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Summary of the talk: 

1. Introduction to BraneWorld Models (BWM) 

2. Stellar structure in BWM 
a. Structure equations 
b. Boundary conditions 

3. Our Work:  
a. The causal limit 
b. Stellar models for hadronic and quark stars 
c. Stability of the configurations 

4. Conclusions



1. INTRODUCTION TO BRANEWORLD MODELS 



Introduction
o At high enough energies, Einstein’s theory of general relativity breaks 

down, and will be superseded by a quantum gravity theory.  
o There is as yet no generally accepted (pre-)quantum gravity theory.  
o One candidate is string theory.  It removes the infinities of quantum field 

theory and unifies the fundamental interactions, including gravity. But 
there is a price →  there should exist several extra dimensions. 
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Figure 1: Schematic of confinement of matter to the brane, while gravity propagates in the bulk
(from [75]).
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Figure 2: The RS 2-brane model. (Figure taken from [87].)
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We can imagine the universe as a 3D 
brane where elementary particles live 
embedded in a higher-dimensional space-
time called the bulk (only accessed by 
gravity).  

The weakness of gravity is due to the fact 
that it “spreads” into extra dimensions and 
only a part of it is felt in 4 dimensions. 



o Due to the complexity of string theory it is very difficult to implement it 
in astrophysics and cosmology.  

o This motivates the development brane-world models which are 
inspired by ideas from string theory, but do not attempt to impose the 
full machinery of the theory.  

o Thanks to the simplifications introduced in BW models, we can construct 
astrophysical and cosmological models and analyse the gravitational 
effect of extra-dimensions. 

o Two well known examples of brane-world models are:  
❑ Dvali-Gabadadze-Porrati (DGP). IR modifications to GR 
❑ Randall-Sundrum (RS). UV modifications to GR. Significant 

deviations from Einstein’s theory occur at very high energies, e.g. 
early universe or gravitational collapse.  

In the present work we focus on Randall-Sundrum brane-world models.



➤ 5-dimensional model: we effectively assume that all the extra dimensions 
in the “parent” string theory may be represented by 1 extra dimension. 

➤ In RS models the bulk is a portion of a 5D anti-de Sitter spacetime (AdS5);  

i.e. the extra dimension is curved or “warped” rather than flat. 

➤ At low energies, gravity doesn’t “leak” into the extra dimension due to a 
negative bulk cosmological constant, Λ5 = - 6/ℓ2 where ℓ is the curvature 

radius of AdS5. 

➤ The brane gravitates with self-gravity in the form of a brane tension λ, 
where  

➤ On the brane, the negative Λ5 is counterbalanced by the positive brane 
tension λ.

Randall Sundrum brane-worlds
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➤ The Einstein field eqs. on the brane are  

where G𝜇𝜈 is the usual Einstein's tensor and the standard T𝜇𝜈 is replaced by an 
effective energy-momentum tensor.  

➤  The effective energy-momentum tensor has the form  

1st term: standard energy momentum tensor; e.g. for a perfect fluid we 
have  T𝜇𝜈 = (𝜌+p)uμu𝜈  + phμ𝜈  

2nd and 3rd term: include modifications with respect to the standard 4D 
Einstein's field eqs. (Maartens and Koyama 2010). Two contributions: local 
(2nd term) and non-local (3rd term).
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3 Tolman-Oppenheimer-Volko↵ Equations in the
braneworld

The Einstein equations on the brane are

Gµ⌫ = 8⇡GT e↵
µ⌫ , (3)

T e↵
µ⌫ = Tµ⌫ +

6

�
Sµ⌫ �

1

8⇡G
Eµ⌫ , (4)

Gµ⌫ is the usual Einstein’s tensor
T e↵
µ⌫ is the e↵ective total energy-momentum tensor

� is the brane tension (represents the vacuum energy density on the brane).
T e↵
µ⌫ has two key modifications with respect to the standard 4D Einstein’s

field equations. The bulk corrections can be classified as local and non-local.
The local correction is carried via the tensor Sµ⌫ (matter corrections),
The non-local correction is carried via the projection Eµ⌫ of the bulk

Weyl tensor.
The geometric tensor Eµ⌫ transmit non-local gravitational degrees of

freedom from the bulk to the brane.
For a perfect fluid [46, 47]

Tµ⌫ = ⇢uµu⌫ + phµ⌫ , (5)

Sµ⌫ =
1

12
⇢2uµu⌫ +

1

12
⇢(⇢+ 2p)hµ⌫ , (6)

where uµ is the four-velocity and hµ⌫ = gµ⌫ +uµu⌫ is the projection orthog-
onal to uµ. Further, assuming static spherical symmetry the expression for
Eµ⌫ becomes [29]:

Eµ⌫ = � 6

8⇡G�


Uuµu⌫ + Prµr⌫ +

(U � P)

3
hµ⌫

�
, (7)

where rµ is a unit radial vector, U and P are respectively the non-local
energy density and non-local pressure on the brane. The terms U and P
may be really interpreted as an energy density and pressure respectively,
the label of ”non-local” in the Weyl terms are associated with the fact that
they have an extra dimensional origin and are commonly referred in the
literature as ”dark radiation” U and ”dark pressure” P [47, 48]. From (7),
we see that Eµ⌫ ! 0 as ��1 ! 0. Applying this limit in eq. (4), we obtain
that T e↵

µ⌫ = Tµ⌫ , therefore the standard 4D general relativity is regained.
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▶︎ Local correction 6Sμ𝜈 /λ where λis the brane tension. For a perfect fluid   
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o hμ𝜈 = gμ𝜈 + uμu𝜈 is the projection orthogonal to uμ 
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o rμ is a unit radial vector,  
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When the brane tension λ→  ∞, both corrections vanish and we recover 
General Relativity.
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When the brane tension �� ∞, both corrections vanish and we recover 
General Relativity. 



2. STELLAR STRUCTURE IN BWM
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In contrast to standard 4D general relativity, in this case we have 4 equations
and 6 unknown functions, which arem(r), ⇢(r), p(r), �(r), U(r) and P(r). In
order to solve satisfactorily these system of equations, we need an equation of
state p = p(⇢) and additionally an equation of state-like relation P = P(U).
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Boundary conditions
Two of the boundary conditions are the same as for the TOV equations in 
GR. Specifically, 

at the center of the star the 
enclosed mass is zero 

at the surface of the object the 
pressure vanishes

The remaining boundary condition is determined by the Israel-Darmois 
matching condition [Gμν r

ν ]Σ = 0 or [Tμν
eff rν ]Σ = 0 at the surface Σ  of the 

object,  where [𝑓]Σ ≡ 𝑓(R+) − 𝑓(R−). This leads to    

which holds for any static spherical star with vanishing pressure at the 
surface.  
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symmetry, the boundary conditions, and the equations
of state. In Sec. III we derive some general conclusions
about the maximum mass of compact stars in brane mod-
els, and present a numerical study of the properties of
strange quark and hadronic stars. We present the nu-

merical input values, and the existence of a sin-

gle maximum mass limit of a neutron star for not

very large values of brane tensions. For quark and
hadronic stars, we present the dependence of the mass
and radius with the central energy density and brane
tension. Furthermore, radial pressure and the nonlocal
energy density and their dependences with the brane ten-
sion. In Sec. V we conclude. Finally, in Appendix A and
III B we determine analytically the nonlocal energy den-
sity for a linear equation of state and the scaling solution
of the TOV equation for the braneworld case, respec-
tively.

II. FIELD EQUATIONS

A. Stellar structure equations on the brane

On the brane, the Einstein field equation takes the con-
ventional form but with an e↵ective energy-momentum
tensor T e↵

µ⌫ , i.e., it reads:

Gµ⌫ = 8⇡GT e↵
µ⌫ , (1)

where Gµ⌫ is the usual Einstein field tensor, and we con-
sider c = 1. For a perfect fluid, T e↵

µ⌫ is written in terms of

the following e↵ective energy density ⇢e↵ , pressure pe↵ ,
anisotropic stress ⇡e↵

µ⌫ and energy flux qe↵µ [8, 13]
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Pµ⌫ , (4)

qe↵µ =
6

(8⇡G)2�
Qµ, (5)

where p is the pressure of the fluid, ⇢ is its energy den-
sity and � is the brane tension. The quadratic terms
⇠ (Tµ⌫)2/� represent the local e↵ects of the bulk, aris-
ing from the brane extrinsic curvature; they are negligible
for ⇢ ⌧ �, but dominant for ⇢ � �. The nonlocal en-
ergy density U , the nonlocal anisotropic stress Pµ⌫ , and
the nonlocal energy flux Qµ, represent the nonlocal bulk
e↵ects arising from the bulk Weyl tensor.

We consider a static spherically symmetric distribu-
tion, thus Qµ = 0 and

Pµ⌫ = P
✓
rµr⌫ � 1

3
hµ⌫

◆
, (6)

where rµ is a unit radial vector, hµ⌫ = gµ⌫+uµu⌫ denotes
a projection tensor orthogonal to the fluid lines, and uµ

is the four velocity of the fluid.

Additionally, the brane energy-momentum tensor and
the e↵ective energy-momentum tensor are conserved, i.e.
r⌫Tµ⌫ = 0 and r⌫T e↵

µ⌫ = 0 (see [8]).
The Tolman-Oppenheimer-Volko↵ (TOV) stellar

structure equations on the brane can be obtained by
considering the metric for a static fluid distribution
with spherical symmetry. Also, we consider as in Ref.
[8] that the nonlocal anisotropic stress Pµ⌫ vanishes
inside the star, i.e. P�(r) = 0 (in the following we use
the superscripts � and + to indicate quantities inside
and outside the star respectively). From all the above
equations, it is obtained [8]
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wherem is the mass enclosed on the radius r. The system
of equations must be complemented with an equation of
state (EOS) relating the thermodynamic quantities ⇢ and
p. Notice that Eqs. (7) and (8) have the same form as
in General Relativity, except for the appearance in some
terms of ⇢e↵ and pe↵ in place of ⇢ and p respectively. In
the limit � ! 1, we have ⇢e↵ ! ⇢ and pe↵ ! p, and the
General Relativistic TOV equations are recovered.

B. Boundary conditions and exterior vacuum
solution

Two of the boundary conditions of the TOV equations
on the brane are the same as for the standard TOV equa-
tions. Specifically, at the center of the star (r = 0) the
enclosed mass is zero:

m(r = 0) = 0, (10)

and at the surface of the object the pressure vanishes:

p(R) = 0. (11)

The remaining boundary condition is determined by the
Israel-Darmois matching condition [Gµ⌫r⌫ ]⌃ = 0 at the
surface of the object ⌃, where [f ]⌃ ⌘ f(R+) � f(R�).
By the brane field equation (B1), this implies [T e↵

µ⌫ r
⌫ ]⌃ =

0, leading to
⇥
pe↵ + 4P/((8⇡G)2�)

⇤
⌃
= 0. Since at the

surface of the object we have p(R) = 0, we have:

(4⇡G)2⇢2(R) + U�(R) + 2P�(R) = U+(R) + 2P+(R).
(12)

The latter equation holds for any static spherical star
with vanishing pressure at the surface. As emphasized by
Germani and Maartens [8], if there are no Weyl stresses
in the interior (U� = P� = 0), and if the energy den-
sity is non-vanishing at the surface, ⇢(R) 6= 0, then there
must be Weyl stresses in the exterior, i.e. the exterior
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The remaining boundary condition is determined by the Israel-Darmois 
matching condition [Gμ� r� ]� = 0 at the surface � of the object,  where 
[%]� 	 %(R+) − %(R−).  
 
!  In BW models, the Schwarzschild solution is no longer the unique 

asymptotically flat vacuum exterior. 
!  In general, the exterior carries an imprint of nonlocal bulk graviton 

stresses. Knowledge of the 5D Weyl tensor is needed as a minimum 
condition for uniqueness. 
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To solve Eqs. (5)�(8) we need an equation of state ⇢ =
⇢(p) and a relation of the form P = P(U) relating the
nonlocal components (“dark” equation of state).

