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Quantum and classical effects in scattering 
of fast electrons by the 

atomic planes of ultrathin crystal  
 S.N. Shulga 

Akhiezer Institute for Theoretical Physics of NSC KIPT, Kharkiv, Ukraine 

 

• Transitional region from 
ultrathin to thin crystals 
• Scattering (rainbow,  
interference, …) 

•   
• …. 



Ultrathin, Thin and Thick Crystals 

Channeling Channeling

Recent experiments: 
V. Guidi et al. Phys. Rev. Lett. (2012)  
M. Mothapothula et al. NIM B283 (2012) 29 



Phenomenon of  Planar Channeling 
J.Lindhard (1965) 
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Phenomenon of Above Barrier Motion:  A. Akhiezer, N. Shul’ga (1978) 
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Continuous Planes Potential 
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Classical scattering angles of 4 MeV electrons in (110) Planes 
of Si crystal as function of impact parameter and crystal tickness ( )1x U x
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1D-classical scattering of 4 MeV electrons channeled by 
(110) Plane in Si crystal 

200L A= 480A 750A 1500A
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The image cannot be displayed. Your computer may not have enough memory to open the image, or the image may have been corrupted. Restart your computer, and then open the file again. If the red x still appears, you may have to delete the image and then insert it again.

1D-classical scattering of 4 MeV positrons channeled by 
(110) Plane in Si crystal 
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Deflection function  
of 4 MeV electrons in ultrathin Si (110) crystal planes 
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Deflection function  
of 4 MeV electrons in ultrathin Si (110) crystal planes 
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Quantum consideration: Spectral Method  
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Schrödinger type equation 

Optics (resonant frequencies in waveguides and optical fibers) 
M. Feit et al. J. Comp. Phys. 47 (1982) 412. 
Nuclear Physics  
Yu. Bolotin et al. Phys. Lett. A 323 (2004) 218. 
Channeling 
S. Dabagov et al. NIM B30 (1988) 185   (ε~MeV) 
A. Kozlov, N. Shul’ga, et al. Phys. Lettl A374 (2010) 4690 (levels and zone structure) 
N. Shul’ga. V. Syshchenko et al. NIM B309 (2010) 153 (levels for dynamical chaos in thick crystals) 
S. Shul’ga, N. Shul’ga et al. arXiv:1512.04601v1 (2015) (scattering) 
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Wave function calculation in Spectral Method 
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Calculation of Energy Spectrum of Channeling Radiation 
by the Spectral Method 
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What radiation should we get at scattering by ultrathin crystal? 
Possible application for study of quantum chaos 

Levels of transversal energy  
of 50MeV electrons in Si crystal 
(planar scattering) Th
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Scattering of electrons by crystal plane. Quantum case 
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Electrons are considered as plane waves 
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Classical and quantum angular distributions 
of 4 MeV electrons in ultrathin Si crystal 

S.N. Shul'ga, N.F. Shul'ga, S. Barsuk, I. Chaikovska, R. Chehab. arXiv:1512.040601v1 
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500 MeV electrons 
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Multiple rainbows geometrical optics 

classical theory 
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Supernumerary 
rainbows 

quantum theory 

wave optics 
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Conclusions 

•  Transitional region from ultrathin to thin crystals, recent experimens on 
ultrathin crystals 
•  Scattering (rainbow,  interference, …) 

•  Quantum scattering picture is substantially different from the classical 
one at MeV energies but is close to it at 100s GeV 

•  although, quantum effects are still present at such energies 
•  Sharp maxima in classical (trajectories thickening) and quantum 
(interference from different channels) scattering pictures have different 
nature 

•  Possibility of experimental observation 
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Grazie! 
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Classical and quantum angular distributions 
of 50 MeV electrons in ultrathin L=100nm Si <110>  crystal 
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Scattering of a 140 MeV electron at (110) Si crystal axis, ψi= 0, L=0..2000Å  
(quantum consideration) 



Particle motion in periodical field  
of crystal atomic strings Si <111> 
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•  From where appear the bound energy levels at channeling? 
•  How do the levels appear at dynamical chaos? 
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Dynamical chaos at channeling  
Yu.Bolotin, V.Gonchar, V.Truten’, N.Shul’ga (1986) 
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Classical theory of scattering in 
 a compound potential 
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Bound states levels for 4 MeV and 50 MeV electrons 
at different thicknesses in (110) Si crystal 
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Gauss Theorem in the Theory of Scattering  
N. Bondarenco, N. Shul’ga  Phys.Lett. B 427 (1998) 114. 
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Classical and Quantum effects at Channeling 
in Ultrathin Crystals 

 
 

•  Transitional region from ultrathin to thin crystals 

•  Scattering (rainbow, bound states levels, interference, coherence, …) 

•  How do quantum levels appear at regular motion and dynamical chaos? 

 

 



Scattering in amorphous and crystalline media 
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Scattering by atomic string 
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Scattering by atomic string 
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Classical and quantum angular distributions 
of 4 MeV electrons in ultrathin L=354nm Si <100>  crystal 
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Axial Channeling and Above-Barrier Motion 
(continuous string potential) 
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Exteriment: 2MeV protons scattering in L=55nm Si 
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M. Mothapothula et al. NIM B283 (2012) 29 


