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o Statistical manifold, statistical model, classical metrics from
divergence function

® Quantum metrics from divergence functions
@ Finite-dimensional quantum systems
@ The cases N=2 and N=3
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Statistical manifold, statistical model, classical metrics from
divergence function

® Quantum metrics from divergence functions
@ Finite-dimensional quantum systems

@ The cases N=2 and N=3

@ The tomographic picture

@ Outlook
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Invariant divergence function

Notation

@ P(X)= statistical manifold of probability distributions p(x),
xeX
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Invariant divergence function

Notation

@ P(X)= statistical manifold of probability distributions p(x),
xeX

o M = {p(x,&)} C P(X) statistical model parametrized by &
@ M is finite dimensional. £ coordinates on M

Divergence D(&,¢’) between p(x, &) and p(x,&’)
° D(£,¢)=0
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Invariant divergence function

Notation

@ P(X)= statistical manifold of probability distributions p(x),
xeX

o M = {p(x,&)} C P(X) statistical model parametrized by &
@ M is finite dimensional. £ coordinates on M
Divergence D(&,¢’) between p(x, &) and p(x,&’)
° D(£,¢)=0
o D(&, &+ d€) = 3gik(€)d&;déx + O(dE3)
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Invariant divergence function

Notation

@ P(X)= statistical manifold of probability distributions p(x),
x e X

o M = {p(x,&)} C P(X) statistical model parametrized by &
@ M is finite dimensional. £ coordinates on M
Divergence D(&,¢’) between p(x, &) and p(x,&’)
o D(£,€) >0
° D(& &+ d€) = 3gi(€)d&;d& + O(dE?)
® g = (gjk) positive-definite
D not symmetric, no triangular inequality .
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Invariant divergence function

Notation

@ P(X)= statistical manifold of probability distributions p(x),
xeX

o M = {p(x,&)} C P(X) statistical model parametrized by &
@ M is finite dimensional. £ coordinates on M
Divergence D(&,¢’) between p(x, &) and p(x,&’)
o D(£,€) >0
° D(& &+ d€) = 3gi(€)d&;d& + O(dE?)
® g = (gjk) positive-definite
D not symmetric, no triangular inequality .

Invariance : No information loss (information monotonicity) under
coarse graining x — y(x)
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The classical case: Chentsov theorem

Classically: Given any invariant divergence, the invariant metric is
unique — the Fisher Rao metric
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The classical case: Chentsov theorem

Classically: Given any invariant divergence, the invariant metric is
unique — the Fisher Rao metric

gl&)=kpdinpadlnp
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The classical case: Chentsov theorem

Classically: Given any invariant divergence, the invariant metric is
unique — the Fisher Rao metric

gl&)=kpdinpadlnp

@ «-divergence function or Tsallis relative entropy

St(p,B)=(1—q) {1-> pop'9}

Patrizia Vitale? with V.I. Man'ko, G. Marmo and F. Ventriglia Quantum Information Geometry: quantum metrics for finite dime



The classical case: Chentsov theorem

Classically: Given any invariant divergence, the invariant metric is
unique — the Fisher Rao metric

gl&)=kpdinpadlnp

@ «-divergence function or Tsallis relative entropy

St(p,B)=(1—q) {1-> pop'9}

with a =2qg — 1.

Patrizia Vitale? with V.I. Man'ko, G. Marmo and F. Ventriglia Quantum Information Geometry: quantum metrics for finite dime



The classical case: Chentsov theorem

Classically: Given any invariant divergence, the invariant metric is
unique — the Fisher Rao metric

gl&)=kpdinpadlnp

@ «-divergence function or Tsallis relative entropy

St(p,B)=(1—q) {1-> pop'9}
with a =2qg — 1.
@ in the limit ¢ — 1 the relative Shannon entropy

lim Sr(p,p) = > p(inp—Inp)
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The classical case: Chentsov theorem

Classically: Given any invariant divergence, the invariant metric is
unique — the Fisher Rao metric

gl&)=kpdinpadlnp

@ «-divergence function or Tsallis relative entropy

St(p,B)=(1—q) {1-> pop'9}
with a =2qg — 1.
@ in the limit ¢ — 1 the relative Shannon entropy

I|m St(p,p) = Zp Inp—Inp)

@ the metric )
0°S
gik(§) = —Wk:&

is the Fisher Rao metric for any q
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The quantum case: quantum Fisher-Rao metric

@ The statistical model is replaced by the manifold of (N-dim)
quantum states
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The quantum case: quantum Fisher-Rao metric

