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New aspects of the QCD phase transition in 
proto-neutron stars and core-collapse supernovae
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Motivation: core-collapse supernovae
• how do massive stars explode? 
• which progenitors end as black holes, which as neutron stars? 
• what is their nucleosynthesis contribution, galactical chemical evolution? 
• still many open questions in core-collapse supernova theory
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→ what is the role of quark matter?



• typically shown in T-µ, sometimes also in T-nB
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Fig. 1. QCD phase diagram (schematic) in T − µB plane (left) and in mud −ms plane (right).

and gluons) at T = Tc = (45B/17π2)1/4 ≃ 0.72B1/4, which gives Tc ≃ 170 MeV
for B1/4 = 240 MeV. The spontaneous breaking of the chiral symmetry and its
restoration are understood as a consequence of the zero point energy and thermal
contribution of quarks. We consider here a simple model for Nf = 2. The fermion
contribution to the free energy density is given as,

ΩF

dfV
= −

∫ Λ d3k

(2π)3
Ek

2
−

1

2

∫
d3k

(2π)3
log(1 + e−(Ek−µ)/T )(1 + e−(Ek+µ)/T ) (1.1)

= −PF
SB −

M2Λ2

16π2
+

M2µ2

16π2
+

M2T 2

48
+ const.+O(M4) , (1.2)

where M is the fermion mass, Λ is the cut-off, df = 4NcNf , and PF
SB = 7/8 ×

π2T 4/90 + µ2T 2/24 + µ4/48π2. The first term in Eq. (1.1) represents the zero point
energy, (Ek/2 for each momentum k), and the second integral shows thermal con-
tributions. Provided that the constituent quark mass is proportional to the chiral
condensate σ and the free energy density is given as Ω/V = ΩF /V + bσσ2/2 with a
constant coefficient bσ, we find that the second order chiral transition can take place
at T 2 + µ2

B
/3π2 = T 2

c (µB = 3µ), which is shown by the dotted line in Fig. 2. These
simple estimates roughly coincide with the critical temperature Tc obtained in the
lattice QCD Monte-Carlo (MC) simulations and the chemical freeze-out boundary,
as discussed later. The actual QCD phase transition has both of these natures and
is known to be cross over for physical masses of two light (u, d) and one strange (s)
quarks (Nf = 2 + 1)5) as shown in Fig. 1.

In this proceedings, we discuss the QCD phase transition at high T and small
baryon densities in Sec. 2, the critical point in Sec. 3, and the phase diagram structure
of dense matter in Sec. 4. We give a short summary in Sec. 5.
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liquid-gas phase transition chiral/deconfinement phase transition

entropicenthalpic

[Iosilevskiy, arXiv:1403.8053]

Pressure-temperature phase diagrams

[Satarov, Dmitriev, Mishustin, PAN72 (2009)] 
[Bombaci et al., PLB680 (2009)] 

[Wambach, Heckmann, Buballla, AIPC1441 (2011)] 
[Steinheimer, Randrup, Koch, PRC89 (2014)] 

see also:

opposite slope in P-T as 
fundamental difference 

FSUgold RMF 
model

chiral SU(3) model 
of V. Dexheimer 
and S. Schramm

[MH, V. Dexheimer, S. Schramm, I. Iosilevskiy, PRC 88 (2013)]
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Phase diagram of vBAG
vBAG: 
• vector interactions 
•dynamic chiral symmetry breaking 
•assumption of simultaneous chiral symmetry restoration and deconfinement 
→ Bdc(T,µC) 

• here: only two flavors
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dent phases. One obtains

∂Bdc
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}

=
∂PH
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,

(15)

At µC = 0 one has isospin symmetric matter and hence
Y H
C = Ỹ Q

C = 0.5 (with the charge fractions YC de-
fined as nC/nB), which implies nC,dc(T, µC = 0) = 0.
Similary at T = 0 holds sH = s̃Q = 0 and thus
sdc(T = 0, µC) = 0. It is evident that the defini-
tion of Bdc(T, µC) := PH(T, µC , µB,χ) entangles vBag
with the hadron EoS (labeled H). In this very aspect
the finite temperature and isospin asymmetry extension
of vBag(T, µC) differs from the T = 0 case vBag dis-
cussed in Klähn & Fischer (2015). While the procedure
does not induce a deconfinement baryon density, i.e.,
nQ
B = ñQ

B =
∑

f=u,d Bfnf = 1
3 (nu + nd), one has to

take corrections to the energy density into account,

εQ(T, µC , µB)= ε̃Q(T, µC , µB)−Bdc(T, µC)

+Tsdc(T, µC) + µCnC,dc(T, µC) ,(16)

with ε̃Q =
∑

f=u,d εf . The correction terms we name
as the deconfinement energy density, εdc(T, µC) =
Tsdc(T, µC)+µCnC,dc(T, µC). In Sec. 3 we will evaluate
this correction to the total energy density in relation to
ε̃Q.

