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Hot beginning

Planetary formation

Release of gravitational potential energy 
→ “Primordial” heat

+ short-lived radioactivity (26Al, 60Fe)



Gravitational binding energy
Gravitational binding energy (= �grav. pot. energy)

Two point masses: E = G m1m2
|~r1�~

r2|

Number of point masses: E = 1

2

P
i

P
j 6=i

G
m

i

m

j

|~r
i

�~
r

j

|

3-D body: E = 1

2

R R
G ⇢(~r1)⇢(~r2)

|~r1�~
r2| d~r

1

d~r
2

Uniform density sphere:
dE = G

msphere(r)dmshell(r)
r

= G

r

4
3⇡r

3⇢ 4⇡r2⇢dr = 16
3 ⇡2G⇢2r4dr

E =
R
R

0 dE = 16
15⇡

2G⇢2R5 = 3GM2

5R

Additional binding energy increase due to differentiation, for
⇢
core

= c⇢
mantle

, V
core

= b3V
total

,
�E

Eunif
= 1

2

(c � 1)b3(1 � b)1+b+2b

2(c�1)
[1+b

3(c�1)]2

Ondřej Šrámek Uncle O.’s seminar

To form a uniform density Earth



E ~ M C ΔT

Forming a uniform density planet
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sufficient energy to vaporize the planet…
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Gravitational binding energy
To form a uniform density Earth

To differentiate a core



Differentiating a core

R [m] R [m]

T 
[K

]

T 
[K

]

Earth

Equivalent temperature increase
E ~ M C ΔT

Forming a uniform density planet



[magma ocean]

44 December 2011 Physics Today www.physicstoday.org

Formation of Earth

the same W isotopic ratio as Silicate Earth, indicat-
ing that they formed on a body with a core. But un-
like Earth, whose core is 32% of its mass, the Moon
has little or no core. In simulations in which Earth
is struck a glancing blow by a Mars-sized body, the
core of the impactor is left in the larger planet while
the Moon is formed principally from silicate debris.
That would explain its siderophile-element pattern,
W-isotopic signature, and the lack of a lunar core. 

The main problem with current simulations of
the giant impact hypothesis, however, is that the
Moon is chemically and isotopically much more like
Earth than it ought to be. The simulations indicate
that about 80% of the silicate debris that goes to

form the Moon actually comes from the impactor.
This means that the Moon should be chemically and
isotopically distinct from Earth. But in addition to
the W-isotopic system, all other elements for which
we have data are identical isotopically on Earth 
and the Moon. (See PHYSICS TODAY, February 2008,
page 16.)

That striking identity was first observed for
oxygen isotopes, which vary considerably among
Earth, Mars, and the different meteorite groups, but
not between Earth and the Moon. The most logical
explanation is that the Moon actually represents the
silicate part of Earth at the time of the giant impact
rather than the silicate part of the impactor. But how
can we bring that suggestion into line with simula-
tions that generate most properties of the Earth–
Moon system but indicate the exact opposite for the
source of lunar materials? To resolve this conun-
drum, various groups are exploring the nature of
the impact and properties of the impactor.

What we do and don’t yet know
Asteroidal bodies started to form in the inner solar
system 4568 Myr ago and grew into the terrestrial
planets over tens of millions of years. In the case of
Earth, the short-lived 182Hf–182W system indicates
that the planet formed and segregated a core on a
time scale of at least 30 or 40 Myr. 

Chemical analysis of Earth’s silicate outer lay-
ers shows that they, in common with Mars and the
Moon, are very similar in composition to primitive
carbonaceous meteorites. That observation lets us
estimate how different chemical elements distrib-
uted themselves between the iron-rich core and the
silicate mantle as the core segregated.

High-pressure, high-temperature laboratory
measurements of partitioning have yielded power-
ful constraints on the conditions under which Earth
accreted external material. First, partitioning be-
tween core and mantle can only be reproduced if
pressures were extremely high (30–40 GPa). It fol-
lows that metal and silicate substantially re-
 equilibrated in the growing Earth and that partition-
ing was not inherited from already-partitioned,
low-pressure accreted bodies. Second, core–mantle
partitioning is most readily reproduced if Earth
started as a small, chemically reduced body and be-
came more oxidized as accretion progressed.

That heterogeneous-accretion scenario13 in-
vokes the accretion of more oxidized, volatile-rich
materials as Earth’s feeding zone expanded with its
increasing mass to include volatile-rich materials
from farther out in the solar system. 

The Moon formed by the giant impact of a Mars-
sized body on Earth some time before the oldest
Moon rocks were formed (150 Myr after t0). Current
models that reproduce the properties of the Earth–
Moon system suggest that the debris that formed the
Moon came predominantly from the impactor.

