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® Alternating Boundary Conditions

® Operators vs Quadratic Forms

® Quantum b.c.: A particle on a segment
® Quantum b.c.: A particle in a cavity

® Limit dynamics

e Composition Law of Boundary Conditions
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Alternating Boundary Conditions
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Product Formulae

Trotter (1959)
Suppose that C = A+ B is (essentially) self-adjoint on

D(C) = D(A) N D(B)

N
—itA/N —itB/N =0
fHen (e C ) — e

Unfortunately, on D(Ty) N D(Tv)

T = (Ty +Tv)/2 has infinite s.a. extensions Ty
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Product Formulae

On D(Ty)ND(Ty)
T = (Ty + Tv)/2 has infinite s.a. extensions Ty

. . N ;
(e—ltTU/Ne—ltTv/N> B e—thTW ???

O ¥|ao =0  Neumann

Dirichlet + Neumann  ¥|ga = O ¥|agg =0 272
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Product Formulae

Consider the expectation value of the kinetic energy

b)) = (6 |Tow)  ta($) = (|Tr,9)  Quadratic

forms
D(t1) N D(t2) dense
bt — 05— 2! ;tz real quadratic form
T N
= i T Iy = (11+73) self-adjoint!
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Product Formulae

(T1+T5)
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T. Kato (1978)
M.L. Lapidus (1982)



Composition law of
boundary conditions

Ty +T ﬁ'
Objective: f— ( 1—; x |

t1 + 2

Need to compute
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A quantum particle on a segment

test functions
compact support

R D(T) = D01}

| What happens at the boundary? |
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Kinetic energy quadratic form

) = 5 (1P + (pl¢)es)

Boundary conditions  Im <gﬁ‘g0> —
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(Quantum Boundary Conditions
and
Self-adjoint extensions

|
g = " U € U(2)

2m

i(I+U)p=(I-U)¢
= @SD L (—%2))

M. Asorey, A. Ibort, G. Marmo, Int. J. Mod. Phys. A 20, 1001 (2005)



(Quantum Boundary Conditions
and
Self-adjoint extensions

Self-adjoint extensions

Unitary matrices at the boundary ‘

et =(I-1)o U € U(2)

M. Asorey, A. Ibort, G. Marmo, Int. J. Mod. Phys. A 20, 1001 (2005)



Examples
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Role of the eigenvalue 1

| e : w<o>> e ( ¥/ (0) )
o el o= (wn) = o
Suppose 1 is not an eigenvalue of U

o= Ky Gy = AR SR — T = )

Cayley transform

K = (K-iDK LD C V)= il eV -3
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Role of the eigenvalue 1

€
Py eigenprojection of eigenvalue 1
U=Fy+ Vy :
—1 Tl
Vv =QuUQu
Warning: Py or (u canbe 0
oo — ()

t(I+U)p=010-U)p <+ {@'(I+V)Q90=(I—V)Q¢



Role of the eigenvalue 1

PUQO:O,

t(I4+U)p=(1-U)¢ e {@KU%

S — C_l(VU)QU — i(I B VU)(I — VU)_lQU

Partial Cayley transform

@K) = (K <iDK L) CYV) =i+ V)T - V)



Kinetic energy

Boundary conditions:

w®) = 5 (WP + eldhe)

PUQOZO,
Sb:Knga

tw(®) = 5 (V1P + GlRvplen)

D(ty) = {+» € H (0,1) | Py = 0}

M. Asorey, P. F.,, G. Marmo, S. Pascazio J. Phys. A: Math. Theor. 46 (2013) 102001



(Quadratic Forms vs Operators

tw(¥) = 5 (W1 + GlKvplen) |

D(ty) = {4 € H (0,1) | Pry = 0}

(D) = (v e BP0, 10

st |

‘ U= Py+ C(Ky)Qu Fu eigenprojectionof Uon 1



A particle in a cavity

Dirichlet b.c.

D(Hp) = {¢ € H*(Q) : ¢|an = 0}.

