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Clusters in the Trojan Horse Method for Nuclear Astrophysics	

Role of Clusters in fusion reactions between light nuclei at low energy  	

Triple alpha resonances in 12C and Efimov mechanism in nuclei   	



The concept of clustering has a long history. Even 
at the inception of nuclear science, even before the 
neutron was discovered, it was known that 
conglomerates of nucleons (nuclear clustering) 
were extremely important in determining the 
structure of light nuclei 

Clustering features 	

The discovery of alpha-decay of heavy-nuclei 
initiated the idea that clusters of nucleons (two 
protons and two neutrons) might be preformed prior 
to emission.  
 
Binding energies are higher for systems with even-
numbers of protons, and for nuclei with even and 
equal numbers of protons and neutrons the binding 
energy per nucleon is maximal (e.g. 4He, 8Be, 12C.....). 
It should be observed that all of these nuclei can be 
considered to be composed of α-particles. 



The cluster structure would expect to be manifest close to the cluster decay 
threshold. In order to be fully formed, the proximity of cluster states to the decay 
threshold is crucial. This is the message of what is known as the Ikeda diagram (Ikeda 
et al., 1968)  



Quasi-free processes: a way to probe clustering in light nuclei 	

Quasi-free scattering and reactions to investigate the cluster structure in light nuclei.  

A + a → c + C + s      a: x ⊕ s clusters 
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Direct break-up 

x 

2-body reaction 

 
ü  only x - A interaction 

ü  s = spectator (ps~0)  

The Impulse Approximation factorizes the three-body cross-section as:	
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KF  kinematical factor  
 
⏐φ⏐2 momentum distribution of 
s inside a 
 
dσN/dΩ Nuclear cross section 
for the A+x→C+c reaction 
 
P clustering probability 



Once we know the                                 and                  from independent experiments 
 
 
we calculate KF, we compare the shape of                     with the expected behaviour  
 
if clustering exists, we can estimate P. 
In the 80’s, this technique was applied to 6Li = a ⊕ d (B = 1.47 MeV). 	
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The 6Li(6Li,aa) 4He at 5.9 MeV  
(M. Lattuada, C. Spitaleri et al., Il Nuovo Cimento (1984)) 
 
 
 
 6Li clustering description confirmed by 
the agreement between experimental and  
theoretical curves 	



Nuclear clusters as virtual projectile/targets for nuclear astrophysics: the THM 
 
 
The THM is an indirect method to measure cross-sections at ultra-low energies  
overcoming the main problems of direct measurement:  
 

         Coulomb suppression,                Electron screening	

S(E)	=	Eσ	(E)	exp(2πη)	

S(E)s= S(E)b exp(πηUe/E)  



 
ü  only x - A interaction 

ü  s = spectator (ps~0)  

EA > ECoul ⇒  

Basic principle: astrophysically relevant two-body σ from quasi-free contribution of an 
appropriate three-body reaction 

A + a → c + C + s      à à à      A + x → c + C 

a: x ⊕ s clusters 

S 

c 
A 

a 

C 

Direct break-up 

x 

2-body reaction 

NO Coulomb suppression 

NO electron screening 

plays a key role in compensating  for 
the beam energy 

Eq.f. = Eax  = mx /(mx + mA )EA – Bx-s  ±  intercluster motion 

Eq.f. ≈ 0   !!! 



Binary	
reac*on	

Indirect	
reac*on	

Elab	 Q	 Accelerator	

1 7Li(p, α)4He 2H(7Li, α α)n 19-22	 15.122	 TANDEM 13 MV 
LNS-INFN, Catania 

Spitaleri et al. PRC,1999, 
Lattuada et al. ApJ, 2001 

2 7Li(p, α)4He 7Li(3He, α α)d 33	 11.853	 CYCLOTRON, 
Rez, Praha 

Tumino et al. EPJ, 2006 

3 6Li(p, α)3He 2H(6Li, α 3He)n 14,25	 1.795	 TANDEM 13 MV 
LNS-INFN, Catania 

 Tumino et al. PRC, 2003 

4 9Be(p, α)6Li 2H(9Be, α 6Li)n 22	 -0.099	 TANDEM  
CIAE, Beijing 
TANDEM 13 MV 
LNS-INFN, Catania 

Wen  et al. PRC, 2008, 
Wen et al. JPG 2011 

5 11B(p, α)8Be 2H(11B, α 8Be)n 27	 6.36	 TANDEM 13 MV 
LNS-INFN, Catania 

Spitaleri et al. PRC, 2004, 
Lamia et al. JPG, 2011 

6 15N(p, α)12C 2H(15N, α 12C)n 60	 2.74	 CYCLOTRON, 
 TAMU, College Station 
TANDEM 13 MV 
LNS-INFN, Catania 

La Cognata et al. PRC, 
2008 

7 18O(p, α)15N 2H(18O, α 15N)n 54	 1.76	 (CYCLOTRON, 
 TAMU, College Station 
TANDEM 13 MV 
LNS-INFN, Catania 

La Cognata et al. PRL 
2008, 

8 19F(p, α)16O 2H(19F, α 16O)n 50	 8.11	 TANDEM 13 MV 
LNS-INFN, Catania 

La Cognata et al. ApJ 
Lett., 2011) 

       
9 

17O(p, α)14N 2H(17O, α14N)n 45	 -1.032	 TANDEM 13 MV 
LNS-INFN, Catania 
TANDEM 11 MV 
Notre Dame 

Sergi et al. PRC  (R), 2010 



Binary	
reac*on	

Indirect	
reac*on	

Elab	 Q	 Accelerator	 Ref.	

