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why we need LQCD calculations of ffs?
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what do we have now?

we already have Nf = 2 + 1 calculations
with percent accuracy for B → D?`ν at
zero recoil. . .

[see J.Laiho talk]

[C.Bernard et al. arXiv:0808.2519]
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FIG. 7: The full QCD points versus m2
π on the three lattice spacings are shown in comparison

to the continuum curve. The curve is the product of the two continuum extrapolated ratio fits

shown in Figs. (5) and (6), times the fiducial point, which we have chosen to be the m̂′ = 0.0124

fine lattice point (the filled square). The curve is already extrapolated to the physical strange sea

quark mass, and so does not perfectly overlap with the lattice data point at the fiducial value. The

cross is the extrapolated value, where the solid line is the statistical error, and the dashed line is

the total systematic error added to the statistical error in quadrature.

into physical units using

m2
xy = (r1/r

phys
1 )2µtree(mx + my), (44)

where µtree is obtained from fits to the light pseudo-scalar mass squared to the tree-level form

(in r1 units), r2
1µtree(mx +my). This accounts for higher-order chiral corrections and is more

accurate than using µ obtained in the chiral limit, giving a better approximation to the pion

mass squared at a given light quark mass. Since the parameters in our lattice simulations at

different lattice spacings are expressed in r1 units, we require the physical value of r1 if we

are to convert everything to physical units and take the physical pion mass and ∆(c) from
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Figure 3. B → π form factors from BK-based
(filled) and non-BK-based (open) analyses.

3.2. B → D
The B → D amplitude is parameterized as

〈D|V µ|B〉 =
√

mBmD ×
[h+(w)(v + v′)µ + h−(w)(v − v′)µ],

where v = pB/mB, v′ = pD/mD and w = v · v′.
The differential decay rate of B → Dlν is pro-
portional to the square of F(w), which is a linear
combination of h+(w) and h−(w). We calculate
the form factors at w = 1 by employing the dou-
ble ratio method [13]. The light quark mass de-
pendence for F(1) is shown in Fig. 4. Extrapo-
lating the result linearly to ml → 0, we obtain

Fnf=2+1
B→D (1) = 1.074(18)(16), (1)

where the first error is statistical, and the second
is systematic summarized in Table 1. The system-
atic error associated with finite lattice spacing is
estimated by doing quenched calculations at dif-
ferent lattice spacings and using different quark
actions, and found to be small.

Using Eq. (1) and an experimental result for
|Vcb|F(1) [14], we obtain |Vcb| as given in Fig. 1.

Table 1
Systematic errors.
decay D → π(K) B → π B → D
3-pt function 3% 3% 1%
BK fit 2% 4%
ml extrap 3%(2%) 4% 1%
matching <1% 1% 1%
a uncertainty 1% 1%
finite a error 9% 9% <1%
total 10% 11% 2%
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Figure 4. ml-dependence for FB→D(1).

Since we have all 3 elements of the second row of
CKM matrix, we are able to check a CKM uni-
tarity using only our results as theoretical inputs;

(|Vcd|2 + |Vcs|2 + |Vcb|2)1/2 = 1.00(10)(2).
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can we do better? . . . differently?

limited computer resources forced/forces us to cope with chiral extrapolations,continuum
extrapolations, finite volume effects,. . .

these are sources of systematics that cannot be eliminated
although the associated errors can be reduced

different lattice formulations could be useful in assessing possible rooting effects

Z root
Nf =3 =

Z
DUe−Sg

n
det[Dstag(mu)] det[Dstag(md )] det[Dstag(ms )]

o1/4

[S.Sharpe PoS LAT2006:022,2006]

[A.Kronfeld PoS LAT2007:016,2007]

[M.Creutz PoS LAT2007:007,2007]

[. . . ]

form factors can be calculated where experimental data are directly available, thus eliminating
systematics associated with w -extrapolations

different heavy quark technologies . . .



