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Why Static Limit?
simplified framework to solving the non-perturbative dynamics 
of light degrees of freedom - due to heavy quark symmetry

mb →∞

most interesting phenomenology involves lowest mesons:
leptonic, semileptonic (H/H, H/L) and radiative decays
             -mixing amplitude (BSM)B̄0
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Heavy Quark Effective Theory
mc,b,t > ΛQCD

LQ = Q̄(x)
[
iD
/
−mQ

]
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Q(x) = eimQvx
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v (x) + H (−)
v (x)
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/
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Latticized HQET...
SE

HQET =
∫

d4x ( h† D0 h + h̃ D0 h̃† )

Slatt
HQET = a3
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HMChPT
mu,d,s < ΛQCDmc,b,t > ΛQCD

SU(Nf )L ⊗ SU(Nf )R → SU(Nf )V

Ha =
1 + !v

2
(
Pµ

a γµ − Paγ5

)

L(1) = −Tr(H̄aiv ·DabHb) + g Tr(H̄aHbγµAµ
ba γ5)
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HMChPT
fB
√

mB → φq

!!!!"!!!
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Extrapolate lattice data
fB
√

mB → φq

φd = φ0
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]

* finite volume effects can be 
accounted for by ChPT tools 
(at NLO completely independent of 

counterterms!)

* HMStagChPT
Aubin, Bernard, 2006

* MILC & Fermilab-lattice, 2009



Need coupling - g

〈B| !A|B∗(ε)〉 = g !ελ

Aµ = ūγµγ5d@ |!q| = 0

C2(t) = 〈
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Need coupling - g

improved Wilson line
(hypercubic blocking)

C3(tx) !
∑

n

Z2
ne−E

q
n (tx−tfix)〈Bn|Ai|B∗

n〉ε
(n)
i

C2(tx) !
∑
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q
n tx

gq = glin
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1 + clinm2

π

)

gq = g0

[
1− 4g2

0

(4πf)2
m2

π log(m2
π) + c0m

2
π

]

glin = 0.51± 0.04
clin = (0.21± 0.12) GeV−1

g0 = 0.44± 0.03
c0 = (0.40± 0.12) GeV−1

D.B. Blossier, Chang, Haas 2009



We must extend HMChPT !
Nearest orbital excitations [jP

! = (1/2)+] not far from the ground states
[jP

! = (1/2)−]:

• BaBar, Belle and CLEO → scalar D∗
0s and axial D1s:

∆Ss ≡ mD∗
0s
−mDs = mD1s −mD∗

s
= 350 MeV

• Belle and Focus ∆Sq ≈ 430(30) MeV

• Lattice: situation similar in the static limit (mQ →∞) ⇒ also B’s
N.B.!

∆Ss,q < Λχ,mη,mK

- No kaon or eta, unless we include scalars in the loops!  
+ Not big a problem: SU(2) is cool too 



Extended HMChPT
L(1)

HMChPT = L(1)
1
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Extended HMChPT
In the limit mπ/∆S → 0 all LO corr’s due to 1/2+ states are analytic in mπ

φq = φ0

[
1− 1 + 3g2

2(4πf)2
3
2
m2

π log
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π

]
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[
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What are the values of h, g̃ ?
Is eg ≈ g and h very small?

Chiral doubler model
Nowak,Zahed, Rho, 2003;
Bardeen, Eichten, Hill, 2003



Axial charge in detail

C̃γiγ5(−ts1, ts2; r) =
∑

"x,"y

〈
h̄(x)1Iq(x) q̄(z + !r)γiγ5q(z + !r)

(
h̄(y)γiγ5q(y)

)†〉

z−fixed

R̃γiγ5(r) =
C̃γiγ5(−ts1, ts2;!r)

(Z̃S
q )2 × exp[−Ẽq (ts2 − ts1)]

|ts1|,ts2"0−→ 〈B∗0q|q̄γiγ5q(r)|B1q〉 ≡ f̃γiγ5(r)

Cγiγ5(−ts1, ts2;!r) =
∑

"x,"y

〈
h̄(x)γ5q(x) q̄(z + !r)γiγ5q(z + !r)

(
h̄(y)γiq(y)

)†〉

z−fixed

Rγiγ5(!r) =
Cγiγ5(−ts1, ts2;!r)(

ZS
q

)2 × exp[−Eq (ts2 − ts1)]
|ts1|,ts2"0−→ 〈Bq|q̄γiγ5q(!r)|B∗q 〉 ≡ fγiγ5(r)

∑

rx,ry,rz

fΓ(rx, ry, rz) = 4π

∫ ∞

0
r2fΓ(r)drNontrivial check!!!

for `large’ lattice (> 2 fm)

✔



Axial charge in detail

above: 
light quark near the physical 
strange quark mass
Nf=2 dynamical Wilson/Clover quarks & 
Iwasaki gauge action, 243 X 48, a=0.1 fm

D.B. Chang, LeYaouanc 2009
Koponen 2007



Axial charge in detail

chiral extrapolation

glin = 0.526(22) g̃lin = −0.157(48)

gHMChPT
0 = 0.444(18) g̃HMChPT

0 = −0.14(6)
g̃ ! g

This is where you can test 
quark models: fix parameters 
with lowest lying masses and 
splittings - and check for 
both axial charge radial 
distributions, point by point!



