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◮ Theorem of Liouville–Haantjes.

◮ Results about Bihamiltonian structures and Stäckel separability, by
Ibort, Magri & Marmo, 2000 J. of Geometry and Physics 33.
210–228
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Theorem of Liouville–Haantjes

Theorem (Tempesta & T., 2015)
Let M be a 2n-dimensional ωH manifold and (H1,H2, . . . ,Hn) be smooth
independent functions forming a Lenard-Haantjes chain. Then, the
foliation generated by these functions turns out to be Lagrangian.
Consequently, each Hamiltonian system, with Hamiltonian functions Hj ,
1 ≤ j ≤ n is integrable by quadratures. Conversely, If a Hamiltonian
system in n dimensions is completely integrable in the Liouville-Arnold
sense, and its Hamiltonian function H = H1 is non degenerate, then it
admits an associated ωH structure in any tubular neighborhood of an
Arnold torus, given by

Kα =

n
∑

i=1

ν
(α+1)
i

νi
(J)

(

∂

∂Ji
⊗ dJi +

∂

∂φi

⊗ dφi

)

α = 0, . . . , n− 1 , (1)

where να+1
i := ∂Hα+1

∂Ji
, are just the frequencies of the (α + 1 = j) linear

flows on the torus.
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Ibort, Magri & Marmo (2000)

(T ∗Q×R,P0,P1) : bi–Hamiltonian manifold

(T ∗Q,Ω = P̌0
−1

,N) : ωN manifold

(Q, g , L) : Benenti manifold

Q

R
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KdV stationary flows of seventh order
Integrability of Nijenhuis and Haantjes

Search for integrals of motion

Problem: Given an integrable Hamiltonian system, how to find enough
integrals of motion in involution?

◮ We shall focus on the Bi-Hamiltonian approach, only, where the
integrals of motion are functions whose differential belong to chains
generated by suitable tensors fields associated with the dynamics;
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Search for integrals of motion

Problem: Given an integrable Hamiltonian system, how to find enough
integrals of motion in involution?

◮ We shall focus on the Bi-Hamiltonian approach, only, where the
integrals of motion are functions whose differential belong to chains
generated by suitable tensors fields associated with the dynamics;

◮ PN manifolds (P : Poisson bivector, N : Nijenhuis operator, Magri &
Morosi, 1984)
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Search for integrals of motion

Problem: Given an integrable Hamiltonian system, how to find enough
integrals of motion in involution?

◮ We shall focus on the Bi-Hamiltonian approach, only, where the
integrals of motion are functions whose differential belong to chains
generated by suitable tensors fields associated with the dynamics;

◮ PN manifolds (P : Poisson bivector, N : Nijenhuis operator, Magri &
Morosi, 1984)

◮ Haantjes manifolds (Magri, 2014, Tempesta & T., 2014)
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Integrability of Nijenhuis and Haantjes

Search for integrals of motion

Problem: Given an integrable Hamiltonian system, how to find enough
integrals of motion in involution?

◮ We shall focus on the Bi-Hamiltonian approach, only, where the
integrals of motion are functions whose differential belong to chains
generated by suitable tensors fields associated with the dynamics;

◮ PN manifolds (P : Poisson bivector, N : Nijenhuis operator, Magri &
Morosi, 1984)

◮ Haantjes manifolds (Magri, 2014, Tempesta & T., 2014)

◮ Lenard–Magri chains in PN manifolds;
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KdV stationary flows of seventh order
Integrability of Nijenhuis and Haantjes

Search for integrals of motion

Problem: Given an integrable Hamiltonian system, how to find enough
integrals of motion in involution?

◮ We shall focus on the Bi-Hamiltonian approach, only, where the
integrals of motion are functions whose differential belong to chains
generated by suitable tensors fields associated with the dynamics;

◮ PN manifolds (P : Poisson bivector, N : Nijenhuis operator, Magri &
Morosi, 1984)

◮ Haantjes manifolds (Magri, 2014, Tempesta & T., 2014)

◮ Lenard–Magri chains in PN manifolds;

◮ Lenard–Haantjes chains in PH manifolds.
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KdV stationary flows of seventh order
Integrability of Nijenhuis and Haantjes

Integrability of Nijenhuis and Haantjes

Theorem (Haantjes, 1955)
Let K : TM → TM a smooth field of operators and suppose that

◮ its eigen-distributions have constant rank in each point of M;

Then, the n.a.s condition in order that an integrable frame exists which is
an eigen–frame of K is that the Haantjes tensor of K vanishes.