10 18F(p ,α)15O 2H(18F, α15O)n 48	 CYCLOTRON 
CNS-RIKEN, Tokyo 

11 10B(p, α)7Be 2H(10B, α7Be)n 27	 TANDEM 13 MV 
LNS-INFN, Catania 

12 6Li(d,α)4He 6Li(6Li,αα)4He 5

4.8	

22.372	 TANDEM  
Demoscritos,Atene 
TANDEM, 
IRB, Zagreb 

Cherubini et al. ApJ, 1996 
 
Spitaleri et al .PRC, 2001 

13 6Li(d,α)4He 6Li(6Li,αα)4He CYCLOTRON 
Rez, Praha 

Pizzone et al. PRC,  2011  

14 3He(d,α)1H 6Li(3He,p4He)4He 5,6	 16.878	 DYNAMITRON, 
Bochum 

La Cognata et al. 2005 

15 2H(d,p)3H 2H(6Li,p3He)4He 14	 2.59	 DYNAMITRON, 
Bochum 

Rinollo et al. EPJ 2005 

16 2H(d,p)3H 2H(3He,p3H)1H 18	 -1.46	 CYCLOTRON, 
Rez, Praha 

Tumino et al. PLB 2011 
Tumino et al. APJ 2014 

17 2H(d,n)3He 2H(3He,n3He)1H 18	 -2.224	 CYCLOTRON 
Rez, Praha 

Tumino et al. PLB 2011 
Tumino et al. APJ 2014 

18 9Be(p,d)8Be 9Be(d,d8Be)n TANDEM 13 MV 
CIAE, Beijing Preliminary results 

19 6Li(n,a)3H 2H(6Li, t α)1H 14 2.224 TANDEM 13 MV 
LNS-INFN, Catania 

Tumino et al.,EPJ A 2005 
Gulino et al., JPG 2010  

Cherubini et al. PRC 2015 
R.G. Pizzone et al. EPJA 2016 

Spitaleri et al. PRC 2014 



Binary	
reac*on	

Indirect	
reac*on	

Elab	 Q	 Accelerator	 Ref.	

20 17O(n,a)14C 17O(n, a14C)1H 43.5 -0.40
7 

TANDEM 11 MV 
Notre Dame 
TANDEM 13 MV 
LNS-INFN, Catania 

Gulino et al. PRC(R) 2013 

21 13C(a,n)16O 13C(6Li, a n)16O TANDEM  
FSU, Tallaassee, 
Florida, USA 

La Cognata et al. PRL 2013 

22 12C(12C,a)20Ne 
 
12C(12C,p)23Na 
 

12C(16O,a20Ne)4He 
12C(14N,a20Ne)2H 
12C(14N,p23Na)2H 
 

TANDEM  13 MV 
Bucharest,Catania 
 

 23   12C(a,a)12C 12C(6Li, a 12C)2H 20 0 TANDEM 13 MV 
LNS-INFN, Catania 

Spitaleri et al. EPJ 2000 

 
24 

1H(p,p)1H 2H(p,pp)n 5,6 2,224 CYCLOTRON 
ATOMKI,Debrecen 
 TANDEM  
IRB, Zagreb 
TANDEM 13 MV 
LNS-INFN, Catania 
TANDEM 5 MV 
Napoli University 

Tumino et al. PRL 2007 
Tumino et al. PRC 2008 

Preliminary results 

25
0 

7n(7Be,a)4He 
 

2H(7Be,aa)1H 43.5 -0.40
7 

 
TANDEM  LNL-
INFN, Catania 

Under analysis 



Standard R-Matrix approach cannot be applied to extract the resonance parameters à 
Modified R-Matrix is introduced instead 

In the case of a resonant THM reaction the cross section takes the form 

Mi(E) is the amplitude of the transfer reaction (upper vertex) that can be easily calculated 
à The resonance parameters can be extracted and in particular the strenght  

The A + a(x+s) → F*(c + C) + s process is a transfer to the continuum where particle x is 
the transferred particle 

IMPORTANT: reduced widths are the same for the extraction of the S(E) factors à 
From the fitting of the experimental THM cross section they can be obtained and used 
to deduce the OES S(E) factor. 



13C + α → n + 16O:  recent experiment at FSU  

Neutron source for the main component 
of the s-process, responsible for the 
production of most nuclei in the mass range 
90<A<204 
 
Active in He-burning shell in AGB from 
140 to 230 keV à importance of the  
higher energy tail of the -3 keV resonance 
 
its new partial width 
and ANC  
	

Reaction rate increases by a factor 3 in 
the relevant region:  
à30% variation in the abundance of 
 
 
due to the increased neutron density! 	