Vector charge (fixed by VWI)

〈P (p′)|Jem
µ |P (p)〉 = F (q2) (p + p′) ,

〈
r2

〉
= 6

dF (q2)
dq2

∣∣∣∣
q2=0

〈
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〉
1
2
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∫ ∞

0
r4fγ0(r) dr

∫ ∞

0
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〈
r2

〉lin.
1
2
− = 0.334(3) fm2 ,

〈
r2

〉lin.
1
2
+ = 0.280(16) fm2

✖



Vector charge (fixed by VWI)

〈P (p′)|Jem
µ |P (p)〉 = F (q2) (p + p′) ,

〈
r2

〉
= 6

dF (q2)
dq2

∣∣∣∣
q2=0

〈
r2

〉lin.
1
2
− ≈

〈
r2

〉VMD
1
2
− = 6/m2

ρ = 0.393 fm2

dF (q2)
dq2

∣∣∣∣
q2=0

=
1

8αeme2
q

∑

exc

(2J + 1)
Γ(Bexc → Bγ)

|#kγ |3
Γ(B∗± → B±γ) ≤ 16

81
αem

〈
r2

〉
|#kγ |3 = 1.16(1) keV

CRSR (Pirjol,Uraltsev 1999)



How to compute h-coupling ?

Aµ = ūγµγ5d

u

h

d

A

P S

〈B(p′)|Aµ(0)|B∗
0(p)〉 = (p + p′)µA+(q2) + qµA−(q2)

lim
q2→0

〈B(p′)|qµAµ(0)|B∗
0(p)〉 = (m2

B∗
0
−m2

B)A+(0)

fπm2
π

m2
π − q2

〈π±(q)B(p′)|B∗
0(p)〉 = 〈B(p′)|qµAµ(0)|B∗

0(p)〉

⇒ h = A+(0)

〈B|A0(0)|B∗0〉HQET =
mB + mB∗

0

2√mBmB∗
0

A+(∆2
S) +

∆S

2√mBmB∗
0

A−(∆2
S) mb→∞−→ A+(∆2

S)

q2 non-zero in the static limit !
cannot give momentum 

to a static source

`Easy’ part in two steps

✘



How to compute h-coupling ?

A+(∆2) = 4π

∫ ∞

0
dr r2fPAS(r)

CPAS(ty, tx) = 〈
∑

!x,!y

P (y)A0(0)S†(x)〉

CSAP (ty, tx) = 〈
∑

!x,!y

S(y)A0(0)P †(x)〉

CPV P (ty, tx) = 〈
∑

!x,!y

P (y)V0(0)P †(x)〉

CSV S(ty, tx) = 〈
∑

!x,!y

S(y)V0(0)S†(x)〉

Rh(t) = −Z2
A

Z2
V

CSAP (ty, tx) CPAS(ty, tx)
CPV P (ty, tx) CSV S(ty, tx)

→ −〈B
∗
0 |A0(0)|B〉 〈B|A0(0)|B∗

0〉
〈B|V0(0)|B〉 〈B∗

0 |V0(0)|B∗
0〉

= [A+(∆2
S)]2

A+(∆2
S − q2

z) =
∫

d!re−i!q!rfPAS(r) = A+(∆2)
[
1− q2

z

6
〈
r2

〉
PAS

+
q4
z

120
〈
r4

〉
PAS

+ . . .

]

⇒ A+(0) = A+(∆2
q)

(
1−

∆2
q

6
〈
r2

〉q

PAS
+

∆4
q

120
〈
r4

〉q

PAS
+ . . .

)



h-coupling (1st latt.estimate ever!)

h = h0

[
1− 3

4
3g2

0 + 3g̃2
0 + 2g0g̃0

(4πf)2
m2

π log m2
π + chm2

π

]

g = g0

[
1− 4g2

0

(4πf)2
m2

π log m2
π + cgm

2
π

]

sic!
LARGE VALUE

LCSR: h0 = −0.60± 0.13 Colangelo, DeFazio 1998

h0 = −0.78(5)(+6
−0)

✘ if LCSR fail getting g right - why it works for h ?



h-coupling (1st latt.estimate ever!)

3 consequences:

HMChPT reliable only for extremely low pion masses. In lattice chiral 
extrapolations the contributions coming from scalar heavy-light states must 
be included in the expressions

g0 = 0.52(2)(+0
−8) g̃0 = −0.16(5)(+2

−0)h0 = −0.78(5)(+6
−0)

Γ(B∗0
0 → B+π−) =

(m2
B∗

0
−m2

B)2

8πf2
πm3

B∗
0

mBh2|"qπ|⇒ Γ(B∗±
0 ) = 0.45

(
+0.07
−0.12

)
GeV

Models with chiral doubling in heavy-light mesons are be viable. 
Soft pion coupling in L=1 doublet is much smaller than in the L=0 doublet

❶

❷

❸



Instead of conclusions

HMChPT:

  ✔ useful in guiding the chiral extrapolation of 
quantities computed on the lattice: Nf=3 less viable 
than Nf=2  [@ present level of accuracy!]
  ✔ inclusion of first excitations is necessary (formulas 
for decay constants and B-parameters in and beyond SM 
are available; NOT for the form factors!)
  ✔ dominant couplings in the lagrangian  
computed here (strategy to compute h devised!)
  

  ✔ radial distribution of vector/axial charge and matter for both lowest 
and excited doublet of mesons computed: test quark models (Dirac Model 
with scalar potential works very well -- refine the choice of parameters; the 
models of type Bakamjan-Thomas



Instead of conclusions

Internal structure of heavy-light mesons:

  ✔ peculiar shapes of radial distributions of axial 
charge: very different in the lowest doublet from that of 
the first excitations  
  ✔ radial distribution of vector/axial charge and matter for both lowest and 
excited doublet of mesons computed: test quark models (Dirac Model with scalar 
potential works very well -- refine the choice of parameters; the models of type 
Bakamjan-Thomas works well too)

 ✔ Can use models to study physics of higher 
excitations


