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Quantum Chromodynamics on a Lattice (LQCD)

Lattice Field Theory < Numerical evaluation of the Path Integral
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Nucleon Correlators and Matrix Elements

© Hadron correlators with quark(-bilinear) operators

observable,
e.g. 97ud O
@,
OO (T) = (N(T)O(FN(0) = N — -
3pt( ) = (N(T)O(T)N(0)) = + N hard numerical
sink source problem
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Systematic & Stochastic Error in Lattice M.E.

@ Matrix elements : Cspt/Copt ratio or multi-exp. fits

Ro(T.r: PPy = E?é@% ;O” R <L

© Stochastic noise grows rapidly with T, especially with light pions [Lepage’89]:

Signal (N(T)N(0)) . ~ o~ MNT
Noise ([N(T)N(0)) ~ [(N(T)N(0)) ~ e=9maT
Signal /Noise ~ e~ (Mn—5mz)T

@ Treating excited states:
Nattice|vacuum) = |nucleon) + | X)

e Multi-exponential fits (typically 2 states in practice)
e Variational methods

Nlvac) ve >
e~ a7 N|vac) oo > "distillation" : a large basis of states
e~ 2% N|vac) classified by H(3) :
.. > (JLab hadron spectrum calculations)

time-evolved states ("GPoF") quark "smearing"
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Nucleon Structure Calculations

For final answer, take
* physical pion/kaon masses
e continuum limit @ — O

* large-volume limit V' — 0O ; in practice, [ > 4m;1

Sergey N. Syritsyn

Nucleon Form Factors from Lattice QCD
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Nucleon Electromagnetic Form Factors

1o qy

2M N

(P+q|lqy"q|P) = UP+q[F1(Q2)7M+ F> (Q%)

o

4 JLab@12GeV : explore form factors at Q2>=10 GeV?
* (F1/F2)scaling at Q2->

e (Ge/Gum) dependence up to Q2=18 GeV?
e (-, d-flavor contributions to form factors

<4 Proton radius puzzle: 7o difference
 JLab pRAD experiment
 MUSE@PSI : e*/ p*-scattering off the proton

15F

fvrfn | oy
- ‘ul mn

p
M

up,G/G

0.5

0.0

INKING
PROTON

" New value for chargo radies
of key subatomic particle

-0.5

[Research Mgmt. Plan for SBS(JLab Hall A)]
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Isovector (p-n) Sachs Form Factors vs Pheno.fits

1.1

Sergey N. Syritsyn

| Alberico et al parémetrization |
Q2 lattice data r—e—1 -
2 2 2
Gp(Q7) = F1(Q7) — = F2(Q7) 1
u 4‘]\IN
0.0 0.1 0.2 0.3 0.4 0.5
0 (GeV?)
| Alberico et al pafametrization |
lattice data —e—
* Gu(Q®) = F(Q%) + F2(Q%)
‘ m(Q7) = F1(Q7) + Fa(
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0 (GeV?)

Nucleon Form Factors from Lattice QCD

| m=149 MeV data vs Phenomenology

[J.R.Green et al (LHPc),
PRD90:054507(2014); 1404.4059]

Pheno. Parameterization:
[W.M.Alberico et al, PRC79:065204(2009)])
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Proton (conn. only) Sachs Form Factors vs Pheno.
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| Alberico et al parémetrization |
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Nucleon Form Factors from Lattice QCD

m,=149 MeV data vs Phenomenology

[J.R.Green et al (LHPc),
PRD90:054507(2014); 1404.4059]

Pheno. Parameterization:
[W.M.Alberico et al, PRC79:065204(2009)])

No disconnected part!
(apparently negligible)

Trento Workshop, Apr 18-22, 2016



.
Proton Sachs Form Factors : GEp/GMp Ratio

1.5
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Proton Sachs Form Factors : GEp/GMp Ratio
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Dirac Radius vs. m; and Proton Size Puzzle

1
Fu=4(Q?) =~ F(0) [1 Q2 (p2yud @(Qﬁl)} (usually extracted from
6 dipole fits in Q2<0.5 GeV?)

0.8 I 1 1 1 1 1
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‘[ChPT predicts divergence ~ logm? |
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Dirac Radius vs. m; and Proton Size Puzzle

FU(Q) ~ FO)[1 - Q%)+ 0(@")

(usually extracted from

0.8

0.7

0.2}

0.1F

)

dipole fits in Q?<0.5 GeV?)