3. PHASE DIAGRAM

Fig. 1 illustrates the difference of our approach to the
‘standard’ phase transition construction. We choose a
point in the phase diagram (µB = 1125 MeV, µC = −150
MeV, T = 30 MeV) and examine the pressure depen-
dence to changes of one of these variables. In general
the vector coupling is set to zero except for set (a) where
we show two cases, Kv=0 and Kv = 2 × 10−6 MeV−2.
Note, that only quarks, neutrons and protons are consid-
ered, leptons, further baryons and purely thermal excita-
tion states, e.g., photons, pions, and gluons are not taken
into account. For the purpose of illustration we chose the
nuclear HS(DD2) EoS from Hempel & Schaffner-Bielich
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Fig. 2.— (color online) Upper panel: Phase diagram for the tran-
sition from HS(DD2) to vBag with a selected single flavor chiral

bag constant, B1/4
χ = 152.7 MeV for µC = 0 (symmetric matter)

and µC = −200 MeV (strongly asymmetric matter) comparing
our and the ‘standard’ approach (Bdc = 0). Bottom panel: Cor-
responding density dependence of the phase diagram (see text for
definitions).
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Fig. 3.— (color online) Temperature dependence of the deconfine-
ment bag constant for µC = 0, µC = −200 MeV, and intermediate
values (blue band).
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also entropic



• Clausius-Clapeyron equation 

• more degrees of freedom (color, strangeness) in the quark phase 
  → high specific heat capacity and low temperatures 
  → QCD PT always entropic? 
• what about color-superconducting or crystalline phases?
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The entropic QCD PT (dP/dT|PT<0)
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ond and, if present, also of the third family, are increas-
ing with entropy. On the other hand, stars whose central
part has just entered the PT get unstable if entropies
are sufficiently high. One can conclude that the un-
usual thermal properties of the PT, characterized, e.g.,
by ∂T/∂nB|S < 0, are responsible for the observed TF
features.

Relation to the QCD phase diagram

Let us consider symmetric nuclear matter without
strangeness. In this case, the pressure in the coexistence
region of the PT is solely a function of temperature4 and
thus we can identify ∂P/∂T |nB

= dP/dT |PT, where the
latter quantity denotes the slope of the PT line in the
temperature-pressure phase diagram. By using Eq. (2)
one can thus relate the QCD phase diagram with a pos-
sible softening or stiffening of the EOS with increasing
entropy.
In Refs. [23, 24, 29, 31] it was shown that the slope

dP/dT |PT is negative for the QCD PT, and positive for
the liquid-gas phase transition (LGPT) of nuclear matter
(see also [26, 27, 32]). This qualitative difference can be
used to introduce a subclassification of first-order PTs:
in [23, 24] they were called entropic and enthalpic, re-
spectively. For possible experimental signatures of this
property in heavy-ion collisions see [31]. Also for the hy-
brid EOSs employed in the present study, we have found
a negative slope, i.e., that the QCD PT is entropic. For
such a PT we always expect the unusual thermal proper-
ties outlined above (e.g., ∂T/∂nB|S < 0) and thus a soft-
ening of the EOS with increasing entropy ∂P/∂S|ϵ < 0.
We remark that the general relation between the slope of
the PT line and the unusual behavior of the second cross
derivatives was first noted in [24].
The reason for this special property of the QCD PT can

be identified by using the Clausius-Clapeyron equation
[19, 23, 24, 29, 32]:

dP

dT

∣

∣

∣

∣

PT

=
SI − SII

1/nI
B − 1/nII

B

, (3)

where I and II denote the two phases in coexistence,
whereas nI

B < nII
B . One has SI < SII ↔ dP/dT |PT < 0.

The QCD PT has a negative slope (i.e., dP/dT |PT < 0)
because the quark phase has a higher entropy per baryon
than the hadronic phase, which can also be inferred
from Fig. 3. The basic degrees of freedom in the quark
phase (i.e., the chirally restored quarks) have much lower
masses than the hadrons, and thus are more relativis-
tic. This increases the specific heat and the entropy per

4 In [29], this was denoted as a “congruent PT”, using the termi-
nology of [30].

baryon; cf. [25]. In the LGPT the opposite is the case:
the denser phase (the liquid) has the lower entropy per
baryon, SII < SI . This PT does not change the structure
of the constituent particles; only the density, entropy, en-
ergy, and possibly the asymmetry of the two phases in
coexistence are different.
We remark that the hybrid EOSs considered in the

present study contain strange quarks in weak equilib-
rium, a leptonic component to maintain charge neutral-
ity, and generally we consider asymmetric systems. As a
consequence, it is not possible to relate ∂P/∂S|ϵ directly
with the slope of a PT line and only parts of the coexis-
tence region of the B165 and B139 EOSs show anomalous
thermodynamics.

Summary and conclusions

In the present study, we have investigated effects of
the QCD PT in CCSNe. We found that the explosions
reported in [1, 7] can be explained as a transition from a
second to a third family of PCS. If we interpret the first
collapse of the iron core of the progenitor star as a tran-
sition from the first to the second family of CSs, massive
progenitor stars undergo at least one transition between
different families of CSs. If also the second transition
from the second to the third family takes place this can
lead to a CCSN explosion.
Interestingly, the TF feature was only very tiny in the

case of cold CSs, and found to be enhanced with increas-
ing entropy. This was explained as a result of unusual
thermal properties of the EOS induced by the PT. It
is characterized, e.g., by a decrease of temperature with
density along isentropes in the PT, ∂T/∂nB|S < 0, and
directly implies a softening of the EOS for increasing en-
tropy, ∂P/∂S|ϵ < 0. In this situation one can generally
expect that a pronounced TF of PCS will emerge for high
enough entropies. One could say that unusual thermal
properties of the PT also favor unusual behavior in the
M -R-relation.
We showed that the unusual thermal properties are