Remark
If K is not semisimple, the vanishing of the Haantjes tensor is only
sufficient to the existence of an integrable frame which is also an
eigen–frame of K .
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KdV stationary flows of seventh order
Integrability of Nijenhuis and Haantjes

Integrability of Nijenhuis and Haantjes

Theorem (Haantjes, 1955)
Let K : TM → TM a smooth field of operators and suppose that

◮ its eigen-distributions have constant rank in each point of M;

◮ it is semisimple (diagonalizable) in each point of M.

Then, the n.a.s condition in order that an integrable frame exists which is
an eigen–frame of K is that the Haantjes tensor of K vanishes.

Remark
If K is not semisimple, the vanishing of the Haantjes tensor is only
sufficient to the existence of an integrable frame which is also an
eigen–frame of K .

Giorgio Tondo, Università di Trieste, Italy Haantjes manifolds of KdV stationary flows



Introduction
Bi-Structured manifolds
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Integrability of Nijenhuis and Haantjes

Nijenhuis tensor

◮ Let M be a differentiable manifold and K : TM → TM be a (1,1)
tensor field. The Nijenhuis torsion of K is the skew-symmetric (1, 2)
tensor field defined by

TK (X ,Y ) := K
2[X ,Y ] + [KX ,KY ]− K

(

[X ,KY ] + [KX ,Y ]
)

,

where X ,Y ∈ TM and [ , ] denotes the commutator of two vector
fields.
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Integrability of Nijenhuis and Haantjes

Nijenhuis tensor

◮ Let M be a differentiable manifold and K : TM → TM be a (1,1)
tensor field. The Nijenhuis torsion of K is the skew-symmetric (1, 2)
tensor field defined by

TK (X ,Y ) := K
2[X ,Y ] + [KX ,KY ]− K

(

[X ,KY ] + [KX ,Y ]
)

,

where X ,Y ∈ TM and [ , ] denotes the commutator of two vector
fields.

◮ The Haantjes tensor associated with K is the (1, 2) tensor field
defined by

HK (X ,Y ) := K
2TK (X ,Y )+TK (KX ,KY )−K

(

TK (X ,KY )+TK (KX ,Y )
)

.

Giorgio Tondo, Università di Trieste, Italy Haantjes manifolds of KdV stationary flows



Introduction
Bi-Structured manifolds

KdV stationary flows of seventh order
Integrability of Nijenhuis and Haantjes

Nijenhuis tensor

◮ Let M be a differentiable manifold and K : TM → TM be a (1,1)
tensor field. The Nijenhuis torsion of K is the skew-symmetric (1, 2)
tensor field defined by

TK (X ,Y ) := K
2[X ,Y ] + [KX ,KY ]− K

(

[X ,KY ] + [KX ,Y ]
)

,

where X ,Y ∈ TM and [ , ] denotes the commutator of two vector
fields.

◮ The Haantjes tensor associated with K is the (1, 2) tensor field
defined by

HK (X ,Y ) := K
2TK (X ,Y )+TK (KX ,KY )−K

(

TK (X ,KY )+TK (KX ,Y )
)

.

◮ A Haantjes (Nijenhuis) field of operators is a field of operators
whose associated Haantjes (Nijenhuis) tensor identically vanishes.
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Integrability of Nijenhuis and Haantjes

A remarkable property of Haantjes operators

Theorem (Bogoyavlenskij, 2004)
Let K be an operator with vanishing Haantjes tensor in M. Then for any
polynomial in K , with coefficients aj ∈ C∞(M), the associated Haantjes
tensor also vanishes, i.e.

HK (X ,Y ) = 0 =⇒ H(
∑

j aj (x)K
j )(X ,Y ) = 0. (2)

This means that a single Haantjes operator generates a module over the
ring of smooth functions of M .
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Integrability of Nijenhuis and Haantjes

Semisimple Haantjes and Nijenhuis operators

The class of Haantjes operators is more general than that of Nijenhuis
operators.

Theorem
Let K a smooth field of operators. If there exists a local coordinate chart
{(x1, . . . , xn)}, where K takes a diagonal form, i.e.

