FrROM CALOGERO MODELS TO SPIN CHAINS:
ENTANGLEMENT AND ENTROPY OF A SU(1[1)
SUPERSYMMETRIC SPIN CHAIN WITH LONG-RANGE
INTERACTIONS

M.A. Rodriguez

Universidad Complutense de Madrid, Spain

Joint work with J.A. Carrasco, F.Finkel, A. Gonzélez-Lépez and P. Tempesta San Rufo. July 11, 2016

M.A. Rodriguez (UCM) su(1|1) supersymmetric spin chains 1/40



OUTLINE

© CALOGERO-SUTHERLAND MODELS

© SPIN CHAINS

© CRITICAL SYSTEMS AND FREE ENERGY
@ ENTROPY AND ENTANGLEMENT

e ASYMPTOTIC EXPRESSIONS FOR THE ENTROPY

M.A. Rodriguez (UCM) su(1|1) supersymmetric spin chains 2 /40



INTRODUCTION

Calogero-Sutherland models:

282 +) V(x

i<j

Y(x1, ..., Xn)

A, rational model:

1
232 +w2Zx +a(a—1) Z(X,—XJ)Z

1<J
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SPIN MODELS

Ap, rational model with SU(m) spin:

+ 5
282 +W2ZX +a Z(j,xjjy

1<J

l/J(Xl,. . ,XN)|51,. . .,SN>

Sijlsty -y Siye Sy ySN) = |S1, -5 Sjy e Siye e, SN)
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SPIN MODELS

Polychronakos freezing trick
Scalar potential (w = a2, Q =1):

U(x) :Z(Xi_lxj)2+a2zx,?, V(x) :Z(Xl_lxj)z

Scalar and spin Hamiltonians
Hie = =Y 02 +a*U(x) — aV/(x)
Hs = — Z@fq + a?U(x) — aH(x) = Hye + a(V(x) — H(x))
IO R ——
SRS

i<j !
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SPIN HAMILTONIAN

Equilibrium point of the scalar potential U(x):

1
—&=0, i=1,...N
Z&—fj ¢ ,

JyJ>i

Spin chain Hamiltonian

= Z (14 Sj)

i<j
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Calogero-Sutherland models

In the limit a — oo, the spin and dynamical degrees of freedom decouple,
and the particles are “frozen” at the equilibrium point of the scalar
potential. The spectrum of the spin model and the partition function can
be obtained from the spectra and partition functions of the scalar and
dynamical spin models:
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SPIN CHAINS

Translation-invariant closed spin chain.

Sites: occupied by a boson or a (spinless) fermion

Boson and fermion creation operators at the /-th site:

bi, £

1

Hilbert space: 2V-dimensional subspace of the Fock space

bibi+fif=1, 1<i<N,

HAMILTONIAN

H=> hn(j—i)(1-Sj)— AN

i<j
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J

|0) = boson, |1) =fermion

5U|...,S,',...,5_,',...

+ £ bl fibj + bl £ bif;

n=s; =sj, Si=5;
{#fermionsatsites:i+1,...,j—1, Si #£ S
Periodic chains: hy(x) = hy(N — x):
hn(x) = hn(—x) = hy(x+ N) >0, Vx € R.
L
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SPINLESS HOPING FERMIONS

Any chain of this form can be recast into a model of spinless hopping
fermions:

identify |0) with the fermion vacuum

@ Fermion creation operators:

The chain sites are either empty (|0)) or occupied by a fermion (|1))

Hilbert space: whole 2V-dimensional Fock space, operators a;r acting
on the vacuum |0,...,0)

Operator Sj;:
.I.

Sy = 1= afa— afa; + afa; + 3. '
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HAMILTONIAN

- Z hn(i —j)alTaj - )\Z a;fa,-,
i i

Diagonalization
Fourier-transform:

NG

¢y is a new set of fermionic operators
cg creates a fermion with momentum p = 27¢/N (mod 27)

N
72 27I'1k£/N , OSKSN_]-'
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HAMILTONIAN
N—1
H = ( ) cg Cy

=0

N—1

en(l) = [1— cos(2mjt/N)] hn(j)
j=1
L
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e £n(¢) depends on £ and N only through the corresponding
momentum 27¢/ N,

en(0) = EQ2nl/N),  0<L<N-1,

e &: dispersion relation (a smooth function defined in the
interval [0, 27]).

o If £ exists, it is necessarily unique, and £(p) = £(27 — p).
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Particular case:

a>0, pnx)=p(xN/2,ia/2), 7 =C((1/2;1/2,iN/(2a))

o(x; w1,ws3) = Weierstrass elliptic function
¢(x; w1, w3) = Weierstrass zeta function
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The model

smoothly interpolates between
o the Heisenberg chain (for a = 0)

e the Haldane-Shastry (for a = c0) su(1|1) chain (with a chemical
potential)

(m/N)?

lim hN(X) = 517)( + 5N71’X’ ali—>moo hN(X) B sin? (ﬂ-X)
N

a—0+
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The Heisenberg chain can be transformed into the spin 1/2 (closed) XX
Heisenberg Hamiltonian

1 N A N
=32 (oot el + (1-5) S+ o).
i=1 i=1

through the standard Wigner—Jordan transformation

1
akzaf---aﬁ_l'z( —ioy), 1<k<N
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THE DISPERSION RELATION

for the elliptic interaction

£(p) = 2sinh?(7/a) [g)(p) - (C(p) - mp>2 - 201]

p(p) = p(pimin/a), ((p)=((pimin/a), m =((r).

