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Abstract:

e A procedure to construct total spaces of principal bundles
out of a Fock-space construction

e Pimsner algebras of ‘tautological’ line bundles:

e Gysin-like sequences in KK-theory

e some hint to T-dual noncommutative bundles
e Examples:

Quantum lens spaces as direct sums of line bundles over weighted
quantum projective spaces

Irrational Rotation Algebra for quadratic irrationals



A starting motivation: Gysin sequences for U(1)-bundles
among other things it relates:

H-flux (three-forms on the total space E of a bundle)
to

line bundles on the base space M (two-forms classifying line
bundles)

also giving an isomorphism between Dixmier-Douady classes on
E (gerbes over the base space M) and line bundles on M



The classical Gysin sequence
Long exact sequence in cohomology; for any sphere bundle

In particular, for circle bundles: U(1) - E 5 X

s HR(E) T ghl(x) 2,

Uc1(E)

o — H3(X) T H3(E) T H2(X) HY(X) —s - -

H3(E)> H — 7s(H) = F' = ¢1(E")

BF(x) = HMY(E) — -



E X M E’
E/ \El
Se A

Ucl(E/)

o — H3(X) &5 H3(E) T H2(X) » HA(X) —s - -

FFUF=0=FUF'
and since the sequences are exact

= 3 H3E)>H = m(H) =F = c1(E)

T-dual (E,H) and (E’, H") Bouwknegt, Evslin, Mathai, 2004



Difficult to generalize to quantum spaces

rather go to K-theory ; a six term exact sequence

Example: projective spaces and lens spaces

A Gysin sequence in topological K-theory:
0— KLY 2 gO(CcPn) -2 KO(CP™) =~ KO(L("m)) —0

d is a ‘connecting homomorphism’

a is multiplication by the Euler class x(£_,) ;=1 — [L_,]



Projective and lens spaces
CP" = S2nt1/y(1) and L(nr) = g2n+l/7,

assemble in principal bundles : s27t1__ | (nr) 7 cpn

From the Gysin sequence:

KL(L™)Y ~ ker(a) and  KO(L(™)) ~ coker(a)

torsion groups



U(1)-principal bundles
The Hopf algebra
H = O(U(1)) :=C[z, 2]/ <1 — zz_1>
A2V 22 Szl 2z e zt—1
Let A be a right comodule algebra over H with coaction
A A—-> AQH

B:={rxre A| Ar(x) =x® 1} be the subalgebra of coinvariants

Definition 1. The datum (A,”H,B) is a quantum principal U(1)-
bundle when the canonical map is an isomorphism

can: AR A—>AQH, zy—xzAp(y).



Z~-graded algebras

A = ®,cz7An a Z-graded algebra. A right H-comodule algebra:

Ap  A—>AQH z—x®z ", for x € Ap,
with the subalgebra of coinvariants given by Agp.

Proposition 2. The triple (A, H, Ao) is a quantum principal U(1)-
bundle if and only if there exist finite sequences

(&1, {B84L, in Ay and {301, {ai}idy in A4

such that:

N M



Corollary 3. Same conditions as above. The right-modules A4
and A_q are finitely generated and projective over Ag.

Proof. For Ai: define the module homomorphisms

UINS
P11 AL = (L), P1(Q) = UQ:C and
UINES
T1
Wy ()N = A, Wy -5052 =2 &z
TN

Then Wid; = Id.Al'

Thus E1 := ®1Wq is an idempotent in My(Ap). L]



The above results show that (A,H,Ao> IS @ quantum principal
U(1)-bundle if and only if A is strongly 7Z-graded, that is

Equivalently, the right-modules A(il) are finitely generated and
projective over Ag if and only if A is strongly Z-graded

C. Nastasescu, F. VVan Oystaeyen, Graded Ring Theory

K.H. Ulbrich, 1981



More general scheme: Pimsner algebras M.V. Pimsner '97

The right-modules A1 and A_1 before are ‘line bundles’ over Ag

The slogan:

a line bundle

IS a

self-Morita equivalence bimodule



Morita equivalence in one-page

E a (right) Hilbert module over the algebra B

B-valued hermitian structure (.,-), on E

L(FE) adjointable operators; K(E) C L(FE) compact operators
With ¢,n € E, denote 0, € K(FE) defined by 0, ,(¢) = & (1, (),
K(E)-valued hermitian structure  o,-) on E: &, 7n) =0,

The hermitian structures are compatible by construction

& M) ¢ =& Qe

Algebras K(F) and B are Morita equivalent via the bimodule E.



