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Quantum Chromodynamics on a Lattice (LQCD) 

R. Feynman
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Quantum Mechanics

K. Wilson
Renormalization
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Nucleon Correlators and Matrix Elements
Hadron correlators with quark(-bilinear) operators
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Systematic & Stochastic Error in Lattice M.E.

Stochastic noise grows rapidly with T, especially with light pions [Lepage’89]:

Treating excited states:   

• Multi-exponential fits (typically 2 states in practice) 
• Variational methods

Signal �N(T )N̄(0)� ∼ e−MNT

Noise �|N(T )N̄(0)|2� − |�N(T )N̄(0)�|2 ∼ e−3mπT

Signal/Noise ∼ e−(MN− 3
2mπ)T

N̄lattice|vacuum� = |nucleon�+ |X�





N̄ |vac�
e−1at·HN̄ |vac�
e−2at·HN̄ |vac�

. . .





time-evolved states ("GPoF")

"distillation" : a large basis of states 
classified by H(3) :

(JLab hadron spectrum calculations)




| �
| �
| �





quark "smearing"

Matrix elements : C3pt/C2pt ratio or multi-exp. fits

RO(T, τ ;P, P
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�N(T )O(τ)N̄(0)�
�N(T )N̄(0)

−→
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Nucleon Structure Calculations
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mπL = 4

Nf = 2 + 1 Asqtad/DWF (LHP/MILC)
Nf = 2 + 1 DWF (LHP/RBC)
Nf = 2 + 1 Wilson (LHP/BMW)
Nf = 2 + 1 Wilson (LHP/JLab)
Nf = 2 Wilson (UKQCD/QCDSF)
Nf = 2 Twisted-Mass (ETMC)

Nf = 2 Twisted-Mass imp. (ETMC)
Nf = 2 + 1 + 1 Twisted-Mass (ETMC)
Nf = 2 + 1 Wilson (CSSM)
Nf = 2 + 1 + 1 HISQ/Wilson (NME/MILC)
Nf = 2 Wilson (CLS/Mainz)
Nf = 2 + 1 Wilson (CLS/Mainz)

L > 4m−1
π

For final answer, take
• physical pion/kaon masses
• continuum limit
• large-volume limit                   ; in practice,

a → 0
V → ∞
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Nucleon Electromagnetic Form Factors

 JLab@12GeV : explore form factors at Q2>=10 GeV2

• (F1 / F2) scaling at Q2 -> ∞
• (GE/GM) dependence up to Q2=18 GeV2 
• u-, d-flavor contributions to form factors

 Proton radius puzzle: 7σ difference
• JLab pRAD experiment
• MUSE@PSI : e± / µ±-scattering off the proton

Research Management Plan March 3, 2014 p. 5

2.2 Proton Form-Factor Ratio Measurements up to Q2= 12 GeV2 using Recoil Polarization

Introduction The experiment GEp (E12-07-109) was approved by PAC32 in August of 2007 and was
the experiment that provided the original motivation for the Super Bigbite Spectrometer. It will measure
the Sachs Form Factors ratio Gp

E/Gp
M of the proton using the polarization-transfer method in the reaction

p(�e, e��p). The polarization of the recoil proton will be measured using a large-acceptance spectrometer,
based on the Super Bigbite magnet, that will incorporate a double polarimeter instrumented with GEM
trackers and a highly-segmented hadron calorimeter.

The electron will be detected in coincidence by a electromagnetic calorimeter that is sometimes referred
to as “BigCal”. PAC35 allocated 45 days of beam time for the proposed measurement and recommended a
maximum value of Q2 = 12 GeV2.

These parameters were used to readjust the original plan of measurements which will be made at three
values of Q2 : 5, 8, and 12 GeV2 , while achieving an error in the ratio Gp

E/Gp
M of 0.07. The projected results

are shown in Fig 3, in which we show results from earlier Gp
Emeasurements, and the anticipated errors for the

present GEp experiment. The excellent precision that GEp will obtain even at 12 GeV2 is clearly evident.
Additional measurements at even higher values of Q2 will be evaluated after SBS commissioning.

Figure 3: Gp
E/Gp

M existing measurements and expected statistical accuracy for the GEp experiment. The
projected errors for the measurements made with the Super Bigbite Spectrometer are indicated by the filled
blue squares, corresponding to 45-day run with the recommended highest value of momentum transfer 12
GeV2.

Equipment A schematic representation of the experiment is shown in Fig. 4.

[Research Mgmt. Plan for SBS(JLab Hall A)]

�P + q| q̄γµq |P � = ŪP+q

�
F1(Q

2) γµ + F2 (Q
2)
iσµνqν
2MN

�
UP
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Proton (conn. only) Sachs Form Factors vs Pheno.
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[J.R.Green et al (LHPc), 
PRD90:054507(2014); 1404.4059]

m!=149 MeV data vs Phenomenology
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Proton Sachs Form Factors : GEp/GMp Ratio
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Proton Sachs Form Factors : GEp/GMp Ratio
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calculations with Q2 up to ≈10 GeV2

Require Pz≳1.5 GeV
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Dirac Radius vs. mπ  and Proton Size Puzzle
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[Lattice “World” data ’13]

ChPT predicts divergence ∼ logm2
π

(usually extracted from 
dipole fits in Q2<0.5 GeV2)

Fu−d
1 (Q2) ≈ F (0)

�
1− 1
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Q2�r21�u−d +O(Q4)
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Dirac Radius vs. mπ  and Proton Size Puzzle
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+extrapolation

ChPT predicts divergence ∼ logm2
π

Excited states problem:
Worse for mπ<200 MeV?
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Isovector Magnetic Moment vs. mπ
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Nucleon Magnetic Moment

"World" Summary [G.Bali et al (RQCD), PRD91:054501(2015)] 16

g̃ T

m2
π ]

Nf = 2
Nf = 2
Nf = 2

Nf = 2 + 1
Nf = 2 + 1

Nf = 2 + 1 + 1
Nf = 2 + 1 + 1

Nf = 2

FIG. 26. The isovector anomalous magnetic moment g̃T
as a function of m2

π: our results (RQCD, NPI Wilson-

clover) in comparison with other results (fermion action used

in brackets). Nf = 2: QCDSF [42] (NPI Wilson-clover),

Mainz
8

[28, 46] (NPI Wilson-clover), ETMC [43] (twisted

mass). Nf = 2+1: LHPC [45] (HEX-smeared Wilson-clover),

RBC/UKQCD [38] (domain wall). Nf = 2+1+1: ETMC [35]

(twisted mass), PNDME [39] (Wilson-clover on a HISQ stag-

gered sea). Also included is the linear extrapolation of our

data.

central value from dipole fits, adding in quadrature to the

statistical error an uncertainty from taking the difference
between using the two extrapolation methods and vary-

ing the fit range. The resulting induced tensor charges

are shown in Fig. 25 as a function of m2
π. Due to the dif-

ferent volumes the numbers of points within the fit ranges

vary considerably, thus giving rise to significantly fluctu-

ating error sizes. We extrapolate the mπ < 300MeV,

Lmπ > 3.4 data linearly to the physical point, obtaining

g̃T = 3.00(8), which is significantly smaller than the ex-

perimental value 3.706. While there could be a deviation

between this value and the one relevant for the isospin

symmetric approximation, one would not expect this to

exceed eight of our standard deviations. It is interest-

ing that results obtained at larger pion masses are closer

to experiment than our lowest mass point, which domi-

nates the extrapolation. Small volumes result in a larger

low-momentum cut-off and a significant loss of precision

which complicates resolving the volume dependence. In

general, the central values increase with the lattice size

and this deserves further study.

In Fig. 26 we compare our results on g̃T to recent lat-

tice determinations by other groups, namely QCDSF [42],

the Mainz group
8
[28, 46] and ETMC [43] for Nf = 2,

LHPC [45] and RBC/UKQCD [38] for Nf = 2 + 1 as

well as ETMC [35] and PNDME [39] for Nf = 2+ 1+ 1.

With the exception of one LHPC point, that carries one

8 See footnote 5.

(g̃
P
/g

A
)(
m

2 π
+
Q

2
)/
(4
m

2 N
)

m2
π +Q2 2]

a ≈ 0.08
a ≈ 0.07
a ≈ 0.06

FIG. 27. The ratio of form factors g̃P (Q
2
)/gA(Q

2
), normal-

ized with respect to the single pole dominance expectation,

as a function of the virtuality Q2
. Data from all 11 ensembles

are plotted on top of each other. Symbols are as in Fig. 1. De-

viations from unity quantify violations of the pole dominance

model.

of the larger error bars, all the central values are be-

low the experimental result. The figure does not include

recent CSSM/QCDSF/UKQCD Nf = 2 + 1 stout link

NPI Wilson-clover data that, extrapolated to the phys-

ical point, give g̃T = 2.8(3) [44]. Most points with a

precision better than 10% are hard to reconcile with the

experimental value. At least in part this may be related

to finite volume effects that we are not yet able to resolve

sufficiently well. Discretization effects will be addressed

in Sec. VI.