Two of the boundary conditions of the stellar structure
equations on the brane are the same as for the standard
General Relativistic equations. Specifically, at the center
of the star (r = 0) the enclosed mass is zero:

m(r = 0) = 0, (11)

and at the surface of the object the pressure vanishes:

p(R) = 0. (12)

The remaining boundary condition is determined by the
Israel-Darmois matching condition [G

µ⌫

r

⌫ ]⌃ = 0 at the
surface of the object ⌃, where [f ]⌃ ⌘ f(R+)� f(R�) (in
the following we use the superscripts � and + to indicate
quantities inside and outside the star respectively). By
the brane field equation (1), this implies [T e↵

µ⌫

r

⌫ ]⌃ = 0,

leading to
⇥
p

e↵ + 4P/((8⇡G)2�)
⇤
⌃

= 0. Since at the sur-
face of the object we have p(R) = 0, we have:

(4⇡G)2⇢2(R) + U�(R) + 2P�(R) = U+(R) + 2P+(R),
(13)

which holds for any static spherical star with vanishing
pressure at the surface. Here we must notice that in Ref.
[8] the boundary condition for U was set at the stellar
center (U(0) = 0) and not at the surface of the object as
it should be, and this issue has a non-negligible impact
on their results.

In BW models, the Schwarzschild solution is no longer
the unique asymptotically flat vacuum exterior. In gen-
eral, the exterior carries an imprint of nonlocal bulk
graviton stresses. Knowledge of the 5D Weyl tensor is
needed as a minimum condition for uniqueness. If there
are no Weyl stresses in the interior (U� = P� = 0),
and if the energy density is non-vanishing at the sur-
face, ⇢(R) 6= 0, then there must be Weyl stresses in
the exterior, i.e. the exterior solution cannot be the
Schwarzschild one [4]. Equivalently, if we assume a
Schwarzschild exterior solution (U+ = P+ = 0) and the
energy density is nonzero at the surface, then the interior
solution must have nonvanishing nonlocal Weyl stresses.

Following Ref. [4], we focus on a class of models that
satisfy the following properties:

1. we consider a Schwarzschild exterior solution
(U+ = P+ = 0);

2. We assume P� = 0, which is consistent with the
isotropy of the physical pressure in the star.

As a consequence, the interior must have nonvanishing
nonlocal Weyl stresses (U� 6= 0). Therefore, the bound-
ary condition for U at r = R simplifies to:

(4⇡G)2⇢2(R) + U�(R) = 0. (14)

In summary, the full set of equations to be solved is:

dm

dr

= 4⇡⇢

e↵
r

2
, (15)

dp

dr

= �(p + ⇢)

⇥
4⇡Gp

e↵
r + mG

r

2

⇤
⇥
1 � 2mG

r

⇤
, (16)

dU�

dr

=
4U�

p + ⇢

dp

dr

� 2(4⇡G)2(⇢ + p)
d⇢

dr

, (17)

with the boundary conditions m(r = 0) = 0, p(R) = 0
and (4⇡G)2⇢2(R)+U�(R) = 0. An equation of state ⇢ =
⇢(p) must be supplied to close the system. In the limit
� ! 1, we have ⇢

e↵ ! ⇢ and p

e↵ ! p, and the General
Relativistic stellar structure equations are recovered.

B. Numerical integration of the structure
equations

For a given EOS of the form ⇢ = ⇢(p) and a given
value of the brane tension �, Eqs. (15)�(17) can be
integrated simultaneously with a Runge-Kutta method
from the center towards the surface of the object. How-
ever, since the boundary condition for U�(r) is given at
the star’s surface, a shooting method is used in order to
match Eq. (14).

The integration of Eqs. (15), (16) and (17) begins with
the values

m(0) = 0, p(0) = p

c

, U�(0) = U�
c,trial

(18)

where p

c

is a given value for the central pressure, and
U�

c,trial

is a trial value of U� at r = 0. The integration
proceeds outwards until the pressure vanishes in order
to verify Eq. (12). However, after such integration Eq.
(14) is not necessarily fulfilled. Therefore, the trial value
of U�

c

is corrected through a Newton-Raphson iteration
scheme in order to improve the matching of Eq. (14) in
the next integration. The integration from r = 0 is re-
peated successively until Eq. (14) is satisfied with the
desired precision. Once such precision is attained, the
point at which the pressure of the fluid vanishes deter-
mines the star’s radius R and the star’s mass M = m(R).

It is worth mentioning that for some simple EOSs, Eq.
(17) can be integrated analytically. In Appendix A we
derive the explicit solution for a linear EOS of the form
⇢ = p/c

2
s

+b, where c

2
s

and b are arbitrary constants. This
EOS is very useful because it includes as special cases the
causal EOS ⇢ = p, the ultra-relativistic EOS ⇢ = 3p, and
the MIT bag model EOS for massless quarks ⇢ = 3p+4B,
that we will use below.
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• We consider a Schwarzschild exterior solution (𝒰+ = 𝒫+ = 0). 
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Note on the numerical method: Less straightforward than for standard TOV 
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cannot be Schwarzschild. Equivalently, if we assume a
Schwarzschild exterior (U+ = P+ = 0) and the energy
density is nonzero at the surface, then the interior must
have nonvanishing nonlocal Weyl stresses. In the present
paper we consider a Schwarzschild exterior and, follow-
ing Ref. [8], we further assume that P� = 0, which is
consistent with the isotropy of the physical pressure in
the star. Thus we must have U� 6= 0, and the boundary
condition given in Eq. (12) reads:

(4⇡G)2⇢2(R) + U�(R) = 0. (13)

C. Numerical integration of the structure
equations

For a given EOS of the form ⇢ = ⇢(p) and a given value
of the brane tension �, Eqs. (7)�(9) can be integrated si-
multaneously with a Runge-Kutta method from the cen-
ter towards the surface of the object. However, since the
boundary condition for U�(r) is given at the star’s sur-
face, a shooting method is used in order to match Eq.
(13).

The integration of Eqs. (7), (8) and (9) begins with
the values

m(0) = 0, p(0) = pc, U�(0) = U�
c,trial (14)

where pc is a given value for the central pressure, and
U�
c,trial is a trial value of U� at r = 0. The integration

proceeds outwards until the pressure vanishes in order
to verify Eq. (11). However, after such integration Eq.
(13) is not necessarily fulfilled. Therefore, the trial value
of U�

c is corrected through a Newton-Raphson iteration
scheme in order to improve the matching of Eq. (13) in
the next integration. The integration from r = 0 is re-
peated successively until Eq. (13) is satisfied with the
desired precision. Once such precision is attained, the
point at which the pressure of the fluid vanishes deter-
mines the star’s radius R and the star’s mass M = m(R).

It is worth mentioning that for some simple EOSs, Eq.
(9) can be integrated analytically. In Appendix A we
derive the explicit solution for a linear EOS of the form
⇢ = p/c2s+b, where c2s and b are arbitrary constants. This
EOS is very useful because it includes as special cases the
causal EOS ⇢ = p, the ultra-relativistic EOS ⇢ = 3p, and
the MIT bag model EOS for massless quarks ⇢ = 3p+4B,
that we will use below.

III. UPPER BOUND ON THE MAXIMUM
MASS OF NEUTRON STARS IN THE

BRANEWORLD MODEL

A. The causal limit EOS

A complete knowledge of the equation of state of neu-
tron star matter is still a challenge at present. The
EOS can be reliably determined up to ⇠ 2⇢sat, being

⇢sat = 2.7 ⇥ 1014g/cm3 the nuclear saturation density.
However, for larger densities, the determination of a
well-founded EOS strongly depends on the knowledge of
strong interactions in a regime that cannot be reached
experimentally. As a consequence, there is a plethora of
high-density EOSs in the literature that incorporate sev-
eral aspects that may play a crucial role at the inner core
of the star, such as three-body forces, bosonic conden-
sates, hyperonic degrees of freedom and quark matter.
An important aspect of neutron stars within the frame

of General Relativity, is that there exists a maximum
gravitational mass above which there are no stable stel-
lar configurations. The maximum mass exists no matter
what the EOS, but its determination depends on a deep
comprehension of the EOS up to several times ⇢sat. How-
ever, it is possible to circumvent the uncertainties related
to the properties of high-density matter and obtain up-
per bounds to the maximum allowed mass of a neutron
star. Such upper bounds can be set by using a detailed
EOS at density ranges where they can be safely regarded
as accurate and imposing generic constraints at densities
exceeding some fiducial density, e.g., subluminal sound
velocity and thermodynamic stability (see e.g. [1, 4]).
Following a similar approach, we adopt the well es-

tablished Baym, Pethick, and Sutherland (BPS) EOS
[3] at densities below a fiducial density ⇢t, and a causal
equation of state (i.e. sound velocity = speed of light)
p = ⇢� a above ⇢t [1, 4]. Since both EOSs are matched
at an energy density ⇢t and a pressure pt, the constant a
in the high density EOS is given by a = ⇢t� pt, where ⇢t
and pt also fulfill the BPS EOS. For a given value of a,
the stellar structure equations can be integrated, and a
maximum stellar mass can be determined together with
the corresponding stellar radius. Doing this for di↵erent
values of a we obtain a curve that represents an upper
bound in the mass-radius diagram know as causal limit;
such procedure will be described in detail in Sec. III C
(see also [14, 15]).

B. Scaling solutions of the TOV equation on the
brane

It is well known that for an equation of state of the
form ⇢ = c p+a, the stellar structure equations in General
Relativity admit a simple scaling law for several stellar
properties (see e.g. [4, 5]). If we know a stellar quantity
for some value of a, the scaling relations allow to easily
obtain such quantity for other values of a.

It is easy to show that a similar scaling is possible in
the braneworld model. Using the scaled variables

r̄ = r
p
aG, p̄(r̄) =

p(r)

a
, ⇢̄(r̄) =

⇢(r)

a
,

m̄(r̄) = m(r)
p
aG3, Ū�(r̄) =

U�(r)

(aG)2
, �̄ =

�

a
,

(15)

the system of equations that determine the stellar struc-
ture of a static star in equilibrium mantain the basic form

Note on the numerical method: Less straightforward than for standard 
TOV equations.  Since the boundary condition for #−(r) is given at the star’s 
surface, a shooting method is used in order to match the latter boundary 
condition. 
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This pressure variation accounts for the nearly
50% variation in predictions of neutron star
radii (27).

A potential constraint on the EOS derives
from the rotation of neutron stars. An abso-
lute upper limit to the neutron star spin fre-
quency is the mass-shedding limit, at which
the velocity of the stellar surface equals that
of an orbiting particle suspended just above
the surface. For a rigid Newtonian sphere,
this frequency is the Keplerian rate

vK ! (2")#1!GM/R3 !

1833$M/MJ)1/2(10 km/R)3/2 Hz (3)

However, both deformation and GR effects
are important. A similar expression, but
with a coefficient of 1224 Hz and in which
M and R refer to the
mass and radius of
the maximum-mass,
nonrotating configu-
ration, describes the
maximum rotation
rate possible for an
EOS (26, 28, 29).
We have found that
Eq. 3, but with a co-
efficient of 1045
Hz, approximately
describes the maxi-
mum rotation rate
for a star of mass M
(not close to the
maximum mass) and
nonrotating radius R
independently of the
EOS. The highest
observed spin rate,
641 Hz from pul-
sar PSR B1937%21
(30), implies a radi-
us limit of 15.5 km
for 1.4 MJ.

Internal Structure
and Composition
A neutron star has
five major regions:
the inner and outer
cores, the crust, the envelope, and the atmo-
sphere (Fig. 3). The atmosphere and envelope
contain a negligible amount of mass, but the
atmosphere plays an important role in shap-
ing the emergent photon spectrum, and the
envelope crucially influences the transport and
release of thermal energy from the star’s sur-
face. The crust, extending about 1 to 2 km
below the surface, primarily contains nuclei.
The dominant nuclei in the crust vary with
density, and range from 56Fe for matter with
densities less than about 106 g cm#3 to nuclei
with A & 200 but x & (0.1 to 0.2) near the
core-crust interface at n ' n0/3. Such extremely

neutron-rich nuclei are not observed in the lab-
oratory, but rare-isotope accelerators (31) hope
to create some of them.