K =

n
∑

i=1

li(x)
∂

∂xi
⊗ dxi ,

then the Haantjes tensor of K vanishes. In particular, if li(x) = λi (xi ),
i = 1, . . . , n, the Nijenhuis tensor of K also vanishes.
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Bi-Hamiltonian manifolds
PN manifolds
PH manifolds

Bi-Hamiltonian manifolds

Bi-Hamiltonian manifolds: a natural setting to study the Poisson and the
symplectic geometry of integrable systems. (M , {, }0, {, }1, )

◮ M is a differentiable manifold;
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Bi-Hamiltonian manifolds: a natural setting to study the Poisson and the
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Bi-Hamiltonian manifolds
PN manifolds
PH manifolds

Bi-Hamiltonian manifolds

Bi-Hamiltonian manifolds: a natural setting to study the Poisson and the
symplectic geometry of integrable systems. (M , {, }0, {, }1, )

◮ M is a differentiable manifold;

◮ { , }0 is a Poisson bracket in M , possibly degenerate;

◮ { , }1 is a different Poisson bracket in M , possibly degenerate;

◮ ({ , }0, { , }1) are compatible Poisson brackets, i.e. are such that
{ , }1 + λ{ , }0 is a Poisson pencil ∀λ ∈ C.
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KdV stationary flows of seventh order

Bi-Hamiltonian manifolds
PN manifolds
PH manifolds

Bi-Hamiltonian manifolds

Bi-Hamiltonian manifolds: a natural setting to study the Poisson and the
symplectic geometry of integrable systems. (M , {, }0, {, }1, )

◮ M is a differentiable manifold;

◮ { , }0 is a Poisson bracket in M , possibly degenerate;

◮ { , }1 is a different Poisson bracket in M , possibly degenerate;

◮ ({ , }0, { , }1) are compatible Poisson brackets, i.e. are such that
{ , }1 + λ{ , }0 is a Poisson pencil ∀λ ∈ C.

◮ Equivalently, a Bi-Hamiltonian manifold can be defined by two
compatible Poisson bi–vector fields (P0,P1), i.e., such that
P0 + λP1 is a Poisson pencil.
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PH manifolds

PN manifolds

(M ,P ,N)

◮ M is differentiable manifold;
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PN manifolds

(M ,P ,N)

◮ M is differentiable manifold;

◮ P : TM∗ → TM is a Poisson bivector in M ;
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Bi-Hamiltonian manifolds
PN manifolds
PH manifolds

PN manifolds

(M ,P ,N)

◮ M is differentiable manifold;

◮ P : TM∗ → TM is a Poisson bivector in M ;

◮ N : TM → TM , is a Nijhenuis (or hereditary) operator;
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KdV stationary flows of seventh order

Bi-Hamiltonian manifolds
PN manifolds
PH manifolds

PN manifolds

(M ,P ,N)

◮ M is differentiable manifold;

◮ P : TM∗ → TM is a Poisson bivector in M ;

◮ N : TM → TM , is a Nijhenuis (or hereditary) operator;

◮ (P ,N) are compatible, i.e. (M ,P0 := P ,P1 := NP) must be a
bi-Hamiltonian manifold.
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Bi-Hamiltonian manifolds
PN manifolds
PH manifolds

Lenard-Magri Chains in PN manifolds

Ik := 1
2k tr(N

k), k = 1, . . . , n Lenard chain generated by I
dI1 = dI
dI2 = NTdI
...

dIk

NT

��

P1=NP0

""❊
❊❊

❊❊
❊❊

❊

Xk BH formulation

dIk+1

P0=P

<<③③③③③③③③

dIn = (NT )n−1 dI

LXk
(N)=0 ⇒ Recursion operator {Ij , Ik}0,1=0
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Bi-Hamiltonian manifolds
PN manifolds
PH manifolds

Problem

Most of the classical integrable Hamiltonian systems do not admit a BH
formulation (Brouzet, 1993).
Some generalizations of the BH theory:

◮ A BH formulation of X w.r.t. alternative (i.e. not including P0)
Poisson structures, still compatible each other (Marmo, Vilasi et al.,
1984);
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Bi-Hamiltonian manifolds
PN manifolds
PH manifolds

Problem

Most of the classical integrable Hamiltonian systems do not admit a BH
formulation (Brouzet, 1993).
Some generalizations of the BH theory:

◮ A BH formulation of X w.r.t. alternative (i.e. not including P0)
Poisson structures, still compatible each other (Marmo, Vilasi et al.,
1984);

◮ a BH formulation of X w.r.t. a pair of incompatible Poisson tensors
(Bogoyavlenskij, 1995).
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PN manifolds
PH manifolds

Problem

Most of the classical integrable Hamiltonian systems do not admit a BH
formulation (Brouzet, 1993).
Some generalizations of the BH theory:

◮ A BH formulation of X w.r.t. alternative (i.e. not including P0)
Poisson structures, still compatible each other (Marmo, Vilasi et al.,
1984);

◮ a BH formulation of X w.r.t. a pair of incompatible Poisson tensors
(Bogoyavlenskij, 1995).