related to a negative slope of the PT line in the
temperature-pressure plane, which in turn can be related
to higher entropies per baryon in the quark than in the
hadronic phase. From our perspective it is quite remark-
able that the M -R-relation and CCSN explosions can
be linked with the phase diagram of QCD in this way,
whose structure is one of the key issues in the physics of
strongly interacting matter. It would be very interesting
if the slope of the PT line could be constrained by heavy-
ion collisions or lattice QCD calculations in the future,
cf. [31].
However, we remark that the special thermal proper-

ties can also be present without a first-order PT: E.g.,
in [33] a negative value of ∂T/∂nB|S was identified for a
cross-over transition from hadronic to quark matter and



• for mass-radius relation: P(ε,S) 
• to characterize thermal effects: dP/dS|ε 
• dP/dS|ε>0: stiffening, dP/dS|ε<0: softening for increasing entropy 

• first term small, relativistic correction
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Unusual thermal properties of entropic phase transitions
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FIG. 3. Temperature as a function of baryon number density
for isentropes with S = 1, 2, 3, 4, and 5, (increasing from
bottom to top) and YL = 0.4 for the B165 (black solid lines)
and STOS11 (red dotted lines) EOSs. The open (full) circles
mark the onset (end) of the PT.

It ranges from 0 to ∼ 120×1051 erg, where the values are
increasing with S and decreasing with YL. For B139 they
are generally lower than for B165, but for both EOSs they
can exceed the typical explosion energy of a CCSN by
orders of magnitude if entropies are high and the lepton
fraction is low. The finding that the TF is much less
pronounced for B139 is consistent with the result that
this EOS did not lead to explosions in spherical CCSN
simulations [11]. Only a pronounced TF of PCS seems
to be favorable for explosions.
We remark that the collapse from the second to the

third family of cold CSs has been studied already in the
literature, see, e.g., [20]. In addition to the energy re-
lease, an accompanying neutrino and/or a gamma-ray
burst is expected. Pagliara et al. [21] noted that also
deleptonization can trigger a collapse from the second to
the third family, which represents a related scenario. A
collapse in rotating stars can also lead to the emission of
gravitational waves [22].

Unusual thermal properties of the EOS induced by
the PT

For most EOS the pressure is increasing with tem-
perature, consider, e.g., an ideal Maxwell-Boltzmann or
Fermi-Dirac gas. However, it is also possible in spe-
cial situations that ∂P/∂T |nB

< 0.3 In [23] this was
called “abnormal thermodynamics” and it was pointed
out in [23, 24] that such an unusual sign of a second cross
derivative never occurs isolated, but is accompanied by a
change of the sign of many other second cross derivatives.
For example one has

∂P

∂T

∣

∣

∣

∣

nB

< 0 ⇔
∂T

∂nB

∣

∣

∣

∣

S

< 0 . (1)

3 Note that this does not violate thermodynamic stability.
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FIG. 4. (Color online) The pressure as a function of energy
density for the B165 (black lines) and STOS11 (red lines)
EOSs for YL = 0.4 and various entropies per baryon S. The
open (full) circles mark the onset (end) of the PT.

In Fig. 3 we show the temperature as a function
of baryon number density for several isentropes of the
STOS11 and B165 EOSs. A region with negative slope
∂T/∂nB|S is present for all entropies. It shifts to lower
densities and becomes more pronounced by increasing S.
For the B139 EOS such a negative slope is only found for
high values of S above 4. Generally, it occurs only inside
the two-phase coexistence region of the PT, see Fig. 3.
This unusual decrease of temperature due to the PT has
also been found for various other hybrid EOSs, see, e.g.,
[7, 19, 25–27].
This behavior has direct consequences on the stability

of CSs. Let us consider the derivative

∂P

∂S

∣

∣

∣

∣

ϵ

= −TnB

(cs
c

)2

+
T

CV

∂P

∂T

∣

∣

∣

∣

nB

, (2)

where ϵ is the energy density, cs the speed of sound, c
the speed of light, and CV the heat capacity per baryon
(see also [28]). If ∂P/∂S|ϵ is positive (negative), it corre-
sponds to a stiffening (softening) of the EOS with increas-
ing S. The first term, that is a relativistic correction, is
always negative. Usually the second term is positive (as
outlined above) and larger than the first one, and thus
one has stiffening. However, whenever ∂T/∂nB|S < 0
or equivalently ∂P/∂T |nB

< 0 and because CV > 0,
∂P/∂S|ϵ will be negative and one has softening.
To illustrate this, In Fig. 4 we show the STOS (red

curves) and B165 (black curves) EOSs for YL = 0.4 and
entropies per baryon of S = 0, 2, and 4. In the hadronic
phase the pressure is always increasing with entropy. In
the pure quark phase the pressure is only slightly in-
creased by entropy. Outside the PT one thus has the nor-
mal behavior that the EOS is stiffened when it is heated.
However, in a part of the PT around ϵ = 400 MeV/fm−3

one has softening, i.e., the pressure is decreasing with
entropy. The same effect was noted in [26] before.
The stiffening in the single phases and softening in

the PT fits the behavior of the M -R relations discussed
above: On the one hand, overall the maxima of the sec-

entropic PT: unusual 
thermal properties, 

softening of the EOS with 
increasing entropy

•  for Maxwell phase transition 
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for isentropes with S = 1, 2, 3, 4, and 5, (increasing from
bottom to top) and YL = 0.4 for the B165 (black solid lines)
and STOS11 (red dotted lines) EOSs. The open (full) circles
mark the onset (end) of the PT.

