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Factorization Theorems

Factorization theorems separate short distance from 
long-distance physics

We measure a combination of short distance EW 
physics and long distance hadronization effects

Long distance physics has to be isolated into a few 
measurable parameters, such that EW physics can be 

determined from measured data

B ππb d
u
u_



Christian Bauer CKM 2008, 9/10/08

Outline

The different scales in non-leptonic B decays

A quick introduction to SCET

Factorization theorems from scale separation

What are the implications the?

What are the differences between different approaches?



Christian Bauer CKM 2008, 9/10/08

The different scales in 
the problem
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The different scales
mW, mZ, ...

mb

(ΛQCD mb)1/2

ΛQCD

Electroweak physics we are after

Short distance, perturbative

Scale arising dynamically

Long distance, nonperturbative
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Mediates the Flavor processes in the SM

Scales mw, mZ
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Scale mb, EM
Describes short distance QCD effects
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Scale (ΛQCDmb)1/2
Arises from turning soft spectator in B meson into 

collinear spectator in light meson
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Scale ΛQCD
The final hadronization of the partons into hadrons
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Quick introduction 
to SCET
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Field content of SCET

Type Momentum Fields

collinear E >> ΛQCD χn, An

soft E ∼ ΛQCD qs, As

Need a different collinear field for each direction 

Differentiate collinear and soft DOF
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Interactions in SCET
Leading order collinear Lagrangian
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∫

dk+dk−d2k⊥

2(2π)4
e−ik·xJn(en, k

+; µ)

(

n/

2

)

βγ

(16a)

〈0| χ̄n̄(x)αδ(en̄ − ên̄)χn̄(0)δ |0〉 ≡
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Collinear fields
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Interactions in SCET
Leading order collinear Lagrangian

Collinear fields Soft gluon

No interactions between collinear fields of different 
directions

Interaction between collinear and soft fields only via one 
single term
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Soft/collinear decoupling
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∫

dk+dk−d2k⊥

2(2π)4
e−ik·xJn(en, k

+; µ)

(

n/

2

)

βγ

(16a)

〈0| χ̄n̄(x)αδ(en̄ − ên̄)χn̄(0)δ |0〉 ≡
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Perform field redefinition

YnYn†=1      inDYn = Ynin∂
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Only true at leading order in ΛQCD/E
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Factorization from scale 
separation
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Matching onto SCET
All approaches remove scales mW and mb by matching 
onto SCET (even though might not use these words)

Soft Wilson lines 
between particles in 

same direction cancels
= Y✝Y = 1

Immediately find separation of one meson 
from rest of process
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The factorization theorem
Uses that at Lagrangian level different fields in SCET 

completely decouple at leading order in ΛQCD/E

No expansion in αs(√ΛQCDmb)
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Do we trust the method?
SCET agrees with decades of accumulated knowledge on 
collider physics phenomenology

Same effective theory and same manipulations reproduce 
known factorization theorems in collider physics

Solving RG equations of SCET reproduces resumation of 
known logarithms in DIS, DY and Higgs production

SCET at leading order reproduces the parton shower
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Do we trust the method?
SCET agrees with decades of accumulated knowledge on 
collider physics phenomenology

Same effective theory and same manipulations reproduce 
known factorization theorems in collider physics

Solving RG equations of SCET reproduces resumation of 
known logarithms in DIS, DY and Higgs production

SCET at leading order reproduces the parton shower

We do know that SCET reproduces the long distance 
physics of QCD reliably

Main question is how well leading order works, or how 
large ΛQCD/E power corrections are
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One subtlety...
Intermediate charm loop

sion does not cut off soft contributions efficiently enough
before one enters the non-perturbative regime.] There-
fore π1 cannot always be represented by its light-cone
distribution amplitude. At leading power in ΛQCD/mb,
we find that the soft interactions can be absorbed into
the B → π1 form factor. On the other hand, any interac-
tion of the spectator quark with the quarks of π2 is hard
at leading power and can be written as a convolution of
three light-cone distribution amplitudes. This discussion
can be summarized by the factorization formula