Within the crust, at densities above the
neutron drip density 4 ( 1011 g cm#3 where
the neutron chemical potential (the energy
required to remove a neutron from the filled
sea of degenerate fermions) is zero, neutrons
leak out of nuclei. At the highest densities in
the crust, more of the matter resides in the
neutron fluid than in nuclei. At the core-crust
interface, nuclei are so closely packed that
they are almost touching. At somewhat lower
densities, the nuclear lattice can turn inside-
out and form a lattice of voids, which is
eventually squeezed out at densities near n0

(32). If so, beginning at about 0.1 n0, there
could be a continuous change of the dimen-
sionality of matter from three-dimensional

(3D) nuclei (meatballs), to 2D cylindrical
nuclei (spaghetti), to 1D slabs of nuclei inter-
laid with planar voids (lasagna), to 2D cylin-
drical voids (ziti), to 3D voids (ravioli, or
Swiss cheese in Fig. 3) before an eventual
transition to uniform nucleonic matter
(sauce). This series of transitions is known as
the nuclear pasta.

For temperatures less than &0.1 MeV, the
neutron fluid in the crust probably forms a
1S0 superfluid (1, 2). Such a superfluid would
alter the specific heat and the neutrino emis-
sivities of the crust, thereby affecting how
neutron stars cool. The superfluid would also

form a reservoir of angular momentum that,
being loosely coupled to the crust, could
cause pulsar glitch phenomena (33).

The core constitutes up to 99% of the mass
of the star (Fig. 3). The outer core consists of a
soup of nucleons, electrons, and muons. The
neutrons could form a 3P2 superfluid and the
protons a 1S0 superconductor within the outer
core. In the inner core, exotic particles such as
strangeness-bearing hyperons and/or Bose con-
densates (pions or kaons) may become abun-
dant. It is possible that a transition to a mixed
phase of hadronic and deconfined quark matter
develops (34), even if strange quark matter is
not the ultimate ground state of matter. Delin-
eating the phase structure of dense cold quark
matter (35) has yielded novel states of matter,
including color-superconducting phases with
(36) and without condensed mesons (35).

Neutron Star
Cooling
The interior of a proto–
neutron star loses ener-
gy at a rapid rate
by neutrino emission.
Within 10 to 100 years,
the thermal evolution
time of the crust, heat
transported by electron
conduction into the in-
terior, where it is radi-
ated away by neutrinos,
creates an isothermal
structure [stage (V) in
Fig. 1]. The star contin-
uously emits photons,
dominantly in x-rays,
with an effective tem-
perature Teff that tracks
the interior temperature
but that is smaller by a
factor of &100. The
energy loss from pho-
tons is swamped by
neutrino emission from
the interior until the star
becomes about 3 ( 105

years old (stage VI).
The overall time

that a neutron star will
remain visible to terrestrial observers is not yet
known, but there are two possibilities: the stan-
dard and enhanced cooling scenarios. The dom-
inant neutrino cooling reactions are of a general
type, known as Urca processes (37), in which
thermally excited particles alternately undergo
beta and inverse-beta decays. Each reaction
produces a neutrino or antineutrino, and
thermal energy is thus continuously lost.

The most efficient Urca process is the
direct Urca process involving nucleons:

n3 p % e ! " v̄e, p3 n % e% % ve

(4)

Fig. 2. Mass-radius diagram for neutron stars. Black (green) curves are for normal matter (SQM)
equations of state [for definitions of the labels, see (27)]. Regions excluded by general relativity
(GR), causality, and rotation constraints are indicated. Contours of radiation radii R) are given by
the orange curves. The dashed line labeled *I/I! 0.014 is a radius limit estimated from Vela pulsar
glitches (27 ).
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Causality limit in the mass-radius diagram: GR

o We adopt the following EOS:  
❑ the well established BPS EOS for 𝜌 below a fiducial density 𝜌t  
❑ a causal equation of state p = 𝜌 − a above 𝜌t  

 where a = 𝜌t − pt, where 𝜌t and pt also fulfill the BPS EOS.  

o We integrate numerically the structure equations for different values of a 
and identify the maximum masses.

Causality limit in the mass-radius diagram: GR
o  We adopt the following EOS:  

"  the well established BPS EOS for " below a fiducial density "t  
"  a causal equation of state p = " − a above "t  

 where a = "t −pt, where "t and pt also fulfill the BPS EOS.  

o  We integrate numerically the structure equations for different 
values of a and identify the maximum masses. 4

shown in Eqs. (7), (8) and (9). If the hydrostatic equi-
librium equations are solved for stars with a particular
value of a and c, the properties of any other star with a
di↵erent value of a (= a0) but with the same value of c
can be determined using the scaling

⇢c(a
0) =

a0

a
⇢c(a), �0 =

a0

a
�,

R(a0) =

r
a

a0
R(a), M(a0) =

r
a

a0
M(a),

U�(a0) =

✓
a0

a

◆2

U�(a),

(16)

with ⇢c representing the central energy density. The
TOV equations on the brane can be solved for specific
values of c and a, and other solutions with di↵erent val-
ues of a can be determined through the above scaling.

Strictly speaking, the scaling law is not valid for a hy-
brid EOS constituted by a causal EOS for ⇢ > ⇢t and a
BPS equation of state for ⇢ < ⇢t. However, the BPS part
of the EOS that describes the external layers of the neu-
tron star contributes little to the total mass and radius
of the most massive objects; i.e. the scaling solutions can
be used safely near the maximum mass.

C. Upper bound in General Relativity

The procedure to find the causality limit in the mass-
radius diagram within the frame of General Relativ-
ity has been explained in several textbooks (see e.g.
[4, 16]). For completeness, we present it here and in the
next subsection we discuss its implementation within the
braneworld model.

We first integrate numerically the structure equations
in the general relativistic limit � ! 1, for a specific value
of the fiducial energy density and pressure (we choose
⇢t = 260.1MeV/fm3 and pt = 3.809MeV/fm3). The
sequence has a maximum mass object with:

Mmax = 3.131M�, R = 13.35 km. (17)

The maximum masses and radii with for other a ⌘ ⇢t�pt
are obtained straightforwardly from the scaling solutions,
i.e.,

M(a0) = 3.131

r
256.2MeV/fm3

a0
M�, (18)

R(a0) = 13.35

r
256.2MeV/fm3

a0
km. (19)

Based on these masses and their respective radii, the re-
gion excluded by causality in the M�R diagram is given
by:

✓
M

M�

◆
& 0.234

✓
R

km

◆
. (20)

In Fig. 1 we plot the mass-radius relationship for the
causal EOS matched continuously with the BPS EOS at
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FIG. 1. Mass-radius relationship in General Relativity (� !
1) for the causal EOS matched continuously with the BPS
EOS. Both EOSs are matched at di↵erent fiducial densities
that lead to di↵erent values of a = ⇢f � pf . The dots over
the curves indicate the maximum masses, which are used to
obtain the causal limit of Fig. 3.

⇢t[MeV/fm3] pt[MeV/fm3] a[MeV/fm3]

192.6 2.103 197.5

217.9 2.675 215.2

260.1 3.809 256.3

285.8 4.613 281.2

TABLE I. Values of the fiducial energy density ⇢t, fiducial
pressure pt, and a ⌘ ⇢t � pt. The values of ⇢t and pt were
extracted from Table V of Ref. [3].

low densities. For each curve the fiducial density and
pressure, as well as the value of a, are indicated in Table
I. The dots over the curves have been calculated with
Eq. (20) and agree quite well with the maxima of the
curves.

D. Upper bound in the braneworld model

For the braneworld model, the necessary values of M
and R to build the bound of the maximum mass are
determined by solving the TOV equations on the brane.
With that purpose, as example, in Fig. 2 we plot the
mass of the star against the total radius found integrating
the equations of structure for some values of a and for
two values of brane tension, � = 1.0 ⇥ 104 and 3.583 ⇥
104 MeV/fm3. We note that the curves built for each
value of � have a similar behavior and do not present
a maximum mass. At large mass and radius, all these
curves form a line. Due to we do not have a maximum
mass in the curves, we can not construct the causal limit
in the same way that it is made in the general relativity
case. In this case, we built the causal limit of a di↵erent
way. The bound is made with the larger values of M



Based on these maximum masses and their respective radii, the region 
excluded by causality in the M − R diagram is given by M ≳ 0. 34 R.  

Based on these maximum masses and their respective radii, the region 
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Causality limit in the M-R diagram: braneworld model

o We adopt BPS EOS + causal EOS (p = 𝜌 − a ). 
o We numerically integrate the structure eqs. for different values of a and of 

the brane tension λ.

o No maximum mass!! As the mass increases, the radius becomes larger.  
o All the curves tend asymptotically to M = R /2  (Schwarzschild limit)

Causality limit in the M-R diagram: braneworld model

o  We adopt BPS EOS + causal EOS (p = " − a ). 
o  We numerically integrate the structure eqs. for different values of a and of 

the brane tension �. 
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FIG. 2. Top: The Mass as a function of the total radius
found for the BPS EoS coupled with a causal EoS for some
values of a and for � = 1.0 ⇥ 104 and 3.583 ⇥ 104 MeV/fm3.
Bottom: Amplification of the initial part of the curves, where
they start. The curves labeled by a triangle are obtained
considering � = 1.0⇥ 104 MeV/fm3. The curves that flips to
the left and then to the right, those ones labeled by a square,
are obtained considering � = 3.583⇥104 MeV/fm3. Note that
the curves are joined into a single line with the growth of the
central energy density, as is inferred from the top panel. The
units used for a and � are MeV/fm3.

and R found in third branch of the curves, specifically
with the values of mass and radius where all curves are
jointed. Thus, for values of � not very large, we have
that the region excluded by causality is R/M  2. With
this we have two bound of maximum mass of neutron
stars, one for the braneworld model when � << 1 and
the other one for general relativity � ! 1. Both limits
are shown together in Fig 3.

Fig. 3 shows the causal limit for general relativity and
braneworld model in a solid and dashed line, respec-
tively. As we can see, the limit of causality built for
the braneworld is above the limit for general relativity.
From this, we understood that the equilibrium solutions
found in the braneworld can violate the limit of causal-
ity for general relativity but not the limit built to the
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FIG. 3. Causal limit for general relativity, solid line, and the
causal limit for the braneworld model, dashed line.

braneworld. Without being less important, we mention
that these two limits coincide when � ! 1.

IV. MODELS FOR HADRONIC AND QUARK
STARS

A. Equations of state

We describe quark matter through the MIT bag model.
For simplicity we assume a zero strong coupling constant
and consider massless quarks. If such e↵ects were taken
into account, the equation of state would be qualitatively
the same but we would find nonanalytic expressions. In
practice, only u, d, and s quarks appear in quark mat-
ter because other quark flavors have masses much larger
that the chemical potentials involved (roughly 300 MeV).
Since these quarks are assumed to be massless, leptons
are not necessary to electrically neutralize the phase, and
thus, they are not present in the system [6]. In such a
case, the equation of state adopts the simple form

p =
(⇢� 4B)

3
, (21)

where B is the bag constant. Witten [5] conjectured
that, at zero pressure and temperature, three flavor quark
matter may have an energy per baryon smaller that or-
dinary nuclei. This would make strange quark matter
the true ground state of strongly interacting matter and
would lead to the existence of strange quark stars i.e.
stellar objects completely composed by strange quark
matter [7]. Within the MIT bag model for massless
quarks and zero strong coupling constant, the Witten
hypothesis is verified if the bag constant is in the range
57MeV/fm3 . B . 94MeV/fm3. In this paper we con-
sider B = 60MeV/fm3.
To describe hadronic matter, we use a relativistic

mean-field model which is widely used in stellar struc-
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FIG. 2. Top: The Mass as a function of the total radius
found for the BPS EoS coupled with a causal EoS for some
values of a and for � = 1.0 ⇥ 104 and 3.583 ⇥ 104 MeV/fm3.
Bottom: Amplification of the initial part of the curves, where
they start. The curves labeled by a triangle are obtained
considering � = 1.0⇥ 104 MeV/fm3. The curves that flips to
the left and then to the right, those ones labeled by a square,
are obtained considering � = 3.583⇥104 MeV/fm3. Note that
the curves are joined into a single line with the growth of the
central energy density, as is inferred from the top panel. The
units used for a and � are MeV/fm3.

and R found in third branch of the curves, specifically
with the values of mass and radius where all curves are
jointed. Thus, for values of � not very large, we have
that the region excluded by causality is R/M  2. With
this we have two bound of maximum mass of neutron
stars, one for the braneworld model when � << 1 and
the other one for general relativity � ! 1. Both limits
are shown together in Fig 3.

