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Aim of the talk

» We review the scaling behavior of the Rényi entanglement
entropy of the homogeneous, free fermionic chain and the rdle
played by the geometry of Riemann surfaces.

» We discuss the properties of the entropy under Maobius
transformations in critical and non critical theories.

» We compare the latter with conformal transformations in real
space.

Based on:
F Ares, J G Esteve, F F, A R de Queiroz, JSTAT (2016), 043106; arXiv:1511.02382

F Ares, J G Esteve, F F, A R de Queiroz, Mébius transformations in critical fermionic
chains. In preparation.
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Fermionic chain

H = (62)®N7 {anaain} = dnm, {anaam} = {aiwa;rn} =0.

e General quadratic, periodic, translational invariant Hamiltonian

N L
1 _
H = B E E <2Ala;flan+l + Bla:rla;rb_f_l - Blanan+l) )
n=1l=—L

with A_; = Zl and B; = —B_;. Periodic B.C. a,, = Apt+ N
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Fermionic chain

H = (62)®N7 {anaain} = dnm, {anyam} = {a;[”a;rn} =0.

e General quadratic, periodic, translational invariant Hamiltonian

N L
1 _
H = 5 leZL <2Alailan+l + B]CLILCLL_H — Blanan—H) ,
n=1[=—

with A_; = Zl and B; = —B_;. Periodic B.C. a,, = Apt+ N

e Note that:
» If B; =0 for all [, fermionic number is preserved.
» Im(A;) # 0 breaks reflection symmetry, P : a, — ian_p.
» Im(B;) # 0 breaks r. s. + charge conjugation, PC' : a,, — ia}rvfn.
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Bogoliubov modes.

N L
1 _
H = 5 E E (ZAZQILan—‘rl + Bla]:la“er - Blanan+l> ’
=1]=—L
" 1 N 2wk
b= —= Y e"a, O =+
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Bogoliubov modes.
1L & _
=3 Z Z (ZAZQILanH + BlaLaLH - Blanan+l) ,
n=1]=—L
1 K. ok
bk = ﬁ Z elnek”qm ek = 7

N
L L
= > A4 GO)= > B

l=—L l=—L

F(0) + F(—0)

= VEFIP +IGOP + F~(0), F(0)= ===
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Stationary states
For any set of modes K C {—N/2,...,N/2 — 1},

K) = [T dklo),  Ex=> A,

keK keK

|0): Fock space vacuum for Bogoliubov modes, dj |0) = 0.
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Stationary states
For any set of modes K C {—N/2,...,N/2 — 1},

K) = [T dklo),  Ex=> A,

keK keK
|0): Fock space vacuum for Bogoliubov modes, dj |0) = 0.

Ground state: |GS) = H d; |0)
Ag<0

Reflection. P:a,—ian_n, br — 1b_y

The Hamiltonian is not reflection invariant, but:
» The Bogoliubov modes are reflection covariant, P : dy — d_j

» The Fock space vacuum |0) is invariant.
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Non-critical Hamiltonian.
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Non-critical Hamiltonian.

20

<— Mass fycxf)
_l3 _lz —l1 0 ‘l\ 2 :;

0

|GS) = 10)

The ground state is reflection invariant!
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Critical Hamiltonian.

20

-05"-

<

s 9
Dirac sea

7 /24



Critical Hamiltonian.

20

osl DU’QC sea

GS) = T[ di.l0).

Ak <0
The ground state is not reflection invariant.
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Critical Hamiltonian.
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Critical Hamiltonian.

|GS) = |0)
The ground state is reflection invariant!
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Bipartite entanglement entropy.
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Bipartite entanglement entropy.

e o o (06 0o o o o(e o o

X Y

H=Hx @Hy

e Introduce the partition function
Za,x = Tr(p%)
Where px is the reduced density matrix
px = Truy, (IK) (K]).

e The Rényi entanglement entropy

Sa,x = log Z, x

1l—a
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Wick decomposition

K) = H dL |0), Slater det. = Wick decomposition holds
keK

Tr(anILlaLzamlamQ) = Tr(anIzla;(Lg)Tr(anmlamz)
- Tr(anjlla'ml)Tr(anILQamZ)

+ Tr(an;le a'mz) Tr(anILz Amy )
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Wick decomposition

K) = H dL |0), Slater det. = Wick decomposition holds
keK

Tr(anILlaLzamlamQ) = Tr(anIzla;(Lg)Tr(anmlamz)
- Tr(an;lea’mJTr(anILza’mz)