For a line bundle we are asking that there is an isomorphism
¢: B — K(FE) and thus E is a B-bimodule

Comparing with before:

Ao~ B and A_1~ F
Look for the analogue of A ~» O Pimsner algebra

Examples

B = O(CPZ’) quantum (weighted) projective spaces

E=L_,~(L_7])" (powers of) tautological line bundle

Op = O(LC(I”’T)) quantum lens spaces



Define the B-module
NEeZ

E®¢E the inner tensor product: a B-Hilbert module with B-
valued hermitian structure

(€1 ®1N1,62 @ N2)e = (N1, P({€1,62)e)112)6

E~1 = E* the dual module;
its elements are written as A for £ € E : A\¢(n) = (£, 1)



For each £ € E a bounded adjointable operator

generated by S; : E®N _y pOs(N+1).

Se(b) :=¢£b, be B,
Se(61® - ®EN) =EREL® - ®&N, N >0,
Se(Mg; ® - @ A¢_) = )\52(]5_1(%{)®>\§3®---®)\5_N, N <O0.

Definition 4. The Pimsner algebra O of the pair (¢, E) is the
smallest subalgebra of L(E~) which contains the operators Se
Feo — Exo for all £ € E.



Pimsner: universality of Og

The Cuntz-Pimsner algebra Op is the universal *-algebra gener-
ated by B and {S¢: £ € E} with relations

Sae+8y = Sagc + Sgp,  aSeb = Syayen  SESn = (€M
for any a,be B, ¢, ne FE, a,0€C

and ix(¢(a)) =a

for a € B with i : K(F) — Op defined by

irc(Bg,n) = SeSy.



There is a natural inclusion

B — Og a generalized principal circle bundle

roughly: as a vector space O ~ E~x and

EQsN Sn gAY, A€eU(l)

Conditions for a principal bundle:
being strongly graded for an algebra translates to

a semi-saturated circle action on the algebra



Associated six-terms exact sequences Gysin sequences:
in K-theory:

1—-(F Ty
Ko(B) UL koB) In Ko(Op)

[aﬂ l[a] ;

K1(Og) . K1(B) W K1(B)

the corresponding one in K-homology:

K%(B) T K°(B) <+ K°Ogp)

l[a] [aﬂ

Klop 2 ki) 2P gip

In fact in KK-theory



Commutative algebras Gabriel, Grensing 2013

Proposition 5. Let A be a unital, commutative C*-algebra car-
rying a circle action. Suppose that the first spectral subspace
E = A1 is finitely generated projective over B = Ag. Suppose
furthermore that E generates A as a C*-algebra. Then:

1. B=C(X) for some compact space X,
2. F is the module of sections of some line bundle L — X
3. A= O = C(P), where

U(l) - P— X

is the principal U(1)-bundle over X associated with the line
bundle L, and the circle action on A comes from the principal
U(1l)-action on P.



IRA for a quadratic irrational deformation parameter
An ordinary two-torus T2 with Uy = e2™% and Us = 2™

by Fourier expansion the algebra C°°(T?2):

a = Z am,n Ui'_n US )
(m,n)€Z2

with {amn} € S(Z?) a complex-valued Schwartz function on Z?

Fix 0 € R. The algebra Ay = C’OO(T%) of smooth functions on the
noncommutative torus is the associative algebra of all elements
of the form above, but now the two generators Uy and U, satisfy

U Uy = 2™ Uy Us



Thouless-Kohmoto-Nightingale-Nijs

The Hall conductances for the QHE associated to the energy
spectrum of the single particle Hamiltonian operator with peri-
odic potential and magnetic field in the limit of a strong and a
weak magnetic field are related by the TKNN-equation

th_I_MSg:dg g:O7---7NmaX-

The integers ¢4, and sy are the Hall conductances associated to
the energy spectrum up to the gap g in the limits of a strong or
weak magnetic field (B> 1or BK 1) .



If & a QIN, there is a not trivial fractional transformation

C+d9—9
a-+bo

g = (Z Z) c SL(2,7) such that 67 :=

Consider a projection g € Ay such that 7(q) = a + b0

Then a Morita equivalence

qAgq — qAg <— Ap

AS a consequence

qAgq = End 4,(qAg) = Ag, = Ay

Denote ¢ : Ay — qApq the above isomorphism and Vy(q) = qAy



Proposition 6. The inner tensor product Vp(q) ®¢ Vp(q) Is iso-
morphic to Vy(go) with g a projection in Ay s.t. 7(g2) = (7(q))?.