~

X | 1p | | | CLS-MaiIIlZ 12 Ny = 2I
% PDG 2012 @ RBC/UKQCD’08,’13 N; =2+ 1
{ QCDSF’11 N; =2 m LHPC’10N;=2+1 1 .
m PNDME'I3N,—241+1 @ LHPCO9N, —2 1 Excited states problem:
A ETMC’10 Ny =2 ¢ LHPC'12N;=2+1 ?
. ETMOUB N, 2411 U; . Worse for m,<200 Me V' )
[Lathce “World” data ’13] —— HBChPT+A ¢ 32c48 coarse
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0.7 X 32¢96 coarse —*— up + PDG |
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) 7 0.5
‘. -
§ "o ;E 1.39 ®
= 04rf 0J —> -
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RS 0.93 —
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| [J.R.Green et al (LHPC); PLB734:290
‘[ChPT predicts divergence ~ log mi) (2014); 1209.1687]
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Isovector Magnetic Moment vs. m;

Q) = w1 - @03 + 0(QY)]

6 6 x
—— HBChPT+A
Vv  32c64 fine
5 /ﬁ'j v ° 5 ® X 32c96 coarse | |
2 v +  24c¢24 coarse
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DE QE
21 2F
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m=149 MeV Nf=2+1 clover-imp.Wilson
[J.R.Green et al (LHPC); PLB734:290(2014); 1209.1687]

Larger [, smaller @7, are desirable

min

Sergey N. Syritsyn Nucleon Form Factors from Lattice QCD Trento Workshop, Apr 18-22, 2016



.
Nucleon Magnetic Moment

"World" Summary [G.Bali et al (RQCD), PRD91:054501(2015)]
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ChPT-extrapolated Form Factors

[P.Shanahan et al(CSSM), PRD89:074511; PRD90:034502]

Heavy-baryon
PQChPT
for Octet baryon
Form Factors

[ GL7(Q

<

GR(QY) =

q’

Independent ChPT fits at each fixed Q?

=
\}
\

00

00 02 04 06

0.8 1.0 1.2 14
0% (GeV?)

Sergey N. Syritsyn

)= Gp(Q" =0) + Q%" +Q? Z aPa(@)Bm,

1 1 .
+ — Z _BgQ(¢)IO (mfb? QQ) . BDQ(Qb)ID (m¢7 Q2/
1679 f 5 2

871 Ly (m, Q)

B4 Zan(q')qu,

\ 167T3f2 Z < gz))Z-O m¢a Q2) + BDq(¢>I (m¢7 QQ))

0.5 |
E S s
Y P

04} % "

] .‘ ,,,
L . ’
(C [ “ ,’
> f ’
3 03] s
&~ t Y /
N = . ‘\ ,’
3 “ /
|§ ‘./
y 02 o
S 4
/
/
L P s
01 .
L , A )
I , 2
/ .
F 4 .
L '

0077 -

0.0 0.1 0.2 0.3 04 0.5
m,* (GeV?)

00 02

04

06 08 10 12 14

0* (GeV?)

Nucleon Form Factors from Lattice QCD

Trento Workshop, Apr 18-22, 2016



.
Strangeness in EM form factors

Strange quark form factors

2 . 1 1
Gon = 3CG5m = 3GEm — 3Ghu

7 1y are measured e.g. in e—p elastic scattering asymmetry
(SAMPLE, HAPPEX, GO, A4)

dO’R — dO’L
_ _ S S
ALR — — Anon—stra,nge + 77EGE + 77MC¥]\4
dO’R + dO’L
0.15 0.15
® HAPPEX-II D Uncertainty in ANS
A HAPPEX-l &I .
0.1 1 . o B3 Golobal F:)t ,,
: v a4 —— 3% of (G +n G))