It ranges from 0 to ∼ 120×1051 erg, where the values are
increasing with S and decreasing with YL. For B139 they
are generally lower than for B165, but for both EOSs they
can exceed the typical explosion energy of a CCSN by
orders of magnitude if entropies are high and the lepton
fraction is low. The finding that the TF is much less
pronounced for B139 is consistent with the result that
this EOS did not lead to explosions in spherical CCSN
simulations [11]. Only a pronounced TF of PCS seems
to be favorable for explosions.
We remark that the collapse from the second to the

third family of cold CSs has been studied already in the
literature, see, e.g., [20]. In addition to the energy re-
lease, an accompanying neutrino and/or a gamma-ray
burst is expected. Pagliara et al. [21] noted that also
deleptonization can trigger a collapse from the second to
the third family, which represents a related scenario. A
collapse in rotating stars can also lead to the emission of
gravitational waves [22].

Unusual thermal properties of the EOS induced by
the PT

For most EOS the pressure is increasing with tem-
perature, consider, e.g., an ideal Maxwell-Boltzmann or
Fermi-Dirac gas. However, it is also possible in spe-
cial situations that ∂P/∂T |nB

< 0.3 In [23] this was
called “abnormal thermodynamics” and it was pointed
out in [23, 24] that such an unusual sign of a second cross
derivative never occurs isolated, but is accompanied by a
change of the sign of many other second cross derivatives.
For example one has
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density for the B165 (black lines) and STOS11 (red lines)
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In Fig. 3 we show the temperature as a function
of baryon number density for several isentropes of the
STOS11 and B165 EOSs. A region with negative slope
∂T/∂nB|S is present for all entropies. It shifts to lower
densities and becomes more pronounced by increasing S.
For the B139 EOS such a negative slope is only found for
high values of S above 4. Generally, it occurs only inside
the two-phase coexistence region of the PT, see Fig. 3.
This unusual decrease of temperature due to the PT has
also been found for various other hybrid EOSs, see, e.g.,
[7, 19, 25–27].
This behavior has direct consequences on the stability

of CSs. Let us consider the derivative
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where ϵ is the energy density, cs the speed of sound, c
the speed of light, and CV the heat capacity per baryon
(see also [28]). If ∂P/∂S|ϵ is positive (negative), it corre-
sponds to a stiffening (softening) of the EOS with increas-
ing S. The first term, that is a relativistic correction, is
always negative. Usually the second term is positive (as
outlined above) and larger than the first one, and thus
one has stiffening. However, whenever ∂T/∂nB|S < 0
or equivalently ∂P/∂T |nB

< 0 and because CV > 0,
∂P/∂S|ϵ will be negative and one has softening.
To illustrate this, In Fig. 4 we show the STOS (red

curves) and B165 (black curves) EOSs for YL = 0.4 and
entropies per baryon of S = 0, 2, and 4. In the hadronic
phase the pressure is always increasing with entropy. In
the pure quark phase the pressure is only slightly in-
creased by entropy. Outside the PT one thus has the nor-
mal behavior that the EOS is stiffened when it is heated.
However, in a part of the PT around ϵ = 400 MeV/fm−3

one has softening, i.e., the pressure is decreasing with
entropy. The same effect was noted in [26] before.
The stiffening in the single phases and softening in

the PT fits the behavior of the M -R relations discussed
above: On the one hand, overall the maxima of the sec-



Consequences for core-collapse supernovae
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Quark-hadron hybrid EOSs for CCSNe and NS merger
• EOS tables with full density, temperature and asymmetry-dependence 
needed

9

2

TABLE I Characteristic properties of the currently existing general purpose EoSs. Top part: EoSs containing nucleons and
nuclei, bottom part: EoSs including additional hadronic or quark degrees of freedom. Listed are the nuclear interaction model
used, the included particle degrees of freedom, the maximum mass Mmax of cold, spherical (non-rotating) NSs and their radii
at a fiducial gravitational mass MG of 1.4 M⊙. We have included in addition the compactness Ξ = GMG/R of the maximum
mass configuration. In nuclear interactions labeled with *, the nucleon masses have been changed to realistic experimental values
without a refitting of the coupling constants. This induces a marginal change of the interaction.

