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Low temperature regime: a measure of STATE DISTINGUISHABILITY

MANY-BODY SYSTEMS and quantum phase transitions

MAIN IDEA:  quantum estimation approach to quantum thermodynamics
         



at thermal equilibrium the interactions between 
limiting regions, provided they are short ranged, 
become negligible as far as the spatial extension of the 
system is increased

large systems at equilibrium are characterized
by only very few quantities:  “typical behavior” of microstates
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mechanics. In this context, one question appears to be
particularly important and interesting: Can temperature
be meaningfully defined on nanometer length scales?

Why should we care about the non-existence of lo-
cal temperature? There are at least three situations for
which this possibility needs special attention: One obvi-
ous scenario refers to the limit of spatial resolution on
which a temperature profile could be defined. However a
spatially varying temperature calls for non-equilibrium -
a complication which we will exclude here. A second ap-
plication concerns partitions on the nanoscale: If a mod-
ular system in thermal equilibrium is partitioned into two
pieces, say, the two pieces need no longer be in a canonical
state, let alone have the same local temperature. Finally,
local physical properties may show different behavior de-
pending on whether the local state is thermal or not.

The existence of thermodynamical quantities, i.e. the
existence of the Thermodynamic Limit strongly depends
on the correlations between the considered parts of a sys-
tem. As mentioned above, with increasing diameter, the
volume of a region in space grows faster than its surface.
Thus effective interactions between two regions, provided
they are short ranged, become less relevant as the sizes
of the regions increase. This scaling behavior is used
to show that correlations between a region and its envi-
ronment become negligible in the limit of infinite region
size and that therefore the Thermodynamic Limit exists
[8, 9, 10].

To explore the minimal region size needed for the appli-
cation of thermodynamical concepts, situations far away
from the Thermodynamic Limit should be analyzed. On
the other hand, effective correlations between the consid-
ered parts need to be small enough [11, 12].

The scaling of interactions between parts of a system
compared to the energy contained in the parts themselves
thus sets a minimal length scale on which correlations
are still small enough to permit the definition of local
temperatures. Here we review an approach to study this
connection quantitatively [13, 14].

II. MOTIVATION: A THERMAL NANOSCALE
EXPERIMENT

In recent years, there has been substantial progress in
the fabrication and operating of material with structure
on nanoscopic scales and nanoscale devices. In this con-
text, several experiments, that study thermal properties,
have been done. We describe here, as an example, one
experiment that nicely shows where the existence or non-
existence of local temperature becomes relevant [15].

The experiment studies heat conduction across a car-
bon nanotube. A sketch of the setup is given in figure 1.
Two, otherwise thermally well isolated islands are con-
nected through a carbon nanotube of a few µm length.
One island is heated by an electric current that runs
through a coil with the resistance Rh. This island is
thus at a “hot” temperature Th. Heat can flow across
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FIG. 1: Setup of the experiment. Two, otherwise thermally
well isolated islands are connected by a carbon nanotube. The
left island is heated by an electric current running through the
coil with resistance Rh and thus maintained at the tempera-
ture Th. The temperature of the right island is measured via
the temperature dependent resistance Rs.
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FIG. 2: Picture of the setup. The heated island is in the lower
left corner and the island where the temperature is measured
in the higher right corner. Both are connected by a single
carbon nanotube (With permission from A. Majumdar, Na-
noengineering Laboratory, University of California, Berkeley).

the nanotube to the other island, which is at a lower
temperature Ts. This temperature in turn is measured
by another coil, the resistance of which Rs, depends on
temperature. Figure 2 shows a picture of this setup.

At what point is the existence or non-existence of local
temperatures of relevance for the interpretation of this
experiment? We know that there is an electric current in
the coil of the heated island. This current constantly de-
livers thermal energy to the island. This energy is trans-
ported across the nanotube to the other island, where we
observe, that the temperature Ts rises. We thus know,
that the nanotube connects a hot spot Th to a cold spot
Ts. This directly gives rise to the following questions:
How hot is the nanotube in between? Can we mean-
ingfully talk at all about temperature of any part of the
nanotube? The answer to these two questions would clar-
ify whether and in what sense a temperature profile (see
figure 3) could exist for the present setup.