D. The pseudoscalar couplings g∗P , gπNN and gP

From Eq. (9) we expect, up to O(aQ) discretization

errors,

g̃P (Q2
)

gA(Q2)
=

g̃latP (Q2
)

glatA (Q2)
=

4c2N
m2

π +Q2
+ · · · , (40)

where cN → mN as mπ → 0 and the ellipses repre-

sent corrections due to singularities at Q2 < −m2
π, i.e.

terms that are regular at Q2 ≥ −m2
π. Pole dominance

implies neglecting these terms and setting cN = mN .

In Fig. 27 we test this model assumption by plotting

the combination [g̃P (Q2
)/gA(Q2

)](m2
π +Q2

)/(4m2
N ) as a

function of m2
π+Q2

. The data obtained at different pion
masses, volumes and lattice spacings appear to follow an

almost universal shape, starting out at values around 0.9

at m2
π + Q2 ≈ 1GeV

2
and decreasing towards 0.6 for

m2
π +Q2 ≈ 0.1GeV

2
. These deviations of the ratio from

unity illustrate that at small virtualities terms other than

the contribution of the leading pole cannot be neglected.

A similar observation was reported in Refs. [37, 38] where

for Q2 > 0.2GeV
2
and different quark mass values ∼ 0.8

κ
u
−
d
=

F
u
−
d

2
(0
)

finite-volume effects?

mπL = 4.2

mπL = 3.5

experiment

FVE ∼ e−mπL
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2

TABLE I. Simulation details for the ensembles used here,

with β = 5.50 corresponding to a = 0.074(2) fm. The scale is

set using various singlet quantities [13–15]. L3×T = 32
3×64

for all ensembles. The parameter κ0 denotes the value of

κl = κs at the SU(3) symmetric point.

κ0 κl κs mπ (MeV) mK (MeV) mπL
1 0.120900 0.120900 0.120900 465 465 5.6

2 0.121040 0.120620 360 505 4.3

3 0.121095 0.120512 310 520 3.7

4 0.120920 0.120920 0.120920 440 440 5.3

5 0.120950 0.120950 0.120950 400 400 4.8

6 0.121040 0.120770 330 435 4.0

quark contractions, this extrapolation is performed using

a variation of partially-quenched chiral perturbation the-

ory. The distinguishing feature of this formalism is that

valence and sea quarks are treated separately. For exam-

ple, one may set the electric charge of the sea quarks to

zero, removing the same disconnected quark contractions

omitted in the lattice simulations [10–12]. This is termed

‘connected chiral perturbation theory’. Finite-volume ef-

fects are estimated by using the leading one-loop results

of the chiral effective field theory.

By carrying out the lattice simulations over a range

of light and strange quark masses it is possible to tightly

constrain the chiral extrapolation on the relevant param-

eter space and obtain surprisingly accurate results for the

form factors at the physical point. Those results compare

quite favourably with the experimental values.

The details of the lattice simulation are given in Sec. II,

while Sec. III presents the effective field theory formal-

ism. Fits to the lattice simulation results are described

in Sec. IV, followed by results for the magnetic isovec-

tor form factors, octet baryon magnetic moments and

magnetic radii in Sec. V. The appendices provide further

details, including tables of lattice results and functional

forms for the chiral expansions.

II. LATTICE SIMULATION

Here we describe our lattice setup and summarize the

standard methods used to calculate the octet baryon elec-

tromagnetic form factors. While the nucleon form factors

have been investigated in many lattice studies [16–27], we

emphasize that the results presented here also include

values for the hyperon form factors, which have so far

received only limited attention [24, 28–30]. These are of

significant interest both in their own right and because

they provide valuable insight into the environmental sen-

sitivity of the distribution of quarks inside a hadron. For

example, one may learn how the distribution of u quarks

in the proton differs from that in the Σ+
, an effect caused

by the mass difference of the spectator d and s quarks.

�
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�
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FIG. 1. Locations of lattice simulation results in the ml −
ms plane. The red star denotes the physical point and the

dashes indicate the flavor-symmetric line where ml = ms.

Our primary simulation trajectory, illustrated by the dotted

line, corresponds to the line of constant singlet quark mass

(2m2
K + m2

π) at κ0 = 0.120900 (simulations 1–3 in Table I).

The solid line indicates the physical value of the singlet mass.

A. Simulation parameters

We use gauge field configurations with Nf = 2 +

1 flavors of non-perturbatively O(a)-improved Wilson

fermions. The clover action consists of the tree-level

Symanzik improved gluon action together with a mild

‘stout’ smeared fermion action [15]. As the main aim of

the work presented here is to perform a chiral (as well

as infinite volume) extrapolation of the baryon electro-

magnetic form factors at fixed values of Q2
, we restrict

ourselves to a single lattice volume of L3×T = 32
3× 64.

The lattice scale a = 0.074(2) fm is set using various sin-

glet quantities [13–15]. The lightest pion mass is about

310 MeV. A summary of the simulation parameters is

given in Table I.

A particular feature of the gauge configurations is that

the primary simulation trajectory in quark-mass space,

illustrated in Fig. 1, follows a line of constant singlet

mass mq = (mu +md +ms)/3 = (2ml +ms)/3. This is

achieved by first finding the SU(3) flavor-symmetric point

where flavor singlet quantities take on their physical val-

ues, then varying the individual quark masses about that

point [14, 15].

It is clear from Fig. 1 that this primary trajectory at

κ0 = 0.120900 (where κ0 denotes the value of κl = κs

at the SU(3) symmetric point) does not quite match the

physical singlet mass line [14]. Extrapolation to the phys-

ical point thus requires a shift not only along the simula-

tion trajectory but in a direction perpendicular to it. To

constrain the quark-mass dependence in this perpendic-

ChPT-extrapolated Form Factors 

Heavy-baryon 
PQChPT 

for Octet baryon 
Form Factors

10

��

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0

1
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3

4

Q2 �GeV2�

G
Mp
�
G
Mn

FIG. 10. Isovector nucleon magnetic form factor compared to
the Kelly parameterization of experimental results [55]. The
small (solid blue) points show the results including all lattice
simulations, while the large error bars (pale green) show the
results including only lattice simulations along the primary
simulation trajectory (see Table I).

TABLE II. Extrapolated results for the isovector magnetic
moments, based on the fit to the lattice simulation results. A
dipole-like parameterization (Eq. (37)) has been used for the
Q2-dependence.

µB (µN )
B p− n Σ+ − Σ− Ξ0 − Ξ−

Extrapolated 3.8(3) 3.0(2) −0.51(8)
Experimental 4.706 3.62(3) −0.60(1)

and 11(b). As no experimental results are available
for these form factors apart from Q2 = 0, dipole-like
fits (Eq. (37)) to the extrapolated simulation results, as
well as the experimental isovector baryon magnetic mo-
ments, are shown. Again we find fair agreement with
the experimentally measured baryon magnetic moments
at Q2 = 0, even with simple phenomenological fits pa-
rameterizing the Q2-dependence of the form factors. It
is clear, however, that slightly greater curvature in the
Q2 fit functions would improve the agreement with ex-
periment. Isovector magnetic moments, extracted using
these fits, are given in Table II.

We emphasize that lattice simulation results away from
the primary simulation trajectory (see Fig. 1) are essen-
tial to tightly constrain the chiral extrapolations to the
physical point. The effect of adding the additional off-
trajectory points to the fit – a factor of ≈ 6 reduction
in statistical uncertainty – is shown in Fig. 10. This il-
lustrates the importance for chiral extrapolations of per-
forming lattice simulations which map out the ml −ms

plane, rather than simply following a single trajectory in
this space.
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FIG. 11. Isovector sigma and cascade baryon magnetic form
factor with dipole-like fits (Eq. (37)). The red stars indicate
the experimental isovector magnetic moments.