2m-periodic function, independent of the number of particles N.
The dispersion relations of the XX model and the su(1|1) are the limits
when o« = 0+ and o —

Exx(p) =2(1—cosp),  Ens(p) = 5 p(2n —p)
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CRITICAL BEHAVIOR AND CENTRAL CHARGES

N—

H = > ( )chp

|_|

&~

Ground state of the model: the modes excited in the ground state are
those whose momenta p = 27¢/N satisfy the condition A > &(p)

e the dispersion relation has a positive derivative in (0, 7)
(monotonically increasing with maximum at p = )

e this is the case for the elliptic interaction (in particular, for the XX
model and the su(1|1) Haldane-Shastry chains)
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Critical systems and free energy

£@nl/N)
Er)p--------=

:
I
| N —1
I
I

— /

ly N/2 N-Ip N

Dispersion relation £(27¢/N) as a function of the mode number ¢ =0,... N -1
(modes excited in the ground state: thick red line)

The model is gapless for A € [0, E(7)].
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Critical systems and free energy

@ the system is gapped for A <0 or A > S( ). If A <0 the gap

between the first excited state CO\O ,0) and the ground state is
= Al >0, (N — o0)

e if 0 < A < &(m), the gap between the first excited state and the
ground state

AE =min(A — EQ2r[bo]/N),EQ2n([Lo]) +1)/N) — ),

is O(1/N), since A = E(2mly/N).

AE tends to zero as N — oo and the system is gapless.
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CRITICALITY

o If A € (0,&(m)) the su(1|1) chain is critical: at low energies its
spectrum is that of a (1 4 1)-dimensional CFT with one free boson:

AE ~ &' (po)Ap, po=2mly/N=E N € (0,7)

as in a (1 + 1)-dimensional CFT with v = &'(po).
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CENTRAL CHARGES

At low temperatures the free energy (per unit length) of a (1 + 1)-
dimensional CFT

¢ = the central charge
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Critical systems and free energy

Free energy of the spin chain given by

N—-1
F(T)=-TlogZ=-TY logZ
=0

Zy =1+ ¢ BE@T/N)=A) the partition function of the /-th normal mode.

low temperature behavior of f(T)

T T2 3
AT) =~ "4 O(T?)

The spin chain is critical for 0 < A < &(m), with central charge ¢ = 1.
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Critical systems and free energy

Critical behavior of the su(1|1) chain at the endpoints A = 0,&()
e A =0, £(0) # 0 the chain is critical but has central charge ¢ = 1/2;

its low energy behavior is described by a CFT with one free fermion.

7T?2 3
AT)=fo— "0+ 0(T?)

o elliptic interaction
o the su(1|1) Haldane—Shastry chain (o = oo case) can be described at
low energies by a (1 4 1)-dimensional CFT with one free fermion

e at the endpoint A = £(m) the model is not critical
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ENTROPY
Aim: construct the von Neumann entanglement entropy S of the ground
state of the su(1|1) supersymmetric model

VON NEUMANN ENTROPY

of the reduced density matrix p; of a block of L consecutive sites when the
system is in its ground state.

|1): ground state of the chain

pL=try_r [¢) (Y]

try_y: trace over the Hilbert space of the remaining N — L sites
The von Neumann entanglement entropy is given by

S=—tr(prlogpL)
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Entropy and entanglement

Rényi entropy

log tr(ch’)

Sg=—1_g v >0 lmS;=S$

The von Neumann and Rényi ground-state entanglement entropies of a
(14 1)-dimensional CFT scale as rqlog L when L — oo

1 _ _
rq = E(l"i‘q 1)(C+C)

Since the su(1|1) supersymmetric chain is critical for 0 < A < &(7), with
central charge ¢ = € =1, it is to be expected that

1
5q26(1+q_1)logL, L — o0
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Entropy and entanglement

The ground state is not entangled for A outside the interval [0, E(7)]
e If A < 0 the ground state is the vacuum |0, ..., 0) (all the modes
have positive energy £(2m¢/N) — \)
The ground state is a product state (|0)®"), and is not entangled.
o If A > &(m), £(2m¢/N) — X < 0 for all £ and all the modes are
excited: cgh/}} =0forall{=0,...,N—-1

N-1

1 —2mike/N 1
ally) = —Ze qlvy=0, 1<k<N
VN =
Hence |¢) = |1,...,1) = |1)®N, again a product state and therefore
not entangled.
L

M.A. Rodriguez (UCM) su(1|1) supersymmetric spin chains 27 / 40



A € (0,&(m))

