ(x ,Q2)

x
, ωAs = 1

Farrar and Jackson (1979),
Efremov and Radyushkin (1980),

Lepage and Brodsky (1980).

Proton case:
I same reasoning but absolute normalisation unknown,
I when assuming isospin symmetry, the ratio between the magnetic form

factors of the proton and neutron can be predicted.
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Pion distribution amplitude

φAs(x) = 6x(1− x)

0.0 0.25 0.50 0.75 1.0
0.0

0.5

1.0

1.5

x

Φ
Π
Hx
L

Chang et al. (2013)

ææ

æ

æ

à

à

à
à

ì ì ì ì ì ì ì

0 5 10 15 20
0

0.2

0.4

0.6

Q
2
HGeV

2
L

Q
2
F
Π
HQ

2
L A

B

C

D

E

Chang et al. (2013)

Broad DSE pion DA is much more consistent with the form factor
than the asymptotic one.
The scale when the asymptotic DA become relevant is huge.
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Proton distribution amplitude
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ϕAs(x1, x2, x3) = 120x1x2x3

Lepage and Brodsky (1980)

What happen when computing the Proton DA within DSEs framework?
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Quark-diquark degrees of freedom

Interactions generating meson also generate diquarks in a 3̄-colour
state.
Two types of diquark correlations inside the nucleon:

I Scalar diquarks.
I Axial-Vector diquarks.

Cahill et al., (1987)

This allow to solve a simplified Faddeev equation...
.. and to compute in the DSE framework of different baryon
observables, including the nucleon form factors.

We would like to apply this approximation to compute nucleon DA.
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Leading Twist Nucleon DA

Parameterisation of non-local matrix element in 24 invariant functions:

〈0|εijkui
α(z1)uj

β(z2)dk
γ (z3)|P〉

=
1
4

[(
/pC
)
αβ

(
γ5N+

)
γ
V (z−i ) +

(
/pγ5C

)
αβ

(
N+
)
γ
A(z−i )

− (ipµσµνC )αβ
(
γνγ5N+

)
γ
T (z−i )

]
+ higher twist.

Braun et al. 2000

Nucleon leading twist DA defined as:

ϕ(xi ) = V (xi )− A(xi )
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Matrix element of the leading twist DA

Definition of the leading twist DA in terms of matrix element:

〈0|εijk
(
ui
↑(z1)C/zuj

↓(z2)
)
/zdk
↑ (z3)|P〉

= −1
2

(p · z)/zN↑
∫

Dxiϕ(x1, x2, x3)e−i
∑

i xiP · zi .

I quark of given chirality: q↑(↓) = 1±γ5
2 q

I momentum conservation: Dxi = dxiδ(1− x1 − x2 − x3)

This matrix element suggests:

I Axial-vector diquark correlation :
(
ui
↑(z1)C/zuj

↓(z2)
)

I Interaction with the remaining quark d.
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Quark-Diquark DA

1
2 (1− γ5)Cγ · z 1

2 (1 + γ5)

Sd

Su

Su

Suu

γ · z 1
2 (1 + γ5)

Γd,uu Γuu

Need of specific ingredients:
I quark propagator Su (Sd),
I AV diquark propagator Suu,
I diquark Bethe-Salpeter amplitude Γuu,
I nucleon Bethe-Salpeter amplitude Γd ;uu.

All these objects can be computed non-pertubatively using DSEs-BSEs.
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Nakanishi representation: Quark-Diquark Amplitude

quark propagator:

Sq(q) =
−iγ · q + M

q2 + M2

diquark propagator:

Sqq(K ) =
1

K 2 + M̃2

(
δµν +

KµK ν

K 2

)
Nakanishi representation for the quark-diquark Bethe-Salpeter
Amplitude:

Aµ(K ,P) = iγ5Pµ
M̄
fN

M̄2σ
∫ +1

−1
dz ρσ(z)

 1((
K − 1−z

2 P
)2

+ Λ2
N

)
σ
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Nakanishi representation: Diquark Amplitude

Quark propagator:

Sq(q) =
−iγ · q + M

q2 + M2

Point-like Bethe-Salpeter Amplitude:

Γµ = i γ̃µC
M
f

M2ν , γ̃µ = γµ −
Kµ
K 2γ · K

Extended Bethe-Salpeter Amplitude:

Γµ(q,K ) = i γ̃µC
M
f

M2ν
∫ +1

−1
dz ρν(z)

 1((
q − 1−z

2 K
)2

+ Λ2
q

)
ν

C. Mezrag (Argonne National Laboratory) Nucleon DA April 21th , 2016 14 / 24



Nakanishi representation: Diquark Amplitude

Quark propagator:

Sq(q) =
−iγ · q + M

q2 + M2

Point-like Bethe-Salpeter Amplitude:

Γµ = i γ̃µC
M
f

M2ν , γ̃µ = γµ −
Kµ
K 2γ · K

Extended Bethe-Salpeter Amplitude:

Γµ(q,K ) = i γ̃µC
M
f

M2ν
∫ +1

−1
dz ρν(z)

 1((
q − 1−z

2 K
)2

+ Λ2
q

)
ν

C. Mezrag (Argonne National Laboratory) Nucleon DA April 21th , 2016 14 / 24



Nakanishi representation: Diquark Amplitude

Quark propagator:

Sq(q) =
−iγ · q + M

q2 + M2

Point-like Bethe-Salpeter Amplitude:

Γµ = i γ̃µC
M
f

M2ν , γ̃µ = γµ −
Kµ
K 2γ · K

Extended Bethe-Salpeter Amplitude:

Γµ(q,K ) = i γ̃µC
M
f

M2ν
∫ +1

−1
dz ρν(z)

 1((
q − 1−z

2 K
)2

+ Λ2
q

)
ν

C. Mezrag (Argonne National Laboratory) Nucleon DA April 21th , 2016 14 / 24



A point-like diquark?

The DA resulting from a point-like BS ampltitude presents two main
features:

I a “flat” contribution,

I an “asymptotic-like”.
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We expect this to affect the Nucleon DA in our quark-diquark
approach.
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Mellin moments approach

Computation of the Mellin moment of the nucleon DA:

ϕ̃(n1, n2, n3) =

∫
Dxi xn1

1 xn2
2 xn3

3 ϕ(x1, x2, x3)

3D Mellin Transform → one can expect hard time to inverse it...
... but momentum conservation (δ(1− x1 − x2 − x3)) reduce the
problem to a 2D transform.
ϕ̃(1, 0, 0) + ϕ̃(0, 1, 0) + ϕ̃(0, 0, 1) = ϕ̃(0, 0, 0).

It is possible to analytically invert the Mellin Transform.

Analytical results for very simple Ansätze.
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Result 1: Point-like diquark
ϕPL(x1, x2, x3)
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ϕPL(x1, x2, x3)− ϕAS(x1, x2, x3)
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It looks almost symmetric and therefore close to the asymptotic
distribution. Very encouraging result.
Please notice:

I A feature of the point-like diquark: non-zero values for x1 = 0 or
x2 = 0.

I Slight unexpected sign change near x3 ' 1.
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It looks almost symmetric and therefore close to the asymptotic
distribution. Very encouraging result.

Please notice:

I A feature of the point-like diquark: non-zero values for x1 = 0 or
x2 = 0.

I Slight unexpected sign change near x3 ' 1.
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From point-like to asymptotic diquark

Change of the Bethe-Salpeter Amplitude:

Γµ(q,K ) = i γ̃µC
M
f

M2ν
∫ +1

−1
dz ρν(z)

 1((
q − 1−z

2 K
)2

+ Λ2
q

)
ν

For ρ ∝ (1− z2) and ν = 1, one recovers the asymptotic DA:

φ(x) = 6x(1− x)

Gao et al. (2014)
Doing so we lose sensitivity in Λ2

q.

Good second step!
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Result 2: Extended Asymptotic-like Diquark

ϕEx(x1, x2, x3)
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No more sign change and the DA vanishes on the edges.
Deform toward the large x3.

C. Mezrag (Argonne National Laboratory) Nucleon DA April 21th , 2016 19 / 24



Modification of the ρ function

Aµ(K ,P) = iγ5Pµ
M̄
fN

M̄2σ
∫ +1

−1
dz ρσ(z)

 1((
K − 1−z

2 P
)2

+ Λ2
N

)
σ

All the previous plots, ρσ(z) ∝ (1− z2)

Modification of ρ to generate an asymmetric distribution of momentum
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Preliminary result
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More central than previously
Still preliminary
It starts becoming numerically challenging
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Results summary

Asymptotic
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Asymmetric extended diquark
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Summary and conclusion

At high enough Q2, it is possible to compute the form factor through
the DA.
Results on the pion show that at available energy, the asymptotic DA
is not relevant for such a computation.
To compute the nucleon DA and see how it differs from the
asymptotic one.
We developed algebraic models as a first step.
Results are encouraging.
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Outlook

Short term outlooks:
I Finish the algebraic computations.
I Numerical computation using solution of the DSEs.
I Comparison with lattice data
I Computation of the ratio of the proton and neutron magnetic form

factors.
Longer term outlooks → computations of other structure functions:

I Valence nucleon PDF.
I Valence nucleon GPD,
→ following the methods highlighted in arXiv:1602.07722 for the pion.
→ using the PARTON Software developed at Saclay (1512.06174).
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PARTONS Project
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Thank you for your attention!
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