M.	La	Cognata	et	al.,	PRL	2013	
M.	La	Cognata	et	al.,	ApJ	2014	



The 18F(p,α)16O Reaction @ CRIB – CNS – RIKEN and @ Cyclotron Laboratory, TAMU  
                using a 18F RIB  

	

FIRST APPLICATION OF THE TROJAN HORSE METHOD . . . PHYSICAL REVIEW C 92, 015805 (2015)
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FIG. 4. (Color online) The 18F(p,α)15O astrophysical S factor
from the present experiment. The full dots are THM experimental
data with the assumption of J π = 3/2+ for the resonance at
E = 6460 keV, the open ones correspond to the assumption of J π =
5/2− (the difference from this last assumption to the other possible
value 1/2− and 3/2− being negligible within the errors). The blue
solid and red dashed lines shown in figure are calculations reported
and discussed in Ref. [30] smeared to the present experimental
resolution. Each pair represents the upper and lower limit for each
calculation in Ref. [30].

at E = 6459 keV has been observed in Ref. [32] and it has
been interpreted as part of a triplet of states with possible
spins and parities (3/2− or 5/2+) at 6416 keV, (11/2+) at
6440 keV, and (5/2−) at 6459 keV. Calculations presented in
Ref. [39] attribute to four states in the same energy region the
spin-parity values of 1/2− (6419 keV), 3/2+ (6422 keV and
6449 keV) and 11/2+ at the unobserved state at 6422 keV.
Though only the level at 6449 keV and that at 6459 keV are
within the fit error for the 6460 keV peak observed in the
present work, calculations of the contribution to the total cross
section due to this very level have been performed assuming
all of the J π values mentioned above. If the spin-parity value
is fixed to be 11/2+ or 5/2+ this contribution is strongly
suppressed by the centrifugal barrier penetrability factor and
hence these J π assignments are rejected. On the other hand,
there is no reason to rule out the other values of J π for this level,
namely 1/2−, 3/2−, 5/2−, and 3/2+. Calculations showed that
the differences on the contribution of the 6460 keV level to
the astrophysical S factor for spin-parity assignment 1/2−,
3/2−, and 5/2− are negligible within the errors. To conclude
the discussion on the 6460 keV level, it is worth noting that
possible interference effects in THM are not calculated but are
already contained in the data [13,41]. So the other possible
assignment 3/2+ to the 6460 keV level will automatically take
into account interference effects, if any.

Finally, in the subthreshold region, the excited state
observed here at E = 6255 keV was assigned a J π = 11/2−,
as already proposed in Ref. [32]. This choice gives better
agreement with existing data [30–32] though other J π assign-
ments cannot be ruled out on the basis of the present analysis.

In Fig. 4 the results obtained in this work for the
astrophysical S factor are presented: assuming J π = 3/2+

for the 6460 keV state the result is reported as full dots
while the J π = 5/2− assumption for the same level gives the
astrophysical S factor shown as open dots. Since levels in this
region could not be resolved in the present experiment, the
value of S(E) obtained with the 3/2+ and 5/2− assumptions
represents, respectively, an upper and a lower limit for the
astrophysical factor S(E). In Fig. 4 the experimental points
are also compared with the calculations for the astrophysical
S factor presented in Figs. 3 and 4 of Ref. [30] smeared at the
experimental resolution obtained in this work. In particular, the
solid lines represent the upper and lower limits for an R-matrix
calculation where the interference among the three states with
J π = 3/2+ at energies 6419, 6449, and 7075 keV has been
considered. The dashed lines represent the same limits for the
case with interference between the two states at E = 6449 keV
and E = 7075 keV only. In this latter calculation the authors of
Ref. [30] attributed the value J π = 3/2− to the E = 6419 keV
state in 19Ne. Data from the present experiment have been
normalized to these calculations imposing that the integral of
the resonance at 7075 keV is the same in direct and THM data.

In the energy region below 100 keV, depending on the J π

assignment chosen for the 6460 keV level, the present data
either agree fairly well with the region given by the dashed
lines in Fig. 4 (J π = 3/2+, full dots) or become much lower
(J π = 5/2−, open dots) than any previous result. In both cases
the data obtained in this work seems to exclude the existence
of three interfering states having J π = 3/2+ represented by
the solid lines Fig. 4.

IV. CONCLUSIONS

In conclusion, the THM was applied for the first time to
study a reaction induced by a radioactive ion beam. Even with
the use of indirect methods such as THM, the measurement of
cross sections of interest for nuclear astrophysics remains one
of the most difficult tasks in nuclear physics, because the low
radioactive ion beam intensity adds on top of the low cross
sections typical of astrophysical nuclear processes.