Model Nuclear Degrees Mmax R1.4M⊙
References

Interaction of Freedom (M⊙) (km)

STOSπQ TM1 n, p,α, (A,Z),π, q 1.85 13.6 Nakazato et al. (2008)

STOSQ TM1 n, p,α, (A,Z), q 1.81 14.4 Nakazato et al. (2008)

STOSB139 TM1 n, p,α, (A,Z), q 2.08 12.6 Fischer et al. (2014)

STOSB145 TM1 n, p,α, (A,Z), q 2.01 13.0 Sagert et al. (2012)

STOSB155 TM1 n, p,α, (A,Z), q 1.70 9.93 Fischer et al. (2011)

STOSB162 TM1 n, p,α, (A,Z), q 1.57 8.94 Sagert et al. (2009)

STOSB165 TM1 n, p,α, (A,Z), q 1.51 8.86 Sagert et al. (2009)

• only two with Mmax compatible with Antoniadis et al. 2013 
• STOS: symmetry energy in disagreement with experimental 
constraints

•hadronic phase: „STOS“, Shen, Toki, Oyamatsu and Sumiyoshi 1998, 2011 
•quark phase: bag model (u,d,s), first-order strong interactions, αS (Farhi 
and Jaffe 1984) 

•Gibbs conditions for phase equilibrium



Matthias Hempel 
L’Aquila, 26.05.2016

Pressure-energy density relation

10

• hadronic and quark matter 
stiffens when it is heated 

• in the phase coexistence region it 
softens 

YL=0.4

• however: stability not directly given by dP/dS|ε, but e.g. by Γ=d(log P)/d(log ε), 
and dependence on the hadronic EOS 
→ solution of TOV equations necessary
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A novel third family of proto-compact stars

11

•after onset of phase transition: 
loss of stability, regained for 
sufficiently large quark matter 
core 

• third family feature („twins“) 
arises for high entropies 

•as expected for the softening 
due to the entropic property 

•novel aspect: a third family 
that exists only in the proto-
neutron star stage 



Matthias Hempel 
L’Aquila, 26.05.2016 12

• for B139: third family arises 
only for very high entropies, 
much less pronounced

A novel third family of proto-compact stars — EOS dependence
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Collapse to the third family in a supernova 

13

schematically: 
• accretion: increase of the 
proto-neutron star mass from 
~1 Msun to ~1.5 Msun in the 
first 200 ms 

• collapse from the second to 
the third family with 
gravitational binding energy 
release

• exactly this was seen in detailed core-collapse supernova simulations by 
T. Fischer in 2009-2012  

• results in an energetic explosion even in spherical symmetry 
• new insight: the novel third family induces the collapse
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CCSN explosions by the QCD phase transition

14

tpb= 240.5 ms 
tpb= 255.2 ms 
tpb= 255.4 ms 

tpb= 255.5 ms 
tpb= 256.3 ms 
tpb= 261.2 ms 

• phase transition induces collapse of the proto-neutron star 
• collapse halts when pure quark matter is reached 
• formation of a second shock, merges with standing accretion shock and 
triggers an explosion

[Sagert, et al. PRL 2009]

• second neutrino burst as a clear observable signal (DasGupta et al. 2009) 
• weak r-process (Nishimura et al. 2012)
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Entropic PT and core-collapse supernova explosion

15

entropic phase transition unusual thermal properties, 
softening with heating

third family of proto-
hybrid stars

core-collapse 
supernova explosion
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Mass-radius relation of hybrid EOS and SN explosions

16

Check: Mass-Radius Diagram of Cold Neutron Stars
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B1/4=165 MeV

B1/4=155 MeV, αs=0.3
B1/4=162 MeV

B1/4=139 MeV, αs=0.7
B1/4=145 MeV, αs=0.7

TM1
PSR J1614-2230

PSR J1903-0327

PSR B1913+16

(Sagert, Fischer, Hempel, Pagliara, JSB, Thielemann, Liebendörfer 2011)

presence of quark matter can change drastically the mass-radius diagram

maximum mass: 1.56M⊙ (B1/4 = 162 MeV), 1.5M⊙ (B1/4 = 165 MeV)
→ too low! need αs corrections!

– p.34

explosions in spherical symmetry 
(T. Fischer et al. ApJS 2011)

• no explosions for 
sufficiently high 
maximum mass 

• weak phase 
transition 

• quark matter 
behaves similarly as 
hadronic matter 
„masquerade“ 

• agrees with new 
analysis: B139 has 
weak third family

• see also: Fischer, 
Blaschke, et al. 2012: 
PNJL hybrid EOS
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Is this explosion mechanism still possible?
• obvious tension: high maximum mass ↔ strong phase transition 
• only few models tested so far (progenitors and EOS) 

• new insight: the thermal properties of quark matter are crucial 
• third family feature in cold neutron stars helpful, but not required

17



In the search for a new hybrid supernova EOS: A systematic 
analysis of hybrid stars (and the problem of reconfinement)  

Oliver Heinimann, MH, in preparation

18
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Alford’s parameter scan

• quark matter: constant speed of 
sound 

• systematic variation of transition 
pressure and energy density 
discontinuity 

• maximum mass and 
classification of hybrid stars

19

[Alford, Han, Prakash, PRD88 (2013)]
2

ε0,QM

εtrans

ptrans

cQM
-2

Slope = 

Matter

Quark

Matter
Nuclear 

Δε
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n
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FIG. 1: Equation of state "(p) for dense matter. The quark
matter EoS is specified by the transition pressure ptrans, the
energy density discontinuity �", and the speed of sound in
quark matter cQM (assumed density-independent).

EoS max mass radius at M = 1.4M� L

NL3 2.77M� 14.92 km 118MeV
HLPS 2.15M� 10.88 km 33 MeV

TABLE I: Properties of the NL3 and HLPS equations of state.
L characterizes the density-dependence of the symmetry energy
(see text). NL3 is an example of a stiff EoS, HLPS is an example
of a softer one at density n . 4n0.

