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Ab initio calculations for non-strange and Ab initio calculations for non-strange and 
strange few-baryon systemsstrange few-baryon systems

     

 Non-strange sector: continuum observables
                       Resonances
                       S-Factor in presence of Coulomb potential

  Strange sector: hypernuclear bound states
                       Benchmark calculation with other
                       ab initio methods 

 

 

 Applied ab initio methods
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Applied ab initio methodsApplied ab initio methods

 A-body system: A-body system: A position vectors A position vectors rr
i i 
, removal of center of mass coordinate          , removal of center of mass coordinate          

                leads to                 leads to (A-1) Jacobi vectors(A-1) Jacobi vectors  ηη
i i 
((ηη

i i 
, , θθ

ii
, , φφ

ii
))

 Expansion of ground-state wave function or LIT state on a complete set:Expansion of ground-state wave function or LIT state on a complete set:

                                                            Hyperspherical HarmonicsHyperspherical Harmonics (HH) (HH)

 3(A-1) coordinates of HH basis: hyperradius 3(A-1) coordinates of HH basis: hyperradius ρρ, 2(A-1) , 2(A-1)  angular coordinates angular coordinates

      ΘΘ
ii
  andand  φφ

ii
  , (, (A-2) hyperspherical angles: A-2) hyperspherical angles: 1 hyperradius + (3A – 4) angles1 hyperradius + (3A – 4) angles

 HH basis states: eigen states of grand-angular momentum operator                        HH basis states: eigen states of grand-angular momentum operator                        
         depending on the          depending on the  (3A – 4) angles (3A – 4) angles  times a hyperradial basis state  times a hyperradial basis state

 Different HH versions: normally symmetrized basis states, but also a Different HH versions: normally symmetrized basis states, but also a 
nonsymmetrized HH (nonsymmetrized HH (NSHHNSHH) basis is possible) basis is possible

 Acceleration of convergence: effective interaction (Acceleration of convergence: effective interaction (EIHHEIHH))

                                                                                                      Short-range two-body correlations (Short-range two-body correlations (CHHCHH))    
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Applied ab initio methodsApplied ab initio methods

 Solve SchrSolve Schröödinger or LIT equation with dinger or LIT equation with N basis statesN basis states and  and increase Nincrease N  
up to the point that a sufficient up to the point that a sufficient convergenceconvergence is obtained is obtained
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LIT method
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LIT states
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LIT states    strength to a LIT state
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Inversion of the LITInversion of the LIT

 LIT is calculated for a fixed σ
I
 in many σ

R
 points

 Express the searched response function formally on a basis set with      
N basis basis functions f

n
(E) and open coefficients c

n 
 with correct          

threshold behaviour for the f
n
(E)  (e.g., f

n
 = f

thr
 (E) exp(-αE/n) )

 Make a LIT transform of the basis functions and determine                   
coefficents c

n 
by a fit to the calculated LIT

 Increase N up to the point that a sufficient convergence is obtained
    (uncontrolled oscillations should not be present)
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ResonancesResonances
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4He isoscalar monopole resonance
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0+ Resonance in the 4He compound system

Resonance at ER = -8.2 MeV, i.e. above the 3H-p threshold. Strong 

evidence in electron scattering off 4He, = 270±50 keV

G. Köbschall et al./ Quasi bound state in 4He - Nucl. Phys. A405, 648 (1983)   

Excitation energy [MeV]

0.0

0.4

0.3

0.2

0.1

dσ
/d
Ω

d 
E

 [
1

0-6
 fm

2
/s

r/
M

eV
]



W. Leidemann – TNPI2016 – April 21

Comparison to experimental resultsComparison to experimental results

Frosch et al.
Walcher
Kӧbschall et al.

LIT/EIHH Calculation for AV18+UIX and  Idaho-N3LO+N2LO

dash-dotted: AV8' + central 3NF (Hiyama et al.)

S. Bacca et al.
PRL 110, 042503 (2013)
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Comparison to experimental resultsComparison to experimental results

Frosch et al.
Walcher
Kӧbschall et al.