The THM data have been used to obtain the nuclear cross
section for the 18F(p,α)15O reaction and, by comparison
with pieces of information present in the literature, to infer
information about the J π of the 19Ne nucleus excited states.
From this it was possible to extract the astrophysical S factor
for the 18F(p,α)15O process. In particular resonances in 19Ne
at energies 6255, 6460, 6537, 6755, 6968, and 7075 keV
have been observed and studied, as they mostly influence
the energy region of interest for the nova phenomena. A
value of J π = 5/2+ has been assigned to the excited state
at E = 6968 keV. For the E = 6537 keV both J π = 7/2+ or
9/2+ are compatible with the present data as this contribution
to the astrophysical S factor is negligible. In the subthreshold
region, the excited state at E = 6255 keV was assigned a
J π = 11/2−, following Ref. [32].

Finally, in the near-threshold region, the data are consistent
with a single resonance located at E = 6460 keV. Different
spin assignments have been considered, namely J π = 3/2+

(Fig. 4, full dots) and J π = 1/2−, 3/2−, or 5/2− (Fig. 4, open
dots). The comparison between the experimental data and the
calculations of Ref. [30] seems to exclude the presence of two

015805-5

The 18F(p,α)15O astrophysical S factor from the 
present experiment.  
 
Solid circles: THM experimental data with the 
assumption of Jπ = 3/2+ for the resonance at 
E=6460 keV (upper limit) 
 
Open circles: 18F(p,α)15O astrophysical S factor 
corresponding to the assumption of Jπ = 5/2− 
(lower limit) 
 

Blue solid and red dashed lines: calculations reported and discussed in Beer et al. PRC 83 
(2011) 042801 smeared to the present experimental resolution (σ = 53 keV). The difference is 
given by the alternative interference pattern adopted in the calculations. 
 
Each pair of curves represents the upper and lower limit for each calculation 
 
Around 700 keV: normalization region 
 
Elsewhere: fair agreement with the dashed lines if Jπ = 3/2+ is assumed 

S.	Cherubini	et	al.	PRC	92	(2015)	015805	
R.G.	Pizzone	et	al.	EpJ	A	(2016)	



Triple alpha resonances in the 6Li+6Lià3α at low energy  	

Coincidence measurement of the 6Li + 6Li → 3α reaction at 3.1 MeV of beam energy 
 
 Results: existence of α-trimers at an excitation energy of 12C of about 29.6 MeV (6Li + 6Li 
threshold: 28.17 MeV; center-of-mass beam energy at half target: 1.4 MeV 

Two-dimensional plots θ1 vs. E2 for 
a fixed value of θ2=60° 

Intersection between lines:  
 
events with correlated α’s fed by two and 
even three 8Be at the same time can 
exist. 

From this f igure, though very 
illustrative, it is not straightforward 
to gather a global information from all 
experimental data. 

A.	Tumino	et	al.	PLB	(2015)	59	



Hyperspherical formalism for the low-energy three-body problem:  
 
to better investigate the correlation between  
the three α particles from the available  
data in a whole,  
 

A. Tumino et al. / Physics Letters B 750 (2015) 59–63 61

cases. One of those cases corresponds to the formation of three 
8Be, one in its g.s. and two at 16.62 MeV of excitation energy.

From this figure, though very illustrative, it is not straightfor-
ward to gather a global information from all experimental data. 
To better investigate the correlation between the three α particles 
from the available data in a whole, the hyperspherical formal-
ism for the low-energy three-body problem [2] was applied in the 
momentum space and used to calculate the so-called “Delves hy-
perangle”. A complete description of the hyperspherical formalism 
to understand the universal aspect of the three-body problem is 
reported in [2].

A set of Jacobi momenta consists of the relative momentum p⃗i j
between the two detected α particles and the momentum vector 
p⃗k,i j of the undetected third α particle with respect to the center-
of-mass of the other two. For particles of equal mass, the Jacobi 
momenta are [2]:

p⃗i j = p⃗i − p⃗ j,

p⃗k,i j = p⃗k − 1
2
(p⃗i + p⃗ j). (1)

The Delves hyper-angle αk is defined as [2]:

αk = arctan(

√
3pij

2pk,i j
), (2)

where (i, j, k) is a permutation of (1, 2, 3) and pij and pk,i j are the 
magnitudes of the momentum vectors. The range of αk is from 0 
to π

2 . It is near 0 when particle k is far from particles i and j, and 
near π

2 when k is close to the center-of-mass of particles i and j. 
This angle was calculated assuming that k is the undetected third 
α particle. Thus, we refer to this angle as α3. Following the pre-
scriptions of [2] to determine α3, the reference system defined by 
the Jacobi momenta was rotated to bring p⃗3,12 to the x-axis. Coin-
cidence events were projected onto the α3 variable and the result 
is shown in Fig. 3(a) as black dots. Error bars represent only statis-
tical errors. Phase-space effects were divided out by performing a 
Monte Carlo simulation of the experimental setup, which provides 
a rather smooth α3 spectrum (solid line in the figure) as the result 
of experimental and kinematics constraints.