B-mesons matrix elements are challenging

A B-meson is a system characterized by two largely separated energy scales: the b-quark mass (cutoff effects)
and the confinement scale (finite volume effects)

large volume approach: L ' 2 fm

HQET

FNAL

simulate charm region + HQET

small volume approach: L ' 0.5 fm

step scaling method (SSM)

match/renormalize HQET

match/renormalize FNAL



large volume approaches require small volume matching: HQET

at order O(ΛQCD/mh) the action is: [Eichten,Hill Phys.Lett.B234:511,1990]

ψh =
1 + γ0

2
ψ

LHQET = ψ̄h

266664(D0 + δm)−
„
ωspin ~σ · ~B +

ωkin

2
~D2
«

| {z }
insertions

377775ψh

this action needs to be renormalized and matched with QCD at µ ' mb :

perturbative renormalization:

perturbative errors ∝ α(mh)n ∝ [log(mh/ΛQCD )]−n

on the lattice, power divergences 1/an

non-perturbative renormalization: [Heitger,Sommer JHEP 0402:022,2004]

matching on a small volume



large volume approaches require small volume matching: FNAL

the Fermilab approach consists in simulating the following action with am0 ' 1
[El-Khadra et al Phys.Rev.D55:3933, 1997]

[Aoki et al Prog.Theor.Phys.109:383, 2003]

[Oktay,Kronfeld arXiv:0803.0523]

S =
X

n

ψ̄n

"
m0 + γ0D0 + ζ~γ · ~D − rt

aD2
0

2
− rs

a~D2

2
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iσij Fij

4
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#
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i.e. the Symanzik effective action for quarks with |a~p| � 1 with mass dependent coefficients usually computed
perturbatively

the number of parameters in the action can be reduced to 3
[Christ,Li,Lin Phys.Rev.D76:074505,2007]

and determined non-perturbatively by matching QCD on a small volume
[Lin,Christ Phys.Rev.D76:074506,2007]



go on a small volume . . .

given a set of matrix elements involving Bq mesons in the initial and/or final states, we have

Oi (mb,ml ) = Oi (mb,ml ; L0) × [finite volume effects]i (mb,ml ; L0)

effective theory strategy

calculate small volume observables in QCD, OQCD
i (mb,ml ; L0), and in the effective theory

(HQET,FNAL), Oeff
i (µ,mb,ml ; L0), and extract action parameters, ci (µ = mb)

calculate finite volume effects and/or the running of the parameters within the effective theory

step scaling method (SSM) strategy

calculate small volume observables in QCD at the physical value of the beauty mass

calculate finite volume effects within QCD: FVE should be almost insensitive to the high energy
scale



non-perturbative FNAL
Charmed spectroscopy from a NP determined RHQ in full QCD Huey-Wen Lin
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Figure 1: The sequence of lattice sizes and lattice spacings used to determine the coarse-lattice heavy quark

parameters through a step-scaling technique beginningwith a comparisonwith anO(a)-improved light quark
calculation: The matchings between the top four lattice spacing-volume combinations are described in this

work.

2. on-shell quantities: We use mass combinations of pseudoscalar (PS), vector (V), scalar (S)

and axial-vector (AV) mesons in heavy-heavy (hh) and heavy-light (hl) systems computed in

fixed, finite volume[11].

(a) spin-averaged: mhh
sa = 1

4

(
mhh
PS+3mhh

V

)
, mhl

sa = 1
4

(
mhl
PS+3mhl

V

)
(b) hyperfine splitting: mhh

hs = mhh
V −mhh

PS, m
hl
hs = mhl

V −mhl
PS

(c) spin-orbit averaged and splitting: mhh
soa = 1

4

(
mhh
S +3mhh

AV

)
, mhh

sos = mhh
AV−mhh

S

(d) dispersion relation: E2 = m2+ c2p2.

The simulation was carried out on a QCDOC 512-node machine at 420 MHz clock frequency.

We used quenched Wilson gauge action with the heatbath algorithm, taking 20,000 sweeps for

thermalization and measuring 100 configurations at 10,000 sweeps separation. Coulomb gauge-

fixed hydrogenic source smearing is used to improve overlap with ground states. We use a linear

ansatz relating the action coefficients (XRHQ) and the corresponding measurements (Y
i,d
coarse):

Y i,dcoarse = Ad + Jd ·Xi
RHQ, (2.1)

where J and A can be obtained from either fitting parameters or using finite differences directly

from a Cartesian set. These two approaches agree within errors. The detailed choices of parameters,

lattice spacing determinations and analysis can be found inRef. [11, 12]. The RHQ coefficients for

the a−1 = 2.4 GeV lattice, after two stages of matchings starting from the a−1 = 5.4 GeV lattice,

are

cP(m0) = 1.65(3)+0.12(6)m0 +1.06(4)m20
! (m0) = 1.090(10)+0.318(16)m0 −0.092(10)m20.