As might be anticipated, the above account has
glossed over many big questions, some of the more
important of which are as follows:
‣ The Moon is chemically and isotopically so much
like Silicate Earth that it’s hard to accept that it was
formed predominantly from the impactor rather

Short-lived radionuclides present in early Earth

Parent Daughter Parent half-life
(megayears)

Extinct after
(megayears)

182Hf 
(lithophile)

182W 
(siderophile) 8.9 45

107Pd 
(very siderophile)

107Ag 
(siderophile) 6.5 35

26Al 
(lithophile)

26Mg 
(lithophile) 0.7 3.5

146Sm 
(lithophile)

142Nd 
(lithophile) 103 500

60Fe 
(siderophile)

60Ni 
(siderophile) 1.5 7.5

129I 
(lithophile)

129Xe 
(atmophile) 15.7 80

Iron droplets

Metal
blobs

Core

Accreting body

Figure 4. Deep magma ocean model of core for-
mation. The high pressures required by partitioning
of siderophile elements from Earth’s mantle to its
core imply that iron descended in droplets through
a deep molten silicate layer, equilibrating with the
silicates as they fell. Because the pressures are much
lower than at the core–mantle boundary, it’s conjec-
tured that the molten iron and siderophile elements
dissolved in it formed a pond shell at some interme-
diate depth where there was a transition from
molten to solid silicate. The dense metal-pond layer
eventually became gravitationally unstable so that
large metal blobs descended to the core. (Adapted
from ref. 6.)

Deep magma ocean on early Earth?

• formation of the core within ~30 Myr after t0 
• sedimentary rocks by ~4.3 Ga

Wood 2011

http://dx.doi.org/10.1063/PT.3.1362


Conductive cooling model
or lord Kelvin’s 1863 estimate of age of the Earth

Assumptions: 
• Earth cools by conduction 
• Inputs: 

• Surface temperature gradient 1/50 °F per foot (~36 K/km)  
• Initial temperature 7000 ºF (3900 K) 
• Thermal diffusivity 2×10−6 m2/s 

• ⇒ age of ~100 Myr

Osmond Fisher, 1881: If Earth’s interior were ‘plastic’ (fluid-like), then a much greater 
reservoir of heat would be tapped and the resulting age could be much greater.  
John Perry, 1895: ... much internal fluidity would practically mean infinite conductivity 
for our purpose.
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Steep temperature gradient at the surface: 
thermal boundary layer of mantle convection

cold thermal boundary layer

hot thermal boundary layer
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4.2.4
Heat transport in the Earth

H
eat can be transported by three processes:conduction,

convection and radiation.
C

onduction and convection
require the presence of

a m
aterial;

radiation can pass
through space or a vacuum

.C
onduction is the m

ost signif-
icant process of

heat transport in solid m
aterials and thus

it is very im
portant in the crust and lithosphere.H

ow
ever,
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heat transport,
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m
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the rapid passage of
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perature is high enough for the
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antle to act as a viscous fluid over long tim
e intervals.
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portant form
 of

heat transfer than conduction in the m
antle.C

onvection is
also the m

ost im
portant form

 of
heat transport in the fluid

core,w
here related changes in the geom

agnetic field show
that the turnover of

core fluid is rapid in geological term
s.
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heat transport
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he absorption of
radiant

energy by m
atter increases itstem
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perature gradient.
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al radiation can be
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4.2.4.1
Conduction
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Global surface heat loss

Jaupart et al. 2015 in Treatise on Geophysics

for a plate of fixed thickness. This relationship provides a good
fit to the data and we shall use it for the 3–80 My age range. For
ages <3 My, this relationship breaks down for the global data
set but is still valid in some areas (Figure 4). We shall still use it
and calculate the associated uncertainty. For ages >80 My, we
shall simply use a constant heat flux as the data indicate that
q80!48 mW m"2 (Lister et al., 1990) (Figure 6).

7.06.3.3.3 Depth of the seafloor
The variation of ocean floor depth with age provides an addi-
tional constraint on lithospheric cooling at the cost of intro-
ducing a new physical property, the coefficient of thermal
expansion. As for heat flow, depth data are highly scattered
due to intrinsic seafloor roughness, the presence of
seamounts, and a variable sediment cover. Coping with the
noisy data set has involved again either binning of the data
(Parsons and Sclater, 1977) or rejecting ‘anomalous’ sites
(Crosby and McKenzie, 2009; Crough, 1983; Hillier and
Watts, 2005; Korenaga and Korenaga, 2008). Analyzing sea-
floor subsidence in detail would be outside the scope of this
chapter and we only seek confirmation for the two main fea-
tures of lithospheric evolution that are used here: the t"1/2 heat

flux–age dependence up to 80 My and the interrupted cooling
at later ages.