B. Connected quantities

As well as the isovector quantities presented in the pre-
vious section, we can determine the ‘connected part’ of
all individual baryon form factors. Comparison of these
quantities with experimental determinations is of partic-
ular interest – significant disconnected contributions to
the form factors would cause a systematic discrepancy
between the lattice and experimental results.
Figures 12(a) and 12(b) show extrapolated results for

the connected parts of the proton and neutron magnetic
form factors, compared with the Kelly experimental pa-
rameterization [55]. The level of agreement between the
lattice and experimental results across the entire range
of Q2 values supports the conclusion of Ref. [9] that the
omitted disconnected contributions are relatively small.
Figures displaying connected form factors for each of

the octet baryons, including dipole-like fits in Q2, are
given in Appendix E. The magnetic moments extracted
from these fits, given in Table III, are close to the exper-
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FIG. 6. Up quark (connected) contribution to the proton
electric form factor for quarks with unit charge. Each set
of results (top to bottom) represents an independent fit at a
different (increasing) value of Q2. The lines show these fits
evaluated along the trajectory which holds the singlet pseu-
doscalar mass (m2

K +m2
π/2) fixed to its physical value.

investigate the environmental sensitivity of the distribu-
tion of quarks inside a baryon (Sec. IVD). Finally, the
results of a new lattice simulation, at a lighter pion mass
and larger volume than the primary set of results con-
sidered here, are presented in Sec. IVE. A comparison of
the extrapolated smaller volume results with these new
numbers allows one to gauge the extent to which finite
volume and pion mass effects are under control in this
study.

A. Isovector quantities

Isovector combinations of observables are of particular
interest to this study as they can be determined from con-
nected lattice results with the smallest systematic uncer-
tainty. As disconnected quark loops, which are omitted
from the lattice simulations and extrapolations, cancel
for these combinations, the extrapolated results may be
directly compared with experimental numbers.

Figure 7 shows the impressive comparison of the ex-
trapolated isovector nucleon form factor with the Kelly
parameterization of experimental results [54]. The agree-
ment is remarkable across the entire range of Q2 values
considered. We note, however, that a dipole form, also
illustrated in Fig. 7, does not provide a good fit to the
extrapolated results, with the χ2/d.o.f ≈ 3.2. A more
general dipole-like fit function:

Gfit
E (Q2) =

GE(Q2 = 0)

1 + d1Q2 + d2Q4 + d3Q6
, (16)

performs significantly better, with the χ2/d.o.f ≈ 1. As
our previous study [20] indicates that GM is described
acceptably by a dipole form in Q2, this suggests that
GE/GM �= constant. This is discussed further in Sec. V.
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FIG. 7. Isovector nucleon electric form factor compared to
the Kelly parameterization of experimental results [54] (red
solid line). The failure of a simple dipole fit to the simulation
results to provide a satisfactory description is illustrated by
the green (dashed) line.
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FIG. 8. Isovector sigma and cascade baryon electric form
factors with dipole-like fits in Q2 (Eq.(16)).

6

0.00 0.05 0.10 0.15 0.20
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

mΠ2

G
E
p,
u

FIG. 6. Up quark (connected) contribution to the proton
electric form factor for quarks with unit charge. Each set
of results (top to bottom) represents an independent fit at a
different (increasing) value of Q2. The lines show these fits
evaluated along the trajectory which holds the singlet pseu-
doscalar mass (m2

K +m2
π/2) fixed to its physical value.

investigate the environmental sensitivity of the distribu-
tion of quarks inside a baryon (Sec. IVD). Finally, the
results of a new lattice simulation, at a lighter pion mass
and larger volume than the primary set of results con-
sidered here, are presented in Sec. IVE. A comparison of
the extrapolated smaller volume results with these new
numbers allows one to gauge the extent to which finite
volume and pion mass effects are under control in this
study.

A. Isovector quantities

Isovector combinations of observables are of particular
interest to this study as they can be determined from con-
nected lattice results with the smallest systematic uncer-
tainty. As disconnected quark loops, which are omitted
from the lattice simulations and extrapolations, cancel
for these combinations, the extrapolated results may be
directly compared with experimental numbers.

Figure 7 shows the impressive comparison of the ex-
trapolated isovector nucleon form factor with the Kelly
parameterization of experimental results [54]. The agree-
ment is remarkable across the entire range of Q2 values
considered. We note, however, that a dipole form, also
illustrated in Fig. 7, does not provide a good fit to the
extrapolated results, with the χ2/d.o.f ≈ 3.2. A more
general dipole-like fit function:

Gfit
E (Q2) =

GE(Q2 = 0)

1 + d1Q2 + d2Q4 + d3Q6
, (16)

performs significantly better, with the χ2/d.o.f ≈ 1. As
our previous study [20] indicates that GM is described
acceptably by a dipole form in Q2, this suggests that
GE/GM �= constant. This is discussed further in Sec. V.
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FIG. 8. Isovector sigma and cascade baryon electric form
factors with dipole-like fits in Q2 (Eq.(16)).
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FIG. 8. Illustration of the quality fit for the data set at Q2 ≈
0.26 GeV2, the lowest Q2 bin. Each point denotes one of the
lattice simulation results e.g., Gp,u

M , Gp,d
M . . . , at one of the

sets of pseudoscalar masses.

phenomenological expectation on the shape of their vari-
ation. Values of these fit parameters are shown in Ap-
pendix D. The quality of fit at each Q2 is good, with
χ2/d.o.f. ≈ 0.5 − 1.4 for every fit. An illustration of the
fit quality for the lowestQ2 bin (Q2 ≈ 0.26 GeV2) is given
in Fig. 8. That figure shows the ratio of the fit function
to the lattice simulation result for each data point; the 24
data points include 6 at each set of pseudoscalar masses
where mπ �= mK (i.e., Gp,u

M , Gp,d
M , GΣ,u

M , GΣ,s
M , GΞ,s

M and

GΞ,u
M ) and 2 at each SU(3)-symmetric point. We recall

that while each Q2 set is treated as independent, the
various octet baryon form factors are fit simultaneously.

Using these fits, the baryon magnetic form factors may
be extrapolated to the physical pseudoscalar masses at
each simulation Q2. For example, Fig. 9 shows results
for the up quark contribution to the proton magnetic
form factor, plotted along a trajectory which holds the
singlet pseudoscalar mass (m2

K+m2
π/2) fixed to its phys-

ical value. The results display the expected qualitative
behavior; as Q2 increases (moving down the figure), the
extrapolation in m2

π decreases in curvature. This implies
that the magnetic radius of the proton increases in mag-
nitude as we approach the physical pion mass from above.
Magnetic radii are discussed further in Sec. VC.

We note that uncertainty in the value of the lattice
scale a affects the values of both the form factors and Q2

in physical units. At low Q2 the shift in the form factors,
and at high Q2 the shift in Q2 itself, is not negligible
when varying a = 0.074(2) within the quoted uncertain-
ties. Nevertheless, repeating the analysis presented in
the following sections for a values at the extremities of
the quoted range yields fits which are almost indistin-
guishable from those presented for the central value –
essentially the points are shifted a short distance along
the Q2 fit lines – and give entirely consistent results for
each quantity, even when extrapolated to Q2 = 0.
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FIG. 9. Up quark (connected) contribution to the proton
magnetic form factor for quarks with unit charge. Each set
of results (top to bottom) represents the fit at a different
(increasing) Q2 value. The lines show these fits evaluated
along the trajectory which holds the singlet pseudoscalar mass
(m2

K +m2
π/2) fixed to its physical value.

V. ANALYSIS OF RESULTS

In this section we summarize the results of the chiral
extrapolations. In particular, we focus on isovector quan-
tities which do not suffer from corrections associated with
disconnected quark loops (section VA), connected octet
baryon magnetic moments (Sec. VB) and magnetic radii
(Sec. VC). Comparison of the results with experimen-
tal determinations of these quantities gives some insight
into the size of disconnected contributions to the mag-
netic form factors.

A. Isovector quantities

Isovector quantities are of particular interest as they
have the advantage that contributions from disconnected
quark loops, omitted in the lattice simulations, cancel.
It is therefore these isovector quantities which we can
determine with the smallest systematic uncertainty.
The agreement of the extrapolated isovector baryon

form factors with experimental results is impressive. In
particular, Fig. 10 compares the isovector nucleon form
factor extracted from this analysis with the experimen-
tal determination as parameterised by Kelly [55]. While
there is a tendency for the extrapolated values to be
slightly high overall, the agreement, across the entire
range of Q2 values considered, is remarkable. We note
that the uncertainties shown for the Kelly parameteriza-
tion may be overestimated as we were unable to take into
account the effect of correlations between the fit param-
eters.
The isovector combinations of sigma and cascade

baryon magnetic form factors are shown in Figs. 11(a)

Independent ChPT fits at each fixed Q2

[P.Shanahan et al(CSSM), PRD89:074511; PRD90:034502]
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FIG. 5. Loop diagrams which contribute to GM at leading
order. Single, double, dashed and wavy lines represent octet
baryons, decuplet baryons, mesons and photons respectively.
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(32)

where B = 4λ/f2 (see Eq. (16)), the shorthand for field
bilinear invariants is summarized in Appendix B, and the
one-loop diagrams in Fig. 5 give rise to the leading chiral
nonanalyticities of the quark mass expansion.