Fig. 3 shows the causal limit for general relativity and
braneworld model in a solid and dashed line, respec-
tively. As we can see, the limit of causality built for
the braneworld is above the limit for general relativity.
From this, we understood that the equilibrium solutions
found in the braneworld can violate the limit of causal-
ity for general relativity but not the limit built to the
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FIG. 3. Causal limit for general relativity, solid line, and the
causal limit for the braneworld model, dashed line.

braneworld. Without being less important, we mention
that these two limits coincide when � ! 1.

IV. MODELS FOR HADRONIC AND QUARK
STARS

A. Equations of state

We describe quark matter through the MIT bag model.
For simplicity we assume a zero strong coupling constant
and consider massless quarks. If such e↵ects were taken
into account, the equation of state would be qualitatively
the same but we would find nonanalytic expressions. In
practice, only u, d, and s quarks appear in quark mat-
ter because other quark flavors have masses much larger
that the chemical potentials involved (roughly 300 MeV).
Since these quarks are assumed to be massless, leptons
are not necessary to electrically neutralize the phase, and
thus, they are not present in the system [6]. In such a
case, the equation of state adopts the simple form

p =
(⇢� 4B)

3
, (21)

where B is the bag constant. Witten [5] conjectured
that, at zero pressure and temperature, three flavor quark
matter may have an energy per baryon smaller that or-
dinary nuclei. This would make strange quark matter
the true ground state of strongly interacting matter and
would lead to the existence of strange quark stars i.e.
stellar objects completely composed by strange quark
matter [7]. Within the MIT bag model for massless
quarks and zero strong coupling constant, the Witten
hypothesis is verified if the bag constant is in the range
57MeV/fm3 . B . 94MeV/fm3. In this paper we con-
sider B = 60MeV/fm3.
To describe hadronic matter, we use a relativistic

mean-field model which is widely used in stellar struc-

o  No maximum mass !! As the mass increases, the radius becomes larger.  
o  All the curves tend asymptotically to M = R /2  
o  As� gets small, the curves approach the line M = R /2 for smaller 

values of M and R.



The causality limit in the braneworld model is coincident with the 
Schwarzschild limit.   
The shaded region in the M-R plane is forbidden in GR for causal EOSs but 
it is not within BW models.

The causality limit in the braneworld model is coincident with the 
Schwarzschild limit.  ⇒ There is a region in the M-R plane that in GR is 

forbidden for causal EOSs but that can be accessed within BW models.
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FIG. 3. The causal limit for General Relativity and the
Schwarzschild limit M = 2R. In the braneworld model, static
stellar configurations fulfilling a causal EOS (sound velocity
¡ speed of light) can occupy the region between both straight
lines.

and thereafter they increase roughly linearly (see Fig. 2).
A striking feature of this behavior is that once the

M � R curves bend clockwise they may fall above the
causal limit obtained within General Relativity (c.f. Eqs.
(24) � (25)). It can also be checked that as the masses
and radii increase, the curves tend asymptotically to the
Schwarzschild limit M = 2R. The asymptotic approach
depends on the value of the brane tension �: when � is
small the curves go close to the line M = 2R at relatively
small masses; but, for large � the approaching occurs at
higher masses.

Since the M � R curves for the causal EOS approach
asymptotically the line M = 2R, but do not go beyond it,
the Schwarzschild limit M = 2R is a good representation
of the causal limit in the braneworld model. In other
words, the equilibrium solutions found in the braneworld
can violate the limit of causality for General Relativity
(Eqs. (24) � (25)) and, for su�ciently large mass, can
occupy the region between the straight lines shown in
Fig. 3.

IV. MODELS FOR HADRONIC AND STRANGE
QUARK STARS

In this section, we investigate the properties of
hadronic and strange quark stars using typical models
for the equations of state. As mentioned in Sec. IIIA
there is a large amount of high density EOS that fulfill
present experimental and astrophysical constrains. How-
ever, our purpose is not making an exhaustive survey of
all the available EOSs, but rather to explore the qualita-
tive properties of hadronic and strange quark stars using
two models that have been extensively employed in the
literature: a nonlinear relativistic mean-field model for

hadronic matter and the MIT bag model for quark mat-
ter. In Sec. IV A we briefly summarize the EOSs and
in Sec. IV B we study the structural properties of the
resulting compact objects.

A. Equations of state

For the hadronic phase we use a non-linear Walecka
model [16–18] including the whole baryon octet, electrons
and the corresponding antiparticles. The Lagrangian is
given by

L = L
B

+ L
M

+ L
L

, (26)

where the indices B, M and L refer to baryons, mesons
and leptons respectively. For the baryons we have

L
B

=
X

B
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� g
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�
 

B

, (27)

with B extending over nucleons n, p and the following
hyperons ⇤, ⌃+, ⌃0, ⌃�, ⌅�, and ⌅0. The contribution
of the mesons �, ! and ⇢ is given by

L
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, (28)

and the coupling constants are

g

�B

= x

�B

g

�

, g

!B

= x

!B

g

!

, g

⇢B

= x

⇢B

g

⇢

. (29)

Electrons are included as a free Fermi gas, L
L

=P
l

 ̄

l

(i/@ � m

l

) 
l

, in chemical equilibrium with all other
particles.

The constants in the model are determined by the
properties of nuclear matter and hyperon potential
depths known from hypernuclear experiments. In the
present work we use the GM1 parametrization for which
we have (g

�

/m

�

)2 = 11.79 fm�2, (g
!

/m

!

)2 = 7.149
fm�2, (g

⇢

/m

⇢

)2 = 4.411 fm�2, b = 0.002947 and c =
0.001070 [18]. For the hyperon coupling constants we
adopt x

�i

= x

⇢i

= 0.6 and x

!i

= 0.653 [18]. At low den-
sities we use the Baym, Pethick and Sutherland (BPS)
model [12]. For details on the explicit form of the equa-
tion of state derived from this Lagrangian the reader is
referred to Refs. [19, 20] and references therein.

We describe quark matter through the MIT bag model.
For simplicity we assume a zero strong coupling constant
and consider massless quarks. If such e↵ects were taken
into account, the equation of state would be qualitatively
the same but we would find nonanalytic expressions. In
practice, only u, d, and s quarks appear in quark mat-
ter because other quark flavors have masses much larger



Models for hadronic and quark stars 

There is a large amount of high density EOS that fulfill present experimental 
constrains.  

Our purpose is not making an exhaustive survey of all the available EOSs, 
but rather to explore the qualitative properties of hadronic and strange 
quark stars  in BW models.  

We use standard equations of state: 

• quark matter: MIT bag model with zero strong coupling constant and massless 
quarks   ⇒ 𝜌 = 3 p + 4 B. 

• hadronic matter: non-linear relativistic mean-field Walecka model; 
Glendenning & Moszkowski parametrisation GM1; nucleons and electrons;  BPS 
model at low densities. 



For small masses ⟶ same behaviour as in GR: e.g. very small mass hadronic stars 
have very large radii, while strange stars follow roughly M ~ R3.  

For large mass objects  ⟶ significant deviations with respect to GR.  
✓ At around 1.5 − 2M

⦿
 the M(R) curves bend anticlockwise as in GR. 

✓ In some cases → local maximum in M(R);  then the curves bend clockwise. 
✓ In other cases → no local maximum in M(R). The curves also bend clockwise. 

For sufficiently large mass the M(R) curves violate the GR causality limit and then 
they approach the Schwarzschild limit asymptotically. 
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that the chemical potentials involved (roughly 300 MeV).
Since these quarks are assumed to be massless, leptons
are not necessary to electrically neutralize the phase, and
thus, they are not present in the system [21]. In such a
case, the equation of state adopts the simple form

⇢ = 3p + 4B, (30)

where B is the bag constant. Witten [15] conjectured
that, at zero pressure and temperature, three flavor quark
matter may have an energy per baryon smaller than or-
dinary nuclei. This would make strange quark matter
the true ground state of strongly interacting matter and
would lead to the existence of strange quark stars i.e.
stellar objects completely composed by strange quark
matter [22]. Within the MIT bag model for massless
quarks and zero strong coupling constant, the Witten
hypothesis is verified if the bag constant is in the range
57 MeV/fm3 . B . 94 MeV/fm3. In this paper we adopt
B = 60MeV/fm3.

B. Structural properties of hadronic and strange
quark stars

In the following we present our results for hadronic and
strange quark stars using the equations of state presented
in the previous subsection.

In Fig. 4 we show the mass-radius relationship for
some values of the brane tension �. At the top panel
we display the results for strange quark matter and at
the bottom panel for hadronic matter. We also include
the causal limit found before for General Relativity and
the Schwarzschild limit M = 2R.

For small masses (. 1.5 � 2M�), the curves show the
typical behavior found within the frame of General Rela-
tivity, i.e. very small mass hadronic stars have very large
radii, while strange stars follow roughly M(R) / R

3.
For large mass objects, braneworld e↵ects lead to the

deviations with respect to General Relativity that were
explained in the case of the causal EOS of previous
section. At around 1.5 � 2M� the M(R) curves for
hadronic and quark stars bend anticlockwise as in the
general relativistic case. But then, the curves bend once
more (clockwise) for larger masses and thereafter they
increase roughly linearly and approach asymptotically to
the Schwarzschild limit.

In summary, the main characteristics of the mass-
radius relationship already found for the causal EOS are
confirmed for both the hadronic and the strange quark
mater EOSs:

• The M(R) curves violate the general relativistic
causal limit for large enough masses; instead, they
can occupy the region between the general relativis-
tic causal limit and the Schwarzschild limit.

• Static stellar configurations do not have a maxi-
mum mass as in the general relativistic case, i.e.
objects of any mass are possible in principle.
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Set GM1 NL3

m� [MeV] 512 508.194

m� [MeV] 783 782.501

m� [MeV] 770 763

g� 8.91 10.217

g� 10.61 12.868

g� 8.196 8.948

b 0.002947 0.002055

c �0.001070 �0.002651

TABLE II. Coupling constants used for the parametrizations
GM1 and NL3 of the hadronic EoS.

ture calculations In this work we adopt the following
standard Lagrangian for matter composed by nucleons
and electrons,

L
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Leptons L are treated as non-interacting and baryons B

are coupled to the scalar meson �, the isoscalar-vector
meson !

µ

and the isovector-vector meson ⇢

µ

. The ex-
plicit form of the EOS obtained from the above La-
grangian can be found in e.g. Ref. [17] and references
therein. The five constants in the model are fitted to the
bulk properties of nuclear matter [18]. In this work we
use the parametrizations GM1 [18] and NL3 [19] whose
coupling constants are shown in Table II. At low den-
sities we use the Baym, Pethick and Sutherland (BPS)
model [3].

B. Structural properties of hadronic and strange
stars

In the following we present our results for hadronic and
strange stars using the equations of state presented in the
previous subsection.