An isostatic balance condition leads to a very simple equa-
tion for subsidence with respect to the ridge axis (Sclater and
Francheteau, 1970):

Dh tð Þ¼ h tð Þ"h 0ð Þ

¼ 1

rm"rw

ðd

0
r T z, tð Þ½ '"r T z, 0ð Þ½ 'ð Þdz [31]

where h(t) and Dh(t) are the depth of the ocean floor and
subsidence at age t and where rm and rw denote the densities
of mantle rocks at temperature TM and water, respectively. In
this equation, d is some reference depth in themantle below the
thermal boundary layer. This equation neglects the vertical
normal stress at depth d, which may be significant only above
the mantle upwelling structure, that is, near the ridge axis. We
are interested in the heat flux out of the seafloor, q(0,t). Assum-
ing for simplicity that the coefficient of thermal expansion a is
constant, the equation of state for near-surface conditions is

r Tð Þ¼ rm 1"a T"TMð Þ½ ' [32]

From the isostatic balance equation [31], we obtain

dh

dt
¼ "arm
rm"rw

d

dt

ðd

0
T z, tð Þdz

" #

¼ "a
Cp rm"rwð Þ

d

dt

ðd

0
rmCpT z, tð Þdz

" # [33]

where we have also assumed that Cp is constant. Heat balance
over a vertical column of mantle between z¼0 and z¼d
implies that

dh

dt
¼ a
Cp rm"rwð Þ

q 0, tð Þ"q d, tð Þ½ ' [34]

which states that thermal contraction reflects the net heat loss
between the surface and depth d. Because q(0,t) depends on
TM, the subsidence rate also depends on the initial temperature
at the ridge axis. This equation states that the surface heat flux is
the sum of heat flux at depth d and the amount of cooling over
vertical extent d. Using only the latter therefore leads to an
underestimate of the surface heat flux.

Table 3 Estimates of the continental and oceanic heat flux and global
heat loss

Continental
(mW m"2)

Oceanic
(mW m"2) Total (TW)

Williams and von Herzen
(1974)

61 93 43

Davies (1980a,b) 55 95 41
Sclater et al. (1980) 57 99 42
Pollack et al. (1993) 65 101 44
Davies and Davies (2010) 71 105 47
This study a 65 94 46

aThe average oceanic heat flux does not include the contribution of hot spots. The total

heat loss estimate does include 3 TW from oceanic hot spots.

Table 4 Potential temperature of the oceanic upper mantle

Reference Method

1333 (C a Parsons and Sclater (1977) Average depth+heat
flux

1450 (C a Stein and Stein (1992) Average depth+heat
flux

1300–1370 (C a Carlson and Johnson
(1994)

True basement depth
(DSDP)

1315 (C a McKenzie et al. (2005) Depth+heat flux with
l(T), Cp(T) and a(T)

1280 (C a McKenzie and Bickle
(1988)

Average basalt
composition

1315–1475 (C a Kinzler and Grove (1992) Basalt composition
1275–1375 (C a Katsura et al. (2004) Isentropic profile

through the Ol–Wa
phase change

1454)81 (C Putirka et al. (2007) Olivine–liquid
equilibriums

aTemperature estimate for a cooling model with constant temperature below the ridge

axis (i.e., which does not account for isentropic decompression melting).
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Figure 6 Heat flux data and prediction of the half-space cooling model
for ages larger than 100 My. Reproduced from Lister CRB, Sclater JG,
Nagihara S, Davis EE, and Villinger H (1990) Heat flow maintained
in ocean basins of great age – Investigations in the north-equatorial West
Pacific. Geophysical Journal International 102: 603–630.
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The basic model is shown in the following diagram that represents one half of a 

seafloor spreading system.   The model assumptions and consequences are: 

 lithospheric plates are rigid and move away from the spreading ridge axis at a 

uniform rate of v; 

 hot, low-viscosity asthenosphere fills the void (passive); 

 internal heat generation is much smaller than the other terms in the heat equation so it 

is neglected; 

 there is a singular point at x = z = 0.  (We'll let the "ridge scientists" deal with this 

issue.) 

 

 

 

 

 

 

 

 

 

 

 

 

 

This is a 2-dimensional problem with no heat sources so the heat equation has only 

diffusive and advective terms 

 

 

where T is temperature and κ is the thermal diffusivity.  The first term represents the 

lateral diffusion of heat, the second term represents the vertical diffusion of heat, and the 

third term (on the right side) is the advection of heat by the motion of the plate.  Away 

from the ridge axis (x >> 0), one can show that the lateral heat diffusion is much smaller 

than the vertical heat diffusion.  Dropping this term simplifies the differential equation 
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Global surface heat loss

Jaupart et al. 2015 in Treatise on Geophysics

for a plate of fixed thickness. This relationship provides a good
fit to the data and we shall use it for the 3–80 My age range. For
ages <3 My, this relationship breaks down for the global data
set but is still valid in some areas (Figure 4). We shall still use it
and calculate the associated uncertainty. For ages >80 My, we
shall simply use a constant heat flux as the data indicate that
q80!48 mW m"2 (Lister et al., 1990) (Figure 6).