0.3, above the transition from nuclear matter (see Fig. 9
of Ref. [21]). In the quartic polynomial parameteriza-
tion [22], varying the coefficient a

2

between ±(150MeV)2,
and the coefficient a

4

between 0.6 and 1, and keeping
n
trans

/n
0

above 1.5 (n
0

⌘ 0.16 fm�3 is the nuclear satu-
ration density), one finds that c2

QM

is always between 0.3
and 0.36.

In this paper we study hybrid stars for a range of values
of c2

QM

, from 1/3 (characteristic of very weakly interact-
ing massless quarks) to 1 (the maximum value consistent
with causality). We expect that this will give us a rea-
sonable idea of the likely range of outcomes for realistic
quark matter.
• Nuclear Matter EoS. Up to densities around nuclear
saturation density n

0

, the nuclear matter EoS can be ex-
perimentally constrained. If one wants to extrapolate it
to densities above n

0

, there are many proposals in the
literature. For illustrative purposes, we use two exam-
ples: a relativistic mean field model, labelled NL3, [23]
and a non-relativistic potential model with phenomeno-
logical extrapolation to high density, corresponding to
“EoS1” in Ref. [24], labelled HLPS. Since HLPS is only
defined at n > 0.5n

0

, we continued it to lower density by
switching to NL3 for n < 0.5n

0

. Some of the properties
of HLPS and NL3 are summarized in Table I, where L
is related to the derivative of the symmetry energy S

2

with respect to density at the nuclear saturation density,

L = 3n
0

(@S
2

/@n)|n0 .
HLPS is a softer equation of state, with a lower value

of L and lower pressure at a given energy density (up to
p ⇡ 3 ⇥ 109 MeV4, n ⇡ 5.5n

0

where its speed of sound
rises above 1 and becomes unphysical). NL3 is a stiffer
EoS, with higher pressure at a given energy density (also,
its speed of sound is less than 1 at all pressures). It yields
neutron stars that are larger, and can reach a higher max-
imum mass.

There is some evidence favoring a soft EoS for nuclear
matter: in Ref. [25], values in the range L = 40 to 60 MeV
were favored from an analysis of constraints imposed by
available laboratory and neutron star data. Using data
from X-ray bursts, Ref. [26] finds the surface to volume
symmetry energy ratio Ss/Sv ⇡ 1.5± 0.3 (See after their
Eq. (43) and Table 4), which corresponds to L in the
range 22± 4 MeV (using Eq. (7) in Ref. [25]).
• Nuclear/Quark transition. The nuclear matter to quark
matter transition occurs at pressure p

trans

. We will some-
times specify its position in terms of the energy den-
sity "

trans

of nuclear matter at the transition, or the
ratio p

trans

/"
trans

. Since the nuclear matter EoS has
d2"/dp2 < 0 at high densities (Fig. 1), p/" increases
monotonically with p, ", and n, so it is a proxy for the
transition pressure or density.
• Organization of paper. In Sec. II we discuss the criteria
for stable hybrid stars to exist, as a function of the nu-
clear matter equation of state and the parameters of our
generic quark matter equation of state. Sec. III presents
the phase diagram for hybrid star branches as a function
of the parameters of the CSS EoS for quark matter. In
Sec. IV we discuss the maximum mass that such hybrid
stars can achieve. Sec. V gives a summary and conclu-
sions.

II. CRITERION FOR STABLE HYBRID STARS

A. Connected hybrid branch

A compact star will be stable as long as the mass M of
the star is an increasing function of the central pressure
p
cent

[27]. There will therefore be a stable hybrid star
branch in the M(R) relation, connected to the neutron
star branch, if the mass of the star continues to increase
with p

cent

when the quark matter core first appears, at
p
cent

= p
trans

. When the quark matter core is sufficiently
small, its effect on the star, and hence the existence of a
connected hybrid star branch, is determined entirely by
the energy density discontinuity �" at its surface, since
the quark core is not large enough for the slope (c�2

QM

) of
"(p) to have much influence on the mass and radius of the
hybrid star. This fact was pointed out in Ref. [12] where
the dependence on �" was expressed in terms of the pa-
rameter q ⌘ 1+�"/"

trans

. A more detailed treatment in
Ref. [13, 28] (see also [29, 30]) used a parameter � with
the same definition, and calculated the linear response to
a small quark matter core in terms of �. Ref. [14] used the

3

“Absent”

R

M

(a)

“Both”
M

R

(b)

“Connected”

Mtrans

transR R

M

(c)

“Disconnected”
M

R

(d)

FIG. 2: Four possible topologies of the mass-radius relation for hybrid stars. The thick (green) line is the hadronic branch. Thin
solid (red) lines are stable hybrid stars; thin dashed (red) lines are unstable hybrid stars. In (a) the hybrid branch is absent. In
(c) there is a connected branch. In (d) there is a disconnected branch. In (b) there are both types of branch. In realistic neutron
star M(R) curves, the cusp that occurs in cases (a) and (d) is much smaller and harder to see [13, 14]

parameter � ⌘ �"/("
trans

+ p
trans

) and highlighted the
occurrence of a cusp in the M(R) relation (see below).