In Fig. 4 we show the mass-radius relation for some
values of the brane tension �. At the top panel we show
the results for strange quark matter and at the bottom
panel for hadronic matter. We also include the causal
limit found before for General Relativity and for the
braneworld model. For small masses (. 1.5 � 2M�),
the curves show the typical behavior found within the
frame of General Relativity. Specifically, very small mass
hadronic stars have very large radii, while strange stars
follow roughly M / R

3. For large mass objects, local
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FIG. 4. Mass-radius relationship for several values of the
brane tension � (expressed in MeV/fm3). The curves of the
top and bottom panels correspond to strange quark stars and
hadronic stars, respectively. We also show the general rela-
tivistic and braneworld model causal limits.

high-energy e↵ects as well as nonlocal corrections lead
to significant deviations with respect to General Relativ-
ity. At around 1.5 � 2M� the M(R) curves bend an-
ticlockwise as in the general relativistic case. However,
instead of reaching a maximum value as in general rela-
tivity, the curves bend once more (clockwise) for larger
masses and thereafter they increase roughly linearly. In
some cases there is a local maximum in the M(R) curves.
Another important feature of the M(R) curves is that
they violate the general relativistic causal limit for large
enough masses; instead, they approach asymptotically to
the branewold causal limit found in a previous section.

Fig. 5 shows the dependence of the mass, normalized
to the Sun’s mass M�, with the central energy density
⇢

c

for some values of the brane tension �. Notice that in
the braneworld model the mass of static and spherically
symmetric stars can be larger than in general relativity
(� ! 1) due to local and nonlocal extra-dimensional
modifications to the structure equations on the brane.
As expected, these corrections are small for low central
energy densities but they become significant with increas-
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Set GM1 NL3

m� [MeV] 512 508.194

m� [MeV] 783 782.501

m� [MeV] 770 763

g� 8.91 10.217

g� 10.61 12.868

g� 8.196 8.948

b 0.002947 0.002055

c �0.001070 �0.002651

TABLE II. Coupling constants used for the parametrizations
GM1 and NL3 of the hadronic EoS.

ture calculations In this work we adopt the following
standard Lagrangian for matter composed by nucleons
and electrons,

L
H

=
X

B

 ̄

B

[�
µ

(i@µ � g

!B

!

µ � 1

2
g

⇢B

~⌧ .~⇢

µ)

� (m
B

� g

�B

�)] 
B

+
1

2
(@

µ

�@

µ

� � m

2
�

�

2) � 1

3
bm

n

(g
�

�)3

�1

4
c(g

�

�)4 � 1

4
!

µ⌫

!

µ⌫ +
1

2
m

2
!

!

µ

!

µ � 1

4
~⇢

µ⌫

.~⇢

µ⌫

+
1

2
m

2
⇢

~⇢

µ

.~⇢

µ +
X

L

 ̄

L

[i�
µ

@

µ � m

L

] 
L

. (22)

Leptons L are treated as non-interacting and baryons B

are coupled to the scalar meson �, the isoscalar-vector
meson !

µ

and the isovector-vector meson ⇢

µ

. The ex-
plicit form of the EOS obtained from the above La-
grangian can be found in e.g. Ref. [17] and references
therein. The five constants in the model are fitted to the
bulk properties of nuclear matter [18]. In this work we
use the parametrizations GM1 [18] and NL3 [19] whose
coupling constants are shown in Table II. At low den-
sities we use the Baym, Pethick and Sutherland (BPS)
model [3].

B. Structural properties of hadronic and strange
stars

In the following we present our results for hadronic and
strange stars using the equations of state presented in the
previous subsection.

In Fig. 4 we show the mass-radius relation for some
values of the brane tension �. At the top panel we show
the results for strange quark matter and at the bottom
panel for hadronic matter. We also include the causal
limit found before for General Relativity and for the
braneworld model. For small masses (. 1.5 � 2M�),
the curves show the typical behavior found within the
frame of General Relativity. Specifically, very small mass
hadronic stars have very large radii, while strange stars
follow roughly M / R

3. For large mass objects, local
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FIG. 4. Mass-radius relationship for several values of the
brane tension � (expressed in MeV/fm3). The curves of the
top and bottom panels correspond to strange quark stars and
hadronic stars, respectively. We also show the general rela-
tivistic and braneworld model causal limits.

high-energy e↵ects as well as nonlocal corrections lead
to significant deviations with respect to General Relativ-
ity. At around 1.5 � 2M� the M(R) curves bend an-
ticlockwise as in the general relativistic case. However,
instead of reaching a maximum value as in general rela-
tivity, the curves bend once more (clockwise) for larger
masses and thereafter they increase roughly linearly. In
some cases there is a local maximum in the M(R) curves.
Another important feature of the M(R) curves is that
they violate the general relativistic causal limit for large
enough masses; instead, they approach asymptotically to
the branewold causal limit found in a previous section.

Fig. 5 shows the dependence of the mass, normalized
to the Sun’s mass M�, with the central energy density
⇢

c

for some values of the brane tension �. Notice that in
the braneworld model the mass of static and spherically
symmetric stars can be larger than in general relativity
(� ! 1) due to local and nonlocal extra-dimensional
modifications to the structure equations on the brane.
As expected, these corrections are small for low central
energy densities but they become significant with increas-

R![km]!

M
[s
ol
ar
!m

as
se
s]
!

FIG. 4. Mass-radius relationship for several values of the
brane tension � (expressed in MeV/fm3). The curves of the
top and bottom panels correspond to strange quark stars and
hadronic stars, respectively. We also show the general rela-
tivistic and braneworld model causal limits.

Notice that, di↵erently from the causal EOS, we find
now that in some cases there is a local maximum in the
M(R) curves at M ⇠ 2M�. Nevertheless, after bending
clockwise, the behavior of all the M(R) curves is quali-
tatively the same.

Fig. 5 shows the dependence of the mass with the cen-
tral energy density ⇢

c

for some values of the brane tension
�. For a given value of ⇢

c

, the mass of a star is larger
in the braneworld model than in General Relativity due
to local and nonlocal extra-dimensional modifications to
the structure equations on the brane. As expected, these
corrections are small for low central energy densities but
they become significant with increasing central energy
density, specially for the smaller values of the brane ten-
sion �. A remarkable feature of the M(⇢

c

) curves is that
there is a value of ⇢

c

for which the stellar mass diverges.
This means that for large enough masses the nonlocal en-
ergy density U� supports the star against gravitational
collapse. The maximum value of ⇢

c

increases with the
brane tension � as can be seen in Fig. 5. In particular,
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that the chemical potentials involved (roughly 300 MeV).
Since these quarks are assumed to be massless, leptons
are not necessary to electrically neutralize the phase, and
thus, they are not present in the system [21]. In such a
case, the equation of state adopts the simple form

⇢ = 3p + 4B, (30)

where B is the bag constant. Witten [15] conjectured
that, at zero pressure and temperature, three flavor quark
matter may have an energy per baryon smaller than or-
dinary nuclei. This would make strange quark matter
the true ground state of strongly interacting matter and
would lead to the existence of strange quark stars i.e.
stellar objects completely composed by strange quark
matter [22]. Within the MIT bag model for massless
quarks and zero strong coupling constant, the Witten
hypothesis is verified if the bag constant is in the range
57 MeV/fm3 . B . 94 MeV/fm3. In this paper we adopt
B = 60MeV/fm3.

B. Structural properties of hadronic and strange
quark stars

In the following we present our results for hadronic and
strange quark stars using the equations of state presented
in the previous subsection.

In Fig. 4 we show the mass-radius relationship for
some values of the brane tension �. At the top panel
we display the results for strange quark matter and at
the bottom panel for hadronic matter. We also include
the causal limit found before for General Relativity and
the Schwarzschild limit M = 2R.

For small masses (. 1.5 � 2M�), the curves show the
typical behavior found within the frame of General Rela-
tivity, i.e. very small mass hadronic stars have very large
radii, while strange stars follow roughly M(R) / R

3.
For large mass objects, braneworld e↵ects lead to the

deviations with respect to General Relativity that were
explained in the case of the causal EOS of previous
section. At around 1.5 � 2M� the M(R) curves for
hadronic and quark stars bend anticlockwise as in the
general relativistic case. But then, the curves bend once
more (clockwise) for larger masses and thereafter they
increase roughly linearly and approach asymptotically to
the Schwarzschild limit.

In summary, the main characteristics of the mass-
radius relationship already found for the causal EOS are
confirmed for both the hadronic and the strange quark
mater EOSs:

• The M(R) curves violate the general relativistic
causal limit for large enough masses; instead, they
can occupy the region between the general relativis-
tic causal limit and the Schwarzschild limit.

• Static stellar configurations do not have a maxi-
mum mass as in the general relativistic case, i.e.
objects of any mass are possible in principle.
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Set GM1 NL3

m� [MeV] 512 508.194

m� [MeV] 783 782.501

m� [MeV] 770 763

g� 8.91 10.217

g� 10.61 12.868

g� 8.196 8.948

b 0.002947 0.002055

c �0.001070 �0.002651

TABLE II. Coupling constants used for the parametrizations
GM1 and NL3 of the hadronic EoS.

ture calculations In this work we adopt the following
standard Lagrangian for matter composed by nucleons
and electrons,
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Leptons L are treated as non-interacting and baryons B

are coupled to the scalar meson �, the isoscalar-vector
meson !

µ

and the isovector-vector meson ⇢

µ

. The ex-
plicit form of the EOS obtained from the above La-
grangian can be found in e.g. Ref. [17] and references
therein. The five constants in the model are fitted to the
bulk properties of nuclear matter [18]. In this work we
use the parametrizations GM1 [18] and NL3 [19] whose
coupling constants are shown in Table II. At low den-
sities we use the Baym, Pethick and Sutherland (BPS)
model [3].

B. Structural properties of hadronic and strange
stars

In the following we present our results for hadronic and
strange stars using the equations of state presented in the
previous subsection.

In Fig. 4 we show the mass-radius relation for some
values of the brane tension �. At the top panel we show
the results for strange quark matter and at the bottom
panel for hadronic matter. We also include the causal
limit found before for General Relativity and for the
braneworld model. For small masses (. 1.5 � 2M�),
the curves show the typical behavior found within the
frame of General Relativity. Specifically, very small mass
hadronic stars have very large radii, while strange stars
follow roughly M / R

3. For large mass objects, local
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FIG. 4. Mass-radius relationship for several values of the
brane tension � (expressed in MeV/fm3). The curves of the
top and bottom panels correspond to strange quark stars and
hadronic stars, respectively. We also show the general rela-
tivistic and braneworld model causal limits.

high-energy e↵ects as well as nonlocal corrections lead
to significant deviations with respect to General Relativ-
ity. At around 1.5 � 2M� the M(R) curves bend an-
ticlockwise as in the general relativistic case. However,
instead of reaching a maximum value as in general rela-
tivity, the curves bend once more (clockwise) for larger
masses and thereafter they increase roughly linearly. In
some cases there is a local maximum in the M(R) curves.
Another important feature of the M(R) curves is that
they violate the general relativistic causal limit for large
enough masses; instead, they approach asymptotically to
the branewold causal limit found in a previous section.

Fig. 5 shows the dependence of the mass, normalized
to the Sun’s mass M�, with the central energy density
⇢

c

for some values of the brane tension �. Notice that in
the braneworld model the mass of static and spherically
symmetric stars can be larger than in general relativity
(� ! 1) due to local and nonlocal extra-dimensional
modifications to the structure equations on the brane.
As expected, these corrections are small for low central
energy densities but they become significant with increas-
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Set GM1 NL3

m� [MeV] 512 508.194

m� [MeV] 783 782.501

m� [MeV] 770 763

g� 8.91 10.217

g� 10.61 12.868

g� 8.196 8.948

b 0.002947 0.002055

c �0.001070 �0.002651

TABLE II. Coupling constants used for the parametrizations
GM1 and NL3 of the hadronic EoS.

ture calculations In this work we adopt the following
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and electrons,
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Leptons L are treated as non-interacting and baryons B

are coupled to the scalar meson �, the isoscalar-vector
meson !

µ

and the isovector-vector meson ⇢

µ

. The ex-
plicit form of the EOS obtained from the above La-
grangian can be found in e.g. Ref. [17] and references
therein. The five constants in the model are fitted to the
bulk properties of nuclear matter [18]. In this work we
use the parametrizations GM1 [18] and NL3 [19] whose
coupling constants are shown in Table II. At low den-
sities we use the Baym, Pethick and Sutherland (BPS)
model [3].