{ What are the other physical realizations? |
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A particle in a cavity

Differences with the 1D case

WSS O
MWRNSE —

® The boundary is infinite dimensional
® Much richer situation
® Mathematically: (unbounded) operators on the V5

borders; Domains
o0

More generally: (x) = Ky¥(x) K operator on the boundary
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A usetul decomposition

D(T*) = {v € L*(Q), Ay € L*(2)} quite irregular...

Every ¢ € D(T™) can be split into:

harmonic function

such that: Yo € N(T*) = N(A)

—AY = —Ayp ae — Ay =0
Y|oa = Yolon Yplog =0

Dirichlet b.c.



A usetul decomposition

{—Awon

Yplaa =0
o .
%o is harmonic % Yo is regular on Of2
Yg is extremely regular in )
1 Y
o .

A F=0

Distributions on the boundary!



(Quadratic Form

Expectation value of the kinetic energy |

t() o< —(|Ay) = —(Y|Ay¢p)

— / V—¢ - VyYpdx + @0,/?#1)(15' Gauss -
0 o Green’s

WD : VlDDdZE S @@ﬂdeS formula
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ID vs muluD)

t Expectation value of the kinetic energy §
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A quantum particle in a cavity

0f)

TU = /A Ueld (H@Q) ‘,
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| D(Ty) = (¥ € DU + Dp = (I - U) ¢} |




A quantum particle in a cavity

Py eigenprojection of eigenvalue 1

Py could be infinite dimensional C




A quantum particle in a cavity

Working assumption

0 R Gapped spectrum around 1
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Kinetic Energy

Fix a physical realization 1; 90
PU (== O,
p = Kyyp
tw(6) = 5 (19601 + (1)) = 5 (1900l + (o 1K)

real closed quadratic form

D(ty) = {y € Hy() + ker(T™) | Pyy = 0}



Ingredients

4(8) = g IVl + (1K)

0

-+ 1

D(t;) = | Py =0}

Vi=Q;U; Q; K; =C~ 1 (V)Q;

{ bounded, since |
' gapped spectrum |
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Need to compute
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Limit dynamies

i lower bounded I

= [|Vyp* + (0| K30) |

¢ quadratic form |

t1(v) + t2()
2

D PN = ) B = Bre = U — (] e = 1)}

Us :P3—|—C(K3)Q3 U3 EU(H@Q)
t t
L2 (0, Tuu)

D(Ty,) ={¢ € D(T7)|i(I +Us)p = (I —Usz)p}



Limit dynamies

Us = P3 + C(K3)Q3

Qi = @
Qap = @

(1 Q2
<«

()3 is the projection on Ran(()3) = Ran(()1) N Ran(Q)3)

W3p = ¢ <— {

Q3 = Q1 N\ Q2 e =l =10 = 15 7

P is the eigenprojection of Us with eigenvalue 1



Limit dynamies

i {24 T"
(e_1 1/N o—itTa/ ) e

Ty = (T1—2FT2) Us € U(Hon)

D(Ty,) ={¢¥ € D(T7")|i(I + Us)p = (I —Usz)p}




Composition law

: : N :
(e—ltTl/Ne—ltTQ/N) Lo Us = Uy % Us

Ui xUs = P1os +C (C_l(%)Ql ;— C—l(VZ)Q2> ()12

ol —i Q12 = Q1 N Q2

Ui=F +V, Vi=Q:U; @y 1=1,2

Cayley transform

C(K) = (K —i)(K +iI)™! C(V)=il+ V)~ V)"



Some properties

Ui xUy = P+ C <C—1(V1)Q1 ; C—l(VZ)Q2> (12

B = 165, VI8 Q12 = Q1 N Q2

=l 0. =10 Dirichlet

e = LN RSt Q12:O/\Q2:O Dirichlet

absorbing



Some properties

Ui xUy = P+ C <C—1(V1)Q1 . C—l(VZ)Q2> (12

2

B = 165, VI8 Q12 = Q1 N Q2

In general P9 isincreasing and ()12 is decreasing

If P1 # Paisthen Pq strictly increasing



Outlook

® ['ree particle in a cavity
®S.a. extensions in terms of unitaries on the boundary
® Limit dynamics of alternating b.c.

® Applications

¢ Extension to the Dirac Operator