For small momentum transfer, the standard perturba-
tive approach would be to generate extensions of Eqs. 30
and 32, with additional derivatives, to form a series ex-
pansion in Q2. In the present work we are interested in
the form factors over a much larger range of Q2 than
can be explored with a perturbative expansion. For this
reason we consider independent chiral extrapolations at
fixed values of Q2.

We take a model that maintains the SU(3) flavor struc-
ture of Eqs. 30 and 32. The parameters µα,β,γ appearing
in Eq. 30 are now interpreted as chiral limit form factors
at some fixed Q2; their numerical values may be different
at each Q2. Similarly, the terms of Eq. 32 are associated
with the symmetry breaking at fixed Q2.

The resulting expressions for the magnetic form fac-

tors, at some fixed finite Q2, may be summarized as

GB,q

M
(Q2) = αBq +

�

q�

αBq(q�)Bmq�

+
mN

16π3f2

�

φ

�
βBq(φ)
O

IO(mφ, Q
2) + βBq(φ)

D
ID(mφ, Q

2)
�
,

(33)

where Bmq denotes the mass of the quark q, identified
with the meson masses via the appropriate Gell-Mann-
Oakes-Renner relation, e.g., Bml = m2

π/2. The physical
mass of the nucleon is given by mN and φ stands for
any of the 80 pseudo-Goldstone mesons of our theory.
The pion decay constant is f = 0.0871 GeV in the chi-
ral limit [47]. We note that this expression is defined in
units of physical nuclear magnetons µN . Here the contri-
butions from Figs. 5(a) and 5(b) depend on the integrals

IO =

�
d�k

k2yu(�k + �q/2)u(�k − �q/2)

2ω2
+ω

2
−

(34)

ID =

�
d�k

k2y(ω− + ω+ + δ)u(�k + �q/2)u(�k − �q/2)

2(ω+ + δ)(ω− + δ)ω+ω−(ω+ + ω−)
, (35)

where

ω± =
�
(�k ± �q/2)2 +m2 (36)

and u(�k) is the ultra-violet regulator used in the finite-
range regularization (FRR) scheme. This choice of reg-
ularization procedure is discussed in detail in Refs. [48–
50]. In short, the inclusion of a finite cutoff into the
loop integrands effectively resums the chiral expansion
in a way that suppresses the loop contributions at large
meson masses. This enforces the physical expectation,
based on the finite size of the baryon, that meson emis-
sion and absorption processes are suppressed for large
momenta. For the case of the octet baryon masses, FRR
appears to offer markedly improved convergence proper-
ties of the (traditionally poorly convergent) SU(3) chiral
expansion [48], and this scheme consistently provides ro-
bust fits to lattice data at leading or next-to-leading or-
der. Nevertheless, one could calculate the size of higher
order corrections to confirm that these contributions are
small as expected.
For this analysis we choose a dipole regulator u(k) =�
Λ2

Λ2+k2

�2
with a regulator mass Λ = 0.8± 0.1 GeV. The

dipole form is suggested by a comparison of the nucleon’s
axial and induced pseudoscalar form factors [51] and the
choice of Λ is informed by a lattice analysis of nucleon
magnetic moments [52]. We note that different regulator
forms, for example monopole, Gaussian or sharp cutoff
yield fit parameters (and extrapolated results) which are
consistent within the quoted uncertainties. Expressions

for the coefficients αBq, αBq(q�), βBq(φ)
O

and βBq(φ)
D

are
given explicitly in Appendix C.
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FIG. 1. Loop diagrams which contribute to GE at leading
order. Single, double, dashed and wavy lines represent octet
baryons, decuplet baryons, mesons and photons respectively.
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where the shorthand for field bilinear invariants used

here was originally employed by Labrenz and Sharpe in

Ref. [40]. The leading order loop contributions to GE are

depicted in Fig. 1. Diagrams with both octet baryon and

decuplet baryon intermediate states are included, as are

tadpole loops.

The lattice simulation results which we consider here

cover values of the momentum transfer Q2 up to ≈
1.3 GeV2. This is a much larger range than can be ex-

plored with a perturbative expansion. For this reason we

choose to chirally extrapolate the lattice results at fixed

values of Q2. As was also done in Refs. [19, 20, 41], we

consider the coefficients in Eq. (4) to be chiral limit form

factors at some fixed Q2. With a similar interpretation of

the ci in Eq. (6), we can then write down chiral extrap-

olation formulae which have an independent set of free

coefficients at each value of Q2. A particular advantage

of this approach is that there is no need to impose a phe-

nomenological constraint on the shape of the variation of

the form factors with Q2. Of course, a disadvantage is

that we must perform independent fits to the lattice sim-

ulation results at each value of the momentum transfer.

The resulting formulae for the chiral extrapolation of

the electric form factors at some fixed finite Q2 may be

summarized as
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E
(Q2
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(Q2
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2
)
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IT (mφ, Q
2
)

�
,

(7)

where Bmq is the mass of the quark q, identified with

the meson masses through the appropriate Gell-Mann-

Oakes-Renner relation e.g., Bml = m2
π/2. The pion de-

cay constant in the chiral limit is f = 0.087 GeV [42]

(consistent with FLAG [43]) and GB,q

E
(Q2 = 0) is the

total charge of the quarks of flavor q in the baryon

B. As these expressions are for quarks of unit charge,

GB,q

E
(Q2 = 0) = 2, 1 for the doubly and singly-

represented quarks respectively. We point out that the

parameters (e.g., αBq) are determined independently at

each Q2, so they may vary with Q2. The leading order

loop contributions (Fig. 1) are written in terms of the

integrals

IO =

�
d�k

(�k2 − �q 2/4)u(�k + �q/2)u(�k − �q/2)

ω+ω−(ω+ + ω−)
, (8)
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, (9)
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d�k

u(�k + �q/2)u(�k − �q/2)

ω+ + ω−
(10)

where δ denotes the average octet-baryon–decuplet-

baryon mass splitting and

ω+ =

�
(�k + �q/2)2 +m2, (11)

ω− =

�
(�k − �q/2)2 +m2. (12)

To prevent the charges from being renormalized by con-

tributions from the loop integrals we make the replace-

ment

I(m, �q) → Ĩ(m, �q) = I(m, �q)− I(m, 0) (13)

for each of the integrals above.

Within the framework of finite-range regularization, we

have introduced a mass scale Λ through a dipole regulator

{
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Strangeness in EM form factors

Strange quark form factors
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Lattice Evaluation of  Disconnected Contractions

Hierarchical probing method [K.Orginos, A.Stathopoulos, ’13] : 

In sum over N=2nd+1 3D(4D) Hadamard vectors, 
near-(x,y) terms cancel:
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Disconnected Contractions for Nucleon FF’s

Nf=2+1 dynamical fermions 
m!=319 MeV

(USQCD/JLab clover Wilson)

[J. Green, S. Meinel, et al (LHPc); PRD92:031501]
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Strange Form Factors from PV: Exp’t vs. Lattice
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Strange part in the elastic e–p scattering 
asymmetry (forward angles)

HAPPEX, G0, A4 data
[PRL108:102001(2012)]

vs.
Lattice QCD (mπ = 317 MeV)

[J. Green, S. Meinel; PRD92:031501]
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Radii and Magnetic Moment of  Strange Quark

z-expansion fit G(Q2) =
kmax�

k

ak z
k, z =

�
tcut +Q2 −

√
tcut�

tcut +Q2 +
√
tcut

(analytic for            )|z| < 1 b

t z

a

t = −Q2 , tcut = 4m2
π

[R.Hill, G.Paz, PRD82:113005 (2010)]

µ = GM (0) ∼ aM0 , (rE,M )2 = −6
dGE,M (Q2)

dQ2

���
Q2=0

∼ aE,M 1 ,

Errors = (statistic)(fit)(exc.state)(discr.)