◮ a BH formulation of X w.r.t. a degenerate bi–Hamiltonian structure
in an extended phase space (BH manifold) (Ibort, Magri & Marmo,
2000);
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KdV stationary flows of seventh order

Bi-Hamiltonian manifolds
PN manifolds
PH manifolds

Problem

Most of the classical integrable Hamiltonian systems do not admit a BH
formulation (Brouzet, 1993).
Some generalizations of the BH theory:

◮ A BH formulation of X w.r.t. alternative (i.e. not including P0)
Poisson structures, still compatible each other (Marmo, Vilasi et al.,
1984);

◮ a BH formulation of X w.r.t. a pair of incompatible Poisson tensors
(Bogoyavlenskij, 1995).

◮ a BH formulation of X w.r.t. a degenerate bi–Hamiltonian structure
in an extended phase space (BH manifold) (Ibort, Magri & Marmo,
2000);

◮ a Quasi-BH formulation (or generalized Lenard-chains) of X w.r.t. a
standard bi–Hamiltonian structure in its original phase space (ωN
manifold) (Morosi & T., 1997, Falqui, Magri & T., 2000, Falqui &
Pedroni, 2003, Tempesta & T., 2012).
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Bi-Hamiltonian manifolds
PN manifolds
PH manifolds

PH manifolds

(M ,P ,K0,K1, . . . ,Kα, . . .)

◮ M is a differentiable manifold;
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Bi-Hamiltonian manifolds
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PH manifolds

PH manifolds

(M ,P ,K0,K1, . . . ,Kα, . . .)

◮ M is a differentiable manifold;

◮ P : TM∗ → TM is a Poisson bivector in M ;
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Bi-Hamiltonian manifolds
PN manifolds
PH manifolds

PH manifolds

(M ,P ,K0,K1, . . . ,Kα, . . .)

◮ M is a differentiable manifold;

◮ P : TM∗ → TM is a Poisson bivector in M ;

◮ Kα : TM → TM , α = 0, . . . , n, are Haantjes operators;
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Bi-Hamiltonian manifolds
PN manifolds
PH manifolds

PH manifolds

(M ,P ,K0,K1, . . . ,Kα, . . .)

◮ M is a differentiable manifold;

◮ P : TM∗ → TM is a Poisson bivector in M ;

◮ Kα : TM → TM , α = 0, . . . , n, are Haantjes operators;

◮ (P ,Kα) are algebraic compatible: KαP = PKα
T ;
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Bi-Hamiltonian manifolds
PN manifolds
PH manifolds

PH manifolds

(M ,P ,K0,K1, . . . ,Kα, . . .)

◮ M is a differentiable manifold;

◮ P : TM∗ → TM is a Poisson bivector in M ;

◮ Kα : TM → TM , α = 0, . . . , n, are Haantjes operators;

◮ (P ,Kα) are algebraic compatible: KαP = PKα
T ;

◮ The operators Kαform a commutative ring of Haantjes operators:
KαKβ = KβKα;
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KdV stationary flows of seventh order

Bi-Hamiltonian manifolds
PN manifolds
PH manifolds

PH manifolds

(M ,P ,K0,K1, . . . ,Kα, . . .)