@ The statistical model is replaced by the manifold of (N-dim)
quantum states

@ the potential function is now the quantum Tsallis relative
entropy

St(p,p) = (1—q) {1 — Trpp' 9}
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The quantum case: quantum Fisher-Rao metric

@ The statistical model is replaced by the manifold of (N-dim)
quantum states

@ the potential function is now the quantum Tsallis relative
entropy

St(p,p) = (1—q) {1 — Trpp' 9}

@ in the limitg — 1 we get the relative von Neumann entropy

lim St(p,p) = Trp(lnp —Inp)
g—1
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The quantum case: quantum Fisher-Rao metric

@ The statistical model is replaced by the manifold of (N-dim)
quantum states

@ the potential function is now the quantum Tsallis relative
entropy

St(p,p) = (1—q) {1 — Trpp' 9}

@ in the limitg — 1 we get the relative von Neumann entropy

lim St(p,p) = Trp(lnp —Inp)
g—1

@ the metric P
gik(§) = —@k:ﬁ’

is the quantum Fisher Rao metric only for g =1
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The quantum metric for generic q

@ p, p parametrized in terms of diagonal matrices and unitary
transformations

p=UpU™, f=VpV!
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The quantum metric for generic q

@ p, p parametrized in terms of diagonal matrices and unitary
transformations

p=UpU™, f=VpV!

U,V € SU(N)
@ given the diagonal immersion i : M — M x M the metric

tensor is :
g(X, Y) = —f*(LxLys)
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The quantum metric for generic q

@ p, p parametrized in terms of diagonal matrices and unitary
transformations

p=UpU™, f=VpV!

U,V € SU(N)
@ given the diagonal immersion i : M — M x M the metric
tensor is :
g(X, Y) = —f*(LxLys)
o —

g=—i"ddSt(p,p) = (1 — q) ' Trdp? @ dp'~9
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The quantum metric for generic q

@ p, p parametrized in terms of diagonal matrices and unitary
transformations

p=UpU™, f=VpV!

U,V € SU(N)
@ given the diagonal immersion i : M — M x M the metric
tensor is :
g(X, Y) = —f*(LxLys)
o —
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The quantum metric for generic q

giving
gq — gci’fan _’_g(i’frans
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The quantum metric for generic q

giving
tan trans

gq = gq + gq
with

g = (1-q) ™ T ([U2dU, pf] @ [U™dU, o))
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The quantum metric for generic q

giving
tan trans

gq = gq + gq
with

g = (1-q) ™ T ([U2dU, pf] @ [U™dU, o))

and
trans

8" = qpy 'dpo ® dpo
In the limit g — 1

g1 = Trpytdpo ® dpg + Tr[U1dU, In po] @ [U™LdU, po]
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The quantum metric for generic q

giving
tan trans

gq = gq + gq
with
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The case N =2

U,V € SU(2).

U=tdU = o;¢¢
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The case N =2

U,V € SU(2).

Patrizia Vitale? with V.I. Man'ko, G. Marmo and F. Ventriglia Quantum Information Geometry: quantum metrics for finite dime



The case N =2

U,V € SU(2).

Patrizia Vitale? with V.I. Man'ko, G. Marmo and F. Ventriglia Quantum Information Geometry: quantum metrics for finite dime



The case N =2

U,V € SU(2).

g

and similarly for pg~9.

The metric:

1
gq = qmdf(%dr
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The case N =2

U,V € SU(2).

e < (Ltrya _0

and similarly for pg~9.

The metric:

1
gq = qﬁdf X dr
2
- fq(aq — bg)(a1—q — bl—q)wl 00 +60°® 92)
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The case N =2

U,V € SU(2).

e < (Ltrya _0

and similarly for pg~9.

The metric:

1
gq = qﬁdf X dr
2
- fq(aq — bg)(a1—q — bl—q)wl 00 +60°® 92)
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The case N =3

U,V € SU(3)
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The case N =3

U,V € SU(3)

U=tdu = \¢
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The case N =3

U,V € SU(3)
U=tdu = \¢
0 0
pd=1 0 r O
0 0 r
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The case N =3

U,V e SU(3)
U=tdu = \¢
r, 0 0
pg=| 0 ] 0 = (agAo + BgA3 + Y4)8)
0 0 r
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The case N =3

U,V € SU(3)
U=tdu = \¢
q
r, 0 0
pd=1 0 r O = (agAo + BgA3 + Y4)8) (1)

q
0 0 r3
with 3 =1—r — rn, and a similar expression for pé_q.