B. Structural properties of hadronic and strange
stars

In the following we present our results for hadronic and
strange stars using the equations of state presented in the
previous subsection.

In Fig. 4 we show the mass-radius relation for some
values of the brane tension �. At the top panel we show
the results for strange quark matter and at the bottom
panel for hadronic matter. We also include the causal
limit found before for General Relativity and for the
braneworld model. For small masses (. 1.5 � 2M�),
the curves show the typical behavior found within the
frame of General Relativity. Specifically, very small mass
hadronic stars have very large radii, while strange stars
follow roughly M / R

3. For large mass objects, local
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FIG. 4. Mass-radius relationship for several values of the
brane tension � (expressed in MeV/fm3). The curves of the
top and bottom panels correspond to strange quark stars and
hadronic stars, respectively. We also show the general rela-
tivistic and braneworld model causal limits.

high-energy e↵ects as well as nonlocal corrections lead
to significant deviations with respect to General Relativ-
ity. At around 1.5 � 2M� the M(R) curves bend an-
ticlockwise as in the general relativistic case. However,
instead of reaching a maximum value as in general rela-
tivity, the curves bend once more (clockwise) for larger
masses and thereafter they increase roughly linearly. In
some cases there is a local maximum in the M(R) curves.
Another important feature of the M(R) curves is that
they violate the general relativistic causal limit for large
enough masses; instead, they approach asymptotically to
the branewold causal limit found in a previous section.

Fig. 5 shows the dependence of the mass, normalized
to the Sun’s mass M�, with the central energy density
⇢

c

for some values of the brane tension �. Notice that in
the braneworld model the mass of static and spherically
symmetric stars can be larger than in general relativity
(� ! 1) due to local and nonlocal extra-dimensional
modifications to the structure equations on the brane.
As expected, these corrections are small for low central
energy densities but they become significant with increas-
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FIG. 4. Mass-radius relationship for several values of the
brane tension � (expressed in MeV/fm3). The curves of the
top and bottom panels correspond to strange quark stars and
hadronic stars, respectively. We also show the general rela-
tivistic and braneworld model causal limits.

Notice that, di↵erently from the causal EOS, we find
now that in some cases there is a local maximum in the
M(R) curves at M ⇠ 2M�. Nevertheless, after bending
clockwise, the behavior of all the M(R) curves is quali-
tatively the same.

Fig. 5 shows the dependence of the mass with the cen-
tral energy density ⇢

c

for some values of the brane tension
�. For a given value of ⇢

c

, the mass of a star is larger
in the braneworld model than in General Relativity due
to local and nonlocal extra-dimensional modifications to
the structure equations on the brane. As expected, these
corrections are small for low central energy densities but
they become significant with increasing central energy
density, specially for the smaller values of the brane ten-
sion �. A remarkable feature of the M(⇢

c

) curves is that
there is a value of ⇢

c

for which the stellar mass diverges.
This means that for large enough masses the nonlocal en-
ergy density U� supports the star against gravitational
collapse. The maximum value of ⇢

c

increases with the
brane tension � as can be seen in Fig. 5. In particular,



➤ The nonlocal energy density starts at a large negative value and grows 
monotonically towards the surface of the star.  

➤ The negative value of 𝒰− means that it acts as an effective pressure helping 
against the collapse     → a star with a more negative 𝒰− admits more mass. 

Nonlocal energy density 𝒰−(r) versus the radial coordinate r 8
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FIG. 4. Mass-radius relationship for several values of the
brane tension � (expressed in MeV/fm3). The curves of the
top and bottom panels correspond to strange quark stars and
hadronic stars, respectively. We also show the general rela-
tivistic and braneworld model causal limits.

to the Sun’s mass M�, with the central energy density
⇢

c

for some values of the brane tension �. Notice that in
the braneworld model the mass of static and spherically
symmetric stars can be larger than in general relativity
(� ! 1) due to local and nonlocal extra-dimensional
modifications to the structure equations on the brane.
As expected, these corrections are small for low central
energy densities but they become significant with increas-
ing central energy density, specially for the smaller val-
ues of the brane tension �. A remarkable feature of the
M(⇢

c

) curves is that there is a value of ⇢

c

for which the
stellar mass diverges. This means that for large enough
masses the nonlocal energy density U� supports the star
against gravitational collapse. The maximum value of ⇢

c

increases with the brane tension � as can be seen in Fig.
5. In particular, as we approach to the general relativistic
case (� ! 1) the maximum density is shifted to infinity.

In Fig. 6 we show the fluid pressure as a function
of the radial coordinate for a central energy density
⇢

c

= 2500 MeV/fm3 and five values of the brane tension
�. The curves for strange quark stars (top panel) and
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FIG. 5. Mass of strange stars (top panel) and hadronic stars
(bottom panel) versus the central energy density ⇢c for di↵er-
ent values of brane tension � (in MeV/fm3).

hadronic stars (bottom panel) are very similar. The pres-
sure decreases monotonically with r, reaching its mini-
mum value (p = 0) at the stellar surface r = R. The
total radius R of the star is larger for lower brane ten-
sions.

In Fig. 6 we show the nonlocal energy density U�(r)
versus the radial coordinate r for strange quark stars (top
panel) and hadronic stars (bottom panel) for a central
energy density ⇢

c

= 2500MeV/fm3 and some values of
�. All curves have A similar behavior; the nonlocal en-
ergy density starts at a large negative value and grows
monotonically towards the surface of the star. The more
negative values of nonlocal energy densities are found in
lower values of �. The negative value of the Weyl energy
density means that U� acts as an e↵ective pressure help-
ing against the collapse [8, 20], i.e. a star with a more
negative nonlocal energy density admits more mass.

C. Stellar stability
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FIG. 4. Mass-radius relationship for several values of the
brane tension � (expressed in MeV/fm3). The curves of the
top and bottom panels correspond to strange quark stars and
hadronic stars, respectively. We also show the general rela-
tivistic and braneworld model causal limits.

to the Sun’s mass M�, with the central energy density
⇢

c

for some values of the brane tension �. Notice that in
the braneworld model the mass of static and spherically
symmetric stars can be larger than in general relativity
(� ! 1) due to local and nonlocal extra-dimensional
modifications to the structure equations on the brane.
As expected, these corrections are small for low central
energy densities but they become significant with increas-
ing central energy density, specially for the smaller val-
ues of the brane tension �. A remarkable feature of the
M(⇢

c

) curves is that there is a value of ⇢

c

for which the
stellar mass diverges. This means that for large enough
masses the nonlocal energy density U� supports the star
against gravitational collapse. The maximum value of ⇢

c

increases with the brane tension � as can be seen in Fig.
5. In particular, as we approach to the general relativistic
case (� ! 1) the maximum density is shifted to infinity.

In Fig. 6 we show the fluid pressure as a function
of the radial coordinate for a central energy density
⇢

c

= 2500 MeV/fm3 and five values of the brane tension
�. The curves for strange quark stars (top panel) and
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FIG. 5. Mass of strange stars (top panel) and hadronic stars
(bottom panel) versus the central energy density ⇢c for di↵er-
ent values of brane tension � (in MeV/fm3).

hadronic stars (bottom panel) are very similar. The pres-
sure decreases monotonically with r, reaching its mini-
mum value (p = 0) at the stellar surface r = R. The
total radius R of the star is larger for lower brane ten-
sions.

In Fig. 6 we show the nonlocal energy density U�(r)
versus the radial coordinate r for strange quark stars (top
panel) and hadronic stars (bottom panel) for a central
energy density ⇢

c

= 2500MeV/fm3 and some values of
�. All curves have A similar behavior; the nonlocal en-
ergy density starts at a large negative value and grows
monotonically towards the surface of the star. The more
negative values of nonlocal energy densities are found in
lower values of �. The negative value of the Weyl energy
density means that U� acts as an e↵ective pressure help-
ing against the collapse [8, 20], i.e. a star with a more
negative nonlocal energy density admits more mass.

C. Stellar stability
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FIG. 5. Mass of strange stars (top panel) and hadronic stars
(bottom panel) versus the central energy density ⇢c for dif-
ferent values of brane tension � (in MeV/fm3). The labels of
the curves are the same as given in Fig. 4.

as we approach to the general relativistic case (� ! 1)
the maximum density is shifted to infinity.

In Fig. 6 we show the nonlocal energy density U� as
a function of the radial coordinate r for a central energy
density ⇢

c

= 2500 MeV/fm3 and five values of the brane
tension �. For both, strange quark stars and hadronic
stars, the nonlocal energy density starts at a large neg-
ative value at the center of the star and grows mono-
tonically towards the stellar surface. The more nega-
tive values of U� are found for the lower values of �. A
star with a more negative nonlocal energy density ad-
mits more mass, because U� acts as an e↵ective negative
pressure helping against the collapse.

V. STELLAR STABILITY

In the previous sections we found that in braneworld
models there is a new branch of stellar configurations
that is not present within General Relativity. Since only
stellar configurations in stable equilibrium are acceptable
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FIG. 6. Nonlocal energy density as a function of the radial
coordinate for strange quark stars and hadronic stars. In all
cases the central energy density is ⇢c = 2500 MeV/fm3. The
values of the brane tension � are given in MeV/fm3.

from the astrophysical point of view, we should check the
stability of the previously obtained stellar models. A well
known static criterion that is widely used in the literature
states that a necessary condition for a model to be stable
is that its mass M increases with growing central density,
i.e.

dM

d⇢

c

> 0. (31)

The latter is a necessary but not su�cient condition. The
opposite inequality dM/d⇢

c

< 0 always implies instabil-
ity of stellar models; i.e configurations lying on the seg-
ments with dM/d⇢

c

< 0 are always unstable with respect
to small perturbations.

In Figs. 4 and 5 there are two qualitatively di↵erent
types of M(R) and M(⇢

c

) curves. One type presents
one local maximum and one local minimum in both the
M(R) and the M(⇢

c

) curves. The other one has no crit-
ical points. These two types are represented separately
in Fig. 7, where we show the M(R) and M(⇢

c

) curves
for strange quark stars for two di↵erent values of � (for
simplicity we do not show hadronic stars because the sta-
bility analysis is completely equivalent, as we shall see
below). For � = 1.2 ⇥ 104MeV/fm3 (upper panels) the
stellar mass is always an increasing function of the central
density ⇢

c

and the M(R) curve has no local maxima or
minima. Thus, the above necessary stability condition is
always verified in this case. For � = 3.583⇥104MeV/fm3

(lower panels) the part of the M(⇢
c

) curve between the
points M1 and M2 verifies dM/d⇢

c

< 0, i.e. those config-
urations are unstable. M1 indicates the local maximum
and M2 indicates the local minimum of the mass in both
plots. The necessary stability condition is verified for
the branch to the left of M1 and to the right of M2 in
the M(⇢

c

) curve and in the corresponding branches of
the M(R) curve. Therefore, the branches that approach

ρc	=	2500	MeV/fm3.		
λ	in	MeV/fm3.		
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FIG. 5. Mass of strange stars (top panel) and hadronic stars
(bottom panel) versus the central energy density ⇢c for di↵er-
ent values of brane tension � (in MeV/fm3).

ing central energy density, specially for the smaller val-
ues of the brane tension �. A remarkable feature of the
M(⇢c) curves is that there is a value of ⇢c for which the
stellar mass diverges. This means that for large enough
masses the nonlocal energy density U� supports the star
against gravitational collapse. The maximum value of ⇢c
increases with the brane tension � as can be seen in Fig.
5. In particular, as we approach to the general relativistic
case (� ! 1) the maximum density is shifted to infinity.

In Fig. 6 we show the fluid pressure as a function
of the radial coordinate for a central energy density
⇢c = 2500MeV/fm3 and five values of the brane tension
�. The curves for strange quark stars (top panel) and
hadronic stars (bottom panel) are very similar. The pres-
sure decreases monotonically with r, reaching its mini-
mum value (p = 0) at the stellar surface r = R. The
total radius R of the star is larger for lower brane ten-
sions.