◮ M is a differentiable manifold;

◮ P : TM∗ → TM is a Poisson bivector in M ;

◮ Kα : TM → TM , α = 0, . . . , n, are Haantjes operators;

◮ (P ,Kα) are algebraic compatible: KαP = PKα
T ;

◮ The operators Kαform a commutative ring of Haantjes operators:
KαKβ = KβKα;

◮ The operators Kα generate a module over the ring of smooth
function on M :

H(∑
α
aα(x)Kα

)(X ,Y ) = 0 , ∀X ,Y ∈ TM , (3)

being aα(x) arbitrary smooth functions on M.
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Bi-Hamiltonian manifolds
PN manifolds
PH manifolds

A paradigmatic example

A (2n + 1)-dimensional PN manifold, with N having its minimal
polynomial of degree n + 1, has a standard PH structure, given by

(M ,P, I ,N , . . . ,Nn−1,Nn) ,

as each Nijenhuis operator N generates a module of Haantjes operators.
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Bi-Hamiltonian manifolds
PN manifolds
PH manifolds

Lenard–Haantjes Chains

Let us introduce a natural extension of Lenard-Magri chains

Lenard–Magri chains

(M ,P,N)

dH1 = dH
dH2 = NT

dH
...

dHn+1 = (NT )ndH

LXH
(N)=0

{Hi ,Hj} = 0

Lenard-Haantjes chains

(M ,P ,K0,K1, . . . ,Kn)

dH1 = KT
0 dH

dH2 = KT
1 dH

...
dHn+1 = KT

n dH

LXH
(Kα)6=0

{Hi ,Hj} =< dHi ,P
−1dHj >

=< Ki−1
TdH ,PKj−1

TdH >
=< dH ,Ki−1 PKj−1

TdH >= 0
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Stationary flows of seventh order
Gelfand-Zakarevich stationary flows
Haantjes structures of stationary KdV flows

KdV hierarchy: u̇ = X̂k

u(n) := ∂
∂xn

u(x , t)

ut1 =u(1)

ut2 =u(3) + 6uu(1)

ut3 =u(5) + 10u(3)u(1) + 20u(2)u(1) + 30u(1)u2

ut4 =u(7) + 4u(5)u + 42u(4)u(1) + 70u(3)(u(2) + u2)+

+ 280u(2)u(1)u + 70u(1)
(

(u(1))2 + 2u3
)

. =....

. =...

. =...
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KdV stationary flows of seventh order

Stationary flows of seventh order
Gelfand-Zakarevich stationary flows
Haantjes structures of stationary KdV flows

First stationary flow of seventh order: X1

M7 := {0 = u(7) + 4u(5)u + 42u(4)u(1) + 70u(3)(u(2) + u2)

+ 280u(2)u(1)u + 70u(1)
(

(u(1))2 + 2u3
)

}

u̇ =u(1)

u̇(1) =u(2)

u̇(2) =u(3)

u̇(3) =u(4)

u̇(4) =u(5)

u̇(5) =u(6)

u̇(6) =−
(

4u(5)u + 42u(4)u(1) + 70u(3)(u(2) + u2)+

+ 280u(2)u(1)u + 70u(1)
(

(u(1))2 + 2u3
)

)
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Stationary flows of seventh order
Gelfand-Zakarevich stationary flows
Haantjes structures of stationary KdV flows

Second stationary flow of seventh order: X2

M7 := {(u1 := u, u2 := u(1), u3 := u(2), u4 := u(3), u5 := u(4), u6 := u(5), u7 := u(6))}

u̇1 =u4 + 6u2u1

u̇2 =u5 + 6u22 + 6u3u1

u̇3 =u6 + 6u4u1 + 18u3u2

u̇4 =u7 + 6u5u1 + 24u4u2 + 18u23

u̇5 =− 8u6u1 − 12u5u2 − 10u4(u3 + 7u21)− 70u32 − 140u21u2 − 280u3u2u1

u̇6 =− 8u1u7 + . . .

u̇7 =− 28u7u2 + . . .
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Third stationary flow of seventh order: X3

u̇1 =u6 + 20u2u3 + 10u4u1 + 30u21u2

u̇2 =u7 + 10u5u + 30u4u2 + 10u3(u3 + 3u21) + 60u22u1

u̇3 =− 4u6u1 + . . .

u̇4 =− 4u7u1 + . . .

u̇5 =− 10u7u2 + . . .

u̇6 =2u7(−9u3 + 8u21) + . . .

u̇7 =− 28u7u4 + 112u7u2u1 + . . .
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Poisson tensors in adapted coordinates

M7 := {(v1 = ∂−1
x X̂1, v2 = ∂−1

x X̂2, v3 = ∂−1
x X̂3,w1 = X̂1,w2 = X̂2,w3 = X̂3,E )}

P0 =





03 B 0
−BT 03 0
0 0 0



 , B = 4





0 1 0
1 v1 0
0 0 −v3



 ,

P1 =





03 C ∗
−CT 03 ∗
∗ ∗ 0



 , C = 4





0 0 1
0 1 v1
1 v1 v2



 ,
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Gelfand-Zakharevich systems of co-rank=1