(r2E)
s = −0.00535(89)(56)(113)(20) fm2

(r2M )s = −0.0147(61)(28)(34)(5) fm2

µs = −0.0184(45)(12)(32)(1) µlat
N
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χQCD [0903.3232]

LHPc (mπ = 135MeV )

LHPc (mπ = 317MeV )

[J. Green, S. Meinel, et al (LHPc); PRD92:031501]

PQChPT-inspired linear extrapolation in 
(mloop)2 ~ (mlight + mdisconn) to phys.point
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Axial-Vector Current Form Factors

Axial form factor GA(Q2)
• Interaction with neutrinos: MiniBooNE

Induced pseudoscalar form factor GP(Q2)
• Charged pion electroproduction
• Muon capture (MuCAP@UW): gP ~ GP(Q2  = 0.88 mµ2)

Strange axial form factor GAs(Q2) : studied at MiniBooNE

�P + q| q̄γµγ5q |P � = ŪP+q

�
GA(Q

2) γµγ5 + GP (Q
2)

γ5qµ

2MN

�
UP

5
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FIG. 2: Extracted values for gP as a function of the poorly
known molecular transition rate λop [12, 13, 31]. In con-
trast to earlier experiments (OMC [11], RMC [14]), MuCap
is rather insensitive to this parameter.

asymmetry [29, 30], the gP extracted from MuCap would
have increased to 8.34.

Figure 2 illustrates the excellent agreement with the
theoretical prediction, Eq. (2), and highlights MuCap’s
reduced sensitivity to the molecular parameter λop. This
answers the long-standing challenge of an unambiguous
measurement of gP , generated by the mutual inconsis-
tency of earlier experiments (OMC, RMC) and their
strong sensitivity to λop. Corroborating values for gP
are obtained in recent analyses [32, 33] of an earlier 0.3%
measurement of muon capture on 3He [34], with uncer-
tainties limited by theory. MuCap provides the most
precise determination of gP in the theoretically clean µp
atom and verifies a fundamental prediction of low-energy
QCD.
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Figure 1. Axial mass MA extractions. Left panel: from (quasi)elastic neutrino and antineutrino
scattering experiments. The weighted average is MA = 1.026 ± 0.021 GeV. Right panel: from
charged pion electroproduction experiments. The weighted average is MA = 1.069 ± 0.016 GeV.
Note that value for the MAMI experiment contains both the statistical and systematical uncertainty;
for other values the systematical errors were not explicitly given. The labels SP, DR, FPV and
BNR refer to different methods evaluating the corrections beyond the soft pion limit as explained
in the text.
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Figure 2. Experimental data for the normalized axial form factor extracted from pion
electroproduction experiments in the threshold region. Note that all results are shown for the
experiments where various theoretical models were used in the analysis to extract GA. For
orientation, the dashed curve shows a dipole fit with an axial mass MA = 1.1 GeV.

mass were determined from the slopes of the angle-integrated differential electroproduction
cross sections at threshold. The results of various measurements and theoretical approaches
are shown in the right panel of figure 1. We recall that [27, 38] were omitted from the fit
for lack of reasonable compatibility with the other results. In figure 2 we have collected the
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Axial Charge in Lattice QCD
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g A

m2
π

2]

Nf = 2
Nf = 2
Nf = 2

Nf = 2 + 1
Nf = 2 + 1

Nf = 2 + 1 + 1
Nf = 2 + 1 + 1

Nf = 2
Nf = 2 gA/Fπ

FIG. 16. gA as a function of m2
π: our results (RQCD, non-

perturbatively improved (NPI) Wilson-clover) in comparison

with other results (fermion action used in brackets). Nf = 2:

QCDSF [26] (NPI Wilson-clover), Mainz
5
[28] (NPI Wilson-

clover), ETMC [29] (twisted mass). Nf = 2 + 1: LHPC [23]

(HEX-smeared Wilson-clover), RBC/UKQCD [27] (domain

wall). Nf = 2+1+1: ETMC [35] (twisted mass), PNDME [39]

(Wilson-clover on a HISQ staggered sea). Also indicated as a

shaded area is the result from extrapolating our gA/Fπ data

to the physical point, see Sec. IV.

any confidence, in particular as the slope is expected to
change its sign towards very small pion masses, see, e.g.,
Ref. [75] as well as Sec. IV below.

Prior to investigating the finite volume behaviour in
more detail in the next section, in Fig. 16 we put ourNf =
2 results on gA in perspective, comparing these to recent
determinations obtained by other collaborations, namely
QCDSF [26], the Mainz group5 [28] and ETMC [29] for
Nf = 2, LHPC [23] and RBC/UKQCD [27] for Nf = 2+1
as well as ETMC [35] and PNDME [39] for Nf = 2+1+1.
Most errors displayed are larger than ours, which include
the systematics from the renormalization factors, vary-
ing fit ranges and parametrizations. This precision is in
particular due to our large numbers of measurements and
the effort that went into the optimization of the nucleon
interpolators. We also indicate in the figure as a shaded
area the result of a chiral extrapolation of our data on
the ratio gA/Fπ, which we expect to be less affected by
finite volume effects, see Sec. IV.

Note that the recent QCDSF study [26] utilizes a
smearing different from ours for mπ > 250MeV but
has significant overlap in terms of the gauge ensembles
and the values of ZA used. These results also carry
quite small errors, however, their gA-values are system-
atically lower, suggesting in these cases that smearing

5 For each of the ensembles studied by the Mainz group two results
are given in their article, obtained from plateau fits and from the
summation method. We include the summation results since this
appears to be their preferred method.

could be an issue, see Fig. 5. The left-most point of
that study, that they associate with mπ ≈ 130MeV, was
obtained using the same smearing that we employ on a
sub-set of ensemble VII [mπ(L) ≈ 160MeV, Lmπ ≈ 2.8,
mπ(∞) ≈ 149.5MeV]. Their result at this point (left-
most circle) is compatible within errors not only with ex-
periment but also with our corresponding high statistics
result (second red square from the left).
Within errors all recent determinations (with the ex-

ception of mπ > 250MeV QCDSF results) are consistent
with our data. In particular, differences between includ-
ing the strange or even the charm quark or ignoring these
vacuum polarization effects are not obvious. Moreover,
in all studies the gA-values appear to be constant or in-
creasing with decreasing pion mass and, where this could
be resolved, correlated with the lattice size. In none of
the simulations could any significant lattice spacing ef-
fects be detected.

IV. FINITE SIZE EFFECTS AND THE AXIAL

CHARGE gA

Above we have seen a noticeable dependence of gA on
the lattice volume for Lmπ < 4.1. Chiral perturbation
theory not only predicts the functional form of the pion
mass dependence of hadronic observables but also their
finite volume effects, as long as mπ is small enough and
λ = Lmπ sufficiently large. To leading non-trivial or-
der [76, 77], the finite size effects on the pion mass read

mπ(L)−mπ

mπ
=

2

Nf
h(Lmπ,mπ) , (28)

h(λ,mπ) =
m2

π

16π2F 2

�

n �=0

K1(λ|n|)

λ|n|
, (29)

where F is the pion decay constant in the chiral limit,
mπ = mπ(∞) is the infinite volume pion mass, n ∈ Z3

are integer component vectors and K1(x) is the modified
Bessel function of the second kind.
The only parameter appearing in Eq. (28), apart from

F = 85.8(6)MeV [3, 78], is the infinite volume pion
mass. Going beyond this order of chiral perturbation
theory [79, 80], several low-energy constants (LECs) are
encountered, namely �̄i, i = 1, 2, 3, 4 atO(p4) and r̃i(mρ),
i = 1, 2, . . . , 6 at O(p6) (next-to-next-to-leading order,
NNLO). We use the parametrization with NNLO chiral
perturbation theory input of Ref. [80] to investigate finite
volume effects of the pion mass, setting F = 86MeV and
using the FLAG values [78] �̄3 = 3.41(41), �̄4 = 4.62(22)
for these two LECs. For �̄1, �̄2 and r̃i we take the central
values given in Ref. [81] that were also used in Ref. [80].
We are now in a position to estimate the infinite vol-

ume pion masses. We do this by matching the NNLO
finite size formula [80] in each case to the pion mass ob-
tained on the largest available volume. Extrapolating
this to infinite volume lowers the central value of the pion
mass on ensemble III from 422.2MeV by half a standard

Summary plot [G.Bali et al (RQCD) PRD91:054501(2015); 1412.7336]

gA may be especially subject to effects of exc.states and finite volume
evidence for cancellation of systematic effects in (gA /f!)
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Nucleon Axial Form Factor
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2) γµγ5 + GP (Q
2)

γ5qµ

2MN

�
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[C.Alexandrou (ETMC), 1303.5979]
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Nucleon Axial Form Factor
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Nucleon Axial Radius

• 5% discrepancy in exp. values of rA  
(from GA(Q2) dipole fits)