T

{

0.00

KW-X&Q?KXXWXXXX =

-0.05

GO correlated error

-0.1 _%

0.6 0.8

2I I1.0
Q° [GeV]

G, 102 03 00 02 04
[HAPPEX collab., PRL108:102001(2012)]
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Lattice Evaluation of Disconnected Contractions

£(x) = random Zs-vector

[ﬁ(az)ﬁ(y)] = O,y
z eiq:vlp—l(x NMC Z 5(1 zqach 5(2))

o 1
Var() D (z,2)) ~ (contributions from ™ (z # y))

Nyc

© Stochastic evaluation: {

© Exploit lD_l(:v,y) FALLoe to reduce D12 (z.1))
TFY

Hierarchical probing method [K.Orginos, A.Stathopoulos, '13] :

In sum over N=2"9*7 3D(4D) Hadamard vectors,
near-(X,y) terms cancel:

1 0, 1< |z—y| <2k
- . . Jf: ) — — 9
NZZZ(I)ZZ(y) { 1, z=1yor2F < |z —y|
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Disconnected Contractions for Nucleon FF’s

0.012 —
0.010 | [J. Green, S. Meinel, et al (LHPc); PRD92:031501]
0.008 - Nr=2+1 dynamical fermions
0006 m,=319 MeV
s M (USQCD/JLab clover Wilson)
0.002
(G )aise] £ 0.010 of [(Glg?)
T E  Jdisc| ~5 VY- E  Jconn
—0.002 | ¢  strange - 4
YR ¢ light disconnected | |(GSE)disc SJ 0.005 Of (G% )Conn
0.0 012 014 016 018 110 1.2
0? (GeV?)
0.00 '3 u/d —d
) At (G4 D) dise] S 0.015 of (G4 D) conn
—d
—0.02} i ‘(G?M[)disc 5 0.005 of (GQJ(Z )CODH
5 —0.03
—0.04 |
—0.05 |
006l I strange |
¢ light disconnected
—0.07 Lo ' ' ' ' '
0.0 0.2 0.4 0.6 0.8 1.0 1.2
Q? (GeV?)
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Strange Form Factors from PV: Exp’t vs. Lattice

_Il_

0151

t GO ¢ A4
s HAPPEX { lattice
010 HAPPEX, GO, A4 data
- | ) ] [PRL108:102001(2012)]
S : 1 T ? VS.
T 005 Lattice QCD (mz= 317 MeV)
o [J. Green, S. Meinel; PRD92:031501]
0.00 |—= tL R —— : .
Lattice data plotted with
Q2
-005F | | | | | 1 " 0.94GeV?
0.0 0.2 0.4 0.6 0.8 1.0 1.2

0> (GeV?)

(G% +nGyy) ~ Strange part in the elastic e—p scattering
asymmetry (forward angles)
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Radii and Magnetic Moment of Strange Quark

[t |z
Kmax 5 S
z-expansion fit G(@Q*) =) arz", 2= Vieu + Q% = vVlow e
. k \/tcut + Q2 + V eut t b 1
(analytic for |z| < 1) |
[R.Hill, G.Paz, PRD82:113005 (2010)] b= —Q%, toy = 4m2
dGpu(Q°)
_ M 2 _ LM o EM1
M= GM(O) ag (TE,M) = —06 dQQ 02—=0 a /
PQChPT-inspired linear extrapolation in S
(mloop)2 ~ (Miight + Maisconn) t0 phys.point LHPc (my = 317TMcV)) b
- N LHPc (m, = 135MeV) | W
(rg)* = —0.00535(89)(56)(113)(20) fm? \QCD [0903.32321| -+
2 s 2 LQCD + exp.FFs [1403.6537] | —@—
(TM) o 00147(61)(28)(34)(5) fm FRR ByPT [1312.3375] - ——
pn® = —0.0184(45)(12)(32)(1) uﬁt LFWF+DIS [1412.4871]| .
N~ o PV e-p scatt. [1403.5119] = o .
Errors = (statistic)(fit)(exc.state)(discr.) S0 T s P02 S 0