H(λ) = H1λ
3 + H2λ

2 + H3λ+ H4

H1 =
1

4
w1(w2 −

1

2
w1v1)−

1

8

w 2
3

v3
−

1

8
v4
1 +

3

8
v2
1 v2 −

1

4
v1v3 −

1

8
v2
2 −

1

8

E

v3
,

H2 =
1

4
w1(−

1

2
w1w2 + w3) +

1

8
w 2
2 −

1

8

w 2
3 v1
v3

+
1

4
v1v2(v2 −

1

2
v2
1 )−

1

4
v2v3 ,

+
1

8
v2
1 v3 −

1

8

v1
v3

E ,

H3 = −
1

8
w 2
1 v3+

1

4
w3(w2 −

1

2
w3

v2
v3
)−

1

8
v3
1 v3 −

1

8
v2
3 +

1

4
v1v2v3 −

1

8

v2
v3
E , H4 = −

1

8
E

dH1

P1

~~⑥⑥
⑥⑥
⑥⑥
⑥⑥

~~⑥⑥
⑥⑥
⑥⑥
⑥⑥ P0

!!❈
❈❈

❈❈
❈❈

❈
dH2

P1

}}④④
④④
④④
④④ P0

!!❈
❈❈

❈❈
❈❈

❈
dH3

P1

}}④④
④④
④④
④④ P0

!!❈
❈❈

❈❈
❈❈

❈
dH4

P1

}}④④
④④
④④
④④ P0

  ❆
❆❆

❆❆
❆❆

❆

0 X1 X2 X3 0
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Nijenhuis operator for the GZ system

Deformed Poisson bivector

P̃1 := P1 − X3 ∧ (−8
∂

∂E
) [P̃1] =





03 C 0
−CT 03 0
0 0 0



 ,

a Nijenhuis operator such that P̃1 = NP0

N =:





A 03 0
03 A 0
0 0 0



 , A =





0 0 − 1
v3

1 0 − v1
v3

0 1 − v2
v3



 ,
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Haantjes operators

Kα = eαI7 + fαN + gαN
2 + hαN

3 α = 1, 2, 3

such that

K1
T
dH3 = dH2 K2

T
dH3 = dH1 K3

T
dH3 = dH4

K1 =:





A1 03 0
03 A1 0
0 0 v1/v2



 , A1 =





v2
v3

0 1
v3

1 v2
v3

− v1
v3

0 1 0



 ,

K2 =:





A2 03 0
03 A2 0
0 0 1/v2



 , A2 =





v1
v3

− 1
v3

0
v2
v3

0 − 1
v3

1 0 0



 ,

K3 =:





03 03 0
03 03 0
0 0 v3/v2



 ,
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K0

K1

K2

K3









=











1 0 0 0
c2
c1

1 +
c22
c1c3

+ c1c2
c3

c21
c3

+ c2
c3

−( c1
c3
+ c2

c1c3
)

c3
c1

−c1 +
c2
c1
+

c22
c3

2 + c1c2
c3

−( c2
c3
+ 1

c1
)

− 1
c1

− c2
c1c3

− 1
c3

1
c1c3











=









I
N
N2

N3









(4)

where

mN(λ) = λ4 − c1λ
3 − c2λ

2 − c3λ = λ4 −
v2
v3
λ3 −

v1
v3

λ2 −
1

v3
λ

is the minimal polynomial of the Nijenhuis operator N .
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Restriction to the symplectic leaves of P0

S6 := {E = const}

Theorem
The Poisson pencil P0 − λP̃1 restricts to the symplectic leaves of P0.
Moreover, also N, K1,K2,K3, the Hamiltonian functions and the
Hamiltonian vector fields retrict to S6. In particular, the relations (4)
restricts to the Benenti relations

Ǩ1 =− c1I + Ň

Ǩ1 =− c2I − c1Ň + Ň2

Ǩ3 =− c3I − c2Ň − c1Ň
2 + Ň3 = 0 ,

with the minimal polynomial of Ň(λ) being

mŇ(λ) = λ3 − c1λ
2 − c2λ− c3 .
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Happy 70’s,

Buon Compleanno,

Beppe!
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