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Vector form factors: In brief
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Vector form factors: In brief
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Transverse densities

Generalised parton distributions

Have a density interpretation with respect to transverse displacement
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Lattice: Moments of longitudinal momenta

Generalised form factors

Today: just the most trivial moment
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Generalised form factors
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Generalised form factors
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Lattice: Moments of longitudinal momenta

- (Generalised form factors

- Today: just the most trivial moment
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me~330MeV ) )
M ~ 435 MeV up down
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Large momentum transfer?
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Large momentum transfer?

ngbly-represented quark Contribution to the Second Tensor FF flf,;,,
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Large momentum transfer?
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Form factors from lattice QC
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Lattice QCD: 3-pt function = matrix elements
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Lattice QCD: 3-pt function = matrix elements

3-pt correlator New quark propagator solution:
Inverted from “di-quark” at sink

Operator insertion

e.g. QFC] ~
\

Sink

Source
“origin”
Source momentum fixed Fourier project
by momentum conservation:  momentum insertion: q
P=p —q
Remove time dependence by dividing (Cs(t,7;P,))

out 2-pt correlators (Ca(t —7,p'))(C2(T, P))

/

Fourier project: p

~ (N (p)|0(q)|N(p))



| attice QCD: matrix elements = form factors

Determine matrix element from ratio of lattice 3-pt and 2-pt correlators
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Extraction of corresponding form factors from usual tensor decomposition

e.g. vector form factors:

(N(P)[gy"a|N(p)) =u(p', s") [+"F1(Q") + S F5(Q%) | u(p, s)

Q° =q’ — (Ep — Bp)”
choose variety of current components; spin alignments; momentum transfer
directions. Generally an over-constrained set of equations to isolate form factors

1ot q,,




Lattice QCD: matrix elements = form factors

Determine matrix element from ratio of lattice 3-pt and 2-pt correlators
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e.g. vector form factors:
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Matrix elements from “Feynman-Hellmann”

Feynman—-Hellmann in guantum mechanics:
dFE,, < ‘GH
— (N —
d

T

75 ™Y

matrix elements of the derivative of the Hamiltonian determined by derivative of
corresponding energy eigenstates

Lattice QCD: evaluate energy shifts with respect to weak external fields

Analogous to considering the energy of a fermion in a weak uniform
magnetic field:

eB]

EB)=m— pu.B- 278y | B|F + O(B?)



Feynman—Hellmann Theorem

A method for determining hadronic matrix elements from energy shifts

Suppose we want <H‘O‘H>
Proceed by S — S+ A d4:z: O(z

A

real parameter local operator, e.g. q(x)v573q(x)
FH tells us )
OF (A 1
= H H
OA 2B (A < ‘ ‘ >

Calculation of matrix element = hadron spectroscopy [2-pt functions only]

-)

OEg(\) 1
oN 2EH()\)<

H|O|H)



Feynman—Hellmann: Hadron spin

To access hadron spin fractions, we modify the action to include the axial
current

S = S+ 1Y q(x)ivsysq(x)

FH Theorem then gives

OE g (\)
)

1

H H
- 2MH< \ql%%(ﬂ >

but for a spin-J hadron with polarisation m in the z-direction

<H7 Jm‘q_zf}%/)/SQ‘Ha Jm> — 2]\4HAqu

A=0

Also note: reversing hadron polarisation = changing sign of A



Connected Spin Contributions

[Chambers et al. PRD(2014)]

Start with nucleon mass vs. field strength A

SU(3) symmetric point mx = mg ~ 470MeV
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SU(3) symmetric point mx = mg ~ 470MeV
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Connected Spin Contributions

Connected spin factions in various hadrons

0.70

[Chambers et al. PRD(2014)]
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Warm up: Periodic potential, 1-D QM

2
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Subject to weak external periodic potential  V(z) = 2AV, cos(gx)
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Warm up: Periodic potential, 1-D QM

2
- Almost free particle  Hylp) = ;—mlm

Subject to weak external periodic potential  V(z) = 2AV, cos(gx)
AV
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ViIp) = AVolp + q) + AVolp — )
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Warm up: Periodic potential, 1-D QM
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Warm up: Periodic potential, 1-D QM
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Warm up: Periodic potential, 1-D QM

Geometrically: Do

| No first order
| energy shifts? |




Degenerate perturbation theory

p=q/2

Yy
H <2m AZO) H{|g/2) % |—a/2)} = (Ey 7 = AVo) {la/2) %+ |—a/2)}

N

2m

p~q/2



Degenerate perturbation theory

Exact degeneracy: p = q/2

D
He(2m A0} w2+ 1-a/2) = (B £ 0%0) (l0/2) < | —a/2))
N
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Degenerate perturbation theory
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Degenerate perturbation theory

Exact degeneracy: p = q/2

2
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Degenerate perturbation theory

Exact degeneracy: p = q/2

2
L AV,
H=|2m 7530 H{|q/2) £ |~q/2)} = (Eypo = \V0) {g/2) £ |—q/2)}
AVo Qp—m
Consider mixing on almost-degenerate states » ~ ¢/2
7 % >\V02 Eigenvalues
)\VO (PQ—TZ)

2 2 2 2
P+ (p—q) \/q (¢ — 2p)
1 A\2Y/2

Am, 16m2 T ATV

! Band gap determined by strength of perturbation
AFE = 2A\V,




—xternal (momentum) field on the lattice

Modify Lagrangian with external field containing a spatial Fourier
transform [constant in time]

L(y) = Lo(y) + A2 cos(q.9)q(y)7nq(y)
Project onto “back-to-back” momentum state: 1q/2) + |—q/2)

E.g. pion form factor

(m(p")[3(0)7,.q(0)|7(P)) = (p+p'), Fr(q?)