�
�r2A�ν−scatt. = (0.666± 0.014) fm

�
�r2A�el−prod = (0.639± 0.010) fm

• Weak dependence on mπ and disagreement at mπphys : same problem as gA ?
• Study required for volume dependence and exc.states.
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• GP at the physical point :
large excited states contrib.
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Gp Form Factor and µ-capture
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FIG. 28. Extrapolation of the induced pseudoscalar form fac-
tor to the muon capture point Q2 = 0.88m2

µ (vertical line) for
three values of the pion mass (ensembles III, VI and VIII).
The error bands correspond to fits according to Eq. (41).

g∗ P

m2
π

2]

a ≈ 0.08
a ≈ 0.07
a ≈ 0.06

FIG. 29. Chiral extrapolation of the induced pseudoscalar
coupling g∗P . The error band corresponds to the parametriza-
tion Eq. (42). Symbols are as in Fig. 1.

were obtained for this ratio. Here, we find deviations

from single pole dominance to increase towards low mo-

menta, thereby ruling out that a dominant part of these

violations can be ascribed to lattice spacing effects.
The induced pseudoscalar coupling for muon cap-

ture g∗P is defined in Eq. (10). It can be obtained,

extrapolating the induced pseudoscalar form factor

(mµ/mN )g̃P (Q2
) to Q2

= 9.82·10−3
GeV

2
. We employ a

phenomenological parametrization that incorporates the

leading pole:

mµ

mN
g̃P (Q

2
) =

c1
m2

π +Q2
+ c2 + c3Q

2 , (41)

where the parameters c1 < 4m2
Ng0A, c2 and c3 are fitted

separately for each ensemble. The terms involving c2 and

c3 turn out to be necessary to approximate corrections to

the pole ansatz, which are regular at positive virtualities.

We display the resulting extrapolations for three pion

masses (ensembles III, VI and VIII) in Fig. 28. We are

not able to reliably determine the above form factor for

Q2 > 1GeV
2
which means results cannot be obtained

for the small volume ensembles II, IX and X, where less

than four data points are within this range. We show

the remaining eight results in Fig. 29 as a function of

the squared pion mass. A phenomenological fit of the

mπ < 300MeV, Lmπ > 3.4 data to the functional form

g∗P (m
2
π) =

a1
m2

π + a2
, (42)

with parameters a1 and a2, gives g∗P = 8.40(40) at

the physical point with a χ2/NDF = 6.4/4. Since our

nearly physical mπ ≈ 150MeV point dominates the ex-

trapolated value, this is robust against changes of the

parametrization. The number obtained compares well

with the recent experimental determination of the Mu-

Cap Collaboration [91] g∗P = 8.06(55) and also with the

determinations g∗P = 8.44(23) [18] or g∗P = 8.21(9) [16]

from heavy baryon chiral perturbation theory or g∗P =

8.29+24
−13(52) [92] from covariant baryon chiral perturba-

tion theory. Previously, the RBC and UKQCD col-

laborations [38] obtained g∗P = 6.6(1.0), extrapolating

Nf = 2 + 1 domain wall fermion results to the physical

point.

The flavour changing coupling constant gπNN between

the nucleon and the charged pion is defined as the residue

of the pole of the induced pseudoscalar form factor at

Q2
= −m2

π:

gπNN ≡ lim
Q2→−m2

π

m2
π +Q2

4mNFπ
g̃P (Q

2
) . (43)

Implementing the above definition requires an extrapola-

tion of lattice data, which is limited to positive virtuali-

ties. Figure 27 demonstrates that corrections to the pole

dominance model become significant towards small vir-

tualities. Assuming the parametrization Eq. (41), we ob-

tain gπNN = c1/(4mµFπ), which then needs to be extrap-

olated to the physical pion mass. However, it is already

obvious from Fig. 28 that a controlled extrapolation of

Q2 � 0.1GeV
2
data to negative virtualities is hardly pos-

sible. Indeed, playing around with different parametriza-

tions of g̃P (Q2
) that assume a pole at Q2

= −m2
π, values

ranging from gπNN ∼ 8 up to gπNN ∼ 14 can easily be

produced from our lattice data.

The Goldberger-Treiman relation gπNN ≈ mNgA/Fπ

does not require such an extrapolation, however, it is

subject to O(m2
π) corrections. The relative difference

between gπNN defined in Eq. (43) and this approximation

is known as the Goldberger-Treiman discrepancy

∆πN =
1

gπNN

�
gπNN −mN

gA
Fπ

����
mπ=135MeV

�
. (44)
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FIG. 29. Chiral extrapolation of the induced pseudoscalar
coupling g∗P . The error band corresponds to the parametriza-
tion Eq. (42). Symbols are as in Fig. 1.

were obtained for this ratio. Here, we find deviations

from single pole dominance to increase towards low mo-

menta, thereby ruling out that a dominant part of these

violations can be ascribed to lattice spacing effects.
The induced pseudoscalar coupling for muon cap-

ture g∗P is defined in Eq. (10). It can be obtained,

extrapolating the induced pseudoscalar form factor

(mµ/mN )g̃P (Q2
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= 9.82·10−3
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. We employ a

phenomenological parametrization that incorporates the

leading pole:
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g̃P (Q
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) =

c1
m2

π +Q2
+ c2 + c3Q

2 , (41)

where the parameters c1 < 4m2
Ng0A, c2 and c3 are fitted

separately for each ensemble. The terms involving c2 and

c3 turn out to be necessary to approximate corrections to

the pole ansatz, which are regular at positive virtualities.

We display the resulting extrapolations for three pion

masses (ensembles III, VI and VIII) in Fig. 28. We are

not able to reliably determine the above form factor for

Q2 > 1GeV
2
which means results cannot be obtained

for the small volume ensembles II, IX and X, where less

than four data points are within this range. We show

the remaining eight results in Fig. 29 as a function of

the squared pion mass. A phenomenological fit of the

mπ < 300MeV, Lmπ > 3.4 data to the functional form

g∗P (m
2
π) =

a1
m2

π + a2
, (42)

with parameters a1 and a2, gives g∗P = 8.40(40) at

the physical point with a χ2/NDF = 6.4/4. Since our

nearly physical mπ ≈ 150MeV point dominates the ex-

trapolated value, this is robust against changes of the

parametrization. The number obtained compares well

with the recent experimental determination of the Mu-

Cap Collaboration [91] g∗P = 8.06(55) and also with the

determinations g∗P = 8.44(23) [18] or g∗P = 8.21(9) [16]

from heavy baryon chiral perturbation theory or g∗P =

8.29+24
−13(52) [92] from covariant baryon chiral perturba-

tion theory. Previously, the RBC and UKQCD col-

laborations [38] obtained g∗P = 6.6(1.0), extrapolating

Nf = 2 + 1 domain wall fermion results to the physical

point.

The flavour changing coupling constant gπNN between

the nucleon and the charged pion is defined as the residue

of the pole of the induced pseudoscalar form factor at

Q2
= −m2

π:

gπNN ≡ lim
Q2→−m2

π

m2
π +Q2

4mNFπ
g̃P (Q

2
) . (43)

Implementing the above definition requires an extrapola-

tion of lattice data, which is limited to positive virtuali-

ties. Figure 27 demonstrates that corrections to the pole

dominance model become significant towards small vir-

tualities. Assuming the parametrization Eq. (41), we ob-

tain gπNN = c1/(4mµFπ), which then needs to be extrap-

olated to the physical pion mass. However, it is already

obvious from Fig. 28 that a controlled extrapolation of

Q2 � 0.1GeV
2
data to negative virtualities is hardly pos-

sible. Indeed, playing around with different parametriza-

tions of g̃P (Q2
) that assume a pole at Q2

= −m2
π, values

ranging from gπNN ∼ 8 up to gπNN ∼ 14 can easily be

produced from our lattice data.