We simulate at three charm quark points from the RHQ coefficients, (X (3)
C )T = {m0,cP,!} =

{−0.06106, 1.651, 1.070}, {0.02173, 1.653, 1.097}, {0.1086, 1.686, 1.122} respectively. The
spin-averaged mass (m1S = [m"c + 3mJ/#]/4) is used to determine the bare charm quark mass.

Figure 2 shows a summary of our results along with the experimental values, with statistical errors

3

such a strategy should be consid-
ered in order to remove/reduce
perturbative uncertainties from
FNAL calculation of form factors

small volume QCD simulations with
domain wall fermions

small volume Fermilab simulations

matching to reproduce physical
spectrum + FVE

evolution toward large volumes with
Fermilab simulations

[Lin PoS LAT:184,2006]

[Li,Lin PoS LAT2007:117,2007]
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Figure 5: A comparison of hyperfine-splitting from

our amsea = 0.01 and from MILC 2+1 dynamical cal-

culations.

scheme. We matched RI/MOM scheme to MS scheme and obtained the renormalization-group–

invariant mass[15], mRGI = 2.401(21) GeV. We find at the scale of averaged mc, our renormalized

charm quark mass is 1.314(11) GeV. This statistical error is determined by applying the jack-
knife method to the supercoarse statistical ensemble and then inflating the result by a factor of√
3 to include the statistical errors introduced at the other two matching stages; thus, mMSc (mc) =

1.314(18) GeV.

3. Full QCD

The RBC and UKQCD collaborations have generated 2+1 flavor dynamical DWF ensembles,

at fixed lattice spacing a−1 ≈ 1.6 GeV (set by Sommer scale 0.5 fm), with two volumes, ≈ 23 and
33 fm3, using Iwasaki gauge action (! = 2.13). The up and down sea quark mass in terms of the

inverse lattice spacing are 0.01, 0.02 and 0.03 with the strange quark mass set to 0.04. We first

apply the NP RHQ coefficients directly on 2+1-flavor dynamical configurations to check out the

heavy-heavy sector of charm physics, where the small volume lattice is sufficient. The results are

shown in Figure 4 for three different sea quark masses, labeled by blue, purple and green as the

mass increases, with statistics of 75 configurations. First, we can see that there is an instant boost in

the value of the hyperfine splitting between quenched lattices and dynamical ones, and the P-wave

states all agree with the experiment values within statistics error bars. In Figure 5, we compare our

hyperfine splitting with the calculation obtained from MILC[16]. Since MILC and RBC/UKQCD

use different reference scales, Sommer scale r0, to set the lattice spacing and the hyperfine splitting

is sensitive to this reference scale, we plot the dimensionless quantity (the product of hyperfine

splitting and r0) as a function of a/r0. We noted that even though our lattice is coarser than the

MILC ones, our hyperfine value is consistent with their finest point. This is a very encouraging

result to test on our NP coefficients. However, since the gauge actions used in the quenched and

dynamical simulations are not matched, there might be O(a2) effects in the gauge action. Thus,
our hyperfine splitting can be further improved if we carry out the NP RHQ project dynamically.

Carrying out a step-scaling calculation in full QCD is very expensive and time-consuming; in

the meantime, we can match the RHQ coefficients on the RBC/UKQCD full QCD lattices to the

experimental charmonium spin-averaged mass and spin-splitting mass and dispersion relation. This

is accurate through |→pa| and to all order of (ma)n. Therefore, we can immediately start studying

5



step scaling method

[Guagnelli,Palombi,Petronzio,N.T. Phys.Lett.B546:237,2002]

O(mb,ml ) = O(mb,ml ; L0)
O(mb,ml ; 2L0)

O(mb,ml ; L0)| {z }
σ(mb,ml ;L0)

O(mb,ml ; 4L0)

O(mb,ml ; 2L0)
. . .

step scaling functions, the σ’s, have to be calculated at lower
values of the high energy scale

O(mb,ml ; L0)← mb = mphys
b

σ(mb,ml ; nL0)← mb ≤
mphys

b

n

but extrapolating the step scaling functions is much easier than
extrapolating the observable itself

O(mb,ml ; L) = O0(ml ; L)

"
1 +
O1(ml ; L)

mb

#

σ(mb,ml ; L) =
O0(ml ; 2L)

O0(ml ; L)

"
1 +
O1(ml ; 2L)−O1(ml ; L)

mb

#

O(Eh, El; 2L0) =



B → D?`ν: the small volume
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B → D?`ν: continuous momenta & 3-point functions