The region spanned by α3 goes from about 40◦ to 90◦ , with 
two sharp peaks centered at α3 = 45◦ and 60◦ and a huge bump 
at about 90◦ . The corresponding three-body geometrical configura-
tions are shown on top of them, with α particles 1 and 2 at the 
endpoints of a diameter of a circle with radius P given by:

P 2 = 1
2

p2
i j + 2

3
p2

k,i j, (3)

whose value is about 406 MeV/c for all 3α particle events.
To supply the meaning of correlation function to the α3 spec-

trum, a similar spectrum was reconstructed with uncorrelated 
events, built up with the three α tracks belonging to different 
coincidence events, disregarding any restriction from energy and 
momentum conservation for the undetected third α particle. The 
resulting behavior is shown in Fig. 3(a) as green dots, normal-
ized to the correlated one around 88◦ . The ratio between corre-
lated (black dots) and uncorrelated (green dots) data is reported in 
Fig. 3(b). It turns out that the bulk of uncorrelated events is barely 
contributing to the α3 peaks at 45◦ and 60◦ , thus suggesting that 
they can be a clear signature of triple α correlation.

To support this interpretation, events within those peaks were 
projected onto the Eij (i, j = 1, 2, 3) relative energy axis, as shown 
in Figs. 4(a) (α3 = 60◦) and (b) (α3 = 45◦) with black dots. Two 
sharp peaks around 90 keV and 16.7 MeV appear in Fig. 4(a), cor-
responding to the ground state and to the 16.62 MeV state of 8Be. 
The 16.7 MeV peak is actually fed twice with respect to the 90 keV 

Fig. 3. (a) Coincidence events projected onto the Delves hyperangle α3 axis (black 
dots). The solid line is the result of a Monte Carlo calculation accounting for ex-
perimental and kinematics constraints. Green dots refer to uncorrelated events as 
explained in the text. (b) Ratio between coincidence events (black dots) and uncor-
related ones (green dots). (For interpretation of the references to color in this figure, 
the reader is referred to the web version of this article.)

one, in agreement with the interpretation provided by the cross-
ing lines in Fig. 2. From Fig. 4(b), one more possibility is foreseen 
to correlate the three α particles to form three 8Be states at 20.1, 
11.35 and 3.03 MeV, taking advantage of their huge widths. The 
corresponding distributions of the random coincidences for both 
spectra are shown as green dots. Their negligible contribution to 
the peaks is consistent with the interpretation of triple α correla-
tion.

All other events fall within the huge shoulder in Fig. 3 ex-
tending up to α3 = 90◦ and do not correspond to triple α reso-
nances. The reason why the highest coincidence yield pertains to 
the 90◦ region is twofold. First, the 3α channel is mainly fed by 
the 22.2 MeV level of 8Be because the 6Li + d threshold is on top 
of this state. Thus, the bulk of recombination into 3α particles goes 
through it, with two α’s sharing the full amount of energy and the 
third α particle with essentially zero energy. Second, α3 approach-
ing 90◦ corresponds to 3α’s in a line and can be linked to two 
interacting 6Li in a stretched α–d–d–α configuration that corre-
sponds to the minimum value of the Coulomb barrier. This will be 
the subject of a forthcoming paper.

Values which are taken from Eij obey a simple formula ob-
tained from energy and momentum conservation principles and 
given by:

E12 + E13 + E23 = 3
2
(Ebeam + Q ), (4)

Jacobi momenta	
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cases. One of those cases corresponds to the formation of three 
8Be, one in its g.s. and two at 16.62 MeV of excitation energy.
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ism for the low-energy three-body problem [2] was applied in the 
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perangle”. A complete description of the hyperspherical formalism 
to understand the universal aspect of the three-body problem is 
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momenta are [2]:
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cidence events were projected onto the α3 variable and the result 
is shown in Fig. 3(a) as black dots. Error bars represent only statis-
tical errors. Phase-space effects were divided out by performing a 
Monte Carlo simulation of the experimental setup, which provides 
a rather smooth α3 spectrum (solid line in the figure) as the result 
of experimental and kinematics constraints.

The region spanned by α3 goes from about 40◦ to 90◦ , with 
two sharp peaks centered at α3 = 45◦ and 60◦ and a huge bump 
at about 90◦ . The corresponding three-body geometrical configura-
tions are shown on top of them, with α particles 1 and 2 at the 
endpoints of a diameter of a circle with radius P given by:

P 2 = 1
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whose value is about 406 MeV/c for all 3α particle events.
To supply the meaning of correlation function to the α3 spec-

trum, a similar spectrum was reconstructed with uncorrelated 
events, built up with the three α tracks belonging to different 
coincidence events, disregarding any restriction from energy and 
momentum conservation for the undetected third α particle. The 
resulting behavior is shown in Fig. 3(a) as green dots, normal-
ized to the correlated one around 88◦ . The ratio between corre-
lated (black dots) and uncorrelated (green dots) data is reported in 
Fig. 3(b). It turns out that the bulk of uncorrelated events is barely 
contributing to the α3 peaks at 45◦ and 60◦ , thus suggesting that 
they can be a clear signature of triple α correlation.