〈π(p′)π(q)|Qi|B̄(p)〉 = fB→π(q2)
∫ 1

0
dx T I

i (x)Φπ(x)

+
∫ 1

0
dξdxdyT II

i (ξ, x, y)ΦB(ξ)Φπ(x)Φπ(y), (3)

which is valid up to corrections of relative order
ΛQCD/mb. Here fB→π(q2) is a B → π form factor eval-
uated at q2 = m2

π ≈ 0, and Φπ (ΦB) are leading-twist
light-cone distribution amplitudes of the pion (B meson),
normalized to 1. The T I,II

i denote hard-scattering ker-
nels, which are calculable in perturbation theory. T I

i

starts at O(α0
s); at higher order in αs it contains ‘non-

factorizable’ gluon exchange, including penguin topolo-
gies, see the first two rows of Fig. 1 for the corrections
at order αs. Hard, ‘non-factorizable’ interactions in-
volving the spectator quark are part of T II

i (last row
of Fig. 1). Annihilation topologies also exist, but are
power-suppressed in ΛQCD/mb. The significance of the
factorization formula is that all the non-perturbative ef-
fects in the B → ππ amplitudes can be absorbed into the
form factor and the light-cone wave functions.

FIG. 1. Order αs corrections to the hard scattering kernels
T I

i (first two rows) and T II
i (last row). In the case of T I

i , the
spectator quark does not participate in the hard interaction
and is not drawn. The two lines directed upwards represent
the two quarks that make up π2.

The following comments are in order:
(i) When αs corrections are neglected T II

i is zero and
T I

i is an x-independent constant. Conventional factor-
ization in terms of the form factor and the pion decay
constant is then recovered as a rigorous prediction in the

infinite quark mass limit. The perturbative corrections
are process-dependent, but calculable. Their inclusion
cancels the scale-dependence of the leading-order factor-
ization result.

(ii) The infrared finiteness of the hard scattering am-
plitude follows because the infrared divergences in the
first four diagrams of Fig. 1 cancel in their sum. This
cancellation is the technical manifestation of Bjorken’s
colour transparency argument [3]. Colour transparency
does not apply to hard gluon interactions. These, how-
ever, are suppressed by αs and are calculable.

(iii) The hard scattering contribution to the B → π
form factor is suppressed by one power of αs relative to
the soft contribution, in which the B meson spectator
undergoes no hard interaction. As a consequence the as-
sumption that B → ππ can be treated entirely in the
hard scattering picture of [1] would miss the leading con-
tribution in the heavy quark limit.

(iv) The decay amplitude acquires an imaginary part
through the hard scattering kernels. In the heavy quark
limit, the strong interaction phases can therefore be com-
puted as expansions in αs. In terms of hadronic inter-
mediate states that saturate the unitarity relation this
implies systematic cancellations among many intermedi-
ate states with potentially large individual rescattering
phases. An estimate of rescattering effects on the basis
of Regge theory is not compatible with the picture that
emerges in the heavy quark limit.

(v) The factorization formula (3) generalizes to the de-
cays into a heavy-light final state, if the heavy particle
absorbs the B meson spectator quark. In this case the
second line in (3) is power-suppressed and only the form
factor term survives. An expression of this form has been
used by Politzer and Wise to compute the 1-loop correc-
tions to the decay rate ratio Γ(B̄ → D∗π)/Γ(B̄ → Dπ)
[4]. The factorization formula does not hold for heavy-
light final states, in which the light meson absorbs the B
meson spectator quark, or for a heavy-heavy final state.
In this case, conventional factorization can also not be
justified.