7.06.3.3.3 Depth of the seafloor
The variation of ocean floor depth with age provides an addi-
tional constraint on lithospheric cooling at the cost of intro-
ducing a new physical property, the coefficient of thermal
expansion. As for heat flow, depth data are highly scattered
due to intrinsic seafloor roughness, the presence of
seamounts, and a variable sediment cover. Coping with the
noisy data set has involved again either binning of the data
(Parsons and Sclater, 1977) or rejecting ‘anomalous’ sites
(Crosby and McKenzie, 2009; Crough, 1983; Hillier and
Watts, 2005; Korenaga and Korenaga, 2008). Analyzing sea-
floor subsidence in detail would be outside the scope of this
chapter and we only seek confirmation for the two main fea-
tures of lithospheric evolution that are used here: the t"1/2 heat

flux–age dependence up to 80 My and the interrupted cooling
at later ages.

An isostatic balance condition leads to a very simple equa-
tion for subsidence with respect to the ridge axis (Sclater and
Francheteau, 1970):

Dh tð Þ¼ h tð Þ"h 0ð Þ

¼ 1

rm"rw

ðd

0
r T z, tð Þ½ '"r T z, 0ð Þ½ 'ð Þdz [31]

where h(t) and Dh(t) are the depth of the ocean floor and
subsidence at age t and where rm and rw denote the densities
of mantle rocks at temperature TM and water, respectively. In
this equation, d is some reference depth in themantle below the
thermal boundary layer. This equation neglects the vertical
normal stress at depth d, which may be significant only above
the mantle upwelling structure, that is, near the ridge axis. We
are interested in the heat flux out of the seafloor, q(0,t). Assum-
ing for simplicity that the coefficient of thermal expansion a is
constant, the equation of state for near-surface conditions is

r Tð Þ¼ rm 1"a T"TMð Þ½ ' [32]

From the isostatic balance equation [31], we obtain

dh

dt
¼ "arm
rm"rw

d

dt

ðd

0
T z, tð Þdz

" #

¼ "a
Cp rm"rwð Þ

d

dt

ðd

0
rmCpT z, tð Þdz

" # [33]

where we have also assumed that Cp is constant. Heat balance
over a vertical column of mantle between z¼0 and z¼d
implies that

dh

dt
¼ a
Cp rm"rwð Þ

q 0, tð Þ"q d, tð Þ½ ' [34]

which states that thermal contraction reflects the net heat loss
between the surface and depth d. Because q(0,t) depends on
TM, the subsidence rate also depends on the initial temperature
at the ridge axis. This equation states that the surface heat flux is
the sum of heat flux at depth d and the amount of cooling over
vertical extent d. Using only the latter therefore leads to an
underestimate of the surface heat flux.

Table 3 Estimates of the continental and oceanic heat flux and global
heat loss

Continental
(mW m"2)

Oceanic
(mW m"2) Total (TW)

Williams and von Herzen
(1974)

61 93 43

Davies (1980a,b) 55 95 41
Sclater et al. (1980) 57 99 42
Pollack et al. (1993) 65 101 44
Davies and Davies (2010) 71 105 47
This study a 65 94 46

aThe average oceanic heat flux does not include the contribution of hot spots. The total

heat loss estimate does include 3 TW from oceanic hot spots.

Table 4 Potential temperature of the oceanic upper mantle

Reference Method

1333 (C a Parsons and Sclater (1977) Average depth+heat
flux

1450 (C a Stein and Stein (1992) Average depth+heat
flux

1300–1370 (C a Carlson and Johnson
(1994)

True basement depth
(DSDP)

1315 (C a McKenzie et al. (2005) Depth+heat flux with
l(T), Cp(T) and a(T)

1280 (C a McKenzie and Bickle
(1988)

Average basalt
composition

1315–1475 (C a Kinzler and Grove (1992) Basalt composition
1275–1375 (C a Katsura et al. (2004) Isentropic profile

through the Ol–Wa
phase change

1454)81 (C Putirka et al. (2007) Olivine–liquid
equilibriums

aTemperature estimate for a cooling model with constant temperature below the ridge

axis (i.e., which does not account for isentropic decompression melting).
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Figure 6 Heat flux data and prediction of the half-space cooling model
for ages larger than 100 My. Reproduced from Lister CRB, Sclater JG,
Nagihara S, Davis EE, and Villinger H (1990) Heat flow maintained
in ocean basins of great age – Investigations in the north-equatorial West
Pacific. Geophysical Journal International 102: 603–630.
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46 ± 3 TW
From global heat flow measurements 
combined with lithospheric cooling 

model in oceans

• What cooling rate of the Earth corresponds to 46 TW? 
• Heat sources in the Earth? 
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Global surface heat loss
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for a plate of fixed thickness. This relationship provides a good
fit to the data and we shall use it for the 3–80 My age range. For
ages <3 My, this relationship breaks down for the global data
set but is still valid in some areas (Figure 4). We shall still use it
and calculate the associated uncertainty. For ages >80 My, we
shall simply use a constant heat flux as the data indicate that
q80!48 mW m"2 (Lister et al., 1990) (Figure 6).