In Fig. 6 we show the nonlocal energy density U�(r)
versus the radial coordinate r for strange quark stars (top
panel) and hadronic stars (bottom panel) for a central
energy density ⇢c = 2500MeV/fm3 and some values of

0 2 4 6 8 10 12
0

100

200

300

400

500

600

700

800
 λ=1.000x104 
 λ=1.200x104 
 λ=1.440x104 
 λ=1.728x104

 λ=2.074x104

 Hadronic case
 Strange case

 

Pr
es

su
re

 [M
eV

/fm
3 ]

Radial coordinate [km]

0 2 4 6 8 10 12
-2.5x109

-2.0x109

-1.5x109

-1.0x109

-5.0x108

0.0

 Hadronic case
 Strange case
 λ=1.000x104 
 λ=1.200x104 
 λ=1.440x104 
 λ=1.728x104

 λ=2.074x104

 

N
on

lo
ca

l e
ne

rg
y 

de
ns

ity
 [M

eV
/fm

3 ]2  

Radial coordinate [km]
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tension � are given in MeV/fm3.

�. All curves have A similar behavior; the nonlocal en-
ergy density starts at a large negative value and grows
monotonically towards the surface of the star. The more
negative values of nonlocal energy densities are found in
lower values of �. The negative value of the Weyl energy
density means that U� acts as an e↵ective pressure help-
ing against the collapse [8, 20], i.e. a star with a more
negative nonlocal energy density admits more mass.

C. Stellar stability

:

Since only stellar models in stable equilibrium are of
astrophysical interest, we should check the stability of the
previously obtained configurations. A well known static
criterion [2, 16, 21] that is widely used in the literature
states that a necessary (but not su�cient) condition for
a model to be stable is that its mass M increases with

M vs. "c 
 
 
� Remarkable feature: there is a 
�c for which M diverges  �  for 
large enough M the nonlocal 
energy density #− supports the star 
against collapse.  
 
� The maximum value of �c 
increases with �. In particular, as 
we approach GR (� � ∞) the 
maximum "c is shifted to ∞.  

STRANGE!STARS!

HADRONIC!STARS!

➤For small ρc: same behaviour as in GR. 

➤ Remarkable feature: there is a ρc for 
which M diverges  → The reason is that 
for large enough M the nonlocal energy 
density 𝒰− supports the star against 
collapse.  

➤ The maximum value of ρc increases 
with λ. In particular, as we approach GR 
(λ → ∞) the maximum 𝜌c is shifted to ∞. 

Mass versus central energy density ρc



STABILITY: necessary condition  dM/dρc > 0 

dM/dρc > 0 not 
sufficient condition 
for stability. 

Stellar instability through dM/dρc < 0 

Necessary 
(not sufficient) 
condition for 
stability with 
respect to 
small 
perturbations.  
 
 
 
 
The opposite 
inequality  
dM/d�c < 0 
always implies 
instability.  
!
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FIG. 7. Mass of the strange quark star as a function of the central energy density ⇢c for the brane tension � = 3.583 ⇥
104MeV/fm3. This curve was interrupted in 2.8M�, the complete behavior of this curve can be seen in Fig. 5.

growing central density, i.e.

dM

d⇢c
> 0. (23)

The opposite inequality dM/d⇢c < 0 always implies in-
stability of stellar models; i.e configurations lying on the
segments with dM/d⇢c < 0 are always unstable with re-
spect to small perturbations.

In Fig. 7 we show a typical M(⇢c) curve, specifi-
cally, the strange quark star solution for � = 3.583 ⇥
104MeV/fm3 that can also be see in Fig. 7. According
to the static criterion given above, the stars between the
points F and F ⇤ are unstable under radial perturbations
because dM/d⇢c < 0. The branches to the left of F and
to the right of F ⇤, verify the necessary condition for sta-
bility dM/d⇢c > 0, but, as stated before, this is not a
su�cient condition for stability.

A more detailed study of the stability of non-rotating
spherically symmetric equilibrium models against small
perturbations should be carried out through the analysis
of the radial oscillations. However, this is left for fu-
ture work because it is necessary to derive and solve the
pulsation equations on the brane. Instead, we employ
here a criterion which enables one to determine the pre-
cise number of unstable normal radial modes using the
M(R) curve (see Refs. [2, 16] for more details).

According to such criterion, at each critical point of
the M(R) curve one and only one normal radial mode
changes its stability (from stable to unstable, or vice
versa). There are no changes of stability associated with
radial pulsations at other points of the M(R) curves.
Moreover, a mode with zero or even number n of ra-
dial nodes changes its stability if and only if dR/d⇢c < 0

at the critical point, and a mode with odd n changes its
stability if and only if dR/d⇢c > 0 [? ]. Moreover, one
mode becomes unstable (stable) if and only if the M(R)
curve bends counterclockwise (clockwise) at the critical
point [2, 16].
We assume that the lowest density segment (below

point F ) is stable for all radial modes, as it is in the
general relativistic case. At the critical point (local max-
imum) C1 the M(R) curve bends counterclockwise and
the fundamental mode becomes unstable. At the crit-
ical point (local maximum) C2 the fundamental mode
becomes stable again because the curve bends clockwise
there. Beyond C2 there are no more critical points and
all the radial modes remain stable.

V. CONCLUSION

We have studied the structure of compact stars in a
Randall-Sundrum II type braneword scenario. In the an-
alyze, it is considered the local bulk terms and only the
nonlocal energy density from the nonlocal corrections.
The stars under study have spherically symmetric distri-
bution of a perfect fluid, and the exterior spacetime is de-
scribed by the usual Schwarzschild metric. The configu-
ration of the spherical objects are determined integrating
the TOV equation on the brane. Using the BPS equation
of state coupled with a causal equation of state we build
the bound of the maximum mass of neutron stars for
the braneworld model, considering not very large brane
tensions (� << 1). This limit indicates that the mass
of any neutron star can not ultrapass this limit. This
bound allow us also to limit an area restricted by causal-
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growing central density, i.e.

dM

d⇢c
> 0. (23)

The opposite inequality dM/d⇢c < 0 always implies in-
stability of stellar models; i.e configurations lying on the
segments with dM/d⇢c < 0 are always unstable with re-
spect to small perturbations.

In Fig. 7 we show a typical M(⇢c) curve, specifi-
cally, the strange quark star solution for � = 3.583 ⇥
104MeV/fm3 that can also be see in Fig. 7. According
to the static criterion given above, the stars between the
points F and F ⇤ are unstable under radial perturbations
because dM/d⇢c < 0. The branches to the left of F and
to the right of F ⇤, verify the necessary condition for sta-
bility dM/d⇢c > 0, but, as stated before, this is not a
su�cient condition for stability.

A more detailed study of the stability of non-rotating
spherically symmetric equilibrium models against small
perturbations should be carried out through the analysis
of the radial oscillations. However, this is left for fu-
ture work because it is necessary to derive and solve the
pulsation equations on the brane. Instead, we employ
here a criterion which enables one to determine the pre-
cise number of unstable normal radial modes using the
M(R) curve (see Refs. [2, 16] for more details).

According to such criterion, at each critical point of
the M(R) curve one and only one normal radial mode
changes its stability (from stable to unstable, or vice
versa). There are no changes of stability associated with
radial pulsations at other points of the M(R) curves.
Moreover, a mode with zero or even number n of ra-
dial nodes changes its stability if and only if dR/d⇢c < 0

at the critical point, and a mode with odd n changes its
stability if and only if dR/d⇢c > 0 [? ]. Moreover, one
mode becomes unstable (stable) if and only if the M(R)
curve bends counterclockwise (clockwise) at the critical
point [2, 16].
We assume that the lowest density segment (below

point F ) is stable for all radial modes, as it is in the
general relativistic case. At the critical point (local max-
imum) C1 the M(R) curve bends counterclockwise and
the fundamental mode becomes unstable. At the crit-
ical point (local maximum) C2 the fundamental mode
becomes stable again because the curve bends clockwise
there. Beyond C2 there are no more critical points and
all the radial modes remain stable.

V. CONCLUSION

We have studied the structure of compact stars in a
Randall-Sundrum II type braneword scenario. In the an-
alyze, it is considered the local bulk terms and only the
nonlocal energy density from the nonlocal corrections.
The stars under study have spherically symmetric distri-
bution of a perfect fluid, and the exterior spacetime is de-
scribed by the usual Schwarzschild metric. The configu-
ration of the spherical objects are determined integrating
the TOV equation on the brane. Using the BPS equation
of state coupled with a causal equation of state we build
the bound of the maximum mass of neutron stars for
the braneworld model, considering not very large brane
tensions (� << 1). This limit indicates that the mass
of any neutron star can not ultrapass this limit. This
bound allow us also to limit an area restricted by causal-

strange!quark!star!!

strange!quark!star!!

We have two qualitatively different types of M-R curves:  
Models	with	a	local	maximum	in	M(R)	and	M(𝜌c):	instability	between	points	M1	and	M2.	
Models	without	a	local	maximum	in	M(R)	and	M(𝜌c):	necessary	condition	is	always	verified.	



A more detailed study ⇒ analysis of the radial oscillations (future work).  

Instead, we use a criterion that allows to determine the precise number 
of unstable normal radial modes using the M(R) curve [Harrison, Thorne,  
Wakano & Wheeler (1965); Haensel, Potekhin & Yakovlev (2007)]: 

✓ at each critical point of the M(R) curve one and only one normal 
radial mode changes its stability (from stable to unstable, or vice 
versa).  

✓ There are no changes of stability associated with radial pulsations 
at other points of the M(R) curves.  

✓ One mode becomes unstable if and only if the M(R) curve bends 
counterclockwise  at the critical point. 

✓ One mode becomes stable if and only if the M(R) curve bends 
clockwise at the critical point.

Stability of radial oscillation modes



We have two qualitatively different types of M-R curves
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FIG. 7. Mass of the strange quark star as a function of the central energy density ⇢c for the brane tension � = 3.583 ⇥
104MeV/fm3. This curve was interrupted in 2.8M�, the complete behavior of this curve can be seen in Fig. 5.

growing central density, i.e.

dM

d⇢c
> 0. (23)

The opposite inequality dM/d⇢c < 0 always implies in-
stability of stellar models; i.e configurations lying on the
segments with dM/d⇢c < 0 are always unstable with re-
spect to small perturbations.

In Fig. 7 we show a typical M(⇢c) curve, specifi-
cally, the strange quark star solution for � = 3.583 ⇥
104MeV/fm3 that can also be see in Fig. 7. According
to the static criterion given above, the stars between the
points F and F ⇤ are unstable under radial perturbations
because dM/d⇢c < 0. The branches to the left of F and
to the right of F ⇤, verify the necessary condition for sta-
bility dM/d⇢c > 0, but, as stated before, this is not a
su�cient condition for stability.

A more detailed study of the stability of non-rotating
spherically symmetric equilibrium models against small
perturbations should be carried out through the analysis
of the radial oscillations. However, this is left for fu-
ture work because it is necessary to derive and solve the
pulsation equations on the brane. Instead, we employ
here a criterion which enables one to determine the pre-
cise number of unstable normal radial modes using the
M(R) curve (see Refs. [2, 16] for more details).

According to such criterion, at each critical point of
the M(R) curve one and only one normal radial mode
changes its stability (from stable to unstable, or vice
versa). There are no changes of stability associated with
radial pulsations at other points of the M(R) curves.
Moreover, a mode with zero or even number n of ra-
dial nodes changes its stability if and only if dR/d⇢c < 0

at the critical point, and a mode with odd n changes its
stability if and only if dR/d⇢c > 0 [? ]. Moreover, one
mode becomes unstable (stable) if and only if the M(R)
curve bends counterclockwise (clockwise) at the critical
point [2, 16].
We assume that the lowest density segment (below

point F ) is stable for all radial modes, as it is in the
general relativistic case. At the critical point (local max-
imum) C1 the M(R) curve bends counterclockwise and
the fundamental mode becomes unstable. At the crit-
ical point (local maximum) C2 the fundamental mode
becomes stable again because the curve bends clockwise
there. Beyond C2 there are no more critical points and
all the radial modes remain stable.