[J. Green, S. Meinel, et al (LHPc); PRD92:031501]
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Axial-Vector Current Form Factors
5
P+l 00 |P) = Upsy Ga(@) 12 + Gp(@) LU

2M
4 Axial form factor Ga(Q?)
* |nteraction with neutrinos: MiniBooNE

4 Induced pseudoscalar form factor Gp(Q?)

* Charged pion electroproduction

e Muon capture (MuCAP@UW): ge ~ Gp(Q? = 0.88 m,?)
4 Strange axial form factor Gas(Q?) : studied at MiniBooNE

1 N\

0.8

s o=
e 2 S
oot —
WWMJA
/ 4

]
e |
0.88m?)

N B >

Sy : M
(5< | - % n 100
~ N
~ i RN 1 K 8
') % pais S MuCap A
S o4 oF uCap Avg
< B -
G % £
o)
02 - - %o
2 » D A
[ J L [ ] 1 L [ ]
| | | 1 1 1 | 1 1 1 | 1
% 20 40 60 80 100 120, _140
. R hop (10° &)
0 0.2 0.4, 0.6 0.8 1
Q" [GeVT]
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Axial Charge in Lattice QCD

1.4 IR . T S S o S 5

1.3 -1

1.2 L ﬁ{

1.1 -

gA

QCDSF Ny =2 %+  ETMC N;=2+1+1
1 Mainsz:2 —a&— PNDMENf:2+1—|—1 F—=fe—] ;
0.9 - ETMC N, =2 RQCD Ny =2 —@—
LHPC Ny =2+1 +—e—  RQCD Ny =2, ga/F, mmmm

RBC Ny =241 44— Expt —a—
| | | | | | | | | |

0.02 0.04 006 008 0.1 012 014 0.16 0.18 0.2
m% [Ge\/2]
Summary plot [G.Bali et al (RQCD) PRDY1:054501(2015); 1412.7336]

® ga may be especially subject to effects of exc.states and finite volume
® evidence for cancellation of systematic effects in (ga/fr)
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Nucleon Axial Form Factor

Yo gt
IM N

(P+q|l 37"+ q|P) = Upq {GA(Q2)”Y'U’}’5 + Gp(Q?) }Up

[C.Alexandrou (ETMC), 1303.5979]

I I I I I
® N, =2 TMF a=0.089fm m =298 MeV

1.0 B N =2+1+1 TMF a=0.086fm m_=354 MeV }
&
~~ I
N 08 | é% X )
\Cz< Goiﬁ
O 0.6
0.4

0.2 =X N_=2+1 DWF a=0.114fm L=2.7fm m =329 MeV ]

0.0 O N.=R+1 Hybrid a=0.124 L=3.5fm m =356 MeV

00 02 04 06 08 10 12 14
Q% (GeV?)
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Nucleon Axial Form Factor

SPpaY
= 3 Y4
(P+qlqv"7°q|P) = Upyq [GA(QQ)W’WB + GP(Q2)2MN} Ur
[C.Alexandrou (ETMC), 1303.5979]
1.2 I I | | | |
! ® Nr=2 TMF a=0.089fm m"=298 MeV
101 2, B N =2+1+1 TMF a=0.086fm m =354 MeV |
— Q o _
N 08 8 . . ' ' ' '
9/ - — pheno
o6 L 1.6 Physical point with &% T—0091fm|
' 14| chiral quarks [LHP/RBC] |&—4& 7=1.03fm]|.
04 - H T =1.14 fm
| L2t = T=1.37fm|]
0.2 — % NF=E Zqi 10 B 1
O N.-= 0.8} _ i |
0.0 —l 06 A L
0.0 0. OF i
0.4k E \ L]
0.2F i
0.0

0.0 0.1 0.2 0.3 0.4 0.5 0.6
Q* [GeV?]
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Nucleon Axial Radius

: . 2 _
* 5% discrepancy in exp. values of ra V(%) —scat. = (0.666  0.014) fin

(from Ga(Q?) dipole fits) V%) et —proa = (0.639  0.010) fm
0.5 ' ' | ' |
% * V scattering
+ Mixed-action, a=0.124 fm
0.4r- « Domain wall, a=0.082 fm |
—_ Clover, a=0.116 fm (summ.)
@\
E 03 -
o)
02 7
@\ — x
i“:ﬂ % * »
0.1- —
A
G 2) ~
A(Q ) (1 _|_ %(rA)2Q2)2

| | |
91 02 03 04 05 06
m_ |GeV]

* Weak dependence on mrand disagreement at m»°"s: same problem as ga ?
e Study required for volume dependence and exc.states.
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Nucleon Pseudoscalar Form Factor Gp(Q?)