“Feynman-Hellmann”

OF (p+ ')
oy — MF?T(QQ)
ON|\_,  2F




—xternal (momentum) field on the lattice

Modify Lagrangian with external field containing a spatial Fourier
transform [constant in time]

L(y) = Lo(y) + A2 cos(q.9)q(y)7nq(y)
Project onto “back-to-back” momentum state: 1q/2) + |—q/2)

E.g. pion form factor

(m(p")[3(0)7,.q(0)|7(P)) = (p+p'), Fr(q?)

“Feynman-Hellmann”
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Pion energy shift
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Statistically encouraging signal
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Concluding remarks & excitement

Tremendous advances in studies of vector form factors

New progress in quark tensor form factors

Feynman—Hellmann offering an alternative method for extracting hadronic

matrix elements

Extending FH to external momenta offering access to unprecedented

1.0H

scales
Still work to do: more statistics; improved
operator basis at large momenta; 08
chiral & continuum extrapolation —
‘Lg: 0.6 |
=
Qe
0.4}
0.2—//1//
0.0 :
0

Q*F,

- - VMD (m,)
--- VMD

§ FH (c:ir";)

¢ FH (2cosq-z)
o Exp. (JLab)

p—

Q* [GeV)?



Concluding remarks & excitement

Tremendous advances in studies of vector form factors

New progress in quark tensor form factors

Feynman—Hellmann offering an alternative method for extracting hadronic

matrix elements

Extending FH to external momenta offering access to unprecedented

scales

1.0H

Still work to do: more statistics; improved

operator basis at large momenta; o8}

chiral & continuum extrapolation

Challenge? Can lattice

determine existence of GE/GM
crossover before experiment?
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Sack-up slides

[or old slides | didn’t delete yet]



Lattice Specs

Nf =2+1 O(a)-improved Clover fermions (“SLINC” action)

Tree-level Symanzik gluon action (plag. + rect.)
Results from a single lattice spacing (a~0.074fm), and volume (323 x 64)

Most results are at the SU(3)-symmetric point (mpi~470 MeV)

Total spin contribution (also Mpi~330 MeV)

~500 measurements per mass per field strength



Twist-2 Generalised Quark
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Disconnected Spin Contributions

Include operator in HMC

For Hermitian spin operator, the Fermion matrix is modified by

M — M(N) = My + Xiysys

Does not satisfy s Hermiticity = sign problem

Hence we simulate with ~ Hermitian operator
75

M — M()\) = Moy + Ay573
Correlation function picks up complex phase

Extract matrix elemen



Disconnected Spin Contributions

Isolate complex phase:

“Imaginary spin difference” / “Real spin average”
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Disconnected Spin Contributions

Isolate complex phase:

10

| o | Connected
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Disconnected Spin Contributions

Difficult to distinguish tangent behaviour from excited states

"l Disconnected |||/ Jm [C (1)

VE » = ®




Disconnected Spin Contributions

Difficult to distinguish tangent behaviour from excited states

| Disconnected
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Disconnected Spin Contributions

SU(3) symmetric point; 3 field strengths
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Ratio of correlators

FH Non-forward: Pion
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Pushing the limits

- “Extreme” momentum injection
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Nucleon Form Factors

“Up quark” temporal current
energy shifts
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Nucleon Form Factors

Dirac and Pauli form factors defined by

(551 3(0)3,9(0) | B'§) = (5", 0") |7uFi(Q) + 05 Fa(Q2)] u(, )

2m

Make idential modification to the action as for the pion case

L(y) = L)+ 2T g(y) v, q(y)

Feynman-Hellmann relation gives

OE Fs(T', Jo; p, p, m)

M|y  FaAT; 5, m)

Need to make choice of projection matrix [



Nucleon Form Factors

For temporal current, choose projection matrix

1
runpol. — 5(]— + /74)

then the Feynman-Hellmann relation gives

OE _m | (F+p")? Q° ,
5,\_0‘?{@ “am(E +my) (@) 7 g2 (@)
For p’ = —p we have simply
OE om 5




Nucleon Form Factors

For spatial current, choose [ - as in axial charge calculation

|, Py [ x q F1(Q7)
P+p) 1. - §-(P+p)pxp :
F
” 4m(E + m) 2T 2m(E + m) 2(Q°)
For p’ = —p we have simply
OE B s_' 5
OA |y 2mE GM(Q )