The Goldberger-Treiman relation gπNN ≈ mNgA/Fπ

does not require such an extrapolation, however, it is

subject to O(m2
π) corrections. The relative difference

between gπNN defined in Eq. (43) and this approximation

is known as the Goldberger-Treiman discrepancy

∆πN =
1

gπNN

�
gπNN −mN

gA
Fπ

����
mπ=135MeV

�
. (44)

pion-pole extrapolation to extract gP*

mµ

mN
gP (Q

2) =
b1

Q2 +m2
π

+ b2 + b3Q
2

Muon-capture coupling g∗P =
mµ

mN
gP (0.88m

2
µ)

Fit & exptrapolation to phys.point

g∗P (m
2
π) =

a1
a2 +m2

π

−→ 8.40(40)

Agrees with MuCap result  [PRL 110:012504]

g∗P = 8.06(55)

Nf=2 calculation with Wilson-Clover fermions
[G.Bali et al (RQCD), PRD91:054501]
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Transversity PDF operator
OPE

Only n=1,2 moments due to operator mixing in O(4) → H(4)

Mellin moments of tensor GPDs

�P �, S�|q̄σµνγ5q|P, S� = ŪP �,S�
�
σµνγ5

�
AT10(t)−

t

2m2
ÃT10(t)

�

+
�µναβ∆αγβ

2m
BT10(t)−

∆[µσν]α∆αγ5
2m2

ÃT10(t)
�
uP,S

HT , ET , H̃T , ẼT

Off-forward matrix elements of twist-2 operators

Zero-skewness 
Density of T-polarized quarks in the transverse plane

ξ = 0 ⇐⇒ P �+ = P+

E.g. for n=1
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Moments of  Tensor GPDs (GFFs)

[Gockeler et al, PoS Lattice 2005:55]

2

FIG. 1: Results for the generalized form factors BT (n=1,2)0(t).
The corresponding p-pole parametrizations are shown by the
shaded error bands.

bj
⊥

εjisi
⊥

and bj
⊥

εjiSi
⊥

. The fourth line in Eq.(1) corre-
sponds to a quadrupole term. The (derivatives of the)
three GFFs Bn0(b⊥), BTn0(b⊥) and ÃTn0(b⊥) thus de-
termine how strongly the orbital symmetry in the trans-
verse plane is distorted by the dipole and the quadrupole
terms.

The GFFs An0(t), ATn0(t), . . . parametrize off-forward
nucleon matrix elements of certain local quark operators.
For the lowest moment n = 1 one finds A10(t) = F1(t),
B10(t) = F2(t) and AT10(t) = gT (t) where F1, F2 and
gT are the Dirac, Pauli and tensor nucleon form factors,
respectively. A concrete example of the corresponding
parametrization for n = 1 is given by [10, 11]

〈P ′Λ′|Oµν
T |PΛ〉 = u(P ′, Λ′)

{
σµνγ5

(
AT10(t)

−
t

2m2
ÃT10(t)

)
+

εµναβ∆αγβ

2m
BT10(t)

−
∆[µσν]αγ5∆α

2m2
ÃT10(t)

}
u(P, Λ) , (3)

where Oµν
T = q̄σµνγ5q is the lowest element of the tower

of local leading twist tensor (quark helicity flip) oper-
ators. Parametrizations for higher moments n ≥ 1 in
terms of tensor GFFs and their relation to GPDs are
given in [11]. As it is very challenging to access tensor
GPDs in experiment [12], input from lattice QCD calcu-
lations is crucial in this case.

Simulation results.—Our lattice calculations are based
on configurations generated with nf = 2 dynamical non-

FIG. 2: Study of discretization errors of the tensor charge
AT10(t=0) = gT (t=0) for up- and down-quarks at a pion mass
of mπ ≈ 600 MeV.

perturbatively O(a) improved Wilson fermions and Wil-
son gluons. Simulations have been performed at four
different couplings β = 5.20, 5.25, 5.29, 5.40 with up
to five different κ = κsea values per β, on lattices of
V × T = 163 × 32 and 243 × 48. The lattice spacings
are below 0.1 fm, the range of pion masses extends down
to 400 MeV and the spatial volumes are as large as
(2.1 fm)3. The lattice scale a in physical units has been
set using a Sommer scale of r0 = 0.467 fm [13, 14]. The
computationally demanding disconnected contributions
are not included. We expect, however, that they are
small for the tensor GFFs [15]. We use non-perturbative
renormalization [16] to transform the lattice results to
the MS scheme at a scale of 4 GeV2. The calculation
of GFFs in lattice QCD follows standard methods (see,
e.g., [17, 18, 19]).

In Fig. 1, we show as an example results for the GFFs

B
u,d
T (n=1,2)0(t), corresponding to the lowest two moments

n = 1, 2 of the GPD E
u,d
T (x, ξ, t) [20], as a function of

the momentum transfer squared t, for a pion mass of
mπ ≈ 600 MeV, a lattice spacing of a ≈ 0.08 fm and
a volume of V ≈ (2 fm)3. For the extrapolation to the
forward limit (t = 0) and in order to get a functional
parametrization of the lattice results, we fit all GFFs us-
ing a p-pole ansatz F (t) = F0/(1 − (t/(p m2

p))
p with the

three parameters F0 = F (t=0), mp and p for each GFF.
We consider this ansatz [21] to be more physical than
previous ones as the rms-radius 〈r2〉1/2 ∝ m−1

p is inde-
pendent of p. It turns out that in most cases the statistics
is not sufficient to determine all three parameters from
a single fit to the lattice data. For a given generalized
form factor, we therefore fix the power p first, guided by
fits to selected datasets, and subsequently determine the
forward value F0 and the p-pole mass mp by a full fit to
the lattice data. Some GFFs show a quark flavor depen-
dence of the value of p, which has already been observed
in [22] for the Dirac form factor. For the examples in
Fig. 1, we find for u-quarks B

u
T10(t=0) = 3.34(8) with

mp = 0.907(75) GeV, B
u
T20(t=0) = 0.750(32) with mp =

1.261(40) GeV and for d-quarks B
d
T10(t=0) = 2.06(6)

with mp = 0.889(48) GeV, B
d
T20(t=0) = 0.473(22) with

[M.Gockeler et al 
(QCDSF and UKQCD collab.) 
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Figure 1: The generalized formfactors AT10 and AT20 together with dipole fits.

twist-2 distribution function, the quark-transversity δq(x,Q2). Transversity is the probability to hit
a quark with momentum fraction x and a transverse spin orientation parallel to a transverse nucleon
spin minus the probability for the opposite orientation. The determination of this last distribution
function is one of the major aims of several large high-energy experiments. Presently the main task
is to determine its overall-size. General unitarity arguments lead to the upper bound

|δq(x)| ≤ 1
2

(!q(x)+q(x)) (3.1)

This ’Soffer bound’ applies to the quark and antiquark distributions separately. The degree to which
it is saturated is crucial for the prospects of an experimental determination. Our results do not really
allow us to test it, but we did obtain a closely related quantity, which coincides with moments of
the quark transversity to the extent that antiquark contributions are negligible.

2
����xn�qδ − (−1)n�xn�q̄δ

���
�
�xn�q− (−1)n�xn�q̄+ �xn�q!+(−1)n�xn�q̄!

� , n= 0,1 . (3.2)

Because there does not exist a gluon transversityQ2-evolution does not produce a large transversity-
sea contribution, in contrast to the unpolarized and longitudinally polarized case. Therefore, the
asymmetries to be measured experimentally become very small for small x and consequently it is
mainly the large x domain which is important, were neglecting the sea, i.e. disconnected graphs,
should be indeed a good approximation. The fact that our ratios are close to 1, see Fig. 3, is thus
good news for planned experiments like e.g. PAX at the FAIR pp̄ collider. Note also that the ratios
are larger for �x� than for �1�, as expected.
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twist-2 distribution function, the quark-transversity δq(x,Q2). Transversity is the probability to hit
a quark with momentum fraction x and a transverse spin orientation parallel to a transverse nucleon
spin minus the probability for the opposite orientation. The determination of this last distribution
function is one of the major aims of several large high-energy experiments. Presently the main task
is to determine its overall-size. General unitarity arguments lead to the upper bound

|δq(x)| ≤ 1
2

(!q(x)+q(x)) (3.1)

This ’Soffer bound’ applies to the quark and antiquark distributions separately. The degree to which
it is saturated is crucial for the prospects of an experimental determination. Our results do not really
allow us to test it, but we did obtain a closely related quantity, which coincides with moments of
the quark transversity to the extent that antiquark contributions are negligible.
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Because there does not exist a gluon transversityQ2-evolution does not produce a large transversity-
sea contribution, in contrast to the unpolarized and longitudinally polarized case. Therefore, the
asymmetries to be measured experimentally become very small for small x and consequently it is
mainly the large x domain which is important, were neglecting the sea, i.e. disconnected graphs,
should be indeed a good approximation. The fact that our ratios are close to 1, see Fig. 3, is thus
good news for planned experiments like e.g. PAX at the FAIR pp̄ collider. Note also that the ratios
are larger for �x� than for �1�, as expected.
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a quark with momentum fraction x and a transverse spin orientation parallel to a transverse nucleon
spin minus the probability for the opposite orientation. The determination of this last distribution
function is one of the major aims of several large high-energy experiments. Presently the main task
is to determine its overall-size. General unitarity arguments lead to the upper bound

|δq(x)| ≤ 1
2

(!q(x)+q(x)) (3.1)

This ’Soffer bound’ applies to the quark and antiquark distributions separately. The degree to which
it is saturated is crucial for the prospects of an experimental determination. Our results do not really
allow us to test it, but we did obtain a closely related quantity, which coincides with moments of
the quark transversity to the extent that antiquark contributions are negligible.
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asymmetries to be measured experimentally become very small for small x and consequently it is
mainly the large x domain which is important, were neglecting the sea, i.e. disconnected graphs,
should be indeed a good approximation. The fact that our ratios are close to 1, see Fig. 3, is thus
good news for planned experiments like e.g. PAX at the FAIR pp̄ collider. Note also that the ratios
are larger for �x� than for �1�, as expected.