SPpaY
_ 5 = 2 5 N
(P+al@v"2*q|P) = Upyy| Ga(@)7"7" + Gp(Q%) 1| U
20 T T | | | | N
® N.=2 TMF a=0.089fm L=2.8fm m =298 MeV
g | EN=2+1+1 TMF a=0.086fm L=2.8fm m =354 MeV
&—\ B & N_=2+1 Hybrid a=0.124 L=3.5fm m =356 MeV |
O . .
| * Gp at the physical point :
large excited states contrib.
5 60 —— .
\ - - pheno
50k \ ¢ 7 =0091fm|
0 ‘ B4 7 =1.03fm
00 02 04 06 08 10 12 14 13 T —114m
Q* (Gev?) 40t b T=137fm|
* |s Gp dominated by the pion pole ? *
P y P P Ol physical m,

oo —° °~ ' ' ' R chiral quarks
I e DW a=0.084 fm ] 20+
o Hybrid a=0.124 fm o3
0.5F /,E/ _
= I i E//’ T 10+ .
04r 7 . ’ ﬁ
(E i /// ’ i O | | | ! | i !
o 0.3 A N 0.0 0.1 0.2 0.3 0.4 0.5 0.6
== 0l “Pole” fit : | Q* [GeV?]
L ///// A |
n L G AN C
01 I //,’ P(Q ) (mpole)2 + Q2 i 4
O al ! | L | L | L | L | L |
0 0.1 0.2 0.3 04 0.5 0.6
m_ [GeV]
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G, Form Factor and u-capture

8 = | _ * m,Lb 2
A m =150 Mev Muon-capture coupling dp — —QP(O-SSWM)
7+ &  m_ =290 MeV |1 mN
@ m, —422 MeV

Ni=2 calculation with Wilson-Clover fermions
[G.Bali et al (RQCD), PRD91:054501]

pion-pole extrapolation to extract gp

my 2 b1 2
— = by + b
mng(Q) 0% + m2 + by + 03Q)

0 S D e Fit & exptrapolation to phys.point

51
go(m2) = paarpns S 8.40(40)

gp

Agrees with MuCap result [PRL 110:012504]
g5 = 8.06(55)
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Tensor GPDs and Transverse Plane Density

Transversity PDF operator
OPE
Off-forward matrix elements of twist-2 operators

Mellin moments of tensor GPDs Hrp, Er, Hy, Ex

E.qg. for n=1 ) b
<P/, S/‘QO"“V”}%Q‘P, S> — UP’,S’ [O‘MV”}% (@TlO(tD sz(ATlO(tD)
E'uVaﬁAo/YB A[MO'V]QA@’Y =
F——— (Br1o(t) 5 {Aro(t)]up.s

Only n=1,2 moments due to operator mixing in O(4) — H(4)

Zero-skewness ¢ =() < P'T = P™
Density of T-polarized quarks in the transverse plane

Sergey N. Syritsyn Nucleon Form Factors from Lattice QCD Trento Workshop, Apr 18-22, 2016



Moments of Tensor GPDs (GFFs)
(P, S'|go"" vs5q| P, S) = Up: 5/ a” 75(@ —@

om 2m 2
A110(0) = (1)sq = gr A120(0) = ()5
combined fit E combined fit
al B,k 0.25 § : all B,
‘; ,;
%i H
i* i{- 01
‘ bs 0.055
Am(t) gT(t) : ATaqt)
05 1 1:5 2 2:5 3 3.E 0 0.5 1 1.5 2 2.5 3 3.5
e\ 2] _t[GeV?]
d dv | O | | | |
Af10th=g%b A
. ii —0.01
ig ~0.03 ihi sat
; ~0.04 |
combined fit —0-05i ;% combined fit |
all s, « —0.06 | al g, x
o5 1 15 2 25 3 3 0O 05 1 15 2 25 3 35
—t[GeV?] _t[GeV?]