To support this interpretation, events within those peaks were 
projected onto the Eij (i, j = 1, 2, 3) relative energy axis, as shown 
in Figs. 4(a) (α3 = 60◦) and (b) (α3 = 45◦) with black dots. Two 
sharp peaks around 90 keV and 16.7 MeV appear in Fig. 4(a), cor-
responding to the ground state and to the 16.62 MeV state of 8Be. 
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dots). The solid line is the result of a Monte Carlo calculation accounting for ex-
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explained in the text. (b) Ratio between coincidence events (black dots) and uncor-
related ones (green dots). (For interpretation of the references to color in this figure, 
the reader is referred to the web version of this article.)

one, in agreement with the interpretation provided by the cross-
ing lines in Fig. 2. From Fig. 4(b), one more possibility is foreseen 
to correlate the three α particles to form three 8Be states at 20.1, 
11.35 and 3.03 MeV, taking advantage of their huge widths. The 
corresponding distributions of the random coincidences for both 
spectra are shown as green dots. Their negligible contribution to 
the peaks is consistent with the interpretation of triple α correla-
tion.

All other events fall within the huge shoulder in Fig. 3 ex-
tending up to α3 = 90◦ and do not correspond to triple α reso-
nances. The reason why the highest coincidence yield pertains to 
the 90◦ region is twofold. First, the 3α channel is mainly fed by 
the 22.2 MeV level of 8Be because the 6Li + d threshold is on top 
of this state. Thus, the bulk of recombination into 3α particles goes 
through it, with two α’s sharing the full amount of energy and the 
third α particle with essentially zero energy. Second, α3 approach-
ing 90◦ corresponds to 3α’s in a line and can be linked to two 
interacting 6Li in a stretched α–d–d–α configuration that corre-
sponds to the minimum value of the Coulomb barrier. This will be 
the subject of a forthcoming paper.

Values which are taken from Eij obey a simple formula ob-
tained from energy and momentum conservation principles and 
given by:

E12 + E13 + E23 = 3
2
(Ebeam + Q ), (4)

Delves hyperangle	

where (i, j,k) is a permutation of (1,2,3) and pij and  
pk,ij are the magnitudes of the momentum vectors.  
The range of αk is from 0 to π/2

k is the undetected third α particle. Thus αk =α3 

A. Tumino et al. / Physics Letters B 750 (2015) 59–63 61

cases. One of those cases corresponds to the formation of three 
8Be, one in its g.s. and two at 16.62 MeV of excitation energy.

From this figure, though very illustrative, it is not straightfor-
ward to gather a global information from all experimental data. 
To better investigate the correlation between the three α particles 
from the available data in a whole, the hyperspherical formal-
ism for the low-energy three-body problem [2] was applied in the 
momentum space and used to calculate the so-called “Delves hy-
perangle”. A complete description of the hyperspherical formalism 
to understand the universal aspect of the three-body problem is 
reported in [2].

A set of Jacobi momenta consists of the relative momentum p⃗i j
between the two detected α particles and the momentum vector 
p⃗k,i j of the undetected third α particle with respect to the center-
of-mass of the other two. For particles of equal mass, the Jacobi 
momenta are [2]:

p⃗i j = p⃗i − p⃗ j,

p⃗k,i j = p⃗k − 1
2
(p⃗i + p⃗ j). (1)

The Delves hyper-angle αk is defined as [2]:

αk = arctan(

√
3pij

2pk,i j
), (2)

where (i, j, k) is a permutation of (1, 2, 3) and pij and pk,i j are the 
magnitudes of the momentum vectors. The range of αk is from 0 
to π

2 . It is near 0 when particle k is far from particles i and j, and 
near π

2 when k is close to the center-of-mass of particles i and j. 
This angle was calculated assuming that k is the undetected third 
α particle. Thus, we refer to this angle as α3. Following the pre-
scriptions of [2] to determine α3, the reference system defined by 
the Jacobi momenta was rotated to bring p⃗3,12 to the x-axis. Coin-
cidence events were projected onto the α3 variable and the result 
is shown in Fig. 3(a) as black dots. Error bars represent only statis-
tical errors. Phase-space effects were divided out by performing a 
Monte Carlo simulation of the experimental setup, which provides 
a rather smooth α3 spectrum (solid line in the figure) as the result 
of experimental and kinematics constraints.

The region spanned by α3 goes from about 40◦ to 90◦ , with 
two sharp peaks centered at α3 = 45◦ and 60◦ and a huge bump 
at about 90◦ . The corresponding three-body geometrical configura-
tions are shown on top of them, with α particles 1 and 2 at the 
endpoints of a diameter of a circle with radius P given by:

P 2 = 1
2

p2
i j + 2

3
p2

k,i j, (3)

whose value is about 406 MeV/c for all 3α particle events.
To supply the meaning of correlation function to the α3 spec-

trum, a similar spectrum was reconstructed with uncorrelated 
events, built up with the three α tracks belonging to different 
coincidence events, disregarding any restriction from energy and 
momentum conservation for the undetected third α particle. The 
resulting behavior is shown in Fig. 3(a) as green dots, normal-
ized to the correlated one around 88◦ . The ratio between corre-
lated (black dots) and uncorrelated (green dots) data is reported in 
Fig. 3(b). It turns out that the bulk of uncorrelated events is barely 
contributing to the α3 peaks at 45◦ and 60◦ , thus suggesting that 
they can be a clear signature of triple α correlation.