+ Tr(anIzla'mz)Tr(anILzamJ
Therefore, one can show

| Za,x = det fa(Vx) |

1+2\“ 1—z\“
o= |(57) ()
and the correlation matrix

(Vx)nm = <K‘ [( Z£ ) 7(OL;',L,ozm)} ‘K>, n,m &€ X.

with

R. D. Sorkin, arXiv:1402.3589 (1983); L. Bombelli, R.K. Koul, J. Lee, R.D. Sorkin, PRD 34 (1986);
G. Vidal, J.I. Latorre, E. Rico, A. Kitaev, PRL 90 (2003); I. Peschel, JPA 36 (2003).
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Correlation matrix

Due to translational invariance it is a block Toeplitz matrix with
2 x 2 symbol G. In the thermodynamic limit

1 (" »
(VX)nm = g(@)éﬂ(n—m)dg.
2m

T
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Correlation matrix

Due to translational invariance it is a block Toeplitz matrix with
2 x 2 symbol G. In the thermodynamic limit

1 (" :
(VX)nm = g(@)eW(n—m)dg.
2m

—T

G depends on the state |K). For the ground state one has

—1I, if A(6)<0 and A(—0)>0,
GO) =« M(0), if A(0)>0 and A(—0)>0,
I, if A(A)>0 and A(—6)<O0,

Where

FT)  G(O)
(G(H) —F+(9)>

VET0)? +1GO)

M) =
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Non-critical Hamiltonian (A(6) > 0)

G(0) = M(6), continous.
M(z) its analytic continuation from the unit circle.
It is meromorphic in a two-sheeted cover of the Riemann sphere.

L
g
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Non-critical Hamiltonian (A(6) > 0)

G(0) = M(6), continous.
M(z) its analytic continuation from the unit circle.
It is meromorphic in a two-sheeted cover of the Riemann sphere.

e Riemann surface =2 2
. 3:3 :"xz’sa
of genus g = 2L — 1; '
4L branch points. 1 .
Zr % Z7 z
e They are related by e
inversion and conjlljgation, S v
e.g. 23 =724 =25 . lz1=1
Take X ={1,2,...,|X|} and call V = lim Vx, Z,= lim Z,x.

Kv(z)=v(z)+ %j{ IZ_'My(y)V(y) dy, velL’(n)ec?

| Zo = det fo(V) = det fu(K) |
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Mobius transformations: 2/ = az + (a b

E;?;j7i’ c (1) S f?l)(Q,(:)

13 /24



. } b
Mobius transformations: 2/ = az + (a b

cz+d’ d

Sy = (‘Z)m (%) P s M) = M)

) € SL(2,C)

13 /24



Mobius transformations: 2/ =

az+b [a b
ot d ( d) € SL(2,C)

Sy = (‘?;')1/2 (%) P s M) = M)

Then the transformed operator K’ can be written

K’v(z')zv(z')—lr(aZ/)_l/Z ! ”W(ayl)mv(wdy.

Dz 2mi Sy 2=y X
,,,,,, \ s
|z'| =1 \L
—~| | —
v
|zI=1
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Mobius transformations: 2/ =
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az+0b (a b) € SL(2,C)

Then the transformed operator K’ can be written

K'v() = v(z')+<8Z/>_1/2 1 fI-MG) (W)1/2v<y’> dy.

0z 2mi J oz -y oy

9.\ 1/2 O
Define T'v(z) = <8> v(Z'(2)) s Iz |=1 ER
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Mobius transformations: 2/ =

cz+d’ d

oy = (‘?;’)1/2 (%) P s M) = M)

az+0b (a b) € SL(2,C)

Then the transformed operator K’ can be written

K'v() = v(z')+<8Z/>_1/2 1 fI-MG) (W)1/2v<y’> dy.

0z 2mi J oz -y oy

9.\ 1/2 O
Define Tv(z) = <8> v(Z'(2)) o N
z A
If v ~~ TK'v=KTv |

det fo(K') = det fo(K)

Y
Zé! = Za, Séx =Sa \‘:I:j\n\ ,,.»”/'/'}”’ |z|=1
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Admissible Mobius transformations

But a physical Mobius transformation should preserve the relations
between the branch points, e.g 2§ = 7, = 2, .