7.06.3.3.3 Depth of the seafloor
The variation of ocean floor depth with age provides an addi-
tional constraint on lithospheric cooling at the cost of intro-
ducing a new physical property, the coefficient of thermal
expansion. As for heat flow, depth data are highly scattered
due to intrinsic seafloor roughness, the presence of
seamounts, and a variable sediment cover. Coping with the
noisy data set has involved again either binning of the data
(Parsons and Sclater, 1977) or rejecting ‘anomalous’ sites
(Crosby and McKenzie, 2009; Crough, 1983; Hillier and
Watts, 2005; Korenaga and Korenaga, 2008). Analyzing sea-
floor subsidence in detail would be outside the scope of this
chapter and we only seek confirmation for the two main fea-
tures of lithospheric evolution that are used here: the t"1/2 heat

flux–age dependence up to 80 My and the interrupted cooling
at later ages.

An isostatic balance condition leads to a very simple equa-
tion for subsidence with respect to the ridge axis (Sclater and
Francheteau, 1970):

Dh tð Þ¼ h tð Þ"h 0ð Þ

¼ 1
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r T z, tð Þ½ '"r T z, 0ð Þ½ 'ð Þdz [31]

where h(t) and Dh(t) are the depth of the ocean floor and
subsidence at age t and where rm and rw denote the densities
of mantle rocks at temperature TM and water, respectively. In
this equation, d is some reference depth in themantle below the
thermal boundary layer. This equation neglects the vertical
normal stress at depth d, which may be significant only above
the mantle upwelling structure, that is, near the ridge axis. We
are interested in the heat flux out of the seafloor, q(0,t). Assum-
ing for simplicity that the coefficient of thermal expansion a is
constant, the equation of state for near-surface conditions is

r Tð Þ¼ rm 1"a T"TMð Þ½ ' [32]

From the isostatic balance equation [31], we obtain
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where we have also assumed that Cp is constant. Heat balance
over a vertical column of mantle between z¼0 and z¼d
implies that

dh
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¼ a
Cp rm"rwð Þ

q 0, tð Þ"q d, tð Þ½ ' [34]

which states that thermal contraction reflects the net heat loss
between the surface and depth d. Because q(0,t) depends on
TM, the subsidence rate also depends on the initial temperature
at the ridge axis. This equation states that the surface heat flux is
the sum of heat flux at depth d and the amount of cooling over
vertical extent d. Using only the latter therefore leads to an
underestimate of the surface heat flux.

Table 3 Estimates of the continental and oceanic heat flux and global
heat loss

Continental
(mW m"2)

Oceanic
(mW m"2) Total (TW)

Williams and von Herzen
(1974)

61 93 43

Davies (1980a,b) 55 95 41
Sclater et al. (1980) 57 99 42
Pollack et al. (1993) 65 101 44
Davies and Davies (2010) 71 105 47
This study a 65 94 46

aThe average oceanic heat flux does not include the contribution of hot spots. The total

heat loss estimate does include 3 TW from oceanic hot spots.

Table 4 Potential temperature of the oceanic upper mantle

Reference Method

1333 (C a Parsons and Sclater (1977) Average depth+heat
flux

1450 (C a Stein and Stein (1992) Average depth+heat
flux

1300–1370 (C a Carlson and Johnson
(1994)

True basement depth
(DSDP)

1315 (C a McKenzie et al. (2005) Depth+heat flux with
l(T), Cp(T) and a(T)

1280 (C a McKenzie and Bickle
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Average basalt
composition

1315–1475 (C a Kinzler and Grove (1992) Basalt composition
1275–1375 (C a Katsura et al. (2004) Isentropic profile

through the Ol–Wa
phase change

1454)81 (C Putirka et al. (2007) Olivine–liquid
equilibriums

aTemperature estimate for a cooling model with constant temperature below the ridge

axis (i.e., which does not account for isentropic decompression melting).
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Figure 6 Heat flux data and prediction of the half-space cooling model
for ages larger than 100 My. Reproduced from Lister CRB, Sclater JG,
Nagihara S, Davis EE, and Villinger H (1990) Heat flow maintained
in ocean basins of great age – Investigations in the north-equatorial West
Pacific. Geophysical Journal International 102: 603–630.
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46 ± 3 TW
From global heat flow measurements 
combined with lithospheric cooling 

model in oceans

• What cooling rate of the Earth corresponds to 46 TW? 
• Heat sources in the Earth? 
• Where are the heat sources?
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Continental Crust 
6.8 (+1.4/−1.1) TW