The result of an explicit calculation of the B̄ → ππ
decay amplitudes at order αs can be compactly expressed
as 〈ππ|Heff |B̄〉 = GF /

√
2
∑

p=u,c λp〈ππ|Tp|B̄〉, where

Tp = ap
1(ππ) (ūb)V −A ⊗ (d̄u)V −A

+ ap
2(ππ) (d̄b)V −A ⊗ (ūu)V −A

+ a3(ππ) (d̄b)V −A ⊗ (q̄q)V −A

+ ap
4(ππ) (q̄b)V −A ⊗ (d̄q)V −A

+ a5(ππ) (d̄b)V −A ⊗ (q̄q)V +A

+ ap
6(ππ) (−2)(q̄b)S−P ⊗ (d̄q)S+P . (4)

The symbol ⊗ is defined through 〈ππ|j1 ⊗ j2|B̄〉 ≡
〈π|j1|B̄〉〈π|j2|0〉. A summation over q = u, d is implied.
Note that the term proportional to ap

6(ππ) results in a
power correction that should be dropped in the heavy

2

c
c
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Does this lead to local, perturbative effect, or can 
cc-pair travel a large distance, creating new non-

perturbative effect?

BPRS (SCET)

BBNS 
(QCDF) pQCD

Key issues:

• Treatment of hadronic parameters appearing at LO in the expansion

• Treatment of annihilation

Beneke,Buchalla,Neubert,

  Sachrajda,(BBNS);

Chay, Kim;

Bauer, Pirjol, Rothstein, I.S.
(BPRS)

Keum, Li, Sanda (pQCD);
Lu et al.;

Ciuchini et al 
               (charming penguin),

charming
penguins

Treatment of perturbation theory at scales•
!! Λ2EΛQ2

} }αs(Q2) αs(EΛ)

• Treatment of         endpoint singularities1/x2

∫ 1

0
dx

φπ(x)
x2

∼
∫

0

dx

x
=∞

Treatment of charm loops•
!s(q )2

c

c

b
d,s

q

q

....
q µ

!s (mv)
threshold 

NRQCD region

∼ Λ
mb
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What are the 
implications?
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Strong phases

A = H ⊗ ζBM ⊗ ΦM + Acc

ζBM and ΦM both real 
⇒ strong phases only from H and Acc

At least if Acc does not contribute, strong phases 
suppressed by αs(mb) or ΛQCD/E
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Reduction in hadronic parameters

no expns SU(2) SU(3) SCET
+SU(2)

SCET
+SU(3)

ππ 11 7/5 15/13 4
4Kπ 15 11 +5(6)

KK 11 11 +4/+0 +3(4)

Even if don’t expand in αs(√ΛQCDmb) and don’t assume 
anything for Acc, very few hadronic parameters
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Large power corrections or new physics?
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Differences between 
different approaches?
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All approaches use PT at hard scale μh ∼ mb

BPRS QCDF PQCD

No PT at 
intermediate scale

PT at intermediate 
scale

PT at intermediate 
scale

PT at αs(1.3GeV)?

Not all use PT at intermediate scale μh ∼ √ΛQCDE)

While using PT does lead to more universality, for non-
leptonic B decays get predictive power without 
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PT at intermediate scale gives rise to divergent 
convolutions with meson wave functions 

BPRS QCDF PQCD

No singularities 
since no PT at 

intermediate scale

New hadronic 
parameters for 

singular 
convolutions

Singularities 
regulated with 
“unphysical” kT

Endpoint divergences

How do we regulate these singularities?
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Charm Loops

BPRS QCDF PQCD

Treat charm loop as 
non-perurbative

Use PT for charm 
loops

Use PT for charm 
loops

As we have seen, cc pair in charm loop can potentially 
generate new non-perturbative (complex) matrix 

element, introducing non-perturbative strong phases 

Disagreement if PT can be used or not
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Comparison
BPRS QCDF PQCD

Expansion in 
αs(μi)?

No Yes Yes

Singular 
convolutions N/A New 

parameters “Unphyiscal” kT

Charm Loop? Non-
perturbative Perturbative Perturbative

Number of 
parameters Most Middle Least

How 
conservative? Most Middle Least
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Conclusions

Need factorization theorems to disentangle EW physics 
from hadronization effects

Scale separation using effective theories has given 
theoretical handle

Theoretical concept is quite well tested in other processes

Factorization is established at leading order in ΛQCD/E

How small are power correction?

Of different approaches, BPRS most conservative, but has 
more hadronic parameters than QCDF or PQCD