If �" is small then quark matter has a similar energy
density to that of nuclear matter, and we expect a con-
nected hybrid branch that looks roughly like a continua-
tion of the nuclear matter branch. If �" is too large, then
the star becomes unstable as soon as the quark matter
core appears, because the pressure of the quark matter is
unable to counteract the additional downward force from
the gravitational attraction that the additional energy in
the core exerts on the rest of the star. By performing an
expansion in powers of the size of the quark matter core,
one can show [12–14] that there is a stable hybrid star
branch connected to the neutron star branch if �" is less
than a threshold value �"

crit

given by

�"
crit

"
trans

=
1

2
+

3

2

p
trans

"
trans

. (2)

(This is �
crit

� 1 in the notation of Ref. [13].) As
�" approaches the threshold value �"

crit

from below,
both dM/dp

cent

and dR/dp
cent

approach zero linearly
as p � p

cent

, with the result that the slope dM/dR
of the mass radius curve is independent of �". For
�" < �"

crit

, the hybrid star branch continues with the
same slope as the neutron star mass-radius relation at
the transition to quark matter. When �" exceeds �"

crit

,
dM/dR is unchanged, but flips around so that there is
a cusp when the central pressure reaches p

trans

[14], at
(M,R) = (M

trans

, R
trans

). This is shown in schematic
form in Fig. 2, where panels (b) and (c) show possible
forms of M(R) for �" < �"

crit

, and panels (a) and (d)
show possible forms for �" > �"

crit

. In M(R) curves
for realistic neutron star equations of state, the cusp at
high �" is much less clearly visible: the region where the
slopes of hybrid and neutron stars match is very small,
covering a range in M of less than one part in a thousand
near the transition point (R

trans

,M
trans

) [14].

B. Disconnected hybrid branch

In Figs. 2(b) and (d), we illustrate the occurrence of
a second, disconnected, branch of stable hybrid stars at
�" > �"

crit

. This possibility was noted in Ref. [13]. The
disconnected branch is a “third family” [31, 32] of com-
pact stars besides neutron stars and white dwarfs. Third
families have been found in M(R) calculations for spe-
cific quark matter models, for example kaon condensed
stars [33], quark matter cores from perturbative QCD
[34], and color superconducting quark matter cores [35].
In this paper we will study the generic features of a quark
matter EoS that give rise to this phenomenon. In princi-
ple one could imagine that additional disconnected stable
branches might occur, but we do not find any with the
CSS parameterization of the quark matter EoS.

III. “PHASE DIAGRAM” FOR HYBRID STARS

A. Phase diagram at fixed cQM

In Fig. 3 we plot a “phase diagram” for hybrid stars,
where the control parameters are two of the parameters
of the CSS quark matter EoS: p

trans

/"
trans

(the ratio of
pressure to energy density in nuclear matter at the tran-
sition pressure) and �" (the discontinuity in the energy
density at the transition). The quark matter speed of
sound is held constant. As noted in Sec. I, p

trans

/"
trans

increases monotonically with pressure, so it is a proxy for
the transition pressure or density. Our phase diagram
covers a range in p

trans

/"
trans

from 0.02 up to about 0.5.
Below 0.02 the NL3 EoS has a baryon density far below
n
0

, and the HLPS EoS has a discontinuity in c2 that is
not physical.

The left panel of Fig. 3 is the result of calculations
for the HLPS nuclear matter EoS and quark matter with
c2
QM

= 1. The lower x-axis shows p
trans

/"
trans

, which is
the natural way to characterize the transition. The upper

3

B. Quark matter: CSS

The quark phase is described by the CSS EOS used by
of Alford et al. [4]:

✏CSS(p) = c�2

QM (p� p
0

) , (1)

[du hattest Recht, wir brauchen das ✏
0

nicht! allerd-
ings muss man dann bei den Gleichungen unten auf-
passen.] where cQM is the density-independent speed of
sound, p the pressure, and p

0

a reference pressure and ✏
0

the corresponding reference energy density the pressure
where ✏CSS = 0. Two values for cQM are of special in-
terest: c2QM = 1/3 which corresponds to non- or weakly
interacting massless quarks and c2QM = 1 which is the
maximum value to be still consistent with special rela-
tivity. In this paper, c2QM = 1/3 is used, which is typical
for many quark EOsS and in good agreement with other,
more sophisticated models (e.g., [25, 26]).

C. Hybrid EOS

The phase transition from the hadronic phase de-
scribed by the HS(DD2) EOS to the quark phase de-
scribed by the CSS EOS is done by a Maxwell con-
struction, which means implicitly one assumes local
charge neutrality. This implies pressure, temperature
and baryon chemical equilibrium at the transition point
and that no phase coexistence region is present in com-
pact stars. In fact, previous parameter scans did not con-
sider chemical equilibrium explicitly, which we will dis-
cuss further in Sec. VII. Pressure equilibrium at the tran-
sition pressure ptrans can be formulated as phadronic =
pquark = ptrans. A direct consequence of the Maxwell
construction is the appearance of a discontinuity in the
energy density�✏ = ✏quark�✏hadronic at ptrans. At T = 0
at the phase transition from hadronic to quark matter
with increasing density the pressure of the hardonic and
the quark phase are equal phadronic = pquark = ptrans.
For a deconfinement transition from hadronic to quark
matter the following two relations hold: one has nquark