Oceanic Crust 
0.22 ± 0.03 TW

Thickness and density of Earth’s crust

+ model of chemical composition in the crust

⇒ model of heat production in the crust

Model by Yu Huang et al. 2013

http://dx.doi.org/10.1002/ggge.20129


• Rate of heat loss from the Earth … 46 ± 3 TW 

• Radiogenic power produced in Silicate Earth … estimates from 
9 TW to 36 TW  

• Radiogenic power produced in the lithosphere … 8 ± 1 TW 

• Heat flow from the convecting mantle … 38 ± 3 TW 

• Radiogenic power available in the mantle … from 1 TW to 28 TW  
Or anywhere from no internal heating to mostly (75%) internal 
heating. 

• Heat flow from the core to the mantle … up to 40 TW



Surface heat flux

CMB heat flux

Mantle cooling

Core cooling
Inner core growth

Heat production in lithosphere



“Parametrized” convection models
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Solving the secular cooling equation

Use scaling to get heat flux 
from convecting mantle as a 
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6–41 Linear velocity profiles used to model the core flow in a convection
cell. The areas under the triangles are equal to conserve fluid.

the boundary conditions of this problem. Therefore we
approximate the core flow with the linear velocity pro-
files shown in Figure 6–41; that is, we take

u = u0

(
1 − 2

y
b

)
(6–355)

v = − v0

(
1 − 4

x
λ

)
. (6–356)

To conserve fluid, we require

v0λ

2
= u0b. (6–357)

This balance is also illustrated in Figure 6–41. It must be
emphasized that the assumed velocity profiles do not
satisfy the required boundary conditions on the velocity
components. For example, the condition u = 0 at x =
0, λ/2 is not satisfied. However, the assumed profiles
are reasonable approximations to the actual flow near
the center of the cell.

The shear stress on the vertical boundaries of the
core flow is given by Equation (6–58) as

τcv = µ
∂v

∂x
= µ

4v0

λ
, (6–358)

and the shear stress on the horizontal boundaries is
given by

τch = µ
∂u

∂(−y)
= µ

2u0

b
. (6–359)

The derivative with respect to −y occurs in Equation
(6–359), since the derivative must be in the direction of
the outward normal to the surface. For the horizontal
area at the top of the cell this is the negative y direction.
The rate at which work is done on each vertical bound-

ary by the shear stress is bτcvv0 per unit distance parallel
to the roll axis. The rate of doing work is the product of
force and velocity; see also Equation (4–243). The rate
at which work is done on each horizontal boundary is
(λ/2)τchu0. The rate at which the buoyancy force does
work on each of the plumes is Fbv0. The rate at which
work is done on the plumes by the gravitational body
forces must equal the rate at which work is done on the
boundaries by the viscous forces; this gives

2Fbv0 = 2bτcvv0 + λτchu0. (6–360)

Substitution of Equations (6–354), (6–358), and
(6–359) into Equation (6–360) yields

ρ0gαvu0(Tc − T0)
(

κλ

2πu0

)1/2

=
2v2

0µ

λ
+

u2
0µλ

2b2 .

(6–361)

After eliminating the core temperature using Equa-
tion (6–346) and the vertical velocity using Equation
(6–357), we solve for the horizontal velocity and obtain

u0 = κ

b

(
λ
2b

)7/3

(
1 + λ4

16b4

)2/3

(
Ra

2
√

π

)2/3

, (6–362)

where the Rayleigh number Ra appropriate to a fluid
layer heated from below has been defined in Equation
(6–316).

Having determined the mean velocity along the
upper boundary of the cell, we can now find the to-
tal rate of heat flow through the cell Q from Equation
(6–348)

Q = k(T1 − T0)
21/3π2/3

(
λ
2b

)5/3

(
1 + λ4

16b4

)1/3 Ra1/3. (6–363)

The Nusselt number Nu is defined as the ratio of the
heat flow rate with convection Q to the heat flow rate
by conduction Qc in the absence of convection [see also
Equation (6–333)]

Nu = Q
Qc

, (6–364)

where

Qc = k(T1 − T0)
b

λ

2
. (6–365)

“Parametrized” convection models
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6–40 Boundary-layer structure of two-dimensional thermal convection
cells in a fluid layer heated from below.

plume. The buoyancy forces in the ascending and de-
scending plumes drive the flow. The core of each cell is
a nearly isothermal viscous rotational flow. As pointed
out in our discussion of the boundary-layer stability
analysis, symmetry requires that the temperature Tc in
the nearly isothermal core must be the mean of the
two boundary temperatures and Equation (6–325) ap-
plies. We now carry out a quantitative calculation for
the velocities in the fluid layer and the amount of heat
transported by the motions.