[Martinelli,Parisi,Petronzio,Rapuano Phys.Lett.B122:283,1983]

[de Divitiis,Petronzio,N.T. Phys.Lett.B595:408,2004]

[Bedaque Phys.Lett.B593:82,2004]

[Sachrajda, Villadoro Phys.Lett.B609:73,2005]

[. . . ]

ψ(x + ei L) = e iθiψ(x) θ0 = 0

R
dp e ip·(x+ei L)ψ(t; p) =

R
dp e i(p·x+θi )ψ(t; p)

pi =
θi
L + 2πn

L , n ∈ Z 3

〈PVP〉µif = ẐV

X
~x

〈Pli Vµif (x) P′fl〉

〈VVV 〉IµI
if = ẐV

X
~x

〈VI
li Vµif (x) V′

I
fl〉

〈PVV 〉µI
if = ẐV

X
~x

〈Pli Vµif (x) V′
I
fl〉

〈PAV 〉µI
if = ẐA

X
~x

〈Pli Aµif (x) V′
I
fl〉

[de Divitiis,Petronzio,N.T. arXiv:0807.2944]

”small” w values can be simulated by
using flavour-twisted boundary
conditions

form factors can be expressed entirely
in terms of 3-point correlation
functions

XV (w) =

s
w − 1

w + 1

hV (w)

hA1
(w)

X2(w) = (w − 1)
hA2

(w)

hA1
(w)

X3(w) = (w − 1)
hA3

(w)

hA1
(w)

H0(w) =
w − r − X3(w)− rX2(w)

1− r

H±(w) = t(w) [1∓ XV (w)]



B → D?`ν: first volume step

step scaling functions are very flat:
extrapolated values differ by simulated ones
by a few per mille

σ
P→D? (w ; L0, L1) =

F P→D? (w ; L3
1 × L1)

F P→D? (w ; L3
0 × L0)

 0.98

 0.985

 0.99

 0.995

 1

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7
1/mP

w= 1.0000

 0.98

 0.985

 0.99

 0.995

 1

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7
1/mP

w= 1.0100

 0.98

 0.985

 0.99

 0.995

 1

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7
1/mP

w= 1.0250

 0.98

 0.985

 0.99

 0.995

 1

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7
1/mP

w= 1.0500

 0.98

 0.985

 0.99

 0.995

 1

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7
1/mP

w= 1.0700

 0.98

 0.985

 0.99

 0.995

 1

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7
1/mP

w= 1.0750

 0.98

 0.985

 0.99

 0.995

 1

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7
1/mP

w= 1.1000

F B→D? (w ; L2) = F B→D? (w ; L0) σB→D? (w ; L0, L1) σB→D? (w ; L1, L2)



B → D?`ν: second volume step

step scaling functions are very flat:
extrapolated values differ by simulated ones
by a few per mille
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B → D`ν

the same game has been played in the pseudoscalar-
pseudoscalar case:

dΓ(B → D`ν)

dω
= (kin. fact.)×

×|Vcb|2(ω2 − 1)
3
2

h
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i2
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+ (w)− MD −MB
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B → D`ν: theory vs. experiment

[de Divitiis,Molinaro,Petronzio,N.T. Phys.Lett.B655:45,2007]
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we get: Vcb(@w = 1.2) = 3.84(9)(42)× 10−2

G B→D (w = 1.2) = 0.853(21)



outlooks

FNAL calculations already provide percent relative accuracy for B → D(?)`ν at zero recoil

alternative lattice formulations for sea quarks would asses possible rooting effects
non-perturbative matching could reduce or provide a better estimate of perturbative uncertainties

the step scaling method is a viable alternative

it works very well in the quenched approximation

form factors at w > 1 can be calculated with good accuracy

strategy devised and tested in the quenched approximation
avoid extrapolations on the experimental side: experimentalists should quote differential decay
rates at w > 1
if available, experimentalists should quote the ratio of form factors at w ≥ 1 in order to benchmark
lattice calculations
not tested but in principle should work also for B → light semileptonic transitions

presently: do the quenched numbers have any phenomenological relevance?
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in the B → D`ν channel experimental extrapolations have a big impact on Vcb . . .

here quenched data at w > 1 can be used to estimate the uncertainties on Vcb due to extrapolations at
zero recoil

and/or to calculate experimental efficiency
[D.Lopes-Pegna]