B >
nhadronic
B (with the baryon number density nB) and

therefore also ✏quark > ✏hadronic.
The phase transition and the quark EOS depend on

three variables: the transition pressure ptrans, the speed
of sound in quark matter cQM and the value of the dis-
continuity in the energy density �✏. In the present work
c2QM = 1/3 is fixed and ptrans and �✏ are varied system-
atically. The final form of the EOS is written as

✏(p) =

8
><

>:

✏hadronic(p) pptrans
✏hadronic(ptrans)+

�✏+ c�2

QM (p� ptrans) p > ptrans

(2)

where we have identified the transition as the reference
pressure p

0

and ✏
0

in the above quark EOS (Eq. 1).
Thus p

0

in Eq. (1) is fixed by the pressure and energy

density of quark matter at the transition point, ptrans,
respectively ✏CSS(ptrans) = ✏trans + �✏, with ✏trans =
✏hadronic(ptrans).

IV. PARAMETERSCAN

Two information are especially relevant when modeling
hybrid stars: Its maximum mass and the type of hybrid
star. To calculate a single compact star, the Tolman-
Oppenheimer-Volko↵ equations have to be solved for a
given central density:

dp

dr
= �G✏(r)m(r)

c2r2

✓
1 +

p(r)

✏(r)

◆

⇥
✓
1 +

4⇡r3p(r)

m(r)c2

◆✓
1� 2Gm(r)

c2r

◆�1

, (3)

dm

dr
=

4⇡r2✏(r)

c2
. (4)

[equations merged] The maximum mass configuration
with fixed ptrans and �✏ is obtained from the mass-
radius relation, where the central density of the hy-
brid stars is systematically varied. If ptrans and �✏
are systematically varied as well [alte Formulierung doch
besser], a three-dimensional surface plot of maximum
mass configuration the maximum mass as a function
of these two parameters is obtained. 60 variations of
each ptrans and �✏ are considered here, varying ptrans
from 1 MeV/fm3 (nB ⇡ 0.1 fm3) to 1 MeV/fm3 [et-
was stimmt immer noch nicht mit den Zahlen] (nB ⇡
0.96 fm3). ptrans also fixes ✏trans, resulting in values
ptrans/✏trans = [0.01, 0.53]. �✏/✏ �✏/✏trans [diese Erset-
zung in allen Gleichungen und Plots!] is varied within the
range [0, 1.2]. where ✏trans is the energy density of the
hadronic part at the transition pressure ptrans, resulting
in values ptrans/✏trans = [0.01, 0.53].
As mentioned in the introduction, recent precise

measurements of two 2 M� neutron stars (see Ref. [2]
and [3]) set a crucial constraint. In Fig. 2, the calculated
mass contour lines are shown in blue for the considered
range of phase transition parameters. Fig. 2 shows con-
tour lines of the maximum mass for our considered range
of parameters. The most important contour line is the
2 M� mass line, since [alte Formulierung doch besser]
all EOSs have to be able to support this mass. Masses
above 2 M� Such heavy compact stars can be reached
at ptrans/✏trans >⇠ 0.22 (case 1) and ptrans/✏trans <⇠ 0.02
(case 2) for any �✏/✏trans. For 0.02 <⇠ ptrans/✏trans <⇠
0.22, �✏/✏trans (case 3) is limited to low values to be
compatible with the observational constraint. In case
1, the hadron phase is dominant and a mass of 2 M�
is reached already in the hadronic branch. The higher
ptrans/✏trans gets, the later the quark phase sets in. At
high values of ptrans/✏trans, hybrid stars consist of almost
pure hadron almost only of hadronic matter. For low
ptrans/✏trans (case 2), the phase transition happens at a
very early stage, leaving an almost pure quark star, with
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New parameter scan for HS(DD2) hadronic EOS
• HS(DD2): general purpose (supernova) EOS, good nuclear 
matter properties, Mmax = 2.42 Msun

20

• Mmax > Mmax(HSDD2) possible 
• limited parameter region with Mmax > 2 Msun and third family 
• favorable region extended for cs2>1/3
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Thermodynamic consistency
• previous parameter scans: only pressure and temperature equilibrium (T=0) 
• p(µ) relation can be derived from p(ε)

21

pCSS(µ) =
c2QM

1 + c2QM

p0

⎡

⎢⎣
(

µ

µ0

) 1+c2QM

c2
QM

+
1

c2QM

⎤

⎥⎦

• imposing chemical equilibrium fixes µ0 

• several phase transitions and/or reconfinement can occur, ignored previously
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Thermodynamic consistent parameter scan

22
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Mmax contour
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A
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reconfinement (HQHQ) absolutely stable quark matter (QHQ)

negative energy densities

• reconfinement for low transition pressures and weak phase transitions 
• (almost pure) quark stars appear 
• Mmax > Mmax(HSDD2) only possible for quark stars
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Summary and conclusions
• phase diagram in P-T can provide interesting information 
• the QCD phase transition is entropic (dP/dT|PT<0) (other quark models?) 

• entropic PTs lead to unusual thermal properties of the EOS 
• possible consequences in astrophysics: 

– inverted convection in proto-neutron stars (Yudin et al. MNRAS 2016) 
– novel third family of proto-compact stars  
– core-collapse supernova explosions 

• new hybrid EOSs are needed (work in progress) 
• spherically symmetric and multi-D CCSN simulations
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