Although an exact solution for the steady-state
boundary-layer model requires numerical methods, we
can obtain an analytic solution by making a number of
approximations. The results will then be compared with
more rigorous solutions. We first obtain the structure
of the cold thermal boundary layer adjacent to the up-
per boundary of the fluid layer. For this calculation we
let y = 0 be the upper boundary and measure y pos-
itive downward. We also let x be the horizontal coor-
dinate and let x = 0 be at the center of the ascending
plume (Figure 6–40). To obtain an analytic solution, we
assume that the horizontal fluid velocity at the upper
boundary is a constant u0. The horizontal fluid veloc-
ity is actually zero at x = 0 and λ/2 and increases to
a maximum near x = λ/4. The constant velocity u0 is
an average of the actual horizontal velocity on the up-
per boundary. We have already solved for the thermal
structure of this boundary layer in Section 4–16. From

Equation (4–124) the temperature distribution in the
cold thermal boundary layer is

Tc − T
Tc − T0

= erfc
[

y
2

( u0

κx

)1/2
]

. (6–347)

As discussed previously in Section 4–16, a direct associ-
ation can be made between the cold thermal boundary
layer of a thermal convection cell and the thickening
oceanic lithosphere. By integrating the surface heat flux
(4–127) across the width of the cell, that is, from x = 0
to x = λ/2, we obtain the total rate rate of heat flow
Q out of the top of the cell per unit distance along the
axis of the roll,

Q = 2k(Tc − T0)
(

u0λ

2πκ

)1/2

. (6–348)

At the boundary between two cells the cold thermal
boundary layers from two adjacent cells turn through
90◦ to form a cold, symmetrical descending thermal
plume. This process is directly analogous to the sub-
duction of the oceanic lithosphere at an ocean trench
(although lithospheric subduction is not a symmetrical
process). Because very little heat conduction can occur
during this transition from a thermal boundary layer
to a thermal plume, the distribution of temperature in
the newly formed plume is the same as in the bound-
ary layer. As in the case of the horizontal velocity in
the cold boundary layer, we assume that the vertical
(descending) velocity in the cold plume is a constant
v0. However, the velocity v0 may differ from the veloc-
ity u0. Since the convected heat in the plume just after

Relationship between heat flux out of the convecting 
mantle and the vigor of thermal convection 

Nusselt number – Rayleigh number scaling

Ra =
⇢↵�Tgd3
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buoyancy
(thermal diffusion) × (momentum diffusion)

Nu =
q

k�T
d

heat flux from convecting layer
diffusive heat flux

Ra scales with temperature 
Viscosity η strong function of T

Nu / Ra1/3
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Solving the secular cooling equation



Mantle cooling rate

Abbott et al. 1994

Cooling rate of 50±25 K/Gyr

Translates into 8±4 TW mantle 
heat output due to cooling

petrological constraint based on determination 
of melting temperature of primitive mantle melts

the seismic discontinuity. These results are in direct contradic-
tion with those of Tateno et al. (2009) who reported a sharp
phase transition. The region of Pv–pPv coexistence could
extend through the whole D’’ layer and, for some mantle com-
positions, could be found at pressures higher than that of the
CMB (Grocholski et al., 2012).

7.06.6.2 Temperature Versus Time

One may use petrologic constraints to investigate past temper-
atures of the mantle. Continental crustal material was different
in the Archean than it is today. Basaltic lavas exhibit systematic
compositional trends with time, including a secular decrease in
average MgO content. MgO-rich ultramafic lavas named koma-
tiites are common in the Archean and are almost absent from
today’s rock record. Early workers proposed that komatiites
require the mantle source to be at least 300 K hotter than
present (Green, 1975; Sleep, 1979), but they considered dry
mantle only. The peridotite solidus depends strongly on water
content, which in turn depends on the geologic setting. If
komatiites are generated by mantle plumes, involving mantle
that is essentially dry, that is, such that its water content is so
small that it does not affect phase boundaries, one deduces that
mantle plume temperatures have decreased by about 300 K in
3 Gy (Nisbet et al., 1995). Jarvis and Campbell (1983) sug-
gested that such hot mantle plumes did not require the
Archean mantle to be more than 100 K hotter than present
on average. According to an alternative hypothesis, komatiites
are generated in a subduction environment, involving mantle
hydrated by downgoing plates. In that case, one is led to
conclude that this part of the mantle was only slightly hotter
(!100 K) in the Archean than it is today (Grove and Parman,
2004). In both cases, komatiites do not sample ‘average’ man-
tle and it is not clear how to incorporate these temperature
estimates in models for the entire mantle.