S. Bacca et al.
PRL 110, 042503 (2013)

Observable is strongly dependent on potential model
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Why were we unable to determine the width of the 4He Why were we unable to determine the width of the 4He 

isoscalar monopole resonance?isoscalar monopole resonance?  

To answer this let us check our very first LIT calculation from 1997:To answer this let us check our very first LIT calculation from 1997:

                44He(e,e')  inelastic longitudinal response functionHe(e,e')  inelastic longitudinal response function  

                                            with a central NN potential   with a central NN potential   



W. Leidemann – TNPI2016 – April 21

Unpublished result from a CHH calculation withUnpublished result from a CHH calculation with
the TN potential (V. Efros, WL, G. Orlandini, PRL 78,432 (1997))the TN potential (V. Efros, WL, G. Orlandini, PRL 78,432 (1997))

Resonance peak 
due to  a single
LIT state
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To study the problem better let us consider first instead of a To study the problem better let us consider first instead of a 
four-body reaction a simpler three-body reaction:four-body reaction a simpler three-body reaction:

33He + He + γγ               d + p               d + p 

LIT calculation with central MTI/III NN potential in unretarded dipole 
approximation

Aim: Increase low-energy density of LIT states

at low energies
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To study the problem better let us consider first instead of a To study the problem better let us consider first instead of a 
four-body reaction a simpler three-body reaction:four-body reaction a simpler three-body reaction:

33He + He + γγ               d + p               d + p 

LIT calculation with central MTI/III NN potential in unretarded dipole 
approximation

Aim: Increase low-energy density of LIT states

Answer seems to be simple increase number of basis states both 
for hyperspherical and hyperradial states

Also note: hyperradial basis states consist in an expansion on Laguerre 
polynomials times a spatial cutoff  exp(-ρ/b)
Increase of b shifts spectrum to lower energies

at low energies
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30 hyperspherical
31 hyperradial
⇒   930 basis states
b = 0.6 fm

E(3He)
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ObservationObservation

The LIT is a method with a controlled resolution
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But in present LIT calculation below three-body breakup threshold
not a single LIT state!  Similar problem as in the previous four-body case
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ObservationObservation

The LIT is a method with a controlled resolution

But in present LIT calculation below three-body breakup threshold
not a single LIT state!  Similar problem as in the previous four-body case

Solution: use instead of the HH basis a somewhat modified basis
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New A-body basisNew A-body basis

Note one of the (A-1) Jacobi vectors can be written in the following form:

                                η = r
A
 – R

cm
(1,2,...,A­1)

This is the coordinate one would use for the scattering of a nucleon with a
(A-1)-nucleon system. In other words the relevant coordinate for a two-body 
breakup. Therefore 

A-body HH basis                   (A-1)-body HH basis  times expansion on η
                                          radial part: Laguerre polynomials

                                                                                                                                    angular part: Y
LM

(θ
η
,φ

η
)    
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InversionsInversions

Implement correct threshold behaviour for 3He + γ                d + p

Due to Coulomb potential: usual Gamow factor
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Back to the Back to the 44He resonanceHe resonance
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Unpublished result from a CHH calculation withUnpublished result from a CHH calculation with
the TN potential (V. Efros, WL, G. Orlandini, PRL 78,432 (1997))the TN potential (V. Efros, WL, G. Orlandini, PRL 78,432 (1997))

Resonance peak 
due to  a single
LIT state
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Results with new basisResults with new basis

LIT

N
4
 = 20 N

4
 = 21
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Results with new basisResults with new basis

Inversion:  = 180(70) keV
WL, PRC 91, 054001 (2015)
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Benchmark calculations for hypernucleiBenchmark calculations for hypernuclei

 Quick introduction to hypernuclei  

 Short outline of our NSHH method

 Preliminary benchmark results: comparison with
                                 AFDMC (D. Lonardoni, F. Pederiva)
                                     Faddeev (A. Nogga)
                                     (GEM: E. Hiyama)
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Results were obtained in collaboration withResults were obtained in collaboration with

S. Deflorian and F. Ferrari-Rufino  (Trento PhD students)

N. Barnea (Jerusalem), V. Efros (Moscow), G. Orlandini (Trento)
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