L=2 s ., z
_ .2,
g=3 L N .
io AW
Ly
Vg
P—y 1 [ —————— .
S I EX
I |
z®
ERra
s
,,,,,,, Ty
IzI=1

It implies that it should commute with inversion and conjugation,
equivalently, it should preserve the real line and the unit circle.
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Admissible Mobius transformations

But a physical Mobius transformation should preserve the relations
between the branch points, e.g 2§ = 7, = 2, .

g=3 7 ~

N
N

R e )
N

It implies that it should commute with inversion and conjugation,
equivalently, it should preserve the real line and the unit circle.

Therefore we are left with transformations in SO(1,1) C SL(2,C)

o z cosh ¢ + sinh ¢
zsinh ¢ + cosh ¢
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Admissible Mobius transformations: SO(1,1) c SL(2,C)
,  zcosh( +sinh(

zsinh ¢ + cosh ¢
Fixed points:
z = 1 stable, z = —1 unstable. -l !
Couplings A;, By:
spin L repr. of SL(2,C)
Al Arp By By,
: J, : J,
A6 :eC ( m)L A[) , 36 :eC ( I)L By
A, A_g B, B_j,
1 L
Recall: H = 3 Z Z [Alailanﬂ + BlaLaLH — Blanan+l]
n l=—L
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Example: XY model or Kitaev chain

N
Hxy = Z |:(11T1an+1 + aILJrlan + y(aLaLH — apan41) + haiﬂn}
n=1

Nearest neighbours interaction L = 1.

Dispersion relation

A(B) = \/(h +2cos6)2 + 472 sin? 6.

» Critical regions:

h = 2, Ising universality class.

, XX universality class.
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Ex. 1. XY model

h

9

or Kitaev chain

’ Region 2

XX model

Ellipses of constant entropy: flow of the Mobius transformations...

S I e i

' ' \

\
i

. \ ) N
' . \Region la
\

y‘, Region 1b \'\72 +(h/2)? =1

Ising critical

1

v

Barouch-McCoy circle separating regions 1a and 1b.

F. Franchini, A. R. Its, B.-Q. Jin, V. E. Korepin, J. Phys. A: Math. Theor. 40 (2007) 8467
E. Barouch, B. McCoy, Phys. Rev. A 3 (1971) 236
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Mobius transformations and critical theories.

L= ‘ Lz
g=3 g
4
AUz
,,,,,,,,,,,, el=1

(9‘2 ’ 01

Critical theories — pinchings at u = (uy,us, ..., ug), u, = er
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Mobius transformations and critical theories.

p Lz
g=3 g
o Ty
i
174
AUz
,,,,,,,,,,,, k|=]

(9‘2 ’ 01

Critical theories — pinchings at u = (uy,us, ..., ug), u, = er

Conjecture: Under admissible M&bius transf. and large | X| limit.

R 2-A
ou! « 1—a?
! / — T Z Aa — .
) =1 () Zoxtw -
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Mobius transformations and critical theories.

1+«
/ /
= 1 a, .
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Mobius transformations and critical theories.

&’X , 1+aZI

Can be proven assuming fermionic number conservation (B; = 0)

cx)(( )
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Mobius transformations and critical theories.

“‘j* -+ f;of)(( )

&,X (E/

Numerical test for L =2 and B; # 0

3.6 4

34 4

324

2.8 1
2.6 1
2.4 1
n 3n/4 /2 74 0
Or
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Mobius transformations and critical theories.

Consider the multi-interval X = (z1,22) U--- U (z2p_1,x2p)

—#—0—c—0ole—e e lo—ole e

Za(u,z) = Tr(p%)
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Mobius transformations and critical theories.

Consider the multi-interval X = (z1,22) U--- U (z2p_1,x2p)
—efo o of e o ofo of e o
Zao(u, z) = Tr(p%)
e Under a Mobius transformation (A4;, By, u,) — (A}, B, u,.)

1 Yr
R 7\ 2P-An
o =T (52) zalwo)

r=1
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Mobius transformations and critical theories.

Consider the multi-interval X = (z1,22) U--- U (z2p_1,x2p)
—efo o of e o ofo of e o
Zao(u, z) = Tr(p%)
e Under a Mobius transformation (A4;, By, u,) — (A}, B, u,.)