To support this interpretation, events within those peaks were 
projected onto the Eij (i, j = 1, 2, 3) relative energy axis, as shown 
in Figs. 4(a) (α3 = 60◦) and (b) (α3 = 45◦) with black dots. Two 
sharp peaks around 90 keV and 16.7 MeV appear in Fig. 4(a), cor-
responding to the ground state and to the 16.62 MeV state of 8Be. 
The 16.7 MeV peak is actually fed twice with respect to the 90 keV 

Fig. 3. (a) Coincidence events projected onto the Delves hyperangle α3 axis (black 
dots). The solid line is the result of a Monte Carlo calculation accounting for ex-
perimental and kinematics constraints. Green dots refer to uncorrelated events as 
explained in the text. (b) Ratio between coincidence events (black dots) and uncor-
related ones (green dots). (For interpretation of the references to color in this figure, 
the reader is referred to the web version of this article.)

one, in agreement with the interpretation provided by the cross-
ing lines in Fig. 2. From Fig. 4(b), one more possibility is foreseen 
to correlate the three α particles to form three 8Be states at 20.1, 
11.35 and 3.03 MeV, taking advantage of their huge widths. The 
corresponding distributions of the random coincidences for both 
spectra are shown as green dots. Their negligible contribution to 
the peaks is consistent with the interpretation of triple α correla-
tion.

All other events fall within the huge shoulder in Fig. 3 ex-
tending up to α3 = 90◦ and do not correspond to triple α reso-
nances. The reason why the highest coincidence yield pertains to 
the 90◦ region is twofold. First, the 3α channel is mainly fed by 
the 22.2 MeV level of 8Be because the 6Li + d threshold is on top 
of this state. Thus, the bulk of recombination into 3α particles goes 
through it, with two α’s sharing the full amount of energy and the 
third α particle with essentially zero energy. Second, α3 approach-
ing 90◦ corresponds to 3α’s in a line and can be linked to two 
interacting 6Li in a stretched α–d–d–α configuration that corre-
sponds to the minimum value of the Coulomb barrier. This will be 
the subject of a forthcoming paper.

Values which are taken from Eij obey a simple formula ob-
tained from energy and momentum conservation principles and 
given by:

E12 + E13 + E23 = 3
2
(Ebeam + Q ), (4)

Signature of triple α correlation? 
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Events within those peaks were projected onto the Eij (i, j = 1,2,3) relative energy axis: 
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Fig. 4. Eij spectra with i, j = 1, 2, 3 (black dots) obtained projecting events within 
the 60◦ (a) and 45◦ (b) peaks in α3 (Fig. 3). Several contributing resonances from 
different states in 8Be are observed, which explain the enhancement for those an-
gles. The corresponding distributions from uncorrelated events are shown as green 
dots in both spectra. (For interpretation of the references to color in this figure, the 
reader is referred to the web version of this article.)

with Ebeam the beam energy in the center-of-mass system and Q
the Q-value of the 6Li(6Li, αα)4He reaction. This means that the 
sum of the three relative energies is fixed once the reaction and 
the beam energy are chosen and in the present case totals about 
33.5 MeV.

Thus, the possibility for the three α particles to correlate is first 
subjected to this formula that can be used as a kind of prescription 
to determine the appropriate beam energy. Then, one needs a fea-
sible experimental setup covering the correct phase space to catch 
the three 8Be events. These considerations apply to any other re-
action feeding the three α particle channel. This means that the 
three 8Be events are likely to be observed at other beam energies 
and with different reactions. Consequence of that is the peculiar 
unbound nature of 8Be with a full-bodied level scheme feeding the 
two decaying α channel.

Eq. (3) lends to a consideration regarding the Hoyle state in 12C, 
at 7.65 MeV of excitation energy, whose Q-value for the decay into 
3α particles is about 380 keV. Applying Eq. (3) to the Hoyle state, 
it turns out that it cannot decay into three correlated α particles. 
This is confirmed by several results available in the literature, prov-
ing that the Hoyle state decays almost entirely through a 8Beg.s. +α
[11,12].

The present results are also consistent with [13]. In that work, 
a coincidence detection of three α particles was performed to in-

Fig. 5. θc.m. angular distributions spectra for α3 = 45◦ (open circles) 60◦ (solid dots) 
and 90◦ (open triangles). The solid and dashed lines correspond to calculations as-
suming a decay from an excited level of 12C with Jπ = 2+ and Jπ = 4+ respectively 
(see text for details).

vestigate the breakup of 12C in the 3α continuum, following 12C 
population by β-decay of 12N and 12B. In a 12C excitation energy 
region up to 15 MeV, and with a density of levels reduced by the 
selectivity of the β decay, 3α continuum states were found to be 
dominated by the 8Beg.s. +α and 8Be∗

1ecc +α decays. One can there-
fore imagine that moving higher in 12C excitation energy, as in the 
present experiment, into the region of overlapping resonances, the 
3α decay may sample even more excited configurations of the in-
termediate 8Be states. Indeed, the level structure at the excitation 
energy of the present experiment is characterized by a superposi-
tion of several states having widths larger than 1 MeV. Depending 
on spin and parity and on the nature of these interfering reso-
nances, the triple α channel would go through different states of 
8Be although being originated by the same excited system. Be-
fore drawing any conclusion, it is thus necessary to check if the 
structure of overlapping resonances may influence the angular dis-
tribution of the triple α decay.