The metric: i
tran — —d . d .
&g qrj rj & dr;
g;an — —8{5qﬂ1—q Z ¢ @ ¢
Jj#3,8
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The case N =3

U,V € SU(3)
U=tdu = \¢
0 0
pd=1 0 r O = (agAo + BgA3 + Y4)8) (1)
0 0 r
with 3 =1—r — rn, and a similar expression for pé_q.
The metric: i
= a0 0
g;an — —8{5qﬂ1—q Z ¢ e
j#3.8
+ V3 (\/g’Yq’Yl—q + BgV1—g + /Bl—q’Yq> Z ¢ ® 91}

j#1,2,3,8
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The case N =3

U,V € SU(3)
U=tdu = \¢
0 0
pd=1 0 r O = (agAo + BgA3 + Y4)8) (1)
0 0 r
with 3 =1—r — rn, and a similar expression for pé_q.
The metric: i
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The tomographic metric for N=2

Spin tomography

o p=1(o0+%:5)
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The tomographic metric for N=2
Spin tomography
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The tomographic metric for N=2
Spin tomography

o p=1(o0+%:5)
® W,(m; u) = (m|lupu=t|m) with u € SU(2) labeling the
tomographic reference frame
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The tomographic metric for N=2
Spin tomography

o p=1(o0+%:5)

® W,(m; u) = (m|lupu=t|m) with u € SU(2) labeling the
tomographic reference frame

@ it is a probability distribution —

SOV Wp) = (1= @) (1= X2, Wi(mi )W~ “(mi )
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The tomographic metric for N=2
Spin tomography

o p=1(o0+%:5)

® W,(m; u) = (m|lupu=t|m) with u € SU(2) labeling the
tomographic reference frame

@ it is a probability distribution —

SWp Wp) = (1= q) 71 (1= X, Wim; )W~ %(m; u))

® Gq = alyptsy + Gy) (Wl 0) @ AW ()
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The tomographic metric for N=2
Spin tomography

o p=1(o0+%:5)

® W,(m; u) = (m|lupu=t|m) with u € SU(2) labeling the
tomographic reference frame

@ it is a probability distribution —

SWp Wp) = (1= q) 71 (1= X, Wim; )W~ %(m; u))

® Gq = alyptsy + Gy) (Wl 0) @ AW ()

@ varying u we reconstruct the state p = (x1, x2, x3) (inverse
formula), but for this we only need a sufficiency set
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The tomographic metric for N=2
Spin tomography

o p=1(o0+%:5)

® W,(m; u) = (m|lupu=t|m) with u € SU(2) labeling the
tomographic reference frame

@ it is a probability distribution —

SWp Wp) = (1= q) 71 (1= X, Wim; )W~ %(m; u))

® Gq = alyptsy + Gy) (Wl 0) @ AW ()

@ varying u we reconstruct the state p = (x1, x2, x3) (inverse
formula), but for this we only need a sufficiency set

° <u13 = exp(im /401, uxz = exp(—im/4o2), Id) yield
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The tomographic metric for N=2
Spin tomography

o p=1(o0+%:5)

® W,(m; u) = (m|lupu=t|m) with u € SU(2) labeling the
tomographic reference frame

@ it is a probability distribution —

SWp Wp) = (1= q) 71 (1= X, Wim; )W~ %(m; u))

Go = Al + (Wp(l_;u))(dwp(Jr; u) @ dW,(+; u))
@ varying u we reconstruct the state p = (x1, x2, x3) (inverse
formula), but for this we only need a sufficiency set

° <u13 = exp(im /401, uxz = exp(—im/4o2), Id) yield
1+ 1+ 1+
W(+, u13) = 2X1 W(+, u23) = 2X2 W(+,Id) = 2X3
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@ Once the sufficiency set chosen, we can replace

dxx = 2dWi(+; u)

and get the quantum metric in terms of tomograms

8q = 8ik(q, x)dx) ® dx* — gg(W)



@ We have computed the quantum metric for finite dimensional
systems
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@ We have computed the quantum metric for finite dimensional
systems

@ We have computed the tomographic metric
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@ We have computed the quantum metric for finite dimensional
systems

@ We have computed the tomographic metric

@ We are looking for a reconstruction formula g(G)
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@ We have computed the quantum metric for finite dimensional
systems

@ We have computed the tomographic metric

@ We are looking for a reconstruction formula g(G)

Patrizia Vitale? with V.I. Man'ko, G. Marmo and F. Ventriglia Quantum Information Geometry: quantum metrics for finite dime