R au/ 2P-A,
Zz) =[] (au’") Za(u, ).

r=1

e For a conformal transformation in space ;, +— x;, we have

Zo(u,z') = ﬁ (6:%)]%% Zo(u, 2)

T
p=1 Iy

P. Calabrese, J. Cardy, E. Tonni, J. Stat. Mech. P11001 (2009); J. Stat. Mech. P01021 (2011)
M. Fagotti, Europhys. Lett. 97, 17007 (2012)
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Mobius transformations and critical theories.

Combining Mébius & conformal (A;, By, uy, zp) + (A}, By, uy., x;,)

ZL( 2') = [ [(Jrp) 2 Za(u, ).

T7p
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Mobius transformations and critical theories.

Combining Mébius & conformal (A;, By, uy, zp) + (A}, By, uy., x;,)

ZL( 2') = [ [(Jrp) 2 Za(u, ).

r7p
Where J,., is the complex Jacobian determinant e
R
B ou,, 8%2
"= Bu, oz, x1_“”. 77777 e
X
of the SO(1,1) x SO(2,1) transformation R S
(u, ) = (', 2)
~_
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Mobius transformations and critical theories.

Combining Mobius & conformal (A;, By, uy, xp) —

ZL( 2') = [ [(Jrp) 2 Za(u, ).

T7p

Where J,, is the complex Jacobian determinant

_ou, 0
P du, Oxy,
of the SO(1,1) x SO(2,1) transformation S

(u,z) — (v, 2")

Xi |

IRl
(Al7Bl7u7‘7xp

Can this be extended to a more general group?

)
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Example: XY model or Kitaev chain

N
Hxy = Z [a’tan-i-l + CLILH% + W(QLC‘LH — Gn@nt1) + hajza"}

n=1

Dispersion relation

A(O) = \/(h +2cos6)2 + 472 sin? 6.
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Example: XY model or Kitaev chain

N
Hxy = Z [a’tan-i-l + GILH% + W(QLC‘LH — Gn@nt1) + hajza"}

n=1

Dispersion relation

A(O) = \/(h +2cos6)2 + 472 sin? 6.

» Critical regions:
h = 2, Ising universality class, ¢ = 1/2

, XX universality class,

» Non critical regions:
Nearest neighbors couplings = L = 1, hence g = 1.

The entropy involves elliptic integrals ....
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Ex. 1. XY model

h

9
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’ Region 2

XX model

Ellipses of constant entropy: flow of the Mobius transformations...

S I e i

X : \

' ' \

\
i

. \ ) N
' . \Region la
\

y‘, Region 1b \'\72 +(h/2)? =1

Ising critical

1

v

Barouch-McCoy circle separating regions 1a and 1b.

F. Franchini, A. R. Its, B.-Q. Jin, V. E. Korepin, J. Phys. A: Math. Theor. 40 (2007) 8467
E. Barouch, B. McCoy, Phys. Rev. A 3 (1971) 236

24 /24



Ex. 1. XY model or Kitaev chain

h P R

’ Region 2

2l

-,

y‘, Region 1b \'\72 +(h/2)? =1
‘ !
i

1 v

I
|
|
I
|
|
I
|
XX modcl:

Ellipses of constant entropy: flow of the Mobius transformations...

Barouch-McCoy circle separating regions 1a and 1b.

F. Franchini, A. R. Its, B.-Q. Jin, V. E. Korepin, J. Phys. A: Math. Theor. 40 (2007) 8467
E. Barouch, B. McCoy, Phys. Rev. A 3 (1971) 236

24 /24



Ex. 1. XY model

h

9

or Kitaev chain

’ Region 2

XX model

Ellipses of constant entropy: flow of the Mobius transformations...

-,

y‘, Region 1b \'\72 +(h/2)? =1
‘ !
i

1 v

Barouch-McCoy circle separating regions 1a and 1b.

F. Franchini, A. R. Its, B.-Q. Jin, V. E. Korepin, J. Phys. A: Math. Theor. 40 (2007) 8467
E. Barouch, B. McCoy, Phys. Rev. A 3 (1971) 236

24 /24



Ex. 1. XY model

h

9

or Kitaev chain

’ Region 2

XX model

Ellipses of constant entropy: flow of the Mobius transformations...

-,

y‘, Region 1b \'\72 +(h/2)? =1
‘ !
i

1 v

Barouch-McCoy circle separating regions 1a and 1b.

F. Franchini, A. R. Its, B.-Q. Jin, V. E. Korepin, J. Phys. A: Math. Theor. 40 (2007) 8467
E. Barouch, B. McCoy, Phys. Rev. A 3 (1971) 236

24 /24