[Gockeler et al, PoS Lattice 2005:55]
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B Tno(t)

1.5

0.5;

ATlO( ) up,s

n=1
‘I
]
n=2 (x2) ~—
" L B i ) | B |
| ] .. = i .
0.5 1 1.5 2 25
~t [GeV?]
n=1
|
!I
|
n=2 (x2) -
L] L |
i Bn ., L] -
| . B et
0.5 1 1.5 2 25
—t [GeV?]

[M.Gockeler et al
(QCDSF and UKQCD collab.)
PRL 98:222001 (2007) ]
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2 o
d“Ay ibl A

Transverse Spin Densities 1(1) = / 2z AL =)

T-polarized nucleon T-polarzed quarks
, 1 b x SN). 0 , 1 b x35), 0 —
pB0)lxeper = 5 [ Aro(82) + P22 052 () = [ Avo82) + 2D

) _06! up

067
down
Ld 04

0.2

o

bt b2
P > s OP
© < 04 s z
7
LU 02 6 _ L
E o 5% u
—> s g
~02] 3
SN o4 2 S,
10
3
2
2

L

0 A

bylfm|

-0.2}

-04; 11T * 0.5

06 . tdown @ 0

-06-04-02 0 02 04 06 -06-04-02 0 02 04 06
b,[fm] b, [fm]

[M.Gockeler et al (QCDSF and UKQCD collab.) PRL 98:222001 (2007) ]
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Quark Spin & OAM in Longitudinal Picture

Belinfante—Rosenfeld energy-momentum tensor in QCD:
<

Nucleon form factors of the Energy-Momentum tensor

(N(p+ )| T IN () = { Az, Bzo, Cao }(Q?)

Tgu — Q_’Y{,LLDV} q

1
glue __ a a
T,uu _G,u)\GVA

4

Quarks

_5,1“/ (G,ul/)2 Gluons

<=>

As(Q%) =

n=2 Mellin Moments of GPDs
f drx H(z,0,Q%)

BQO(QZ):/dxa:E(:B,O,Cf)

Quark & Gluon Angular Momentum [X.Ji, PRL 78:610 (1997)]

1

Jq,glue — 9

Ag"(0) + B"(0)]

0.6 ' S .
0.5} U\ |
* A A # ¢ 'y 2z A Su
0.4F +
0.3}
0.2 A ETMC’13 (Twisted Mass Ny —=2(+1+1)  § LHPC’10 (DWF N; =2+ 1)
01l § QCDSF 12 (Wilson-clover N; = 2) @ PRELIM N, =2+ 1 DWF (LHP&RBC)‘
' 25
0.0[}3 ___________________________ QH
—0.1} @ @ o A é A & 'tﬂ
—0.2F é ' -
% 1 1 1 1 Lu
0.1 0.2 0.3 0.4 0.5 0.6
m.|GeV]
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0.4r
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1 ! !
A ETMC 13 (Twisted Mass Ny = 2(+1 + 1)
§ QCDSF’12 (Wilson-clover N; = 2)

! !
§ LHPC’10(DWF Ny =2+1)
@ PRELIM N; =2+ 1 DWF (LHP&RBC)

0.2 0.3

(*) not includi§disconnected diagrams

0.4 0.5

Trento Workshop, Apr 18-22, 2016




.
Summary

© Realistic calculations of nucleon structure on a lattice
multiple lattice groups pursue calculations with physical light quarks

© Nucleon electromagnetic form factors agree with experiment
lattice QCD results may be important for the “proton radius puzzle”

@ Nucleon axial charge and radius : persistent disagreement
axial charge : 10-15% ; axial radius : x(1/2)

© Lattice calculations provide direct access to
transverse quark density distributions and
contributions to the proton spin (to be examined by EIC)
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