Moreover, Vy(qo) is an equivalence bimodule between Ay and
q2A9q2 = End 4,(Vy(q2)) = Ag, = Ay, with parameter 6, given by

b =g-01 = g°-b.

Finally the Pimsner algebra O(Ve(q),@ is generated by Ap and a
generator Sy with relations, for a € Ay,

aSq = Sqé(a), SiSq = q, SqSi=¢"1(q) = 1.

Norio Nawata 2012



some g-examples



The quantum spheres

The coordinate algebra 0(53”“) of quantum sphere Sg'”’"'l:
x-algebra generated by 2n + 2 elements {z;, 2 };=0....n

-+ relations

zizj=q_1zjz7; 0<i1<3< n,
2 2j = qzj%; LFJ
n
[z 2n] =0, [2f, 2] =1 —¢%) > zjz; 1=0,...,n—1,
j=it+1

and a sphere relation:

1 = 2020 + 2127 + ... + znz;, .

L. Vaksman, Ya. Soibelman, 1991 ;: M. Welk, 2000



Quantum quantum weighted projective line and lens spaces:
B = (Wy(k,1)) = quantum weighted projective line
the fixed point algebra for a weighted circle action on (’)(Sg)

ZOI—>)\kZO, zZ1 I—>)\l21, A€eU(l)

The corresponding universal enveloping C*-algebra C(Wy(k,1))
does not in fact depend on the label k: isomorphic to the uni-
talization of I copies of K = compact operators on [2(Np)

C(Wy(k, 1)) = @l_oK

Then: Ko(C(Wy(k, 1)) =z!T1 K (C(Wy(k,1))) =0

a partial resolution of singularities, since classically

Ko(C(W (k,1))) = Z°



O(Wy(k,1)) is the unital x-subalgebra of O(S(?) generated by

zé(zf)k and  212]

Alternatively, O(Wy(k,l)) is the universal unital x-algebra with
generators a, b, subject to the relations

b'=b, ba=q % ab,

-1 !
aat = q2kl bk H (1-— q2mb) . a*a= bk H (1-— q—me)‘

m=0 m=1

O(Wy(1,1)) was named quantum teardrop by B F



Quantum lens space = O = O(Lq¢(lk; k,1))

Indeed, a vector space decomposition

O(LQ(lkr ka l)) — @Nezﬁn(ka l) ’

with £ = £41(k,l) a right finitely projective module

L1(k,1) = (PP O(Wy(k, 1) + (z5)" - O(Wq(k, 1))

Also, O(Lq(lk; k,1)) the fixes point algebra of a cyclic action
Z/(Ik)Z x S2 — S3

27i 27i
zg = exp(T) z0, 21— exp(T) 21 -



K-theory and K-homology of quantum lens space

Denote the diagonal inclusion by ¢ : Z — Z!, 1 — (1,...,1) with
transpose ' : Z - Z, Jt(mq,...,m)) =m1+ ...+ my.
Proposition 7. (Arici, Kaad, G.L. 2015) With k,l € N coprime:
Ko (Lq(lk; k, l))) ~ coker(1 — E) ~7Z @ (Zl/Im(/,))
Kq (Lq(lk; k, 1))) ~ ker(l — E) ~ 7!

as well as
KO (Lq(lk; k, 1))) ~ker(l — EY) ~Z @ (ker(z,t))
Kl(Lq(lk; k, 1))) ~ coker(l — E) ~ 7t

Again there is no dependence on the label k.



T-dual Pimsner algebras: a simple example

1-[£ )

0 — K1 (L{M) 2= Ko(CPl) Ko(CPL)— Ko(LSM)—o0

ker(l1 —[L£L_,]) =<u>=<1-[L_1] >

Ki(L$") 5 b 0(h) = h(1 — [£_4]) = 1 — [£_4)]

and

(1—[L- D)1= [£_p]) = 0= (1 — [£L_])(1 — [£-,])



The exactness of the dual sequence for

1-[£_p]

0 — K1 (L) 2 Ko(cPD) Ko(CPL)— Ko(LYM")—0

implies there exists a r € Kl(Lgl’h)) such that

Ky (L&) 3 0(r) = r(1 - [£24]) >~ 1 — [£-,)

The couples
(L$) h e Ko (LE™)) and (LEWM, e e Ky (LEM))

are ‘"T-dual’



Summing up:

A general procedure to construct principal circle bundle over a
noncommutative space out of a Pimsner algebra connection

A Gysin like sequence relating groups of K-theories.

consequences for

T-duality for noncommutative spaces

and
Chern-Simons theory



Caro Beppe, carissimi auguri !!