P
o
S
(
L
A
T
2
0
0
5
)
0
5
5

055 / 4

Moments of Generalized Tensor Parton Distributions Andreas Schäfer

0 0.5 1 1.5 2 2.5 3 3.5
!t!GeV2"

0.2

0.4

0.6

0.8

1
combined fit
all ", #

AT10u #t$$gTu#t$
0 0.5 1 1.5 2 2.5 3 3.5

!t!GeV2"
0.2

0.4

0.6

0.8

1

0 0.5 1 1.5 2 2.5 3 3.5
!t!GeV2"

!0.2

!0.15

!0.1

!0.05

0

combined fit
all ", #

AT10d #t$$gTd#t$

0 0.5 1 1.5 2 2.5 3 3.5
!t!GeV2"

!0.2

!0.15

!0.1

!0.05

0

0 0.5 1 1.5 2 2.5 3 3.5
!t!GeV2"

0.05

0.1

0.15

0.2

0.25
combined fit
all ", #

AT20u #t$
0 0.5 1 1.5 2 2.5 3 3.5

!t!GeV2"
0.05

0.1

0.15

0.2

0.25

0 0.5 1 1.5 2 2.5 3 3.5
!t!GeV2"

!0.06

!0.05

!0.04

!0.03

!0.02

!0.01

0

combined fit
all ", #

AT20d #t$

0 0.5 1 1.5 2 2.5 3 3.5
!t!GeV2"

!0.06

!0.05

!0.04

!0.03

!0.02

!0.01

0

Figure 1: The generalized formfactors AT10 and AT20 together with dipole fits.

twist-2 distribution function, the quark-transversity δq(x,Q2). Transversity is the probability to hit
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spin minus the probability for the opposite orientation. The determination of this last distribution
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This ’Soffer bound’ applies to the quark and antiquark distributions separately. The degree to which
it is saturated is crucial for the prospects of an experimental determination. Our results do not really
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�
σµνγ5

�
AT10(t)−

t

2m2
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Transverse Spin Densities

3

FIG. 3: Pion mass dependence of the generalized form factors
BT (n=1,2)0(t=0) for up-quarks. The shaded error bands show
extrapolations to the physical pion mass based on an ansatz
linear in m2

π. The symbols are as in Fig. 2.

mp = 1.233(27) GeV (all for p = 2.5). We have checked
that the final p-pole parametrizations only show a mild
dependence on the value of p chosen prior to the fit. In
order to see to what extent our calculation is affected
by discretization errors, we plot as an example in Fig. 2
the tensor charge AT10(t=0) = gT (t=0) versus the lat-
tice spacing squared, for a fixed mπ ≈ 600 MeV. The
discretization errors seem to be smaller than the statis-
tical errors, and we will neglect any dependence of the
GFFs on a in the following. Taking our investigations of
the volume dependence of the nucleon mass and the axial
vector form factor gA [13, 23] as a guide, we estimate that
the finite volume effects for the lattices and observables
studied in this work are small and may be neglected.

As an example of the pion mass dependence of our
results, we show in Fig. 3 the GFFs B

u
T (n=1,2)0(t=0) ver-

sus m2
π. Unfortunately we cannot expect chiral pertur-

bation theory predictions [24] to be applicable to most
of our lattice data points, for which the pion mass is
still rather large. To get an estimate of the GFFs
at the physical point, we extrapolate the forward mo-
ments and the p-pole masses using an ansatz linear in
m2

π. The results of the corresponding fits are shown as
shaded error bands in Fig. 3. At mphys

π = 140 MeV,

we find B
u
T10(t=0) = 2.93(13), B

d
T10(t=0) = 1.90(9) and

B
u
T20(t=0) = 0.420(31), B

d
T20(t=0) = 0.260(23). These

comparatively large values already indicate a significant
impact of this tensor GFF on the transverse spin struc-
ture of the nucleon, as will be discussed below. Since the
(tensor) GPD ET can be seen as the analogue of the (vec-
tor) GPD E, we may define an anomalous tensor mag-
netic moment [7], κT ≡

∫
dxET (x, ξ, t=0) = BT10(t=0),

similar to the standard anomalous magnetic moment
κ =

∫
dxE(x, ξ, t=0) = B10(t=0) = F2(t=0). While the

u- and d-quark contributions to the anomalous magnetic
moment are both large and of opposite sign, κup

exp ≈ 1.67
and κdown

exp ≈ −2.03, we find large positive values for
the anomalous tensor magnetic moment for both flavors,

FIG. 4: Lowest moment (n = 1) of the densities of un-
polarized quarks in a transversely polarized nucleon (left)
and transversely polarized quarks in an unpolarized nucleon
(right) for up (upper plots) and down (lower plots) quarks.
The quark spins (inner arrows) and nucleon spins (outer ar-
rows) are oriented in the transverse plane as indicated.

κup
T,latt ≈ 3.0 and κdown

T,latt ≈ 1.9. Similarly large positive
values have been obtained in a recent model calculation
[25]. Large Nc considerations predict κup

T ≈ κdown
T [26].

Let us now discuss our results for ρn(b⊥, s⊥, S⊥) in
Eq. (1). For the numerical evaluation we Fourier trans-
form the p-pole parametrization to impact parameter
(b⊥) space. The parametrizations of the impact param-
eter dependent GFFs then depend only on the p-pole
masses mp and the forward values F0. Before showing
our final results, we would like to note that the mo-
ments of the transverse spin density can be written as
sum/difference of the corresponding moments for quarks
and antiquarks, ρn = ρn

q + (−1)nρn
q , because vector and

tensor operators transform identically under charge con-
jugation. Although we expect contributions from anti-
quarks to be small in general, only the n-even moments
must be strictly positive. In Fig. 4, we show the lowest
moment n = 1 of spin densities for up and down quarks
in the nucleon. Due to the large anomalous magnetic
moments κu,d, we find strong distortions for unpolarized
quarks in transversely polarized nucleons (left part of the
figure). This has already been discussed in [6], and can
serve as a dynamical explanation of the experimentally
observed Sivers-effect. Remarkably, we find even stronger
distortions for transversely polarized quarks s⊥ = (sx, 0)
in an unpolarized nucleon, as can be seen on the right
hand side of Fig. 4. The densities for up and for down
quarks in this case are both deformed in positive by direc-
tion due to the large positive values for the tensor GFFs

B
u
T10(t=0) and B

d
T10(t=0), in strong contrast to the dis-

tortions one finds for unpolarized quarks in a transversely
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[M.Gockeler et al (QCDSF and UKQCD collab.) PRL 98:222001 (2007) ]
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Quark Spin & OAM in Longitudinal Picture
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(*) not including disconnected diagrams

Su

Lu

Ld

Sd

Jq,glue =
1

2

�
Aq,glue

20 (0) +Bq,glue
20 (0)

�Quark & Gluon Angular Momentum [X.Ji, PRL 78:610 (1997)]

Belinfante–Rosenfeld energy-momentum tensor in QCD:
T q
µν = q̄ γ{µ

↔
Dν} q

T glue
µν = Ga

µλG
a
νλ − 1

4
δµν(Gµν)

2 Gluons

Quarks

�N(p+ q)|T q,glue
µν |N(p)� →

�
A20, B20, C20

�
(Q2)

Nucleon form factors of the Energy-Momentum tensor         <=>        n=2 Mellin Moments of GPDs                       
A20(Q

2) =

�
dx xH(x, 0, Q2)

B20(Q
2) =

�
dx xE(x, 0, Q2)
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Summary

Realistic calculations of nucleon structure on a lattice
multiple lattice groups pursue calculations with physical light quarks

Nucleon electromagnetic form factors agree with experiment
lattice QCD results may be important for the “proton radius puzzle”

Nucleon axial charge and radius : persistent disagreement
axial charge : 10-15% ; axial radius : x(1/2)

Lattice calculations provide direct access to 
transverse quark density distributions and 
contributions to the proton spin (to be examined by EIC)