First step: evaluation of the ground-state correlation matrix A

Amn - <?/f\ajnan|1l)> = <a;rnan>u 1 < m,n < N
For the ground state:
Glv) =0, L] +1<j<N-—lh]-1
CJT|¢> =0, otherwise

Then
0 14 1<j<N-—|l] -1
<CTCk>: ) LOJ—F >/ > I_OJ
! djk,  otherwise,
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Entropy and entanglement

Using the inverse Fourier transform formula

1 N-1
= —— e27r1 kﬁ/NCe
N =0
we get
1 [40] N—1
Ann = N + e—27ri(m—n)€/N
(=0 0=N—|fo]
1 [4o]
=N + N Zcos(27r(m — n){/N)
/=1
N>1 1 [Po sin(po(m - n))
~ = —n))dp= T )
- /0 cos(p(m —n)) dp m =)
L
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Entropy and entanglement

Second step: evaluation of the correlation matrix A; for a block of L
consecutive sites

Reduced density matrix p;, 1 < m,n< L

(AL)mn :<ajna,,>L = trL(aina,,pL)
=tr

(ahanl) (¥]) = (¥|al,an|t)) = Amn

try: the trace over the Hilbert space of the first L sites.
Ay is the submatrix of A consisting of its first L rows and columns.
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Entropy and entanglement

Third step: Construction of an alternative basis of fermionic operators
whose correlation matrix is diagonal

U= (Umn)lgm,ngL, UALU]L :diag(,ul,...,,uL)

pi, ..., pp € [0,1]: eigenvalues of Aj.

L
8= Umam, 1<k<L

m=1

acting on the Hilbert space of the first L sites.
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Entropy and entanglement

Fourth step: Correlation matrix in the basis gx

<ng/>L = Ok

This equation and Wick's theorem for Gaussian states imply that the
correlation matrix factorizes as

pL= k106, 0k = 18l + (1 — pk)erg)
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Entropy and entanglement

@ The Hilbert space of the system is the tensor product of the
two-dimensional spaces spanned by the vectors |v>k,g;r|v>k
(1 < k < N), where gi|v)x = 0.

@ ok is diagonal in the basis {\v)k,gl\vﬂ}, with respective
eigenvalues 1 — p, and p.

@ The von Neumann and Rényi entropies of g, are respectively equal
to s(uk) and sg(pek), where

{ s(x) = —xlogx — (1 — x) log(1 — x),
sq(x) = (1 —q) tlog [x9 + (1 —x)9] .
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Entropy and entanglement

By the additivity property of these entropies

L
5= Zs(,“k)s Sq = qu(ﬂk)-

k=1 k=1
The entropy of all of these models is a universal function of the Fermi

momentum pg, the difference between two models is given by the
dependence of pg on the parameter A.
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Entropy and entanglement

i \
20F v
i \

[ — a=2
1.5-_ / o = N
LW oa=4
[*) [ ',' o =
10| o = J
oa=12
0~5-_ — a =20 4
[ — o =50
0.0f 1
0 1 2 3 4 5
A

Approximation to the von Neumann entanglement entropy (g = 1) of the
elliptic su(1|1) chain for L = 1000 and several values of the parameter o between
2 and 50. The red and blue dashed curves correspond respectively to the XX

Heisenberg model (« = 0) and the su(1]|1) Haldane-Shastry chain (a = o) 4
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AsymproTICS: A — 0,&(™)

Behavior of the entropy as A approaches its extreme critical values 0
and &(m).

A— 0
L q
—q
Sq >~ sq(Lpo/m) =~
q Lpo
_, qg>1.
g—1=
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Asymptotic expressions for the entropy

If Lpg < 1 the von Neumann entropy can be approximated by

L L
S~ s(Lpo/m) ~ — Plog (P) _

™

@ S5 and S are continuous at A = 0 and X\ = &(m).

@ These entropies have a discontinuous first derivative (with respect to
the chemical potential \) at A =0 and A = &(m).

o The analysis suggests that there is a quantum phase transition
at A =0 and A\ = &(m) between an ordered (non-entangled) and a
disordered (entangled) ground state, with the entanglement entropy
as the order parameter.
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L Asymetotic oxpressons for the entropy |
AsymMPTOTICS: 0 < A < &(7) FIXED, AND L>1

e Apn is a function of m — n only: the correlation matrix A; is a
Toeplitz matrix.

@ Using the Fisher—Hartwig conjecture

1 .
Sq= qg; log(Lsin po) + fy:{q) +0o(1),
e su(1]1) HS chain:
_ g+l : 2 (a)
Sq = 6q Iog{Lsm( T 2)\” +7;7 +0o(1).
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Conclusions

CONCLUSIONS

e Exactly solvable one-dimensional quantum models are very useful as a
source of key ideas in many fields of Physics (as in condensed matter
or the theory of critical phenomena)

e Thermodynamical properties of the supersymmetric su(1|1) spin chain
can be explicitly computed and allow to relate it to CFT theories with
specific values of the central charge

@ The entanglement entropy can also be computed in analytic form and
many interesting properties of its asymptotic behavior can be
discussed in a precise way.
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