While a temperature profile can obviously be defined
and measured in a macroscopic version of the present
experiment, say two buckets of water at different tem-
peratures and connected via an iron bar, its existence,
possible resolution and measurability are completely un-
clear for the nanoscopic version.
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Many applications have been found
for carbon nanotubes1–8, and we can
now add a role as a ‘nanothermom-

eter’ to this list. We describe how the height
of a continuous, unidimensional column of
liquid gallium inside a carbon nanotube
(up to about 10 micrometres long and
about 75 nanometres in diameter) varies
linearly and reproducibly in the tempera-
ture range 50–500 !C, with an expansion
coefficient that is the same as for gallium in
the macroscopic state. We chose gallium as
our thermal indicator because it has one of
the greatest liquid ranges of any metal
(29.78–2,403 !C) and a low vapour pressure
even at high temperatures9. This nano-
thermometer should be suitable for use in a
wide variety of microenvironments.

We investigated the behaviour of gallium
inside carbon nanotubes (diameter, 40–150
nm) using a microscope equipped with a
Gatan holder and twin heating system. Fig-
ure 1a–c shows a gallium column of diam-
eter 75 nm and a continuous length of up to
7,560 nm. When the column temperature is
increased or decreased in the range 50–500
!C, the gallium level rises or falls consistently.

The variation with temperature of the
height of the gallium meniscus in its carbon
nanotube is plotted in Fig. 1d, using the level
at 58 !C as a reference. Changes in the length
and diameter of the carbon nanotube itself
can be disregarded because of the minute
linear expansion coefficient10 of graphite
(about "1#10"6 per !C at 20–500 !C), so
the height of the gallium column is deter-
mined by its volume at that temperature.

The volumetric change of liquid gallium
in the macroscopic state upon heating is
described by vt$v0(1%&'t), where vt and v0
are the volumes at temperatures t and t0
respectively, 't$t"t0, and & is the volu-
metric-expansion coefficient (0.1015#10"3

per !C at 30–977 !C, derived from measure-
ments of density against temperature9). Our
results indicate that this description also
applies to nanoquantities of one-dimension-
al liquid gallium: calculations on the basis of
its change in volume with temperature give a
value for & of 0.095(0.006#10"3 per !C,
which is comparable to that for macroscopic
liquid gallium. In this respect, the expansion
coefficient differs from another basic thermal
property, the melting point, which is greatly
influenced by the surface effect11.

Because the gallium meniscus level in a
carbon nanotube moves linearly and repro-
ducibly with temperature in the range
50–500 !C, it meets the requirements of a
filled-system thermometer in this range. For
such a nanothermometer, the temperature

can be measured as t$58%'h/0.753, where
'h (in nm) is the difference in the height of
the gallium column at t !C and 58 !C.

It should be feasible to read the tempera-
ture recorded by the nanothermometer in
situ with the help of a scanning electron
microscope, given that the walls of the 
carbon nanotube and the space inside, as
well as the gallium level, can be clearly seen
even using an instrument operated at 10 keV.
Because it has a measuring range of 50–500
!C, our nanothermometer will extend tem-
perature measurement beyond the 4–80 K
range attainable by resistance micrometre-
sized cryogenic thermometers12. It is easy to
use, as the gallium meniscus is almost per-
pendicular to the inner surface of the carbon
nanotube and the liquid column is continu-
ous and long (up to 10 )m). The potential
application proposed here follows on from
several studies based on the discovery that
carbon nanotubes can be filled with metal13.
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Carbonnanothermometercontaininggallium
Gallium ’s m acroscopic properties are retained on a m iniature scale in this nanodevice.

Figure 1 Expansion of gallium inside a carbon nanotube with increasing temperature. a–c, Changing level of the gallium meniscus at 
58 !C (a), 490 !C (b) and 45 !C(c); scale bar, 75 nm. d, Height of the gallium meniscus plotted against temperature, measured in steps
of 30–50 !C; results are averaged (green curve) from closely similar measurements obtained during heating (red) and cooling (blue). The
nanothermometer was synthesized in a vertical radiofrequency furnace (which differs from a one-step arc-discharge method). A homo-
geneous mixture of Ga2O3 and pure, amorphous, active carbon (weight ratio, 7.8:1) was reacted in an open carbon crucible under a flow
of pure N2 gas: at 1,360 !C, the reaction Ga2O3(solid)%2C(solid)→Ga2O(vapour)%2CO(vapour) occurs. However, on the inner surface of
a pure graphite outlet pipe at the top of the furnace, the temperature is lower (around 800 !C), causing the reaction
Ga2O(vapour)%3CO(vapour)→ 2Ga(liquid)%C(solid)%2CO2(vapour) to occur, during which the ‘nanothermometers’ are created.
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Psychobiology

Speech sounds learned
by sleeping newborns

It is not yet clear whether humans are able
to learn while they are sleeping1,2. Here
we show that full-term human newborns

can be taught to discriminate between simi-
lar vowel sounds when they are fast asleep.
It is possible that such sleep training soon
after birth could find application in clinical
or educational situations3,4.