Based on the appearance of essentially two peaks (at 45◦ and 
60◦) and a huge bump (around 90◦) in the α3 spectrum, and since 
in all of them there is at least one excited 8Be with Jπ = 2+ fed 
by two α particles, we have reconstructed the invariant scattering 
angle, θc.m., as the one between the relative momenta of the final 
(α + 8Be∗) and initial (6Li + 6Li) particles. In the center-of-mass 
system of the reaction, such an angle is the one between the mo-
mentum of any of the two fragments (α or 8Be∗) and the beam 
direction.

Angular distributions were extracted for each peak in Fig. 3(a) 
(cutoff of ±2.5◦) and compared with each other and to the re-
sults obtained from the general expression of the angular distri-
bution of the fragments for a resonance reaction, as given in [14]. 
Typical angular distributions are reported in Fig. 5 for 8Be excita-
tion energy of 20.1 MeV at α3 = 45◦ (open circles), 16.62 MeV at 
α3 = 60◦ (solid dots) and 22.2 MeV at α3 = 90◦ (open triangles). 
Such distributions are divided by the phase-space contribution and 
normalized with each other at θc.m. = 90◦ . Error bars represent sta-
tistical errors (14.6% for open circles, 7.6% for solid dots and 4.4% 
for open triangles). The solid lines in the same figure correspond 
to calculations assuming a decay from an excited level of 12C with 
Jπ = 2+ (solid line) and Jπ = 4+ (dashed line), which account for 
all combinations of total initial and final channel spins and angular 
momenta.

ground state and 16.62 MeV state of 8Be (fed 
twice with respect to the 90 keV) 

three 8Be states at 20.1, 11.35 and 3.03 MeV, 
taking advantage of their huge widths 

Random coincidences for both spectra are shown as green dots. Their negligible 
contribution to the peaks is consistent with the interpretation of triple α correlation. 
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Efimov idea: A system of three particles 
with resonant two-body interactions may 
form bound states, the so called Efimov 
trimers, even when any two of the 
particles are unable to bind.  
 
 
No observation exists yet in nuclei 
 
 
Efimov has predicted the possibility of 
existence of trimers in a system of three 
α-particles, with a maximum radius of 
attraction of the order of the Bohr 
radius, aC =1/e2, due to the repulsive long-
range Coulomb potential. 
 
His prescription refers mainly to 12C 
levels in the vicinity of the threshold of 
breakup into three α-particles or α + 8Be, 
and here we are much higher with the 
excitation energy. 

Can we link this correlation with the Efimov mechanism?  

Other interpratation 
6Li+α+d  Efimov trimer in the entrance 
channel (zero energy). Thus, systems 
with correlated α particles can be seen 
as escape channels from Efimov. 



Clustering in light nuclei: do they play a role in the sub-Coulomb fusion processes?	

From the α3 spectrum: the bulk of recombination into 3α particles pertains to  
the 90° region. First reason: contribution of the 22.2 MeV level of 8Be.  
 
Side reason: α3 around 90° corresponds to 3α	par7cles	in a line and can be linked to two  
interacting 6Li in a stretched α–d–d–α configuration that corresponds to the  
minimum value of the Coulomb barrier.  
	

Next step: To investigate the role of clustering in the sub-Coulomb fusion processes of 
light nuclei with pronounced cluster structure, we have started with the 6Li + 6Lià3α 
reaction (Q = 20.9 MeV). The aim is to investigate the decrease of its cross section 
while decreasing the interaction energy from above to below the Coulomb barrier. If 
clustering plays a role, the system should experience a lower decrease of the cross 
section than expected. 
 
Conjecture for nuclear astrophysics: there might be the possibility that other direct 
processes never considered at sub-Coulomb energies, triggered by the cluster 
structures of the interacting nuclei that manage to reduce the overall Coulomb barrier, 
may contribute to unsolved problems… 	



Conclusions 	
Many years ago the idea that atomic nucleus might show a cluster substructure has 
stronly supported the development of the physics of clusters, revealing a wide variety 
of clustering ranging from nuclear molecules to possible chains of a-particles. 
 
 This physics is still very attractive and lends itself to many applications: 
 
  
-  Nuclear astrophysics and the THM: virtual projectile/targets to overcome the main 

issues of nuclear reactions at astrophysical energies 
 
-  Strong correlations and a conglomerates possibly connected with the Efimov 

mechanism in nuclei à still a lot to understand 
 
-  Role of clustering in the sub-Coulomb fusion processes of light nuclei with 

pronounced cluster structure  

To be continued … 

 
	