Mid-ocean ridge tholeiites are better suited for studies of
the mantle’s average temperature because they can be sam-
pled over very large areas. They are a compositionally hetero-
geneous group, however, which translates into a wide
temperature range (!200 K) (Kinzler and Grove, 1992;
Klein and Langmuir, 1987). Abbott et al. (1994) calculated
the liquidus temperature for Phanerozoic MORBs and
Archean MORB-like greenstones and determined the maxi-
mum and minimum mantle potential temperatures versus
time. Although the range of temperatures for each period is
wide (!200 K), the trend is well marked. Abbott et al. (1994)
concluded that mantle temperatures decreased by !150 K
since 3 Gy, which is less than the range of mantle potential
temperatures at a given time. Work by Herzberg et al. (2010)
on non-arc basaltic rocks, which are again chosen because
they were melts of the ambient mantle, confirms these values
(Figure 15). A cooling rate of 50 K Gy"1 for the mantle rep-
resents !8 TW.

7.06.6.3 Early Earth

A full description of the Earth’s thermal evolutionmust include
the initial conditions. Here, ‘initial’ refers to the time when the
Earth had completed its main phase of core–mantle differen-
tiation and the mantle had solidified to the point where its

dynamics can be described as subsolidus convection. Before
reaching that point, a host of processes with different dynamics
occurred. They may be separated in three categories: accretion,
core formation, and magma ocean crystallization. The process
of the formation of the Earth brought together matter that was
originally dispersed in the protosolar nebula, thereby releasing
gravitational energy. One may estimate the total energy
released by taking the difference between the total gravitational
energies before and after. The fate of this energy, however,
depends on the way it is dissipated and transformed into
another type of energy. The effect of core differentiation is
quite different from that of accretion. Most of the processes
involved remain speculative to some extent, and we restrict our
discussion to the points that are directly relevant to the early
thermal structure. Several review articles (e.g., Stevenson, 1989;
Wetherill, 1990, several articles in vol. 9), and two books (e.g.,
Canup and Righter, 2000; Newsom and Jones, 1990) deal with
these issues in detail.

During accretion, the gravitational energy of impactors is
first transformed into kinetic energy and then dissipated in the
form of heat at the impact. One may define two limit cases. If
no energy is lost to space or stored as elastic energy, the
temperature of the whole Earth is raised by an amount equal to

DT¼
"Eg
MCP

$ 3:75%105K [51]

which would be sufficient to vaporize the whole planet. A large
fraction of the impact energy, however, is released at shallow
levels and lost to space by radiation. Stevenson (1989) esti-
mated that, if all the energy is made available for radiation,
accretion would raise the temperature of the Earth by <70K
relative to that of the nebula. The actual evolution lies some-
where between these two limiting cases, involving partial dissi-
pation of the impact energy within the planet and radiative heat
transfer through the primordial atmosphere. One important
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Figure 15 Temperature of the source of non-arc basaltic rocks as a
function of age. The vertical arrow at zero age stands for the range
of mantle potential temperature estimates from Table 4. Most of the data
fall between the 50 KGy"1 and the 100 K Gy"1 lines. Data from Herzberg
et al. (2010).
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Herzberg et al. 2010 data

Cooling rate of 50–100 K/Gyr

Translates into 8–16 TW mantle 
heat output due to cooling
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• Rate of heat loss from the Earth … 46 ± 3 TW 

• Radiogenic power produced in Silicate Earth … estimates from 9 TW 
to 36 TW  

• Radiogenic power produced in the lithosphere … 8 ± 1 TW 

• Heat flow from the convecting mantle … 38 ± 3 TW 

• Radiogenic power available in the mantle … from 1 TW to 28 TW 
Or anywhere from no internal heating to mostly (75%) internal heating. 

• Heat flow from the core to the mantle … up to 40 TW 

• Urey ratio 0.75 requires 0.75 × 38 TW = 28 TW radiogenic power in 
the mantle, that is 36 TW in Silicate Earth



High mantle Urey ratio?

• Deschamps et al. 2010, Nu–Ra scaling based on 3-D spherical shell numerical 
simulations of convection: “Applied to the Earth’s mantle, the mixed heating 
scaling predicts a Urey ratio between 0.4 and 0.6, depending on the Rayleigh 
number.” (between 23 and 31 TW radiogenic power in BSE) 

• Nakagawa & Tackley 2012: “The Urey ratio that is calculated purely from 
convective heat flow is always higher than 0.5 [19 TW in BSE]. When magmatic 
heat flow is included, the Urey ratio is slightly lower at the present day”  

• Lenardic et al. 2011: Including continents is important. Results from numerical 
models relax the tension between classical convection models and lower Urey 
ratio estimated from geochemical models.

surface heat loss
radiogenic power

Urey ratio = 20 TW radiogenic power in BSE  ↔  Mantle Ur ~ 0.3

http://dx.doi.org/10.1111/j.1365-246X.2010.04637.x
http://dx.doi.org/10.1016/j.epsl.2012.02.011
http://dx.doi.org/10.1016/j.pepi.2011.06.008