We used mismatch negativity (MMN)
to determine the ability of human new-
borns to detect a change in speech sounds.

MMN is an attention-independent electro-
physiological brain response which is elicit-
ed by infrequent discriminable changes in
auditory stimuli5. MMN can be observed in
young infants throughout all sleep stages as
well as when they are awake6–8.

We used MMN recordings to analyse
the responses of three groups of full-term
newborns (experimental group, n$15,
age 1–7 days; two control groups, n$15 in
both, age 2–7 days) to the vowel sounds 
/y/ (‘standard’, p$0.8), /i/, and /y/i/
(‘deviants’, p$0.1 for each) while they
were asleep (for details of stimuli, see ref.
6). All groups underwent identical MMN
recording sessions in the evening (session
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Carbonnanothermometercontaininggallium
Gallium ’s m acroscopic properties are retained on a m iniature scale in this nanodevice.

Figure 1 Expansion of gallium inside a carbon nanotube with increasing temperature. a–c, Changing level of the gallium meniscus at 
58 !C (a), 490 !C (b) and 45 !C(c); scale bar, 75 nm. d, Height of the gallium meniscus plotted against temperature, measured in steps
of 30–50 !C; results are averaged (green curve) from closely similar measurements obtained during heating (red) and cooling (blue). The
nanothermometer was synthesized in a vertical radiofrequency furnace (which differs from a one-step arc-discharge method). A homo-
geneous mixture of Ga2O3 and pure, amorphous, active carbon (weight ratio, 7.8:1) was reacted in an open carbon crucible under a flow
of pure N2 gas: at 1,360 !C, the reaction Ga2O3(solid)%2C(solid)→Ga2O(vapour)%2CO(vapour) occurs. However, on the inner surface of
a pure graphite outlet pipe at the top of the furnace, the temperature is lower (around 800 !C), causing the reaction
Ga2O(vapour)%3CO(vapour)→ 2Ga(liquid)%C(solid)%2CO2(vapour) to occur, during which the ‘nanothermometers’ are created.
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Psychobiology

Speech sounds learned
by sleeping newborns

It is not yet clear whether humans are able
to learn while they are sleeping1,2. Here
we show that full-term human newborns

can be taught to discriminate between simi-
lar vowel sounds when they are fast asleep.
It is possible that such sleep training soon
after birth could find application in clinical
or educational situations3,4.

We used mismatch negativity (MMN)
to determine the ability of human new-
borns to detect a change in speech sounds.

MMN is an attention-independent electro-
physiological brain response which is elicit-
ed by infrequent discriminable changes in
auditory stimuli5. MMN can be observed in
young infants throughout all sleep stages as
well as when they are awake6–8.

We used MMN recordings to analyse
the responses of three groups of full-term
newborns (experimental group, n$15,
age 1–7 days; two control groups, n$15 in
both, age 2–7 days) to the vowel sounds 
/y/ (‘standard’, p$0.8), /i/, and /y/i/
(‘deviants’, p$0.1 for each) while they
were asleep (for details of stimuli, see ref.
6). All groups underwent identical MMN
recording sessions in the evening (session
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“Locality” of temperature

LOCAL TEMPERATURE exists if the considered 
part of the system is in a CANONICAL state

DEFINITION:
(Hartmann, Mahler ’04)
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Our approach

Temperature is always measured INDIRECTLY via quantum observables
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Local quantum thermometry

Temperature is always measured INDIRECTLY via quantum observables

QUANTUM ESTIMATION THEORY

how is the ACTUAL TEMPERATURE perceived LOCALLY?
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Local quantum thermometry
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We introduce the ancillary system                   and apply the Uhlmann’s theorem for the fidelity 

Local Quantum Thermal Susceptibility
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Low T regime: a measure of state distinguishability 
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Examples with 2 qubits
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Local quantum thermometry in many-body systems
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LANDAU ZENER SCHEME
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Local quantum thermometry in many-body systems
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Conclusions

We have introduced a quantum estimation approach
to quantum thermodynamics

By removing the theoretical testbed of conserving thermal-like structure by parts of the
total system in thermal state, we have introduced a functional (LQTS) with a clear operative 
meaning

In the low temperature limit, our approach can be translated in terms of a receipt able 
to quantify the local distinguishability of the ground state from the first exicited levels 

S
A

T
T ?

Many-body systems: the thermal behavior 
of the system heat capacity can be 
predicted by optimal measurements on 
local subsystems, with reminiscences of 
critical regions