V. CONCLUSION

We have studied the structure of compact stars in a
Randall-Sundrum II type braneword scenario. In the an-
alyze, it is considered the local bulk terms and only the
nonlocal energy density from the nonlocal corrections.
The stars under study have spherically symmetric distri-
bution of a perfect fluid, and the exterior spacetime is de-
scribed by the usual Schwarzschild metric. The configu-
ration of the spherical objects are determined integrating
the TOV equation on the brane. Using the BPS equation
of state coupled with a causal equation of state we build
the bound of the maximum mass of neutron stars for
the braneworld model, considering not very large brane
tensions (� << 1). This limit indicates that the mass
of any neutron star can not ultrapass this limit. This
bound allow us also to limit an area restricted by causal-
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growing central density, i.e.

dM

d⇢c
> 0. (23)

The opposite inequality dM/d⇢c < 0 always implies in-
stability of stellar models; i.e configurations lying on the
segments with dM/d⇢c < 0 are always unstable with re-
spect to small perturbations.

In Fig. 7 we show a typical M(⇢c) curve, specifi-
cally, the strange quark star solution for � = 3.583 ⇥
104MeV/fm3 that can also be see in Fig. 7. According
to the static criterion given above, the stars between the
points F and F ⇤ are unstable under radial perturbations
because dM/d⇢c < 0. The branches to the left of F and
to the right of F ⇤, verify the necessary condition for sta-
bility dM/d⇢c > 0, but, as stated before, this is not a
su�cient condition for stability.

A more detailed study of the stability of non-rotating
spherically symmetric equilibrium models against small
perturbations should be carried out through the analysis
of the radial oscillations. However, this is left for fu-
ture work because it is necessary to derive and solve the
pulsation equations on the brane. Instead, we employ
here a criterion which enables one to determine the pre-
cise number of unstable normal radial modes using the
M(R) curve (see Refs. [2, 16] for more details).

According to such criterion, at each critical point of
the M(R) curve one and only one normal radial mode
changes its stability (from stable to unstable, or vice
versa). There are no changes of stability associated with
radial pulsations at other points of the M(R) curves.
Moreover, a mode with zero or even number n of ra-
dial nodes changes its stability if and only if dR/d⇢c < 0

at the critical point, and a mode with odd n changes its
stability if and only if dR/d⇢c > 0 [? ]. Moreover, one
mode becomes unstable (stable) if and only if the M(R)
curve bends counterclockwise (clockwise) at the critical
point [2, 16].
We assume that the lowest density segment (below

point F ) is stable for all radial modes, as it is in the
general relativistic case. At the critical point (local max-
imum) C1 the M(R) curve bends counterclockwise and
the fundamental mode becomes unstable. At the crit-
ical point (local maximum) C2 the fundamental mode
becomes stable again because the curve bends clockwise
there. Beyond C2 there are no more critical points and
all the radial modes remain stable.

V. CONCLUSION

We have studied the structure of compact stars in a
Randall-Sundrum II type braneword scenario. In the an-
alyze, it is considered the local bulk terms and only the
nonlocal energy density from the nonlocal corrections.
The stars under study have spherically symmetric distri-
bution of a perfect fluid, and the exterior spacetime is de-
scribed by the usual Schwarzschild metric. The configu-
ration of the spherical objects are determined integrating
the TOV equation on the brane. Using the BPS equation
of state coupled with a causal equation of state we build
the bound of the maximum mass of neutron stars for
the braneworld model, considering not very large brane
tensions (� << 1). This limit indicates that the mass
of any neutron star can not ultrapass this limit. This
bound allow us also to limit an area restricted by causal-

We have two qualitatively different types of M-R curves 

without!cri]cal!points! two!cri]cal!points!



Case	with	TWO	critical	points

o We assume that the lowest density segment (below point M1) is stable for 
all radial modes, as it is in the GR case.  

o At the critical point (local maximum) M1 the M(R) curve bends 
counterclockwise and the fundamental mode becomes unstable.  

o At the critical point (local minimum) M2 the fundamental mode becomes 
stable again because the curve bends clockwise there. Beyond M2 there 
are no more critical points and all the radial modes remain stable.  
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growing central density, i.e.

dM

d⇢c
> 0. (23)

The opposite inequality dM/d⇢c < 0 always implies in-
stability of stellar models; i.e configurations lying on the
segments with dM/d⇢c < 0 are always unstable with re-
spect to small perturbations.

In Fig. 7 we show a typical M(⇢c) curve, specifi-
cally, the strange quark star solution for � = 3.583 ⇥
104MeV/fm3 that can also be see in Fig. 7. According
to the static criterion given above, the stars between the
points F and F ⇤ are unstable under radial perturbations
because dM/d⇢c < 0. The branches to the left of F and
to the right of F ⇤, verify the necessary condition for sta-
bility dM/d⇢c > 0, but, as stated before, this is not a
su�cient condition for stability.

A more detailed study of the stability of non-rotating
spherically symmetric equilibrium models against small
perturbations should be carried out through the analysis
of the radial oscillations. However, this is left for fu-
ture work because it is necessary to derive and solve the
pulsation equations on the brane. Instead, we employ
here a criterion which enables one to determine the pre-
cise number of unstable normal radial modes using the
M(R) curve (see Refs. [2, 16] for more details).

According to such criterion, at each critical point of
the M(R) curve one and only one normal radial mode
changes its stability (from stable to unstable, or vice
versa). There are no changes of stability associated with
radial pulsations at other points of the M(R) curves.
Moreover, a mode with zero or even number n of ra-
dial nodes changes its stability if and only if dR/d⇢c < 0

at the critical point, and a mode with odd n changes its
stability if and only if dR/d⇢c > 0 [? ]. Moreover, one
mode becomes unstable (stable) if and only if the M(R)
curve bends counterclockwise (clockwise) at the critical
point [2, 16].
We assume that the lowest density segment (below

point F ) is stable for all radial modes, as it is in the
general relativistic case. At the critical point (local max-
imum) C1 the M(R) curve bends counterclockwise and
the fundamental mode becomes unstable. At the crit-
ical point (local maximum) C2 the fundamental mode
becomes stable again because the curve bends clockwise
there. Beyond C2 there are no more critical points and
all the radial modes remain stable.

V. CONCLUSION

We have studied the structure of compact stars in a
Randall-Sundrum II type braneword scenario. In the an-
alyze, it is considered the local bulk terms and only the
nonlocal energy density from the nonlocal corrections.
The stars under study have spherically symmetric distri-
bution of a perfect fluid, and the exterior spacetime is de-
scribed by the usual Schwarzschild metric. The configu-
ration of the spherical objects are determined integrating
the TOV equation on the brane. Using the BPS equation
of state coupled with a causal equation of state we build
the bound of the maximum mass of neutron stars for
the braneworld model, considering not very large brane
tensions (� << 1). This limit indicates that the mass
of any neutron star can not ultrapass this limit. This
bound allow us also to limit an area restricted by causal-

Case'with'TWO'cri;cal'points'

o  We assume that the lowest density segment (below point M1) is 
stable for all radial modes, as it is in the GR case.  

o  At the critical point (local maximum) M1 the M(R) curve bends 
counterclockwise and the fundamental mode becomes unstable.  

o  At the critical point (local minimum) M2 the fundamental mode 
becomes stable again because the curve bends clockwise there. 
Beyond M2 there are no more critical points and all the radial 
modes remain stable.  
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Case	WITHOUT	critical	points

o Again, we assume that for low enough M the stellar configurations are 
stable for all radial modes, as it is in the GR case.  

o Since there are no critical points the whole sequence remains stable for 
all radial modes.

Case'WITHOUT'cri;cal'points'

o  Again, we assume that for low enough M the stellar configurations 
are stable for all radial modes, as it is in the GR case.  

o  Since there are no critical points the whole sequence remains stable 
for all radial modes 
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FIG. 7. Mass of the strange quark star as a function of the central energy density ⇢c for the brane tension � = 3.583 ⇥
104MeV/fm3. This curve was interrupted in 2.8M�, the complete behavior of this curve can be seen in Fig. 5.

growing central density, i.e.

dM

d⇢c
> 0. (23)

The opposite inequality dM/d⇢c < 0 always implies in-
stability of stellar models; i.e configurations lying on the
segments with dM/d⇢c < 0 are always unstable with re-
spect to small perturbations.

In Fig. 7 we show a typical M(⇢c) curve, specifi-
cally, the strange quark star solution for � = 3.583 ⇥
104MeV/fm3 that can also be see in Fig. 7. According
to the static criterion given above, the stars between the
points F and F ⇤ are unstable under radial perturbations
because dM/d⇢c < 0. The branches to the left of F and
to the right of F ⇤, verify the necessary condition for sta-
bility dM/d⇢c > 0, but, as stated before, this is not a
su�cient condition for stability.

A more detailed study of the stability of non-rotating
spherically symmetric equilibrium models against small
perturbations should be carried out through the analysis
of the radial oscillations. However, this is left for fu-
ture work because it is necessary to derive and solve the
pulsation equations on the brane. Instead, we employ
here a criterion which enables one to determine the pre-
cise number of unstable normal radial modes using the
M(R) curve (see Refs. [2, 16] for more details).

According to such criterion, at each critical point of
the M(R) curve one and only one normal radial mode
changes its stability (from stable to unstable, or vice
versa). There are no changes of stability associated with
radial pulsations at other points of the M(R) curves.
Moreover, a mode with zero or even number n of ra-
dial nodes changes its stability if and only if dR/d⇢c < 0

at the critical point, and a mode with odd n changes its
stability if and only if dR/d⇢c > 0 [? ]. Moreover, one
mode becomes unstable (stable) if and only if the M(R)
curve bends counterclockwise (clockwise) at the critical
point [2, 16].
We assume that the lowest density segment (below

point F ) is stable for all radial modes, as it is in the
general relativistic case. At the critical point (local max-
imum) C1 the M(R) curve bends counterclockwise and
the fundamental mode becomes unstable. At the crit-
ical point (local maximum) C2 the fundamental mode
becomes stable again because the curve bends clockwise
there. Beyond C2 there are no more critical points and
all the radial modes remain stable.

V. CONCLUSION

We have studied the structure of compact stars in a
Randall-Sundrum II type braneword scenario. In the an-
alyze, it is considered the local bulk terms and only the
nonlocal energy density from the nonlocal corrections.
The stars under study have spherically symmetric distri-
bution of a perfect fluid, and the exterior spacetime is de-
scribed by the usual Schwarzschild metric. The configu-
ration of the spherical objects are determined integrating
the TOV equation on the brane. Using the BPS equation
of state coupled with a causal equation of state we build
the bound of the maximum mass of neutron stars for
the braneworld model, considering not very large brane
tensions (� << 1). This limit indicates that the mass
of any neutron star can not ultrapass this limit. This
bound allow us also to limit an area restricted by causal-



Conclusions
o Within BW models we obtain the usual branch of compact star configurations 

already known from GR calculations.  

o We also find a new branch that violates the GR causality limit.  
✴ it approaches  asymptotically to the Schwarzschild limit  
✴ it is always stable under small radial perturbations. 
✴ stellar configurations of arbitrarily large mass are possible.  
✴ supported against collapse by the nonlocal effects of the bulk on the brane.
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o If they exist in Nature, such large mass BW stars may be hidden among the 
population of black hole candidates.  

Black	hole	candidates	
(Mirabel	2016)



o BH are still possible within BW models.  Stellar configurations that 
asymptotically approach to the Schwarzschild limit are stable under small 
perturbations, but not necessarily under large ones. →  a very large mass 
braneworld compact star could collapse into a BH if strongly perturbed in a 
catastrophic astrophysical event, e.g. in a binary stellar merging.  

o The existence of the new branch of large mass objects can be tested through 
the observation of M and R of compact stars. If found, such objects could be an 
astrophysical manifestation of the existence of extra dimensions.
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